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ABSTRACT

Scattering from anisotropic geometries of arbitrary shape is relatively difficult to interpret physically, involving the intricate interplay
between material and geometric effects. Insights into complex scattering mechanisms are often enabled by modal methods that decompose
the response into the well-understood multipolar resonances. Here, we extend the generalized normal mode expansion to lossy and
anisotropic scatterers. Unique to the method is that it decomposes the total response of any anisotropic resonator into the modes of the cor-
responding isotropic resonator. This disentangles the material and geometric contributions to the scattering of any anisotropic resonator.
Furthermore, the method can identify absorption and scattering resonances with separate sets of modes. We illustrate our method by
considering an infinitely long cylinder with concentric metallic/dielectric layers, targeting the complex case of an effective hyperbolic
response. We show that by scanning the material composition of the hyperbolic medium, we can achieve any desired scattering effect,
including backscattering cancellation.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0039134

I. INTRODUCTION

With the recent developments of metamaterials and metasur-
faces, it has become imperative to develop new tools to understand
the absorption and scattering properties of composite material
nanoparticles.1–6 Assuming that the geometric parameters of the
composite are small compared to the wavelength of the excitation
wave, such materials can usually be described by a unique homoge-
neous anisotropic permittivity tensor.7,8 To develop such a tool, it
is simpler but nevertheless challenging to begin with the study of
two-dimensional scatterers with tensorial dielectric function.

Electromagnetic scattering by anisotropic cylinders is an old
problem,9 which has been extensively investigated. Many solutions
have been developed, including integral solutions for circular cylin-
ders,10,11 a variational approach,12 surface integrals,13,14 Fourier

domain,15 and coupled-dipole approximation.16 For the most
complex cases, like lossy cylinders of arbitrary shape, some integral
solutions have been proposed17,18 or one may still rely on finite dif-
ferences time-domain (FDTD)19 and finite element methods20 to
extract the optical properties of complex nanostructures. Although
these methods are generally applicable, they do not provide physi-
cal insight into the resonant modes that are excited within the
structure. Such modal decompositions for arbitrary materials have
been developed only for simple geometries (e.g., circular cross
section), where an exact expression for the eigenmodes is available
in terms of vector cylindrical harmonics.21,22

More recently, it was shown that resonant states23 or quasi-
normal modes24,25 may provide another route to obtaining a modal
decomposition in the case of lossy (i.e., non-conservative) systems.
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These modes have to be introduced to describe the radiative loss of
the system to the background26 as well as any absorption losses.
They are solutions of the source-free Helmholtz equation with
complex eigenfrequencies. Although this formalism allows the
treatment of anisotropic27,28 and bi-anisotropic materials,29 those
modes form a complete basis inside the inclusion only, and
outside, their amplitudes diverge exponentially. This divergence
can be managed by taking into account the causality principle,30,31

by redefining the normalization based on perturbation theory23 or
by enclosing the resonant structure by a perfectly matched layer.28

However, the implementation of these techniques requires skill and
experience to avoid spurious and missing modes and is frequently
slower than a solution of the scattering problem itself.25,32

Alternatively, instead of setting frequency to be the eigenvalue
for the source-free Helmholtz equation, we may set the eigenvalue to
be one of the material properties of the inclusion, yielding eigenper-
mittivities33 or eigenconductivities.34 This generates a new orthogo-
nal set of modes that decay rather than grow outside the structure
and have a simple normalization.32 These modes have been widely
used.35–40 For simple geometries (e.g., a slab, cylinder, sphere), ana-
lytical solutions of the eigenmodes are available,32,34,36–38,40–47 along
with an efficient complex root search for the eigenvalues.43 For more
complicated geometries, one can always resort to a numerical
approach.32,41 Clusters of scatterers can be treated with minimal
overhead computations by the rigorous hybridization approach
described in Refs. 48, 45, and 34.

The generalized normal mode expansion (GENOME)32 uses
the eigenpermittivity modes to derive a modal decomposition of the
scattering of lossy open-systems in the case of isotropic materials. In
this paper, we extend GENOME to the case of anisotropic materials.
We show how the modes of anisotropic structures can be obtained
by expanding in terms of modes of an isotropic inclusion.42 We vali-
date our method by comparing our results to Mie theory.49,50 Our
method is then exploited to perform a modal analysis of the
scattering from an infinite hyperbolic metamaterial cylinder with
concentric metal/dielectric layers. By considering the coherent super-
position of the scattered modes, new physical insight is revealed
regarding the radiation properties of such structures, and we demon-
strate how such materials can play an important role in the design of
complex scattering functionalities, such as backscattering cancella-
tion. This work will be the basis for the implementation of the
method to more complicated anisotropic structures.

II. GENERALIZED NORMAL MODE EXPANSION

We consider an inclusion with an anisotropic material of per-
mittivity εi

$
embedded in an isotropic medium εb illuminated by an

incident monochromatic wave E0 [see Fig. 1(a)]. We can express
the vector Helmholtz equation that governs its evolution over all
space by introducing the indicator function θ(r) that is 1 inside the
inclusion and 0 outside [see Fig. 1(b)],

∇� ∇� E(r)� k2εbE(r) ¼ iωμ0J(r)þ k2θ(r)Δε
$
E(r), (1)

where Δε
$ ¼ ε

$
i � εb is the contrast in permittivity between the

inclusion and the background. This contrast induces a polarization
current density inside the inclusion, k2θ(r)Δε

$
E(r). Introducing the

free space Green’s function, G
$
0(r, r0), the vector Helmholtz equa-

tion can be converted to the Lippman–Schwinger equation,

E(r) ¼ E0(r)þ k2
ð
V
θ(r0)G0

$
(r, r0)Δε

$
E(r0)dr0, (2)

where E0(r) ¼ iωμ0
Ð
V G0

$
(r, r0)J(r0)dr0 is the incident electric field

generated by the source of free current J(r). The second term on
the right-hand-side of Eq. (2) corresponds to the scattered field
generated by the polarization current.

