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A B S T R A C T 

Our theoretical and numerical analysis have suggested that for low-mass main sequences stars (of the spectral classes from M5 

to G0) rotating much faster than the Sun, the generated large-scale magnetic field is caused by the mean-field α2 � dynamo, 
whereby the α2 dynamo is modified by a weak differential rotation. Even for a weak differential rotation, the behaviour of the 
magnetic activity is changed drastically from aperiodic regime to non-linear oscillations and appearance of a chaotic behaviour 
with increase of the differential rotation. Periods of the magnetic cycles decrease with increase of the differential rotation, and 

they vary from tens to thousand years. This long-term behaviour of the magnetic cycles may be related to the characteristic 
time of the evolution of the magnetic helicity density of the small-scale field. The performed analysis is based on the mean-field 

simulations (MFS) of the α2 � and α2 dynamos and a developed non-linear theory of α2 dynamo. The applied MFS model was 
calibrated using turbulent parameters typical for the solar conv ectiv e zone. 

Key words: dynamo – MHD – turbulence – stars: low-mass – stars: magnetic fields. 
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 I N T RO D U C T I O N  

he cold dwarf stars of the main sequences of the spectral class M
omposing 70–75 per cent of all star population, have smaller sizes
0 . 1 R � < R < 0 . 8 R �) in comparison with the Sun, smaller masses
0 . 08 M � < M < 0 . 55 M �), smaller luminosity ( L ≤ 0.05 L �) and
f fecti ve temperatures of 2500–4000 K, where R �, M �, and L �
re the solar radius, mass, and luminosity, respectively (see, e.g. 
ochanski et al. 2010 ; Pecaut & Mamajek 2013 ; Winters et al. 2019 ;
ochukhov 2021 ). About 15–20 per cent of these stars have similar
agnetic activity as the Sun with cold magnetic spots and sporadic 
ares of very high releasing energy in the form of radiations in
ide range of wavelength including thermal and non-thermal X-ray 

Ha wle y et al. 2014 ; Newton et al. 2017 ). As the Sun, these stars
bey differential rotation and have similar atmospheric structure, 
onsisting of photosphere, hot chromosphere, and corona (Wright 
t al. 2018 ; Gershberg et al. 2020 ). 

According to v arious observ ations (see, e.g. Saar & Linsky 1985 ;
aar 1996 ; Donati et al. 2003 , 2008 ; Reiners & Basri 2007 ), slow
otating stars ( � < ��) have values and structures of the large-scale
agnetic field similar to solar magnetic field, where �� is the solar

ngular velocity. On the other hand, fast rotating stars ( � > 10 ��)
ave strong poloidal magnetic fields at the pole, and sometimes they 
ave strong toroidal magnetic fields at the pole (Strassmeier 2009 ; 
 E-mail: nat@bgu.ac.il (NK); gary@bgu.ac.il (IR) 
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orin et al. 2010 ). The periods of the stellar cycles can be in several
imes larger than the periods of the solar cycles (Bondar’, Katsova &
ivshits 2019 ). Magnetic fields of fast rotating stars can be more than
everal thousands Gauss (Kochukhov et al. 2020 ; Kochukhov 2021 ).

Various magnetohydrodynamic (MHD) direct numerical simula- 
ions (DNS) and large eddy simulations (LES) of convection and 
ynamos in lo w-mass convecti ve stars have been performed in a
umber of studies (see, e.g. Dobler, Stix & Brandenburg 2006 ;
rowning 2008 ; Yadav et al. 2016 ; Brown et al. 2020 ; K ̈apyl ̈a
021 ; Bice & Toomre 2022 ). They use fully compressible MHD
ystem with weak density stratification or anelastic simulations with 
trong density stratification in a box or spherical shell. Main results
f these simulations are summarized in re vie w by K ̈apyl ̈a et al.
 2023 ). In particular, when the magnetic field is weak or absent,
oth “solar” and “anti-solar” differential rotation can be formed. 
hen the dynamo generated large-scale magnetic field is strong, it 

educes the differential rotation sometimes resulting to the solid-body 
otation. The dynamo generated large-scale magnetic field is mainly 
xisymmetric, and it has the dipole or quadrupole structure depending 
n rotation, shear, and density stratification. In particular, when 
otation is strong and shear is weak, the magnetic field has dipolar
tructure (Gastine, Duarte & Wicht 2012 ; Schrinner, Petitdemange 
 Dormy 2012 ; Yadav et al. 2015 ). There are many simulations with

ighly stratified, vigorous convection that also show dipole magnetic 
tructure (Yadav et al. 2015 ). In the presence of large-scale shear,
ropagating dynamo waves are observed in simulations (Yadav et al. 
016 ; K ̈apyl ̈a 2021 ; Bice & Toomre 2022 ). Some simulations also
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roduce non-axisymmetric magnetic field (K ̈apyl ̈a 2021 ; Bice &
oomre 2022 ). 
Various mean-field dynamo models have been suggested to explain

eneration of large-scale magnetic fields in M-dwarfs (see, e.g.
habrier & K ̈uker 2006 ; Kitchatinov, Moss & Sokoloff 2014 ;
hulyak et al. 2015 ; Pipin 2017 ; Pipin & Yokoi 2018 ). In particular,
ean-field simulations (MFS) of the α2 dynamo have been performed

y Chabrier & K ̈uker ( 2006 ). They consider a fully convective
otating star and focus on the kinematic dynamo problem. The large-
cale magnetic field is excited when the Coriolis number Co = 2 �∗τ

