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Abstract: We solve the Maxwell and heat equations self-
consistently for metal nanoparticles under intense con-
tinuous wave (CW) illumination. Unlike previous studies, 
we rely on experimentally-measured data for metal permit-
tivity for increasing temperature and for the visible spec-
tral range. We show that the thermal nonlinearity of the 
metal can lead to substantial deviations from the predic-
tions of the linear model for the temperature and field dis-
tribution and, thus, can explain qualitatively the strong 
nonlinear scattering from such configurations observed 
experimentally. We also show that the incompleteness of 
existing data of the temperature dependence of the ther-
mal properties of the system prevents reaching a quanti-
tative agreement between the measured and calculated 
scattering data. This modeling approach is essential for 
the identification of the underlying physical mechanism 
responsible for the thermo-optical nonlinearity of the 
metal and should be adopted in all applications of high-
temperature nonlinear plasmonics, especially for refrac-
tory metals, for both CW and pulsed illumination.

Keywords: thermoplasmonics; nonlinear optics; metal 
nanoparticles.

1  Introduction
Nanoplasmonic systems have been intensively studied 
in recent decades due to their unique potential for local 
field enhancement and subwavelength confinement and 
are considered as promising candidates for a wide variety 
of applications [1, 2]. However, the inherent absorption in 
the metal proves to be a substantial obstacle toward the 
realization of real-life applications.

Accordingly, in recent years, the applied plasmonic 
research focused on applications that exploit the absorp-
tion in the metal as a means to generate heat on the 
nanoscale [3, 4] – a research topic usually referred to 
as thermoplasmonics. This resulted in a wide range of 
emerging applications, at different ranges of tempera-
tures, starting from photothermal (PT) imaging [5, 6], 
through cancer treatment [7], temperature measurement 
[8], plasmonic photovoltaics [9] and water boiling, sanita-
tion, and superheating [10–13], up to thermophotovolta-
ics [14, 15], diffusive switching [16], radiative heat transfer 
[17],  plasmon-mediated photocatalysis [18–20], plasmon-
assisted chemical vapor deposition [21], and heat-assisted 
magnetic recording [22], which may involve temperatures 
even higher than 2000 K.

In the majority of works in thermoplasmonics, the 
optical and thermal properties are assumed to be fixed. 
However, as the heat is induced by laser illumination 
(unlike external heating assumed in thermal emission 
engineering and nanoscale radiative heat transfer [23, 
24]), it is necessary to account for the coupling between 
the electromagnetic fields, the temperature, the optical 
properties, and the thermal properties (i.e. heat capac-
ity, thermal conductivity, and Kapitza resistance) of the 
constituents to achieve a quantitative understanding of 
the field and temperature distribution. To the best of 
our knowledge, such a systematic, self-consistent study 
was not performed so far in the context of thermoplas-
monics. Specifically, the temperature dependence of 
metal permittivity was accounted for in some studies 
either through a (cubic) thermal nonlinearity [25, 26] 
or, more generally, based on a combination of the two- 
temperature model [27] with a complex model of the 
permittivity. Such models have to correctly account for 
a rather large number of competing effects within the 
metal, including electron scattering, thermal expansion, 
band shifting, the effect of Fermi smearing on intraband 
transitions [25] and interband transitions [28–30], and 
more. To the best of our knowledge, such a comprehen-
sive study was done only by Stoll et  al. [31]. Moreover, 
during intense illumination, all the effects mentioned 
above are modified due to the deviation of the electron 
distribution function, scattering rates, etc., from their 
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equilibrium values – effects that were studied only par-
tially [25, 32–34]. Most importantly, the studies such as 
[25–34], and the many less complete ones, were all dedi-
cated to the ultrafast regime, such that efforts were made 
to avoid the longer-term (i.e. few picoseconds and longer) 
thermal effects, for example, by looking at nanoparticles 
(NPs) not larger than a few nanometers in diameter, low-
ering the repetition rate, etc. (see discussion in [35]), to 
the extent that the study of these longer-term thermal 
effects themselves was neglected. Thus, the relative 
weight of the above-mentioned effects was not studied 
so far for continuous wave (CW) illumination. However, 
the study of the CW limit becomes interesting again, with 
the growing interest in thermoplasmonic applications.

In the few studies dedicated to longer-term thermal 
effects (i.e. for CW illumination) [36, 37], the model 
used for the temperature dependence of metal permit-
tivity neglected some of the dominant physical effects, 
most prominently, the temperature dependence of the 
interband transitions. Even in the mid-infrared regime, 
where no intense sources are available, it did not 
include all dominant effects known from the literature. 
Thus, the quantitative predictions in these studies are 
questionable.

Finally, the temperature dependence of the thermal 
properties was not taken into account before, either for 
ultrafast or CW illumination to the best of our knowledge.