Our aim is to construct a modal solution by defining a set of
suitable modes to expand Eq. (2). To define an eigenvalue equation
for modes of the anisotropic structure, Em, we shall use the source-
free (i.e., E0 ¼ 0) version of the Lippmann–Schwinger equation (2),
namely,

smEm(r) ¼ k2
ð
V
θ(r0)G

$
0(r, r

0)Δε
$
Em(r

0)dr0, (3)

where sm is the associated eigenvalue. We shall call these modes,
Em, the target modes. Use of these modes is greatly expedited if
they obey an orthonormality relation. This exists for isotropic mate-
rials, since the integral operator defined in Eq. (3) is symmetric
because G

$
0 commutes with Δε I

$
. For an isotropic inclusion of

the same shape, Eq. (3) can be reduced to the definition
~sμ~Eμ ¼ k2

Ð
θ(r0)G

$
0(r, r0)~Eμ(r0)dr0, where we have used ~Eμ to

denote these isotropic modes. They form a complete orthonormal
basis of modes32 for the bracket ~Eμj~Eν

� � ¼ Ð
θ(r)~E

y
μ(r) � ~Eν(r)dr.

Despite the similarity, this is not an “inner product” on a Hilbert
space, because it lacks conjugate symmetry and is not positive defi-
nite. However, these conditions are not necessary for defining an
orthogonality relationship useful for projection. More formally, this
bracket defines a symmetric bilinear form, but we shall simply refer
to it as “overlap integral” for the remainder of the paper.

For anisotropic materials however, we must establish an alter-
native orthonormality relation. Green’s function G

$
0(r, r0) does not

commute, in general, with the permittivity contrast Δε
$
, causing the

integral operator (2) to be non-symmetric. Consequently, the target
modes Em do not form an orthogonal basis of modes under the
above overlap integral. We develop the appropriate alternative in

FIG. 1. (a) Target system, an inclusion of arbitrary shape made of an aniso-
tropic material, extending infinitely out of the plane. The dielectric function is
noted $ε. The background is an isotropic medium with permittivity εb. (b) Basis
system, an isotropic inclusion with dielectric function ~εμ and same geometry as
in (a) embedded in the same background. The function θ(r) is an indicator,
which is 1 inside the inclusion (blue domain) and 0 outside (white domain).
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Appendix A: EmjΘ̂εjEn
� � ¼ Ð

θ(r)Ey
m(r) � Δε

$
En(r)dr, where the

operator Θε emphasizes the presence of the permittivity contrast
Δε
$
. The derivation of this new overlap integral imposes a condition

on the types of Δε
$
that we may treat: the matrix square root of per-

mittivity tensor must be complex symmetric. This condition is
simple to verify numerically. In some cases, it can be formally
proven to be true, such as for materials with orthogonal principal
axes, whether lossless or lossy. Further details are provided in
Appendix B. The target modes now form a complete set of orthog-
onal modes and can be used to solve the Lippmann–Schwinger
equation for the total fields over all space using

E(r) ¼ E0(r)þ
X
m

Em(r)
sm

1� sm
EmjΘ̂εjE0
� �

, (4)

also derived in Appendix A.
However, one challenging task remains: finding the target

modes by solving either the integral or differential equation that
they satisfy. To overcome this issue, we re-expand the target modes
in terms of modes of an isotropic inclusion of the same shape.42

We shall call the modes of the latter the basis modes, defined above
as ~Eμ(r). We expand Em(r) ¼

P
μ cμ,m~Eμ(r), where the coefficients

cμ,m can be found by solving the linear eigenvalue problem derived
in Appendix A,

smcm ¼ SVcm: (5)

Here, V is the matrix of overlap integral between the modes of the
isotropic inclusion, ~EμjΘ̂εj~Eν

� �
, and S is the diagonal matrix of

eigenvalue ~sμ of the modes of the isotropic inclusion. Equation (5)
is key to understanding how the modes of an anisotropic inclusion
differ from the modes of an isotropic inclusion. For an isotropic
inclusion, one can easily verify that the overlap matrix V is diago-
nal due to the orthogonality relation of the basis modes. In that
case, there is no coupling between the modes. The isotropic case
allows us to interpret the eigenvalue ~sμ in terms of eigenpermittiv-
ity ~εμ as

~sμ ¼ 1
~εμ � εb

: (6)

Conversely, for anisotropic materials, the matrix of overlap integrals
is not diagonal. Its off-diagonal terms result from the coupling
between two different basis modes induced by the anisotropy. It is
worth noting the coupling between basis modes with different sym-
metrical properties (e.g., symmetry forbidden in the isotropic case)
may be allowed with anisotropic materials.

Furthermore, the anisotropy introduces a longitudinal compo-
nent to the fields inside the inclusion. From Maxwell’s equations,
we have ∇ � ε$E ¼ 0, so, in general, the electric field is not
divergence-free, i.e., ∇ � E = 0. To ensure that the basis modes
~Eμ(r) form a complete set and are able to account for the longitudi-
nal component of the resulting electric fields E, longitudinal basis
modes must be considered, satisfying ∇ � ~Eμ = 0 inside the inclu-
sion. Such longitudinal modes always exist, even in isotropic inclu-
sions, but are not excited by far-field sources, though they are
excited by near-field sources inside the inclusion. They are

associated with the eigenpermittivity ~εμ ¼ 0 and a complete set can
be constructed using the cavity modes of an electrostatic resonator
of the same shape.42

For practical applications, it is more convenient to compare
the results from multiple simulations with different ε

$
if Eq. (4) is

re-written in terms of a common set of modes that have the same
scattering patterns, i.e., the basis modes. In these terms, Eq. (4)
becomes

E(r) ¼ E0(r)þ
X
μ

γμ~Eμ(r), (7)

where γμ ¼
P

m cμ,m
sm

1�sm
EmjΘ̂εjE0
� �

.

III. NUMERICAL SIMULATIONS OF HYPERBOLIC
ANISOTROPIC INFINITE CYLINDER

A. Physical configuration

The procedure for treating anisotropic cylinders with arbitrary
cross sections is first to find the modes of the isotropic inclusion.
Examples for arbitrary cross section with isotropic materials can be
found in Refs. 32 and 45 using commercial finite element software
to compute the modes, and in Ref. 51 with a re-expansion
approach. In the following, to exemplify our re-expansion approach
for anisotropic materials, we consider a fairly simple geometry for
which the modes of the isotropic equivalent are available analyti-
cally. We consider an infinitely long cylinder exhibiting hyperbolic
behavior.