1, and the dynamo generates a non-axisymmetric steady magnetic
eld that is symmetric with respect to the equatorial plane (Chabrier
 K ̈uker 2006 ). 
Kitchatinov et al. ( 2014 ) suggest that M-dwarfs have two types of
agnetic activity: (i) magnetic cycles with strong (kilogauss) almost

xisymmetric poloidal magnetic fields; and (ii) considerably weaker
on-axisymmetric fields with a substantial toroidal component ob-
erved at times of magnetic field inversion. To show this, they use
 kinematic model of an α2 � dynamo with the differential rotation
etermined using the numerical mean-field model by Kitchatinov &
lemsk o y ( 2011 ). Applying this model, they study a magnetic field

volution and find a transition from steady to oscillatory dynamos
ith increasing turbulent magnetic Prandtl number. Using this

pproach, Shulyak et al. ( 2015 ) suggest four magnetic configurations
hat appear rele v ant to dwarfs from the viewpoint of the dynamo
heory, and discuss observational tests to identify the configurations
bservationally. 
Pipin ( 2017 ) has performed mean-field numerical simulations

MFS) with the non-linear axisymmetric and non-axisymmetric α2 �

ynamos of the fully conv ectiv e star with the mass M = 0 . 3 M �
otating with a period of 10 d. The differential rotation is determined
sing the numerical mean-field model similar to Kitchatinov &
lemsk o y ( 2011 ). This dynamo model also includes the meridional

irculation, while the magnetic feedback on the non-axisymmetric
ows is neglected. The dynamical quenching of the α-effect is
escribed by equation for the total magnetic helicity density. These
ean-field numerical simulations yield different dynamo solutions

epending on parameters, including variations of the turbulent mag-
etic Prandtl number, as a key parameter. Increase of this parameter
ncreases the period of the magnetic cycles. 

The effects of the cross-helicity in the full-sphere large-scale
ean-field dynamo models have been studied by Pipin & Yokoi

 2018 ) in the absence of the differential rotation. They found
hat non-axisymmetric magnetic field is generated when the cross-
elicity and the α-effect operate independently of each other, while
heir joint action generates preferably axisymmetric dipole magnetic
elds. 
In this theoretical study and MFS, we show that for the main

equences low-mass fast rotating stars, the generated large-scale
agnetic field is due to the mean-field α2 � dynamo, in which the α2 

ynamo is modified by a weak differential rotation. This implies that
or this mean-field dynamo R ω � R αR 

cr 
α , where R ω = ( δ�) R 

2 
∗/ηT 

nd R α = α∗R ∗/ηT are the key dimensionless parameters character-
zing the mean-field α2 � dynamo instability, and R 

cr 
α is the threshold

equired for the excitation of the mean-field dynamo instability,
efined by the conditions γ = 0 and R ω = 0. Here, R ∗ is the star
adius, ηT is the turbulent magnetic diffusion coefficient, δ� is the
ifferential rotation, α∗ is the maximum value of the kinetic α-effect,
nd γ is the dynamo growth rate. 

We find that periods of the magnetic activity cycles decrease with
ncrease of the differential rotation, and they can vary from tens to
housand years. The dynamical quenching of the α-effect due to the
NRAS 526, 1601–1612 (2023) 
volution of the magnetic helicity density of the small-scale field,
etermines a long-term behaviour of the magnetic cycles. 
This paper is organized as follows: In Section 2 , we consider

he radial profiles of turbulent parameters in a the stellar conv ectiv e
ones, and discuss the theoretical rotating profiles of the kinetic
-effect obtained using theory of the convecting rotating MHD

urbulence (Kleeorin & Rogachevskii 2003 ). In Section 3 , we study
ean-field α2 � dynamo, where we start with the kinematic α2 �

ynamo (Section 3.1 ), discuss the algebraic and dynamic non-
inearities (Section 3.2 ), and continue with MFS of the α2 � dynamo
Section 3.3 ) as well as the α2 dynamo (Section 3.4 ). In Section 4 , we
evelop non-linear theory of axisymmetric α2 dynamo. Finally, in
ection 5 , we discuss the obtained results, compare various numerical
odels and outline conclusions. 

 R A D I A L  PROFILES  O F  T U R BU L E N T  

A RAMETERS  IN  T H E  STELLAR  C O N V E C T I V E  

O N E S  

n this Section, we discuss radial profiles of various turbulent
arameters in the stellar conv ectiv e zones. As a turbulent model
f stellar conv ectiv e zones, we use ”Modules for Experiments in
tellar Astrophysics (MESA)” (Paxton et al. 2011 ). The MESA
 ht tp://mesa.sourceforge.net /) is one-dimensional stellar evolution
odule, which combines many of the numerical and physics modules

or simulations of a wide range of stellar evolution scenarios ranging
rom very low mass to massive stars. 