To close this knowledge gap, in this article, we 
perform a thorough theoretical study of the high-temper-
ature regime of nanoplasmonic systems under intense 
optical illumination in the visible range and for CW 
illumination. Our study focuses on the (classical) inter-
action between the temperature, permittivity, and elec-
tromagnetic fields. We use experimentally measured 
data for the various optical and thermal properties to 
avoid the need to dwell on the details of the underlying 
physics, which, as explained, is only partially under-
stood; however, where possible, we try to identify the 
relevant physical mechanisms by comparing the theory 
to experimental results. Specifically, we will show that 
the thermo-optical nonlinearity can be very strong, thus, 
allowing us to explain the experimental observations of 
the strong nonlinear scattering from metal NPs [38–41]. 
More generally, this study should serve as the starting 
point for further experimental and theoretical studies 
of the underlying physics, of other regime of parameters 
(specifically, of pulsed illumination, different materials, 
geometries, etc.), and enable a quantitative study of the 
various applications mentioned above as well as several 
others such as nonlinear composites/metamaterials [35, 
42–44], optical limiting [45–48], plasmon lasing [49–51], 

and superresolution techniques based on metal NPs [6, 
38–41, 52–56].

The paper is organized as follows. We start by explain-
ing why the temperature dependence of the optical and 
thermal properties is usually neglected and identify cases 
where the temperature dependence and mutual coupling 
of the Maxwell and heat equations is nonnegligible. We 
then solve the Maxwell and heat equations self-consist-
ently for small metal spheres illuminated by intense 
visible light and elucidate the large errors in the calcula-
tions of the temperature and field distributions associ-
ated with neglecting the temperature dependence of the 
gold permittivity both in-resonance and off-resonance. 
We then show that the temperature dependence of some 
additional parameters, such as thermal conductivity and 
Kapitza resistance, is also required for a correct quantita-
tive prediction of the temperature and field distributions. 
Finally, we discuss the implications of our results to a 
previous experimental work and specify several future 
measurements necessary for further studies of the strong 
temperature nonlinearity of metals.

2   Self-consistent  calculation 
of temperature in metal 
nanostructures

We want to calculate the scattering of an incident CW 
off some metal-dielectric nanostructure as a function of 
pumping intensity and/or temperature. This requires us 
to understand how much does the metal temperature 
increase under this illumination and how much, in turn, 
does this temperature increase affect metal permittivity 
(hence the electromagnetic field distribution around the 
nanostructure).

In the simplest model, the metal-dielectric system is 
assigned a single, spatially nonuniform temperature T 
(i.e. we neglect the difference between the electron and 
lattice temperatures). Then, under CW illumination (and 
with no temporal pump modulation), the heat equa-
tion governing the temperature dynamics reduces to the 
Poisson equation:

 
abs[ ( ( )) ( )] ( ; ( )),T r T r p r T rκ∇⋅ ∇ = −

� � � �  (1)

where κ is the thermal conductivity (specifically, κm and 
κhost for the metal nanostructure and the dielectric host, 
respectively). Note that, in principle, thermal conductiv-
ity can be temperature dependent. The typical boundary 
conditions accompanying Eq. (1) are the continuity of 
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the temperature T and heat flux κ∇T across the interface 
between different materials.1

The heat source pabs represents the density of 
absorbed power (in units of W/cm3). Classically, the rela-
tion between the absorbed power and the local incident 
electromagnetic field intensity is given by

 
20

abs | | ,
2 mp E
ω

= ′′
�ε

ε
 

(2)

where E
�

 is total (local) electric field (namely, the solution 
of the vectorial Helmholtz equation), ω is the pump fre-
quency, and m m mi= +′ ′′ε ε ε  is the complex (relative) permit-
tivity of the metal, which serves as the heat source in this 
problem. This expression is sometimes replaced by ~αI (or 
~σabsI), where α is the absorption coefficient (absorption 
cross-section) and I is the (local) beam intensity. Quantum 
mechanically, pabs has to be calculated as the spectral inte-
gral over all the possible transitions from electron levels 
and over the frequency content of the pump pulse times 
the respective photon energy, involving both absorption 
and emission to and from each level [33].

The common model in heat calculations of plasmonic 
systems (frequently referred to as thermoplasmonics [4]) 
is to solve the Maxwell equations first for ambient con-
ditions, that is, assuming εm(ω; T = Tenv), where Tenv is the 
temperature far away from the heat-generating (metal) 
objects. Then, one substitutes the resulting electric field 
distribution into the heat source term pabs (2) in the heat 
equation (1). Below, we refer to this approach as the tem-
perature-independent permittivity (TIP) model.