Hyperbolic metamaterials are characterized by complex per-
mittivity tensors and are studied for their unusual optical proper-
ties. The patterning and nanostructuring of these materials is of
great interest for realizing new types of optical functions.52,53 The
dispersion relation in such a material is given by

k2f,z
ερ

þ k2ρ
εf,z

¼ k20, (8)

where kf,z and kρ are the in-plane and out-of-plane components of
the wavevector in the cylinder and the real part of the in-plane and
out-of-plane components of the permittivity tensor have opposite
signs, Re(εf,z)Re(ερ) , 0. The domain where Re(εf,z) . 0 is called
type I and the domain where Re(εf,z) , 0 is called type II.53

In what follows, we shall consider an infinite cylinder along
the z-axis with a circular cross section in the (x, y)-plane [Fig. 2(a)]
of radius R ¼ 90 nm. The cylindrical inclusion consists of concen-
tric multilayers of silver54 and titanium oxide55 known to exhibit
hyperbolic behavior in the visible range.56 We denote the filling
factor of silver in the composite by p. We assume that the layers are
thin enough so that we can apply effective medium theory,8 result-
ing in a homogeneous uniaxial anisotropic system described in the
cylindrical coordinate system,

ε
$ ¼

ερ 0 0
0 εf,z 0
0 0 εf,z

0
@

1
A

(êρ ,̂ef ,̂ez)

, (9)
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where

εf,z ¼ pεAg þ (1� p)εTiO2 , ερ ¼ 1
p

εAg
þ 1�p

εTiO2

: (10)

Here, we emphasize that (a) we do not consider the material to
be lossless, so the permittivities of the titanium oxide εTiO2 and
silver εAg are complex; (b) we may treat media of any material
dispersion relation, since we operate in the frequency domain and
treat each frequency independently. We note also that the princi-
pal axes of the permittivity tensor form an orthogonal basis, so
the condition of Appendix B on the material is satisfied.
Additionally, we note the presence of a singularity in the dielec-
tric function of Eq. (9) at the center of the cylinder (ρ ¼ 0) when
expressed with Cartesian unit vectors (êx , êy , êz), since the permit-
tivity tensor is constant in the cylindrical basis (êρ, êf, êz) where
êρ ¼ ρ=ρ.

The illumination source is chosen to be a monochromatic
plane wave propagating along the x-direction with E0 directed in

the y-direction. The basis modes corresponding to the equivalent
isotropic structure are determined analytically for the transverse
modes44 and the longitudinal modes.42 The details of the derivation
of the overlap integrals, EmjΘ̂εjE0

� �
in Eq. (7), between the modes

and the incident field are presented in Appendixes C and D.

B. Validating the re-expansion approach with COMSOL

To validate our model, we have compared the electric field
generated by GENOME (7) with the solution given by Mie
theory.49,50 The relative error between the Mie solution and
GENOME (7) is evaluated using the L2-norm,

ΔηR ¼ Re(EMie � EGENOME)k k2
Re(EMie)k 2

, (11)

ΔηI ¼
Im(EMie � EGENOME)k k2

Im(EMie)k k2
: (12)

FIG. 2. (a) Schematic of the concentric layered scatterer. A plane wave that is linearly polarized and transverse magnetic is propagating along the x̂. (b) Convergence of
the total electric field between Mie and GENOME solutions. The dashed line represents the agreement inside the cylinder and the solid line the agreement outside. (c)
Difference, in dB, between the electric fields computed with Mie and GENOME solutions. (d) Map of the coefficient jγnj, Eq. (7), normalized by the largest coefficient, in
dB. At 470 nm, the permittivity contrasts are ερ ¼ �16:32þ 3:15i and εf,z ¼ �2:65þ 0:49i.
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For this test, we consider the operating wavelength 470 nm and
p ¼ 0:7. The solution is computed twice. We first compute with a
large amount of modes, so as to find the most significant modes of
the modal decomposition, and then with only the selected modes
for comparisons.57

The convergence between Mie and our solutions is plotted
in Fig. 2(b). Outside the cylinder, we observe respectable agree-
ment between the two solutions, up to �36 dB. However, inside
the cylinder, the convergence reaches only �18 dB. This differ-
ence can be seen in the field plot [Fig. 2(c)], where the difference
is largest at the center of the cylinder, close to the singularity.
Further convergence is impeded by the truncation of high radial
order longitudinal modes, as shown in the map of the coefficient
γn [Fig. 2(d)]. The decay in the magnitudes of γn with progres-
sively higher radial order is slower for the longitudinal modes
than for the transverse modes.58 The main issue in the conver-
gence should be resolved by using a more realistic geometry with
an isotropic core, thus removing the singularity but introducing
a discontinuity.

C. Application to hyperbolic metamaterials

We now use our method to study the scattering properties of
a hyperbolic metamaterial cylinder with a radially anisotropic per-
mittivity tensor. These structures have received much attention
recently for realizing superscattering.59,60 In our example, the diam-
eter of the cylinder is 180 nm and we shall tune the composition of
silver (p) in the material.

To describe the modes, we adopt the convention for the
modes of an optical fiber. Therefore, the modes are transverse
electric TE since the electric field is confined to the plane perpen-
dicular to the axis of the cylinder. The superscripts d and p indi-
cate whether the mode is dielectric or plasmonic, corresponding
to a positive or negative real part of the eigenpermittivity (6),

respectively, and the subscript denotes the azimuthal order of the
mode. A visual representation of the modes TEd

0 , TE
d
1 , TE

p
1, TE

d
2 ,

and TEp
2 is provided in Fig. 3. These modes can be associated with

the excitation of magnetic or electric multi-poles. Plasmonic
modes, defined by Re(~εμ) , 0, are associated with electric fields
that do not oscillate radially in the cylinder. In our case, they can
be associated to the excitation of electric dipoles, TEp

1 and electric
quadrupole, TEp

2 . Conversely, dielectric modes are defined by
Re(~εμ) . 0 have their fields oscillate inside the cylinder. In our
case, TEd

1 and TEd
2 are, respectively, a magnetic dipole and quad-

rupole since the internal electric field induce pairs of current
loops (respectively, 1 and 2 pairs) with opposite circulation.