The MESA includes a module which implements the standard
ixing length theory (MLT) of convection (Cox & Giuli 1968 ), as
ell as the modified MLT (Hen ye y, Vardya & Bodenheimer 1965 ).
hereas the standard MLT assumes high-optical depths and no

adiative losses, the modified MLT allows the conv ectiv e efficienc y
o vary with the opaqueness of the conv ectiv e element, which is an
mportant effect for conv ectiv e zones near the outer layers of stars
Hen ye y et al. 1965 ). 

Using the MESA, we plot the radial profiles of the conv ectiv e
urbulent velocity u c (Fig. 1 ), the turbulent magnetic dif fusi vity η

T 

Fig. 2 ) and the Coriolis parameter ��τ ( r ) (Fig. 3 ) based on the solar
ngular velocity �� and the turbulent turn-over time τ ( r) = 3 ηT /u 

2 
c 

or stars of late spectral classes: M6, M4, M2, K7, K4, K2, and G2.
ere, H ∗ is the thickness of the conv ectiv e zone, h is the height

rom the bottom of the conv ectiv e zone, the velocity is measured in
m s −1 , and R ∗ is the star radius. Depending on the spectral class and
he depth of the conv ectiv e zone, the conv ectiv e turbulent velocity u c 
hanges from 10 2 to 10 5 cm s −1 . Strong changes in u c occur in the
pper part of the conv ectiv e zone (see Fig. 1 ). 
On the other hand, the turbulent magnetic dif fusi vity ηT v aries

nside the conv ectiv e zone only in several times for stars of the
pectral classes from M2 to G2, while it changes by two orders of
agnitude for stars of the spectral classes from M4 and M6 (see
ig. 2 ). The Coriolis parameter ��τ ( r ) based on the solar angular
elocity �� and the turbulent turn-over time τ ( r) = 3 ηT /u 

2 
c strongly

ecreases from 10 2 near the base of the conv ectiv e zone to 10 −2 –
0 −4 near the star surface depending on the spectral class (see Fig. 3 ).
ote that models of the solar conv ectiv e zone are given by Baker &
emesvary ( 1966 ) and Spruit ( 1974 ). 
Models of the stellar conv ectiv e zones based on the standard
ixing length theory do not take into account the effect of the Coriolis

orce on the conv ectiv e turbulence. One of the key effects of rotation
n density-stratified convection is 

(i) production of the kinetic helicity and the kinetic α-effect, 

http://mesa.sourceforge.net/
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Figure 1. The radial profiles of the conv ectiv e turbulent velocity u c for the 
main sequences stars of the spectral classes: M6 (thick solid); M4 (thick 
dashed–dotted); M2 (thick dashed); K7 (thin solid); K4 (thin dashed-dotted); 
K2 (thin dashed); G2 (thin dotted). The velocity is measured in cm s −1 . Here, 
R ∗ is the star radius. 
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Figure 2. The radial profiles of the turbulent magnetic dif fusi vity η
T 

for 
the main sequences stars of the spectral classes: M6 (thick solid); M4 (thick 
dashed–dotted); M2 (thick dashed); K7 (thin solid); K4 (thin dashed–dotted); 
K2 (thin dashed); G2 (thin dotted). The turbulent magnetic dif fusi vity is 
measured in cm 

2 s −1 . Here, H ∗ is the thickness of the conv ectiv e zone, and h 
is the height from the bottom of the conv ectiv e zone. 
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Figure 3. The radial profiles of the Coriolis parameter ��τ ( h ) based on the 
solar angular velocity �� and the turbulent turn-o v er time τ ( r) = 3 ηT /u 

2 
c for 

the main sequences stars of the spectral classes: M6 (thick solid); M4 (thick 
dashed–dotted); M2 (thick dashed); K7 (thin solid); K4 (thin dashed–dotted); 
K2 (thin dashed); G2 (thin dotted). The turbulent magnetic dif fusi vity is 
measured in cm 

2 s −1 . 
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Figure 4. The radial profiles of the kinetic α-effect at the pole (at the latitude 
φ = π /2) for isotropic turbulent convection for σ = 1 and ε = 0 for the main 
sequences stars of the spectral classes: M6 (thick solid); M4 (thick dashed–
dotted); M2 (thick dashed); K7 (thin solid); K4 (thin dashed–dotted); K2 (thin 
dashed); G2 (thick dotted). The kinetic α is measured in m s −1 . 
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Figure 5. The radial profiles of the kinetic α-effect at the latitude φ = π /6 for 
anisotropic turbulent convection for σ = 2 and ε = 1.2 for the main sequences 
stars of the spectral classes: M6 (thick solid); M4 (thick dashed–dotted); M2 
(thick dashed); K7 (thin solid); K4 (thin dashed–dotted); K2 (thin dashed); 
G2 (thick dotted). The kinetic α is measured in m s −1 . 
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Figure 6. The radial profiles of the normalized kinetic α-effect, αnorm 

= 

α/ ( �� ηT ) 
1 / 2 , at the pole ( φ = π /2) for σ = 2 and ε = 1.2, for the main 

sequences stars with the solar rotation rate of the spectral classes: M6 (thick 
solid); M4 (thick dashed–dotted); M2 (thick dashed); K7 (thin solid); K4 (thin 
dashed–dotted); K2 (thin dashed); G2 (thick dotted). Here, H ∗ is the height 
of the conv ectiv e zone, and h is the height from the bottom of the conv ectiv e 
zone. 
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(ii) formation of the differential rotation and 
(iii) strong anisotropization of turbulence. 