The TIP model is appropriate as long as the relative 
change of the permittivity Δεm ~ ΔTdεm/dT is small. Typi-
cally, the thermoderivative dεm/dT varies between ~10−5/K 
for standard dielectric materials [58] and up to 10−4–10−3/K 
for water [59] or metals [60, 61]. Thus, as long as the tem-
perature increase (with respect to Tenv) is modest (i.e. 
limited to a few degrees), the change of the permittivity 
is indeed negligible. Potentially, the opposite signs of the 
thermoderivatives of the dielectric material and metal 
may cause the overall temperature dependence of the 
system under consideration to be weaker than in each of 
the constituents [61], thus, providing further justification 
for treating the permittivity as temperature independent. 
The permittivity changes may be negligible also in the 
wavelength regime for which dεm/dT vanishes. Peculiarly, 
it turns out that, for gold, this regime is about 520–550 nm 
[60, 61] (i.e. it coincides with the plasmon resonance 
wavelength of small metal nanospheres, which have been 
subject to extensive study) [4, 31, 38–40, 61].

1 However, see [57] and the discussion on Kapitza resistance below.

However, in plasmonic nanostructures under intense 
illumination (as for thermophotovoltaics [14, 15], plas-
mon-mediated photocatalysis [18–20], plasmon-assisted 
chemical vapor deposition [21], and heat-assisted mag-
netic recording [22]), the conditions prescribed above are 
typically not fulfilled. Indeed, whereas the (relative) mod-
ification of the real part of metal permittivity due to the 
changes of the temperature may be small, a substantial 
increase of the temperature (a few tens of degrees or more) 
may cause the imaginary part of metal permittivity ,m′′ε  to 
change substantially.

In the case of external heating (and weak illumina-
tion), one has to use the appropriate permittivity data for 
the ambient temperature and solve only the Maxwell equa-
tions, as done routinely for room-temperature studies. In 
contrast, intense (laser) illumination will result in mutual 
coupling of the heat and Maxwell equations via pabs (2), 
requiring them to be solved simultaneously. In these cases, 
the standard model described above (TIP model), which 
does not take into account the thermo-optical (nonlinear) 
response to the electromagnetic field, would have to be 
replaced with a temperature-dependent permittivity (TDP) 
model. This is essential to make the results from such high 
temperature applications quantitatively relevant.

Remarkably, it is a common practice to take into 
account the thermal nonlinearities of the host medium (e.g. 
for PT imaging [5, 6, 62], cancer treatment [7], and thermal 
lensing [63]). However, the majority of studies within the 
plasmonics community ignore the temperature depend-
ence of metal permittivity. Some of the earlier studies did 
account for the thermal response of the metal by approxi-
mating it with a cubic nonlinearity (see [25], or [26] for a 
more recent review). This approach was used, however, 
only for cases where the pump pulse was not longer than 
a few nanoseconds and in the perturbative regime, where 
the relative permittivity changes were small such that the 
cubic approximation is sufficient. Moreover, these studies 
focused primarily on the electric field distribution and 
ignored the temperature itself. Similarly, studies of effec-
tive medium theories applied to media with (thermal) cubic 
nonlinearities also focused on the field rather than the 
temperature distribution (see, e.g. [25, 35, 42–48, 64] and 
references therein). One of the reasons for that is obviously 
that measuring the temperature in the near field of the NPs 
remains a very difficult task despite the progress made 
recently [65, 66].

Within a TDP model, we expect to be able to distin-
guish between two scenarios. In the general scenario, as 
the temperature (hence the imaginary part of metal per-
mittivity) changes, the heat generation rate pabs changes as 
well. In particular, if m′′ε  grows with temperature, the TIP 
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model will provide an underestimation of the actual tem-
perature, as could be calculated from the fully coupled 
(TDP) model. The field distribution, on the contrary, may 
differ only slightly from the field distribution predicted by 
the simplified TIP model since typically, | | .m m′′ ′�ε ε

In contrast, at plasmon resonance, the metal nano-
structure acts as a cavity whose quality factor scales 
inversely with the imaginary part of metal permittivity 

.m′′ε  Accordingly, if m′′ε  increases with temperature, the 
local electric field (hence the heat power dissipation) 
drops, the resonance broadens and the overall power dis-
sipation decreases with respect to the prediction of the 
TIP model. Accordingly, the temperature will rise more 
slowly, such that the simplified TIP model will provide 
an overestimate of the actual temperature. In this case, 
the TDP model will also predict a substantial change of 
the scattered field with respect to the prediction of the 
TIP model. The opposite will happen if m′′ε  decreases with 
temperature.

These two effects will be demonstrated analytically 
and numerically in Section 3. However, in the meantime, 
from this discussion, it is obvious that there is a strong 
spectral sensitivity such that the solution would almost 
never follow the predictions of the TIP model. Below, we 
demonstrate the differences between the TIP and TDP 
models in some specific examples, showing that they can 
be substantial for realistic cases and for many applica-
tions that are studied extensively these days.