In Fig. 4, we first present the modal analysis for a purely iso-
tropic cylinder. In the case of a purely dielectric cylinder (p ¼ 0)
[Fig. 4(a)], we observe three scattering peaks, at 360 nm, 420 nm,

FIG. 3. Magnetic fields of the basis modes. The electric field inside the cylinder
is represented by black arrows. The far-field intensities of the electric (black
plain) and magnetic (red dashed) fields are represented in the radar plots in the
insets of each panel.

FIG. 4. Cylinder with diameter 180 nm for isotropic materials: (a) titanium
oxide and (b) silver. The blue and red areas represent the scattering and
absorption cross sections, respectively, and are associated with the left y
axis. The cross sections have been normalized by the diameter of the cylin-
der. The curves represent the coefficient jγnj, Eq. (7), for the most important
modes. The coefficients have been normalized by the maximum of the most
important modes.
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and 560 nm, which correspond to the resonances of three dielectric
modes. We note also that scattering behavior of the cylinder is
dominated by the electric dipole TEp

1. For the pure silver cylinder
(p ¼ 1) [Fig. 4(b)], we observe only one scattering resonance at

370 nm corresponding to the superposition of several higher order
modes that are resonant around the same wavelength. Since the
material is metallic, the incidence field is not strongly coupled to
the dielectric modes.

We now consider the modal decomposition of the scattered
field for a hyperbolic cylinder with a composition of p ¼ 0:4, dis-
played in Fig. 5. In the first panel, we plot the in-plane and
out-of-plane permittivities (10), which are characteristic to this
type of composite material with the presence of epsilon-near-pole
and epsilon-near-zeros. Both type I and type II hyperbolic media
are present. On the second and third panels, we plot only the
most significant basis modes of the decomposition of the scattered
field (7), other modes being negligible. The longitudinal modes are
denoted as L with the azimuthal order as the subscript. Inspecting
the second panel and the scattering spectrum, we may observe
several scattering peaks. Two of them, at 356 nm and 390 nm, are
in the type I domain. From the modal analysis, we can see that the
material acts mainly as a dielectric in the type I domain since
dielectric modes dominate the scattering response of the cylinder.
Conversely, in the type II domain, the amplitudes of the dielectric
modes drop considerably and the plasmonic modes become pre-
dominant, which confers the metallic character of the type II
hyperbolic metamaterials. In the second panel, we also observe two
dips in the scattering cross section, at 550 nm and 850 nm. These
dips correspond to the coupling between the plasmonic modes and
the longitudinal modes. The longitudinal modes, being confined
within the cylinder, do not contribute to the scattering. However,
resonances of the longitudinal components contribute to the gener-
ation of absorption peaks.

Additionally, by tuning the filling factor, p, of the material we
can further control the spectral positions of scattering and

FIG. 5. Cylinder with diameter 180 nm and material with composition of silver
p ¼ 0:4. (a) Real part of the in-plane (red) and out-of-plane (blue) components
of the effective permittivity tensor. The green and purple domains show the
domains in which the material is hyperbolic type I or II, respectively. (b)
Scattering cross section (blue area), corresponding to the left axis. The evolu-
tion of the coefficient γμ is represented by the curve respectively to the right
axis. Only the transverse modes have been plotted. (c) Absorption cross section
(red area) and coefficients of longitudinal modes (dashed lines). The coefficients
jγnj have been normalized by the most important mode.

FIG. 6. Far-field pattern of the field scattered by the anisotropic cylinder
with diameter 180 nm at a wavelength 389 nm and for a composition of silver
p ¼ 0:4 shown in Fig. 5 by the dashed line.
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absorption.61 Moreover, the design flexibility provided by the con-
trollable effective index of the hyperbolic response allows us to
adjust the nanostructure scattering diagram at will. For example, we
see in Fig. 6 that within the type I domain, there is suppression of
the backscattering due to the constructive and destructive interfer-
ences of the excited modes. This is also known as Kerker effect.62

Our modal decomposition reveals that the superposition of four
modes (electric dipole TEp

1, an electric quadrupole TEp
2, a magnetic

dipole TEd
1 and a magnetic quadrupole TEd

2) with the correct phase
condition can suppress both backward scattering and the
sidelobes.63

IV. OUTLOOK

In this paper, we presented an extension of GENOME to aniso-
tropic materials. We solved the challenges that stem from anisot-
ropy—namely, the loss of symmetry of the scattering operator and
the difficulty of computing the modes— by re-expanding the electric
fields in terms of modes of the equivalent isotropic inclusion. We
illustrated our method by comparing to the Mie solution and
achieved reasonable agreement. However, our modal expansion is
applicable to arbitrary geometries as well as dissipative systems51 and
provides a comprehensive modal decomposition of the scattered
field. We applied the decomposition to study the scattering by a cyl-
inder with hyperbolic concentric layers to yield insight into its scat-
tering properties such as the absorption process and the cancellation
of backscattering in a type I hyperbolic medium.

Our re-expansion method applied to anisotropic materials can
already be used for a number of subsequent applications where the
modes of the isotropic inclusion are already known, which paves
the way for new developments in nanophotonics such as the design
of new superscatterers or enhancement of spontaneous emission.
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APPENDIX A: GENERALIZED NORMAL MODES
EXPANSION FOR ANISOTROPIC SCATTERERS

1. Lippman–Schwinger equation and symmetrization

Let us consider an infinitely long inclusion with an anisotropic

homogeneous permittivity tensor ε
$

embedded in an isotropic
homogeneous background medium of permittivity εb (Fig. 1). We

define Δε
$
; ε

$ � εb to be the difference between the inclusion and
the background permittivities.