Using the results obtained applying the theory of the convecting 
otating MHD turbulence (Kleeorin & Rogachevskii 2003 ; Branden- 
urg et al. 2013 ), we plot in Figs 4 –7 the isotropic part of the kinetic
tensor that characterizes the kinetic α-effect, 

= 

1 

6 

(

 2 0 �

H ρ

)
sin φ

[

 1 ( ω) + 
 2 ( ω) sin 2 φ

]
, (1) 
here φ is the latitude, � is the angular velocity, H ρ is the density
tratification height, 
 0 is the integral scale of turbulent convection, 
he parameter ω = 4 �τ ( r ), and the functions 
 1 ( ω) and 
 2 ( ω) are
iven in Appendix A . 
For instance, for a slow rotation ( ω � 1), the kinetic α-effect is

iven by 

= 

4 

5 

(

 2 0 �

H ρ

)(
2 − σ

3 
− 5 λ

6 

)
sin φ , (2) 
MNRAS 526, 1601–1612 (2023) 
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Figure 7. The radial profiles of the normalized kinetic α-effect, αnorm 

= 

α/ (10 �� ηT ) 
1 / 2 , at the pole ( φ = π /2) for σ = 1 and ε = 0, for the main 

sequences stars of the spectral classes: M6 (thick solid); M4 (thick dashed–
dotted); M2 (thick dashed); K7 (thin solid); K4 (thin dashed–dotted); K2 (thin 
dashed); G2 (thick dotted). Here, H ∗ is the height of the conv ectiv e zone, and 
h is the height from the bottom of the conv ectiv e zone. 

Table 1. The coefficient C ∗ for different spectral classes and different 
rotation rates. 

Spectral class �� 10 �� 20 ��

G2 0.970 0.933 0.982 
K2 0.877 0.874 0.883 
K4 0.824 0.858 0.854 
K7 0.855 0.815 0.793 
M2 0.643 0.687 0.680 

a

α

w  

p  

t

ε

u  

v  

t  

c  

f  

t
 

α  

c  

e  

σ  

o  

o  

t  

I  

k  

F  

o  

T  

α  

α

 

(

α

w  

c  

c  

e  

I  

�  

&  

d  

T  


  

i

o  

a  

d  

i  

u

3

M  

d  

1  

S  

2  

S  

g  

G  

w  

w  

b  

c  

d  

o  

t  

T

T  

r  

o  

t  

t  

n  

2  

b  

f
 

c  

i  

t  

m  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/526/2/1601/7284404 by Ben-G
urion U

niversity of the N
egev- Aranne Library user on 29 N

ovem
ber 2023
nd for fast rotation ( ω � 1) it is given by 

= − π

32 

(

 0 u c 

H ρ

)(
2 λ + 

σ

3 
− 3 + ( σ − 1) sin 2 φ

)
sin φ, 

(3) 

here u c = 
 0 / τ is the characteristic turbulent velocity. Here, the
arameter λ = 2 ε/( ε + 2) is related to the degree of anisotropy ε of
urbulent velocity field: 

 = 

2 

3 

( 〈 u 

2 
⊥ 

〉 
〈 u 

2 
z 〉 

− 2 

)
, (4) 

 ⊥ 

is the horizontal turbulent velocity, u z is the vertical turbulent
elocity (in the direction of gravity). The parameter σ determines
he degree of thermal anisotropy. For σ < 1, the thermal plumes in a
onv ectiv e turbulence have the form of column or thermal jets, while
or σ > 1, the ‘’pancake” thermal plumes exist in the background
urbulent convection. 

F or e xample, in Fig. 4 , we show the radial profiles of the kinetic
-effect at the pole (at the latitude φ = π /2) for isotropic turbulent
onvection for σ = 1 and ε = 0, while in Fig. 5 , we plot the kinetic α-
ffect at the latitude φ = π /6 for anisotropic turbulent convection for
= 2 and ε = 1.2. Various curves in Figs 4 and 5 correspond to stars

f the spectral classes from M6 to G2. We use here the radial profile
f the Coriolis parameter ��τ ( r ) to determine the radial profile of
he kinetic α-effect which is the function of the Coriolis parameter.
t follows from Figs 4 and 5 that the maximum value α∗ of the
inetic α-effect depends on the spectral class at a given rotation rate.
or instance, the stars of the spectral class G2 have largest values
f α∗, while the stars of the spectral class M6 have smallest α∗.
he anisotropy of the conv ectiv e turbulence decreases the values of
∗ and causes a localization of the maximum value of the kinetic
-effect at the vicinity of the star surface and the equator. 
NRAS 526, 1601–1612 (2023) 
The maximum value of the kinetic α-effect can be estimated as
Kleeorin, Rogachevskii & Ruzmaikin 1995 ): 