To quantify these differences, one has to have avail-
able comprehensive data of the temperature dependence 
of metal permittivity. However, quite surprisingly, such 
data hardly exist, even for gold, which is the plasmonic 
material studied most extensively (see detailed discussion 
in [67]). In the absence of elaborate experimental data, 
theoretical models for the temperature dynamics [27, 32, 
68] and metal permittivity dynamics [31] were developed. 
However, as mentioned above, effectively all these studies 
focused on the ultrafast (up to a few picoseconds) regime, 
and only a few of these studies accounted for all the rel-
evant physical mechanisms [31]. Similarly, the multitude 
of models where the thermal response is approximated as 
a cubic nonlinearity [25, 26] did not consider the thermal 
response on time scales longer than a few nanoseconds. 
The quantitative predictions in the few studies of the CW 
nonlinear response should, as mentioned, be taken with a 
grain of salt due to the missing ingredients in the permit-
tivity models employed.

Thus, to the best of our knowledge, there is no com-
plete model for the slow thermal response as appropri-
ate for CW illumination. In this regime, the electronic 
response that dominates the ultrafast response becomes 

negligible, and other effects, such as lattice heating and 
thermal expansion [31], stress and strain, band shifting 
[69], and indirect (i.e. phonon-assisted) interband transi-
tions [70], take dominance.

To close this knowledge gap, we have recently per-
formed ellipsometry measurements to retrieve the permit-
tivity data of bulk gold at increasing temperatures [67]. Our 
study showed that m′′ε  increases substantially with tem-
perature across the visible spectral range. Indeed, in the 
temperature regime of 300–570 K, Figure 1 shows changes 
of up to ~25%–30% in the visible range for selected wave-
lengths. In the near-infrared regime, an increasingly 
stronger dependence on temperature is observed [67].

Our study also shows that the changes to the real part 
of the gold permittivity are substantially smaller with 
respect to the room temperature values (about 1%–3% 
in the temperature regime studied here). Similar results 
appear in two recent independent studies [71, 72] as well 
as for Ag [71, 73].

To simplify the modeling and discussion, we assume 
in what follows that the host (dielectric) material per-
mittivity is purely real and nondispersive. This assump-
tion has a negligible effect on our results. Indeed, the 
numerical examples below show that the changes of the 
host permittivity and of the real part of metal permittiv-
ity have a secondary effect on the temperature and field 
distribution. This residual temperature dependence 
will have to be taken into account in applications of PT 
imaging [5, 6, 62] and treatment [7], water boiling [11, 12], 
plasmonic (thermo)photovoltaics [14, 15], thermal lensing 
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Figure 1: Au ellipsometry data.
(A) Real and (B) imaginary parts of the (relative) permittivity extracted 
from the ellipsometry measurements of an annealed (blue) and unan-
nealed (red) Au film at λ = 533 nm for 300–570 K. (C and D) Same data 
for λ = 671 nm.

Brought to you by | Ben Gurion University of the Negev
Authenticated

Download Date | 1/8/17 5:07 AM



Y. Sivan and S.-W. Chu: Nonlinear plasmonics at high temperatures      321

[63], and plasmon-assisted catalysis [18–20], where the 
level of temperature rise of the surrounding medium is 
critical. This is, however, left for future studies.

3  Metal spheres
Although, in general, the problem at hand requires a self-
consistent numerical iteration scheme involving both 
the Maxwell and heat equations [36, 37], for some simple 
geometries, one can avoid solving the Maxwell equations 
and rely on known solutions. As a generic example, we 
now consider the temperature of a single small (with 
radius a  λ) spherical metal NP illuminated by a plane 
wave. Hence, the quasi-electrostatic solution of Maxwell 
equations [74] holds such that the electric field inside the 
NP NP( ( ))E E r a≡ <

� �
 is uniform and given by

 
NP inc

3
,

( ; ) 2
d

m d

E E
Tω

=
+

� �ε

ε ε  
(3)

where incE
�

 is uniform (i.e. a fixed parameter). In what 
follows, we suppress the vector symbol. Using Eq. (3) in 
Eq. (2) gives a uniform power dissipation:

 

2
20

abs inc

3
( , ( )) ( ) | | .

2 ( ) 2
d

m
m d

p T r a T E
T

ω
ω < = ′′

+
ε ε
ε

ε ε
 

(4)

The solution of the Poisson equation (1) for this case 
is [4]

 

2
abs host

2
host

env
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host

( , )
1 1 , ,
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, ,
4

m

P T r r a
a aT r T
P T

r a
r

ω κ

πκ κ

ω

πκ

   
+ − <       = + 

 >  

(5)

where κm and κhost, the thermal conductivities of the NP 
and host, respectively, are assumed for the moment 
to be temperature independent (hence uniform) and 

abs abs( , ) dP T p Vω ≡ ∫  is the total power dissipated in the NP.
Because typically κm  κhost, it follows from Eq. (5) that 

heat diffusion is sufficiently strong to homogenize the 
temperature within the NP; this assumption is supported 
by exact simulations, showing temperature uniformity 
even for much larger NPs [37]. Thus, neglecting the small 
temperature variation, we can define TNP ≡ T(r < a) so that 
Pabs = 4πa3pabs/3; by Eq. (5), we then get