For monochromatic wave illumination, Maxwell’s equations
lead to the wave equation inside the inclusion,

∇� ∇� E(r)� k2 ε
$
E(r) ¼ iωμ0J(r), (A1)

and outside,

∇� ∇� E(r)� k2 εb E(r) ¼ iωμ0J(r), (A2)

with k ¼ ωc being the wavevector in free space, ω the frequency, μ0
the free space permeability, J the free current, and employing e iωt

time harmonic variation throughout. Subtracting the term k2εbE
from both sides of Eq. (A1), we introduce the indicator function
θ(r) that is 1 inside the inclusion and 0 outside [see Fig. 1(b)] so
that we can combine Eqs. (A1) and (A2) into

∇� ∇� E(r)� k2εbE(r) ¼ iωμ0J(r)þ k2θ(r)Δε
$
E(r), (A3)

which is valid everywhere. In Eq. (A3), we treat the inclusion as a
source term induced by the permittivity contrast, which is equiva-
lent to the polarization current. The free space Green’s tensor
G0

$
(r, r0) associated with the left-hand side of Eq. (A3) is the solu-

tion of64

∇� ∇� G0

$
(r, r0)� k2εbG0

$
(r, r0) ¼ I

$
δ(r � r0), (A4)

where I
$

is the identity matrix. The free space Green’s tensor can
be used to write down a formal solution of Eq. (A3) as

E(r) ¼ E0(r)þ Γ̂Θ̂εE(r),

Γ̂ΘεE(r) ; k2
ð
V
θ(r0)G0

$
(r, r0)Δε

$
E(r0)dr0,

(A5)

which is the Lippman–Schwinger equation for electromagnetism. It
was obtained by convolving the free-space Green’s tensor with the
two terms on the right-hand-side of Eq. (A3). The first one

E0(r) ¼ iωμ0

ð
V
G0

$
(r, r0)J(r0)dr0: (A6)

corresponds to the incident field generated by the source of free
current J while the second term is the scattered field generated by
the polarization current. In the case of an isotropic inclusion, the
permittivity tensor is a scalar multiple of the identity matrix,

Δε
$ ¼ Δε I

$
. Then, the permittivity in Eq. (A5) can be factorized

out of the integral and the new operator becomes

Γ̂E(r) ¼ k2Δε
ð
V
θ(r0)G0

$
(r, r0)E(r0)dr0: (A7)

Here, we can make two observations. First, the linear operator Γ̂ is
symmetric under matrix transposition,32 and thus defines a set of
orthogonal eigenmodes under the overlap integral

ð
V
θ(r)~E

y
ν(r)~Eμ(r)dr ¼ δμ,ν , (A8)

where the superscript y denotes the adjoint mode and implies
transposition without complex conjugation. Second, Eq. (A7) is
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written in its integral form but the differential form is also known:
it is the source-free Helmholtz equation,

∇� ∇� E(r)� k2 εb E(r) ¼ k2θ(r)ΔεE(r): (A9)

The complication associated with anisotropic materials now
becomes clear—the permittivity tensor and Green’s tensors do not
commute in general. Thus, the linear operator Γ̂Θ̂ε defined in
Eq. (A5) is non-symmetric, and its modes do not necessarily form
an orthogonal basis according to the overlap integral (A8). From
Eq. (A5), the modes Em of the operator Γ̂Θ̂ε are defined by

smEm ¼ k2
ð
V
θ(r0)G

$
0(r, r

0)Δε
$
Em(r

0)dr0, (A10)

where sm is the eigenvalue.
To overcome this issue, we exploit the symmetry of the per-

mittivity tensor65 to symmetrize the operator Γ̂Θ̂ε and define a
new overlap integral that yields an orthogonality relation for the
modes Em. Specifically, we introduce the square root R

$
of the per-

mittivity tensor,47 Δε
$ ¼ R

$
R
$
, and multiply Eq. (A10) by R

$
from

the left. This gives

smR
$
Em(r) ¼ k2

ð
V
θ(r0)R

$
G0

$
(r, r0) R

$
R
$
Em(r

0)dr0: (A11)

Introducing the temporary notation, F ; R
$
E, Eq. (A11) becomes

smFm(r) ¼ k2
ð
V
θ(r0)R

$
G0

$
(r, r0) R

$
Fm(r

0)dr0: (A12)

The new operator R
$
G0

$
(r, r0) R

$
in Eq. (A12) is symmetric under

transposition so its right eigenmodes, Fm, define a complex orthog-
onal basis for the overlap integral,

ð
V
θ(r)Fy

n(r)Fm(r)dr ¼ δnm: (A13)

Therefore, from this analysis, we deduce that the modes Em of the
operator Γ̂Θ̂ε satisfy the orthogonality relation

ð
V
θ(r)Ey

n(r)Δε
$
Em(r)dr ¼ δnm, (A14)

which defines the overlap integral appropriate to our problem. Using
the bracket notation, the overlap integral is denoted EnjΘ̂εjEm

� �
,

where Θ̂ε is the operator associated with the step function θ and the
permittivity tensor Δε

$
and Eq. (A10) can be written as

sm Emj i ¼ Γ̂Θ̂ε Emj i: (A15)

At this point, the differential form of Eq. (A15) remains unknown,
and it is complicated to directly construct the set of orthogonal
modes for anisotropic materials. In order to overcome this limitation,
we show below how to use the known modes of an isotropic inclu-
sion of the same shape to construct an orthonormal set of new
modes using the re-expansion method.42

2. The re-expansion method

a. Derivation of the re-expansion eigenvalue problem

Let us consider an inclusion composed of material with an
isotropic permittivity εμ and having the exact same shape as our
anisotropic inclusion of interest. In the absence of free current
sources, the vector Helmholtz equation for the isotropic case,
Eq. (A3), becomes

∇� ∇� ~Eμ(r)� k2εb~Eμ(r) ¼ 1
~sμ
θ(r)k2εb~Eμ(r), (A16)

where ~sμ ¼ εb=(εμ � εb) is the Bergman spectral parameter38 and
corresponds to the eigenvalue associated with the mode ~Eμ.