∗ = C ∗( �∗ ηT ) 
1 / 2 , (5) 

here the coefficient C ∗ is given in Table 1 for different spectral
lasses and different rotation rates. It follows from Table 1 that the
oefficient C ∗ is weakly dependent on the rotation rates. To derive
quation ( 5 ), we use a spatial distribution of the kinetic α-effect.
n particular, the kinetic α-effect is α � 
 ( r ) �∗ for 
 ( r ) �∗/ u c ( r )

1, and α � u c ( r ) for 
 ( r ) �∗/ u c ( r ) � 1 (Zeldovich, Ruzmaikin
 Sokoloff 1983 ). The kinetic α-effect reaches a maximum at the

epth r = r m 

determined by the condition 
 m 

( r m 

) = u c ( r m 

)/ �∗.
he turbulent magnetic dif fusi vity is ηT � 
 m 

( r m 

) u c ( r m 

). Therefore,
 m 

( r m 

) � ( ηT /�∗) 1 / 2 . The maximal value of the kinetic α-effect, α∗,
s given by α∗ � u c ( r m 

) � ηT /
 m 

( r m 

) � ( ηT �∗) 1 / 2 . 
In Figs 6 and 7 , we show the radial profiles αnorm 

= α/ ( �� ηT ) 
1 / 2 

f the kinetic α-effect normalized by ( �� ηT ) 
1 / 2 . This normalization

nd anisotropy of the conv ectiv e turbulence cause the curves of the
ifferent spectral classes αnorm 

almost collapse to each other. This
ndicates that the estimate ( 5 ) is enough good. In this study, we will
se this estimate to determine the dynamo number (see below). 

 MEAN-FIELD  α2 � DY NA MO  

ean-field theories of solar , stellar , and galactic dynamos have been
eveloping during last 55 yr (see, e.g. books by Moff att 1978 ; Park er
979 ; Krause & R ̈adler 1980 ; Zeldovich et al. 1983 ; Ruzmaikin,
hukurov & Sokoloff 1988 ; R ̈udiger, Hollerbach & Kitchatinov
013 ; Moffatt & Dormy 2019 ; Rogachevskii 2021 ; Shukurov &
ubramanian 2021 ). In this study, we show that magnetic field
eneration in fast rotating stars of the spectral classes: from M6 to
0 can be described by the axisymmetric mean-field α2 � dynamo,
here the α2 dynamo is modified by a weak differential rotation
ith R ω � R αR 

cr 
α . The axisymmetric large-scale magnetic field can

e written as B = B ϕ e ϕ + ∇ ×( A e ϕ ), where r , θ , ϕ are the spherical
oordinates and e ϕ is the unit vector. We consider the mean-field
ynamo in a thin conv ectiv e shell, taking into account strong variation
f the plasma density in the radial direction (see below). We neglect
he curvature of the conv ectiv e shell and replace it by a flat slab.
hus, the mean-field α2 � dynamo equations are given by: 

∂ B ϕ 

∂t 
= 

[
R α R ω sin θ

∂ 

∂θ
− R 

2 
α

(
∂ 2 

∂θ2 
− μ2 

)]
A 

+ 

(
∂ 2 

∂θ2 
− μ2 

)
B ϕ , (6) 

∂ A 

∂t 
= αB ϕ + 

(
∂ 2 

∂θ2 
− μ2 

)
A . (7) 

o take into account strong variation of the plasma density in the
adial direction, we average the dynamo equations over the depth
f the conv ectiv e zone and use the no- r model. In particular, the
erms describing turbulent diffusion of the mean magnetic field in
he radial direction in equations ( 6 ) and ( 7 ) in the framework of the
o- r model are given as −μ2 B ϕ and −μ2 A (Kleeorin et al. 2003a ,
016 ; Safiullin et al. 2018 ). The differential rotation is characterized
y parameter G = ∂ �/ ∂ r , and the parameter μ is determined by the
ollowing equation: 

∫ 1 
r c 

( ∂ 2 B ϕ /∂ r 
2 ) d r = −( μ2 / 3) B ϕ . 