 

2

NP env abs NP
host

( ).
3
aT T p T
κ

= +
 

(6)

Substituting Eq. (4) in Eq. (6) gives

 

22
20

NP env inc NP2
host tot NP

3 | | ( ),
2 | ( ) |

d
m

m

aT T E T
T

ω

κ
= + ′′

+′ ′′
ε ε

ε
ε ε  

(7)

where tot 2 .m d≡ +′ ′ε ε ε

Equation (7) is a simple root equation for the NP tem-
perature that is easy to solve. However, before presenting 
detailed numerical examples, we discuss several general 
properties of the solution.

In the general (off-resonance) case, the real parts of 
the permittivities do not perfectly cancel, such that, typi-
cally, tot .m′ ′′�ε ε  Then, we get

 

22
20

NP env inc NP2
host tot

3 | | ( ).
2 | |

d
m

aT T E T
ω

κ
≈ + ′′

′
ε ε

ε
ε  

(8)

Indeed, as predicted, we see from Eq. (8) that the 
absorbed power (hence the overall temperature) will be 
higher in the TDP model compared to the TIP model.

On the contrary, at resonance, the real part of the 
denominator vanishes such that upon a temperature 
increase, the power dissipation (4) drops for increasing .m′′ε  
This is due to the resonant nature of the interaction – m′′ε  is 
inversely proportional to the quality factor of this effective 
resonator. At the same time, the resonance broadens and 
the temperature itself is given by

 

22
20

NP env inc
host NP

3 | | .
2 ( )

d

m

aT T E
T

ω

κ
= +

′′
ε ε

ε
 

(9)

We thus see from Eq. (9) that at resonance the 
absorbed power (hence the overall temperature) will be 
lower in the TDP model compared to the TIP model.

From the above discussion, the reasons for neglect-
ing the changes of the real part of the metal (and dielec-
tric) permittivities become apparent. Indeed, the changes 
of tot′ε  are relatively small and cause only a slight shift of 
the plasmon resonance position. It is clear, however, that 
the important parameter is the shift of the real part of tot′ε  
rather than the shift of any of its constituents, as various 
combinations of thermoderivatives of the metal and die-
lectric will give rise to shifts in different directions.

Once the NP temperature is determined, one can cal-
culate the scattered field using the quasi-static solution 
[74]. In the case of a single intense (pump) beam, the scat-
tered field inc( ) ,scE E r a E≡ > −

� � �
 is given by

 

pump NP
3

pump NP
inc pump3

tot pump NP

( , )
( , ) ˆˆ| ( ) |(2cos sin ).
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E T
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ω
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ω θ θθ
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 (10)

Brought to you by | Ben Gurion University of the Negev
Authenticated

Download Date | 1/8/17 5:07 AM



322      Y. Sivan and S.-W. Chu: Nonlinear plasmonics at high temperatures

Iinc (W/cm2) Iinc (W/cm2) Iinc (W/cm2)

105 106 107 105
105106 107

300

450

600A B C

T
er

ro
r (

K
) 

T
 (

K
)

0

40

80

I s
c/

I in
c

10–1

100

Figure 2: Temperature and intensity for intense off-resonant illumination.
(A) Calculated temperature for λ = 533 nm and the off-resonance case (εd = 5.5) for the TDP model (blue dots) and TIP model (solid blue line) 
based on annealed permittivity data. (B) Temperature difference between both models. (C) Peak intensity of the scattered field as a function 
of the incoming pump intensity for the two models.
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Figure 3: Temperature and intensity for intense on-resonant illumination.
Same as in Figure 2 for the on-resonance case (obtained by setting εd = 2.25). Also shown in (a) are the results for unannealed data (TDP model, 
red dots; TIP model, solid red line), and (b) shows the corresponding difference between the two models. Finally, (c) shows also the 
( normalized) experimentally measured data of scattering from a single 40 nm Au NP embedded in index matching oil under CW illumination.

2 See discussion of the experimental set-up in [39].

When the intense beam is accompanied by a second, 
weaker (probe) beam, the scattering of the probe will be 
given by the same expression, where the permittivities 
and fields are evaluated at the probe frequency. Because 
this case is effectively similar to the standard linear case 
or to the case of external heating [67, 75], it will not be con-
sidered further.