Since ~Eμ forms a complete set inside the inclusion,32 we
decompose the modes of the anisotropic inclusion,42 also called the
target modes, in terms of modes of the isotropic inclusion

Em(r) ¼
X
μ

cμ,m~Eμ(r): (A17)

These modes satisfy

∇� ∇� Em(r)� k2εbEm(r) ¼ 1
sm

θ(r)k2Δε
$
Em(r): (A18)

Inserting the decomposition of the target modes (A17) in
Eq. (A18) yields

X
μ

cμ,m ∇� ∇� ~Eμ(r)� k2εb~Eμ(r)
� �

¼ 1
sm

θ(r)k2Δε
$X

μ

cμ,m~Eμ(r): (A19)

We replace the terms in the brackets on the left-hand side of
Eq. (A19) by the right-hand-side of Eq. (A16). This leads to

X
μ

cμ,m
1
~sμ
θ(r)k2εb~Eμ(r) ¼ 1

sm
θ(r)k2Δε

$X
μ

cμ,m~Eμ(r): (A20)

Then, we project Eq. (A20) along one of the basis modes ~E
y
ν and

use the orthogonality relationship Eq. (A8). This yields

cν,m
1
~sν
εb ¼ 1

sm

X
μ

cν,m

ð
V
θ(r)~E

y
ν(r)Δε

$~Eμ(r)dr: (A21)

We recognize on the right-hand-side of Eq. (A21) the overlap inte-
gral between the modes ~E

y
ν and ~Eμ,

vν,μ ¼
ð
V
θ(r)~E

y
ν(r)Δε

$ ~Eμ(r)dr, (A22)

which represents the mixing between the modes of the isotropic
inclusion due to the anisotropy of the material.
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We rewrite Eq. (A21) as

smcν,m ¼ ~sν
εb

X
m

cμ,mvν,μ, (A23)

which using matrix notation is

smcm ¼ SVcm, (A24)

with S ¼ 1=(εb)diag[~sμ] and V ¼ [vν,μ], the overlap integral matrix.

b. The total electric field

Using the modes obtained, we now solve the Lippmann–
Schwinger equation (2) for a given incident field. Using the bracket
notation introduced in Subsection 1 of Appendix A, Eq. (A5) can
be rewritten as

Ej i ¼ E0j i þ Γ̂Θ̂ε Ej i: (A25)

By inverting this relation, we can express the field Ej i as a function
of the incident field, namely,

Ej i ¼ 1� Γ̂Θ̂ε

� ��1
E0j i: (A26)

The set of eigenmodes Em forms a complete orthonormal base
inside the inclusion32 for the overlap integral (A14); therefore, we
can write the following identity:

I
$ ¼

X
m

Emj i Emh jΘ̂ε: (A27)

By multiplying on the right by Ej i, we have inside the inclusion

Ej i ¼
X
m

Emj i EmjΘ̂εjE
� �

: (A28)

We substitute the term Ej i on the right-hand-side of Eq. (A28) by
its expression (A26), so that

Ej i ¼
X
m

Emj i EmjΘ̂ε(1� Γ̂Θ̂ε)
�1jE0

D E
: (A29)

The operator in the bracket can be rearranged via

Θ̂ε(1� Γ̂Θ̂ε)
�1 ¼ (1� Γ̂Θ̂ε)Θ̂

�1
ε

� ��1

¼ Θ̂�1
ε (1� Θ̂εΓ̂)

� ��1

¼ (1� Θ̂εΓ̂)
�1
Θ̂ε:

(A30)

We then apply the operator (1� Γ̂Θ̂ε)
�1

to the adjoint Emh j so
that inside the inclusion we have

Ej i ¼
X
m

Emj i 1
1� sm

EmjΘ̂εjE0
� �

, (A31)

whereas in order to get the field in all space, we insert (A31) into
(A25) such that

Ej i ¼ E0j i þ
X
m

Emj i sm
1� sm

EmjΘ̂εjE0
� �

: (A32)

Equation (A32) gives the modal decomposition of the total field in
terms of the target modes Emj i, with the scattered field represented
by the sum over modes. The coefficients of this decomposition are
expressed by the product of the detuning factor, sm=(1� sm)

32 and
the projection EmjΘ̂εjE0

� �
, which represents the excitation of each

mode by the incident source.

c. Orthogonality and adjoint modes

For geometries with degenerate modes, the relationship
between the adjoint modes and direct modes is more intricate. A
more detailed discussion can be found in Ref. 42. Here, we recall
the main findings. The adjoint of the modes of the isotropic inclu-
sion can be found by applying the following transformation:

~E
y
μ(r, f, z) ¼ ~Eμ(r, � f, � z): (A33)

Therefore, to fully determine the adjoint of the target modes, we
must express the coefficients bμ,m of the linear decomposition of
the adjoint mode in the basis of modes of the isotropic inclusion

Ey
m(r) ¼

X
μ

bμ,m~E
y
μ(r): (A34)

The coefficient bμ,m are unknown and to find how they are related
to the coefficient cμ,m, one can derive, similarly to Subsection 2 of
Appendix A, an equivalent relation to Eq. (A24) for the adjoint
mode,

smbm ¼ bmVS: (A35)

The overlap integral matrix and the matrix of eigenvalue of isotro-
pic inclusion do not commute, in general, which means that the
linear coefficients of the adjoint mode decomposition are not the
left eigenvectors of Eq. (A24). However, by writing the modes in a
base of ( cosmθ, sinmθ) instead of the exponential base
(eimθ , e�imθ), it is possible to solve Eqs. (A24) and (A35) at the
same time since V ¼ VT .

APPENDIX B: CONDITIONS ON THE MATERIALS

We now consider the restrictions imposed by the assumptions
in Appendix A 1 on the anisotropic permittivity tensors that may
be treated in our formulation. We introduced the square root of the

permittivity tensor R
$

in order to define the overlap integral (A14).

For our method to be applicable, this square root R
$

must exist and
be complex symmetric.

Many types of reciprocal media satisfy this requirement, and
it is easily verified numerically. We do not exhaustively enumerate
every type of medium which satisfies this requirement, but we
prove that one type always does: biaxial anisotropic materials with
orthogonal principal axis. For such materials, the permittivity
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tensor can be diagonalized by a series of rotations, i.e.,

Δε
$ ¼ P

$�1

D
$
P
$
, P

$�1

¼ P
$T

: (B1)

In this case, the square root R
$
is given by R

$ ¼ P
$T

D
$1

2

P
$
; clearly, R

$
is

symmetric.
Furthermore, for non-reciprocal materials, the permittivity

tensor is not symmetric.66 For example, with magneto-optic materi-
als, also called gyrotropic materials, when there is no loss the per-
mittivity tensor is complex and Hermitian.67 More precisely, the
off-diagonal terms of the permittivity tensor are pure imaginary
with opposing signs, εxy ¼ �εyx ¼ iεg .

68 Thus, the permittivity

tensor satisfies Eq. (B1) with instead P
$�1

¼ P
$*,T

. Therefore, the
square roots of the permittivity tensor are Hermitian, so not sym-
metric. We emphasize that there is no restriction on the imaginary
part of the permittivity tensor so that scattering properties of lossy
materials can be studied.