Equations ( 6 ) and ( 7 ) are written in dimensionless variables: the
oordinate r is measured in the units of the star radius R ∗, the time t
s measured in the units of turbulent magnetic diffusion time R 

2 
∗/ηT ;

he toroidal component, B ϕ ( t, r, θ ), of the mean magnetic field is
easured in the units of B ∗, where B ∗ ≡ ξ B eq , ξ = 
 0 / 

√ 

2 R ∗ and
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 eq = u 0 
√ 

4 πρ∗. The magnetic potential, A ( t, r, θ ), of the poloidal
eld is measured in the units of R αR ∗B ∗, where R α = α∗R ∗/ηT , the
uid density ρ( r, θ ) is measured in the units ρ∗, the differential
otation δ� is measured in units of the maximal value of the angular
elocity �, the α-effect is measured in units of the maximum value
f the kinetic α-effect, α∗; the integral scale of the turbulent motions
 0 , and the characteristic turbulent velocity u 0 at the scale 
 0 are
easured in units of their maximum values in the conv ectiv e re gion.
he magnetic Reynolds number Rm = 
 0 u 0 /η is defined using the 
aximal values of the integral scale 
 0 and the characteristic turbulent 

elocity u 0 , and the turbulent magnetic diffusion coefficient is ηT = 

 0 u 0 / 3. The dynamo number is defined as D = R αR ω , where R ω =
 δ�) R 

2 
∗/ηT . 

Equations ( 6 ) and ( 7 ) describe the dynamo waves propagating from
he central latitudes towards the equator when the dynamo number is
e gativ e. The radius r varies from r c to 1 inside the conv ectiv e shell,
o that, e.g. for stars of the spectral class G2 (the solar-like stars),
he value μ = 3 corresponds to a conv ectiv e zone with a thickness
f about 1/3 of the radius. 

.1 Kinematic α2 � dynamo 

irst, we consider a kinematic dynamo problem, assuming for 
implicity that the kinetic α-effect is a constant. Note that the 
inematic and weakly nonlinear α2 � dynamos have been studied 
n a number of publications (see, e.g., Meunier et al. 1996 ; Griffiths
t al. 2001 ; Bassom et al. 2005 , and references therein). We seek
 solution for equations ( 6 ) and ( 7 ) as a real part of the following
unctions: 

 = A 0 exp ( ̃  γ t − i k θ ) , (8) 

 ϕ = B 0 exp ( ̃  γ t − i k θ ) , (9) 

here ˜ γ = γ + i ω. Equations ( 6 )–( 9 ) yield the growth rate of the
ynamo instability and the frequency of the dynamo waves as 

= 

R αR 

cr 
α√ 

2 

⎡ 

⎣ 

[ 

1 + 

(
ζR ω 

R αR 

cr 
α

)2 
] 1 / 2 

+ 1 

⎤ 

⎦ 

1 / 2 

− (
R 

cr 
α

)2 
, 

(10) 

 = −sgn ( R ω ) 
R αR 

cr 
α√ 

2 

⎡ 

⎣ 

[ 

1 + 

(
ζR ω 

R αR 

cr 
α

)2 
] 1 / 2 

− 1 

⎤ 

⎦ 

1 / 2 

, (11) 

here ζ 2 = 1 − (
μ/R 

cr 
α

)2 
. Here we took into account that ( x +

 y ) 1/2 = ±( X + i Y ), where X = 2 −1 / 2 [( x 2 + y 2 ) 1 / 2 + x] 1 / 2 and
 = sgn ( y ) 2 −1 / 2 [( x 2 + y 2 ) 1 / 2 − x ] 1 / 2 . Here the threshold R 

cr 
α for

he mean-field dynamo instability, defined by the conditions γ = 0 
nd R ω = 0, is given by R 

cr 
α = ( k 2 + μ2 ) 1 / 2 . 

Equations ( 6 )–( 9 ) allow one to determine the squared amplitude
atio | A 0 / B 0 | 2 as: 

∣∣∣∣A 0 

B 0 

∣∣∣∣
2 

= 

(
R αR 

cr 
α

)−2 

[ 

1 + 

(
ζR ω 

R αR 

cr 
α

)2 
] −1 / 2 

, (12) 

nd the phase shift δ between the toroidal field B ϕ and the vector 
otential A is given by the following equation: 

sin (2 δ) = −ζR ω 

[ (
R αR 

cr 
α

)2 + ζ 2 R 

2 
ω 

] −1 / 2 
. (13) 
quation ( 12 ) yields the energy ratio of poloidal B pol = R αR 

cr 
α A and

oroidal B ϕ mean magnetic field components as: 

B 

2 
pol 

B 

2 
ϕ 

= 

[ 

1 + 

(
ζR ω 

R αR 

cr 
α

)2 
] −1 / 2 

. (14) 

Asymptotic formulas for the growth rate of the dynamo instability 
nd the frequency of the dynamo waves for a weak differential
otation, ζR ω � R αR 

cr 
α , are given by 

= R αR 

cr 
α

[ 

1 + 

1 

8 

(
ζR ω 

R αR 

cr 
α

)2 
] 

− (
R 

cr 
α

)2 
, (15) 

 = − ζR ω √ 

2 
. (16) 

n this case, the mean-field α2 dynamo is slightly modified by a weak
ifferential rotation, and the phase shift between the fields B ϕ and B θ

anishes, while B pol / B ϕ ∼ 1 (see equations 13 and 14 ). The period
f the dynamo wave is T dyn = (2 π/ω) ( R 

2 
∗/ηT ), where ω is the non-

imensional frequency of the dynamo wave given by equation ( 16 ).
n this study, we show that this case corresponds to fast rotating stars
f the spectral class from M6 to G0. Since in this case B pol ∼ B ϕ ,
he star spots can be formed for any latitude. 