3.1  Numerical examples

Based on the experimental data for annealed gold [67], as 
appropriate for metal NPs made by the pulsed laser abla-
tion of gold films [76], we initially solve Eq. (7) for λ = 533 nm 
(permittivity data given in Figure 1A and B). Figure 2A and B 
shows that, when the system is tuned away from resonance 
(the host permittivity is εhost = 5.5), for sufficiently large 
pumping intensity, the naive (TIP) model indeed underes-
timates the temperature rise in the particle. For example, 
we see that the TDP model predicts T = 594 K, whereas the 
TIP gives T = 552 K (i.e. an error of ~17% of the temperature 
increase). This error is commensurate with the correspond-
ing change of ,m′′ε  which increased by ~30% (the real part 
changes by ~1%). Nevertheless, the TIP model still predicts 
the scattered field with reasonable accuracy (Figure 2C). 
Indeed, in this case, the denominator for the expression for 

the scattering [see Eq. (10)] is only slightly affected by the 
change of the imaginary part of the permittivity.

At resonance, on the contrary (λ = 533  nm but with 
εd = 2.25), the naive (TIP) model overestimates the temper-
ature rise in the NP (see Figure 3A and B). For example, 
when the TDP model predicts T = 594 K, the TIP gives 
T = 694  K (i.e. ~34% error in temperature rise measure-
ment). More importantly, in this case, the TDP model pre-
dicts a 40% decrease of the scattering (Figure 3C). Figure 3 
also shows the results based on nonannealed permit-
tivity data as appropriate for metal NPs synthesized in 
solution [67]. One can see that, although the results are 
qualitatively similar, the nonannealed gold shows a much 
stronger sensitivity to the rising temperature. This empha-
sizes the need to account for the relevant permittivity data 
depending on the metal particle preparation method [67].

Most importantly, Figure 3C also shows a compari-
son to measured scattering data2 from a single 40 nm Au 
NP embedded in index matching oil under CW illumina-
tion. One clearly observes very good qualitative agree-
ment between the theory and the measurement, achieved 
without any fitting parameters. This agreement between 
the scattered fields also reveals the NP temperature – the 
lowest scattering levels are attained for a temperature rise 
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of only a few hundred degrees (i.e. well below the melting 
temperature of the Au NPs), which is somewhat less than 
1000 K [13]. Note that a quantitative agreement of the scat-
tered field and temperature requires a further refinement 
of our modeling (see Section 5).

As a comparison, we show in Figure 4 the temperature 
and scattered field for resonant illumination at λ = 671 nm 
(εd = 2.5); the permittivity data at this wavelength are 
shown in Figure 1C and D. Although the trends are quali-
tatively similar to the case of λ = 533 nm, the nonlinear 
response is stronger – the scattered field drops by 60% 
and the temperature error is up to ~250 K.

Finally, we note that, when the variation of the real 
part with temperature is taken into account [i.e. when 
we solve Eqs. (7) and (10) for tot( ) 0T ≠′ε ], there is no sub-
stantial change of any of the results described so far. 
This happens because the (absolute, as well as) relative 
changes of the real part of metal permittivity with tem-
perature are typically smaller than those of the imaginary 
part; accordingly, they have far smaller influence on the 
temperature and scattering.

4  Additional considerations
Below, we discuss two additional aspects of the thermo-
optical problem at hand that, to the best of our knowledge, 
are discussed for the first time in the current context.

4.1   Role of the temperature dependence 
of thermal conductivity

So far, we assumed that the thermal conductivities are 
temperature independent. However, the temperature 
dependence of the thermal conductivity is well known for 
a wide range of materials. Remarkably, its variation with 
temperature is comparable to that of metal permittivity. 
For example, the thermal conductivity of water increases 
by about 10% between 300 and 400 K; beyond this tem-
perature, the water boils. Oil exhibits comparable changes 

over a wider temperature range, with some oils exhibit-
ing increased conductivity with growing temperature and 
some exhibiting reduced conductivity. The thermal con-
ductivity of other materials, such as collagen [77], quartz, 
silicon wires, or aluminum oxide, exhibit even stronger 
temperature dependence. The thermal conductivity of the 
metal itself also varies substantially with the temperature; 
however, because it is typically much larger than the host 
conductivity, this variation plays a negligible role for our 
purposes [see Eq. (5)]. Thus, it is clear that this depend-
ence has to be taken into account to accurately determine 
the temperature and field distributions. In general, if the 
host thermal conductivity increases with temperature, 
then the temperature rise is lower than that predicted by a 
model that ignores this effect and vice versa.

The exact solution (5) used so far will not hold 
anymore for a temperature (hence space)-dependent 
thermal conductivity. However, exploiting again the uni-
formity of the temperature inside the NP allows us to keep 
using the implicit relation (7). Numerical simulations (see 
Figure 5) show that the error associated with the change 
of thermal conductivity with the temperature (taken as 
Tenv/κenvdκ/dT ~ ±10%) is of the same order of the tempera-
ture change itself. As expected, a similar trend is found 
also for the off-resonant case (not shown).