APPENDIX C: OVERLAP INTEGRALS

The overlap integral between the modes is calculated via

vν,τ ¼
ð
V
θ(r)~E

y
ν(r) � Δε

$~Eτ(r)dr: (C1)

So, the integrand in the right-hand-side of (C1) is a dot product of

two vectors ~E
y
ν and Δε

$~Eτ that are expressed in the cylindrical base.
However, for the following derivation, it is easier to express them
in the rotational basis,

êþ ¼ 1ffiffiffi
2

p (eifêρ þ ieifêf), ê� ¼ 1ffiffiffi
2

p (e�ifêρ � ie�ifêf): (C2)

1. Transverse modes

From Ref. 44, we express the m-modes of the electric field
inside the cylinder in a cylindrical base,

Er ¼ CE
τ

iβ
ατ

J 0τ(ατr)� CH
τ

τkμ
rα2

τ

Jτ(ατr)

	 

eiτfeiβz , (C3)

Ef ¼ �CE
τ

τβ

rα2
τ

Jτ(ατr)� CH
τ

ikμ
ατ

J 0τ(ατr)

	 

eiτfeiβz , (C4)

Ez ¼ CE
τ Jτ(ατr)e

iτfeiβz: (C5)

To express this mode in the rotational basis, we project Δε
$~Eτ onto

êþ yielding

~E
þ
τ ¼ (ερ � εf,z)

2
C�
τ Jτ�1(ατr)þ (ερ þ εf,z)

2
Cþ
τ Jτþ1(ατr)

	 


� ei(τþ1)feiβz , (C6)

where we have defined the coefficient,

C�
τ ¼ 1

ατ

ffiffiffi
2

p (iβCE
τ � kμCH

τ ), (C7)

Cþ
τ ¼ � 1

ατ

ffiffiffi
2

p (iβCE
τ þ kμCH

τ ): (C8)

In a similar way, we project the Δε
$~Eτ onto ê� and we obtain

~E
�
τ ¼ (ερ þ εf,z)

2
C�
τ Jτ�1(ατr)þ (ερ � εf,z)

2
Cþ
τ Jτþ1(ατr)

	 


� ei(τ�1)feiβz: (C9)

The adjoint form of the modes is written as44

~E
y
ν ¼ [CE

ν Jν(ανr)e
�iνfẑ þ Cy,þ

ν Jν�1(ανr)e
�i(ν�1)fêþ

þ Cy,�
ν Jνþ1(ανr)e

�i(νþ1)fê�]e�iβz , (C10)

where

Cy,þ
ν ¼ �C�

ν Cy,�
ν ¼ �Cþ

ν : (C11)

2. Longitudinal modes

The longitudinal modes are expressed42 by

Er ¼ 1
2
Lτνατν[Jτ�1(ατνr)� Jτþ1(ατνr)]e

iτfeiβz , (C12)

Ef ¼ imLτν
Jτ(ατνr)

r
eiτfeiβz , (C13)

Ez ¼ iβLτνJτ(ατνr)e
iτfeiβz: (C14)

So, in the rotational basis,

Eþ
τν ¼

(ερ�εf,z)
2

D�
τνJτ�1(ατνr)

(εf,z þερ)
2

Dþ
τνJτþ1(ατνr)

	 

ei(τþ1)feiβz ,

(C15)

where

D�
τν ¼

Lτνατνffiffiffi
2

p , (C16)

Dþ
τν ¼ � Lτνατνffiffiffi

2
p , (C17)
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and

E�
τν¼

(εf,zþερ)
2

D�
τνJτ�1(ατνr)þ(ερ�εf,z)

2
Dþ
τνJτþ1(ατνr)

	 

ei(τ�1)feiβz:

(C18)

The adjoint mode is calculated as

Ey
τν ¼ Dy,þ

τν Jτ�1(ατνr)e
�i(τ�1)fe�iβz êþ

þ Dy,�
τν Jτþ1(ατνr)e

�i(τþ1)fe�iβz ê�
� iβLτνJτ(ατνr)e

�iτfe�iβz , (C19)

where

Dy,þ
τν ¼ D�

τν Dy,�
τν ¼ Dþ

τν : (C20)

3. Integration

We note that in the rotational basis, the forms of the transverse
and longitudinal modes are equivalent if we interchange D�

τν with C�
τ ,

Dþ
τν with Cþ

τ , iβLτν with CE
τ . So, the following derivation is still valid

if the modes are longitudinal or transverse. We can then proceed to
the dot product in the integrand of Eq. (C1), knowing that

êþ � ê� ¼ 1, êþ � êþ ¼ ê� � ê� ¼ 0: (C21)

Thus,

~E
y
ν � Δε

$~Eτ ¼ ~E
y,�
ν

~E
þ
τ þ ~E

y,þ
ν

~E
�
τ þ ~E

y,z
ν
~E
z
τ : (C22)

The first two terms on the left-hand side of the Eq. (C22) are

~E
y,�
ν

~E
þ
τ ¼ Cy,�

ν Jνþ1(ανr)
(ερ � εf,z)

2
C�
τ Jτ�1(ατr)þ (ερ þ εf,z)

2
Cþ
τ Jτþ1(ατr)

	 

ei(τþ1)fe�i(νþ1)f,

¼ (ερ � εf,z)
2

C�
τ C

y,�
ν Jνþ1(ανr)Jτ�1(ατr)þ (ερ þ εf,z)

2
Cþ
τ C

y,�
ν Jνþ1(ανr)Jτþ1(ατr)

	 

, � ei(τþ1)fe�i(νþ1)f:

~E
y,þ
ν

~E
�
τ ¼ Cy,þ

ν Jν�1(ανr)
(ερ � εf,z)

2
Cþ
τ Jτþ1(ατr)þ (ερ þ εf,z)

2
C�
τ Jτ�1(ατr)

	 

ei(τ�1)fe�i(ν�1)f

¼ (ερ � εf,z)
2

Cþ
τ C

y,þ
ν Jν�1(ανr)Jτþ1(ατr)þ (ερ þ εf,z)