In the opposite case, for a strong differential rotation, ζR ω �
 αR 

cr 
α , the growth rate of the dynamo instability and the frequency

f the dynamo waves are given by 

= 

[
1 

2 
ζ R 

cr 
α R α| R ω | 

]1 / 2 

− (
R 

cr 
α

)2 
, (17) 

 = −sgn ( R ω ) 

[
1 

2 
ζ R 

cr 
α R α| R ω | 

]1 / 2 

. (18) 

n this case the mean-field α� dynamo is slightly modified by a
eak α2 effect, and the phase shift between the fields B ϕ and B θ

ends to −π /4, while B pol / B ϕ � 1 (see equations 13 and 14 ). This
ase corresponds to the solar dynamo. The necessary condition for 
he dynamo ( γ > 0) is: 

(a) when R α/R 

cr 
α < 

√ 

2 , the mean-field α2 � dynamo is excited 
hen 

 > 

2 

ζ

(
R 

cr 
α

)3 
; (19) 

(b) when R α/R 

cr 
α > 

√ 

2 , the mean-field α2 � dynamo is excited 
or any differential rotation, R ω . 

.2 Algebraic and dynamic non-linearities 

ow, we discuss the algebraic and dynamic non-linearities in the non- 
inear dynamo model. The total α-effect is the sum of the kinetic and

agnetic α-effects, 

= χK � K ( B ) + σρχM � M ( B ) , (20) 

here χK = −( τ0 / 3) 〈 u · ( ∇ ×u ) 〉 is proportional to the kinetic helic-
ty 〈 u · ( ∇ ×u ) 〉 and χM = ( τ0 / 12 πρ) 〈 b · ( ∇ ×b ) 〉 is proportional to
he current helicity 〈 b · ( ∇ ×b ) 〉 (Frisch et al. 1975 ; Pouquet, Frisch
 Leorat 1976 ). Here, τ 0 is the correlation time of the turbulent

elocity field, u and b are velocity and magnetic fluctuations, and 
ρ = 

∫ 1 
r c 

( ρ( r) / ρ∗) −1 d r (Kleeorin et al. 2016 ; Safiullin et al. 2018 ). 

The quenching functions � K ( B ) and � M ( B ) in equation for the
otal α-effect are given by (Rogachevskii & Kleeorin 2000 , 2001 ,
004 , 2006 ), 

 K ( B ) = 

1 

7 

[
4 � M ( B ) + 3 � B ( B ) 

]
, (21) 
MNRAS 526, 1601–1612 (2023) 
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nd (Field, Blackman & Chou 1999 ) 

 M ( B ) = 

3 

8 β2 

[ 

1 − arctan ( 
√ 

8 β) √ 

8 β

] 

, (22) 

here β = B / B eq 

 B ( B ) = 1 − 16 β2 + 128 β4 ln 
[
1 + (8 β2 ) −1 

]
, (23) 

nd χK and χM are measured in units of maximal value of the α-effect,
∗. The function � K describes the algebraic quenching of the kinetic
-effect that is caused by the feedback effects of the mean magnetic
eld on plasma motions. The densities of the kinetic and current
elicities, and quenching functions are associated with a middle part
f the conv ectiv e zone. The parameter σρ > 1 is a free parameter. 
The magnetic α-effect, αM , is based on two non-linearities: the

lgebraic non-linearity due to the feedback effects of the mean
agnetic field on plasma motions, that is described by the quenching

unction � M ( B ), and the dynamic non-linearity, characterized by the
unction χM ( B ) that is determined by a dynamical equation (Klee-
rin & Ruzmaikin 1982 ; Gruzinov & Diamond 1994 ; Kleeorin
 Rogachevskii 1999 ; Kleeorin et al. 1995 ; 2000 , 2002 , 2003a ,
 ; Blackman & Field 2000 ; Brandenburg & Subramanian 2005 ;
hang et al. 2006 , 2012 ). In particular, the total magnetic helicity,
 

( H M 

+ H m 

) d r 3 , is conserved for very small microscopic magnetic
if fusi vity η, where H M 

= A ·B is the magnetic helicity density of
he large-scale field B = ∇ ×A with A being the mean magnetic
ector potential, H m 

= 〈 a ·b 〉 is the magnetic helicity density of the
mall-scale field b = ∇ ×a with a being fluctuations of magnetic
ector potential. 