4.2   Role of the interface (Kapitza) 
conductivity

A more realistic model of the heat transfer between the NP 
and its surrounding has to account for the finite interface 
(Kapitza) conductivity g [13, 24, 78]. In this case, it was 
shown [57] that the solution for the illuminated sphere is 
modified only inside the sphere, namely,
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where, for simplicity, we again assumed a uniform tem-
perature inside the NP. The finiteness of the interface 
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Figure 4: Temperature and intensity for intense on-resonant illumination (λ = 671 nm). 
Same as in Figure 2 for the on-resonance case (λ = 671 nm and εd = 2.5).
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Kapitza conductivity means that the generated power 
within the NP escapes more slowly; hence, the overall NP 
temperature is higher (with respect to the case of infinite 
interface conductivity).

In general, the value of interface Kapitza conductiv-
ity is known only for a select few cases – its calculation 
requires heavy and somewhat ambiguous molecular 
dynamics simulations (see e.g. [13] for a discussion) and 
its measurement is a tough task. However, fortunately, it 
turns out that gold nanostructures were some of the few 
cases that were studied. A fit to experimental results per-
formed in [61] yielded g ~ 110 MW/m2 K for the interface 
between a 18 nm gold sphere and water. With this value, 
the correction in Eq. (11) with respect to the case of infi-
nite interface conductivity is κhost/ga = 33 nm/a. Thus, for 
the small particles under consideration here, this term is 
clearly far from being negligible. A similar procedure for 
gold-ethanol interface yielded g ~ 40 MW/m2 K (i.e. again, 
providing a substantial contribution). Similar values were 
reported for the Kapitza  conductance between gold and 
silicon under various surface treatments at temperatures 
below room temperature [79].

If Kapitza conductivity was studied in only a limited 
number of papers, then its temperature dependence was 
studied even less. Molecular dynamics calculations per-
formed in [13] for 3 nm gold NPs yielded g ~ 180 MW/m2 K 
and a temperature dependence similar to that of permit-
tivity and thermal conductivity [i.e. a variation by more 
than 10% for the temperature range covered in the current 
manuscript (300–800 K)]. This temperature dependence 
has a similar effect to that of thermal conductivity – an 
increasing conductance with temperature will give rise to 
lower temperatures compared to models that ignore it.

5  Discussion
The results shown above raise a clear need to take into 
account the temperature dependence of the optical and 
thermal properties of the metal (and its surroundings) in 
calculations of field and temperature under intense illu-
mination conditions. In particular, the errors associated 
with the neglect of the temperature dependence of these 
quantities grow monotonically with the temperature rise 
and can reach several tens or even hundreds of degrees 
for the refractory applications (i.e. even up to 100% rela-
tive errors); for resonant illumination, there are compara-
ble relative errors in the scattered fields. In fact, for some 
applications, such as PT imaging [5, 6, 62], correcting 
errors of even a few percent could be substantial.

More generally, our calculations provide a complete 
treatment of nonlinear plasmonic systems at the high-
temperature regime that goes beyond the perturbative 
description of the thermo-optical response [25, 26, 60]. 
Indeed, we intentionally avoid any assumption on the 
functional dependence of the metal permittivity on the 
temperature or intensity (e.g. an assumption of a cubic 
nonlinear response [25], of a constant thermoderivative 
dεm/dT [44, 60], or of an averaged response in the effective 
medium spirit [44]). This approach allowed us to identify 
the thermo-optical mechanism as being responsible for 
the nonlinear scattering of monochromatic waves from Au 
NPs that was observed experimentally [38–41], showing 
deviations from the linear prediction (TIP) of several tens 
of percent (see Figure 3). Indeed, such changes of scat-
tering are shown to be commensurate with the change of 
the imaginary part of metal permittivity with the tempera-
ture (see Figure 1). Remarkably, we confirm that the effect 
occurs on a subwavelength scale, from a single NP and 
potentially its immediate surrounding (via the thermal 
conductivity), rather than being an effect accumulated 
on macroscopic distances or due to interparticle interac-
tions or aggregation, as one may conclude from previous 
studies of NP suspensions (see, e.g. [43, 45–48, 80]).