2
C�
τ C

y,þ
ν Jν�1(ανr)Jτ�1(ατr)

	 

� ei(τ�1)fe�i(ν�1)f:

Finally, the last term of Eq. (C22) is

~E
y,z
ν
~E
z
τ ¼ CE

νC
E
τ Jν(ανr)Jτ(ατr)e

�iνfeiτf: (C23)

We integrate Eq. (C22) over the cross section of the cylinder, i.e.,

ðð
~E
y
ν � Δε

$~Eτ ¼
ða
0

ð2π
0
(~E

y,�
ν

~E
þ
τ þ ~E

y,þ
ν

~E
�
τ þ ~E

y,z
ν
~E
z
τ)rdfdr: (C24)

In Eq. (C24), we separate the integrals over the r and θ. The angular integrals are identically zero except for n ¼ m. Therefore, we can
rewrite Eq. (C24) as

ðð
~E
y
ν � Δε

$~Eτ ¼ (ερ � εf,z)
2

C�
τ C

y,�
ν Iνþ1,τ�1(ατ , αν , a)þ (ερ þ εf,z)

2
Cþ
τ C

y,�
ν Iνþ1,τþ1(ατ , αν , a)

þ (ερ � εf,z)
2

Cþ
τ C

y,þ
ν Iν�1,τþ1(ατ , αν , a)þ (ερ þ εf,z)

2
C�
τ C

y,þ
ν Iν�1,τ�1(ατ , αν , a)þ εf,zC

E
νC

E
τ Iτ,τ(ατ , αν , a), (C25)

where Iν,τ(α1, α2, a) ¼ 2π
Ð a
0 rJν(α1r)Jτ(α2r)dr.

APPENDIX D: THE INCIDENT PLANE WAVE

We consider a plane wave incident on the cylinder in the direction k ¼ βẑ þ αx̂. The electric field can be written as

E0 ¼ (Ex
0 x̂ þ Ey

0ŷ þ Ez
0ẑ)e

i(αr cosfþβz), (D1)
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where Ey
0 ¼ 0 for p-polarized incident wave, and Ex

0 ¼ Ez
0 ¼ 0 for s-polarization. In the cylindrical basis of vectors, it is rewritten as

E0 ¼ (Ex
0 cosfþ Ey

0 sinf)êρe
i(αr cosfþβz) þ (�Ex

0 sinfþ Ey
0 cosf)êfe

i(αr cosfþβz) þ Ez
0ẑe

i(αr cosfþβz): (D2)

Using the Jacobi–Anger expansion64

eiαrcos(f) ¼
X
τ

iτ Jτ(αr)e
iτf, (D3)

each mode of the plane wave expansion becomes

Δε
$
E0 ¼

X
τ

iτ Jτ(αr) ερ(E
x
0 cosfþ Ey

0 sinf)êρ þ εf,z(� Ex
0 sinfþ Ey

0 cosf)êf þ εf,zE
z
0ẑ

� �
ei(τfþβz): (D4)

Therefore, by writing it in the rotational basis,

Δε
$
E0 � êþ ¼ 1

2
ffiffiffi
2

p
X
τ

iτ Jτ(αr)(ερ � εf,z)(E
x
0 � iEy

0)� ei(τþ2)feiβz (D5)

þ 1

2
ffiffiffi
2

p
X
τ

iτ Jτ(αr)(εf,z þ ερ)(E
x
0 þ iEy

0)� eiτfeiβz: (D6)

Similarly,

Δε
$
E0 � ê� ¼ 1

2
ffiffiffi
2

p
X
τ

iτ Jτ(αr)(εf,z þ ερ)(E
x
0 � iEy

0)�e
iτfeiβz þ 1

2
ffiffiffi
2

p
X
τ

iτ Jτ(αr)(ερ � εf,z)(E
x
0 þ iEy

0) (D7)

�ei(τ�2)feiβz: (D8)

So, for each mode, we have to calculate the integral of product of ~E
y
ν by Δε

$b
E0,

~E
y,�
ν Eþ

0 ¼ 1

2
ffiffiffi
2

p Cy,�
ν (ερ � εf,z)(E

x
0 � iEy

0)
X
τ

iτ Jνþ1(ανr)Jτ(αr)e
�i(νþ1)fei(τþ2)f

þ 1

2
ffiffiffi
2

p Cy,�
ν (εf,z þ ερ)(E

x
0 þ iEy

0)
X
τ

iτ Jνþ1(ανr)Jτ(αr)e
�i(νþ1)feiτf, (D9)

~E
y,þ
ν E�

0 ¼ 1

2
ffiffiffi
2

p Cy,þ
ν (εf,z þ ερ)(E

x
0 � iEy

0)
X
τ

iτ Jν�1(ανr)Jτ(αr)e
�i(ν�1)feiτf

þ 1

2
ffiffiffi
2

p Cy,þ
ν (ερ � εf,z)(E

x
0 þ iEy

0)
X
τ

iτ Jν�1(ανr)Jτ(αr)e
�i(ν�1)fei(τ�2)f, (D10)

~E
y,z
ν Ez

0 ¼ CE
ν εf,zE

z
0

X
τ

iτ Jν(ανr)Jτ(αr)e
�iνfeiτf: (D11)
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The integral is then,

ða
0

ð2π
0

~E
y,�
ν Eþ

0 rdfdr¼ iν�1Cy,�
ν

ερ�εf,z
2

Ex
0 � iEy

0ffiffiffi
2

p Iνþ1,ν�1(αν , α, a)

þ iνþ1Cy,�
ν

ερþεf,z
2

Ex
0 þ iEy

0ffiffiffi
2

p Iνþ1,νþ1(αν , α, a),

(D12)

ða
0

ð2π
0

~E
y,þ
ν E�

0 rdfdr ¼ iν�1Cy,þ
ν

εf,z þ ερ
2

Ex
0 � iEy

0ffiffiffi
2

p Iν�1,ν�1(αν , α, a)

þ iνþ1Cy,þ
ν

ερ � εf,z
2

Ex
0 þ iEy

0ffiffiffi
2

p Iν�1,νþ1(αν , α, a),

(D13)

ða
0

ð2π
0

~E
y,z
ν Ez

0rdθdr ¼ ερi
νCE

νE
z
0Iν,ν(αν , α, a): (D14)
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