In contrast to previous works, which relied on a theo-
retical model that missed some dominant physical effects 
[36, 37, 75], our study relies on experimentally-measured 
permittivity data [67] and focuses on the visible range. 
Furthermore, we show stronger effects from NPs smaller 
than those studied before. Yet, it is important to note that 
our model provides only a qualitative match to the experi-
mental data. A quantitative agreement requires account-
ing for the actual size of the particles (i.e. to go beyond 
the quasi-static approximation employed here, as done in 
[37]) and for the temperature dependence of the thermal 
properties of the metal and host, which is currently not 
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Figure 5: Effect of the temperature dependence of the host thermal 
conductivity on NP temperature. 
Calculated temperature for on-resonance case (λ = 533 nm) for the TIP 
model (solid red line) and TDP model with temperature-independent 
thermal conductivity (blue dots), both as in Figure 3, compared to a 
thermal conductivity that increases with temperature (green dots) and 
thermal conductivity that decreases with temperature (black dots).
In the latter two cases, thermal conductivity changes by as much 
as 13%.
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known. For completeness, it is also desired to develop a 
theoretical model for the (slow) thermal nonlinearity of 
gold to support the experimental results. In contrast to 
the common models (used in some previous studies [36, 
37, 75]), a complete theoretical model will have to account 
for the temperature dependence of metal permittivity on 
both intraband and interband transitions and specifically 
for the effects of the temperature on the NP volume, elec-
tron scattering rates, electron distribution (Fermi smear-
ing), lattice spacing (band shifting), and stress/strain 
build-up, as well as for nonequilibrium effects and mul-
tiphoton absorption, which we neglected. A model that 
describes the interplay and relative importance of these 
effects is yet to be developed. Such a model will be also 
particularly important to explain the nonlinear scatter-
ing under pulsed illumination, which typically involves 
higher intensities than for CW (up to GW/cm2), and exhib-
ited opposite trends to those observed for CW illumina-
tion [45–48, 80].

In the same vein, we should mention that the current 
analysis of the thermal effects may not be sufficient to 
address the complete intensity dependence of the scatter-
ing from metal NPs. Indeed, it was shown [38, 40] that, 
for sufficiently high excitation intensities, the decrease of 
the scattering changes to a sharp increase, occasionally 
and somewhat confusingly, referred to as “reverse satura-
tion”.3 This effect may be related to electron population 
redistribution due to Fermi smearing (i.e. based on the dis-
tribution of thermalized electrons), which shows a rather 
complicated and nonintuitive spectral dependence with 
several spectral regimes where the permittivity decreases 
upon heating [28–31]. Alternatively, the increased scatter-
ing may be related to absorption saturation (i.e. based on 
the distribution of nonthermal electrons) [25, 33] or to an 
effect associated with the host [e.g. (nonlinear) absorption 
and phase/structural change]. The determination of its 
origin also awaits the comprehensive permittivity model 
and thus left for a future study.

In that regard, we emphasize that the use of the per-
mittivity data under external heating in laser illumination 
calculations (as adopted in the current study or in [31]) 
is justified only if the effects associated with nonther-
mal electrons, which accompany intense illumination, 
are negligible compared to the effects associated with 
thermalized electrons. This seems to be the case for gold 
[26] – the absorption saturation due to interband transi-
tions, which is related to partial population inversion, is 

3 This nomenclature was adopted due to the reminiscence of the 
 absorption/scattering data to that obtained from some atoms or 
 molecules.

4 This implies specifically that the arguments used in [39] to explain 
the scaling of the deviation point of the scattering curve from the 
linear prediction were incorrect. This error originated from the use 
of the macroscopic absorption cross-section (of the NP) rather than 
the atomistic cross-section in the estimate of the relaxation time as 
 appropriate for a single atom effect. Indeed, as the relaxation time in 
metals is several orders of magnitude faster than in semiconductors, 
one can expect the saturation levels to be correspondingly higher. 
Yet, the scaling of the onset of the nonlinear effect is surely a valid 
experimental observation and is explained in the current context by 
the thermal effect, which indeed scales with the absorption cross-
section of the NP itself [see discussion under Eq. (2)].

predicted [25] and experimentally verified [43, 64] to be 
smaller than the nonlinearity associated with heating 
(thermalized electrons, Fermi smearing) at least for mod-
erately high intensities and pulsed illumination. A simple 
estimate based on the measured cubic non linearity, 

(3) 9 2
Au 5 10 cm /Wχ −′′ ∼ ⋅  at λ = 532  nm [25, 43, 64], together 

with the associated field enhancement within the gold, 
2| 3 / | 20d m ∼′′ε ε  (see Eq. (3) and [81]), shows that the permit-

tivity change for Iinc = 1 MW/cm2 induces a ~10% change of 
the imaginary part of the permittivity, as indeed we have 
observed experimentally (see Figures 1 and 3).4

Having said that, we emphasize that the estimates 
above, which are based on the measurements of the 
ultrafast thermal response, are only partially appropri-
ate for the current context of a CW illumination. Indeed, 
the ultrafast thermal nonlinearity was derived in [25] by 
neglecting the diffusion of heat from the NP to its sur-
roundings (see also [58]). In our configuration, however, 
heat diffusion is clearly important [see, e.g. Eq. (7)], so 
that the overall thermal response depends also on the 
host properties as well as on the particle size. This may 
give rise to different values of the nonlinearity. In general, 
though, as already noted above, a complete quantitative 
match of the model to the experimental data will have to 
be deferred to a future study.

Finally, we hope that our study would motivate further 
studies of thermo-optical nonlinearities at the high-
temperature regime of other gold NPs as well as similar 
studies of other metals, especially those proposed for use 
in refractory plasmonics applications [22].
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