When the mean-field dynamo amplifies the large-scale magnetic
eld, the magnetic helicity density H M 

of the large-scale field
rows in time. Since the total magnetic helicity 

∫ 
( H M 

+ H m 

) d r 3 is
onserved, the magnetic helicity density H m 

of the small-scale field
hanges during the dynamo action, and its evolution is determined
y the non-dimensional dynamical equation (Kleeorin et al. 2016 ;
afiullin et al. 2018 ): 

∂χc 

∂t 
+ 

(
τ−1 
χ + κT μ

2 
)
χc = 2 

( 

∂ A 

∂θ

∂ B ϕ 

∂θ
+ μ2 A B ϕ 

) 

−α B 

2 − ∂ 

∂θ

( 

B ϕ 

∂ A 

∂θ
− κT 

∂χc 

∂θ

) 

, (24) 

here F χ = −κT ∇ χc is the turbulent diffusion flux of the magnetic
elicity density of small-scale field and κT is the coefficient of the
urbulent diffusion of the magnetic helicity. Dynamics of magnetic
elicity of small-scale field is a crucial mechanism in a non-linear
ynamo saturation where turbulent magnetic helicity fluxes allow
o a v oid catastrophic quenching of the α-effect. Recently, turbulent
uxes of magnetic helicity density of small-scale magnetic field
ave been rigorously derived by Kleeorin & Rogachevskii ( 2022 )
nd Gopalakrishnan & Subramanian ( 2023 ). 

In equation ( 24 ), the time τχ = 
 2 / η is the relaxation time of
agnetic helicity. The average value of τ−1 

χ is given by 

−1 
χ = H 

−1 
∗

∫ 1 

r c 

˜ τ−1 
χ ( r) d r ∼ H 
 R 

2 
∗ η

H ∗ 
 2 ηT 

, (25) 

here H ∗ is the depth of the conv ectiv e zone, H 
 is the character-
stic scale of variations 
 0 , and ˜ τχ ( r) = ( ηT /R 

2 
∗)( 
 2 0 /η) is the non-

imensional relaxation time of the density of the magnetic helicity.
he values H 
 , η, 
 0 in equation ( 25 ) are associated with the upper
NRAS 526, 1601–1612 (2023) 
art of the conv ectiv e zone. The mean magnetic field is given by 

 

2 = B 

2 
ϕ + R 

2 
α

⎡ 

⎣ μ2 A 

2 + 

( 

∂ A 

∂θ

) 2 
⎤ 

⎦ . (26) 

.3 Mean-field numerical simulations of the α2 � dynamo 

e perform MFS of the α2 � dynamo by solving numerically
quations ( 6 ), ( 7 ), and ( 24 ). We use MATLAB code, which solves
nitial-boundary value problems for systems of parabolic and elliptic
artial-differential equations that employs a second-order explicit
nite differences in space. We use the spatial resolution of 203 mesh
oints in co-latitude θ (this odd number provides mesh intervals
elow 1 degree). The time grid in simulations varied between 6 × 10 5 

nd 18 × 10 5 time instants for a different set of initial parameters
ue to long transitional processes. 
For numerical simulations, we use the standard profile of the

inetic α-effect: α( θ ) = α0 sin 3 θcos θ . We use the following initial
onditions: B φ( t = 0 , θ ) = S 1 sin θ + S 2 sin (2 θ ) and A ( t = 0 , θ ) =
 corresponding to a combination of the dipole and quadropole
ype solutions. The parameters of the numerical simulation are
s follows: G = 1, ξ = 0.1, κT = 0 . 1, T = 6.3, S 1 = 0.051,
 2 = 0.95 for different μ, R α , and R ω . These parameters and
nitial conditions have been used by us for modelling of the solar
ctivity by the axisymmetric mean-field α � dynamo (Kleeorin et al.
016 , 2020 ; Safiullin et al. 2018 ), where mechanism of the sunspot
ormation related to ne gativ e ef fecti ve magnetic pressure instability
ave been taken into account (Kleeorin, Rogachevskii & Ruzmaikin
989 , 1990 ; Kleeorin & Rogachevskii 1994 ; Kleeorin, Mond &
og achevskii 1996 ; Rog achevskii & Kleeorin 2007 ; Brandenburg
t al. 2011 ; Warnecke et al. 2013 , 2016 ; Brandenburg, Rogachevskii
 Kleeorin 2016 ). 
First we perform numerical simulations of the α2 � mean-field

ynamo at R α = 10. This value of the parameter R α corresponds
o the kinetic α-effect arising in rotating conv ectiv e turbulence with
he rotating frequency that is in 25 times larger than that for the
un. In Fig. 8 , we plot the ratio of the maximum values of the
oloidal to toroidal mean magnetic fields B pol / B tor versus R ω / R α .
epending on the ratio R ω / R α , there are ranges of the aperiodic
ehaviouur, the quasi-periodic oscillations of the mean magnetic
eld, and the chaotic behaviour. This is seen in Fig. 9 , where we
how the time evolution of the flux of the toroidal mean magnetic
eld � = 

∫ | B ϕ | d σ obtained from numerical simulations of the α2 �

ean-field dynamo for dif ferent v alues of R ω / R α = 1.6, 3.2, 4.7, and
.4. The time is normalized by 122.2 yr, and the flux � is normalized
y the magnetic field of 300 G. 
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Note that 122.2 yr corresponds to the turbulent diffusion time 
 

2 
∗/ηT with R ∗ = R � and ηT = 1 . 4 × 10 12 cm 

2 s −1 . Here, we take
nto account that the integral scale 
 0 of the turbulent convection 
s smaller by a factor 5–7 than the size of the coherent structures
the large-scale circulations). The latter is justified by the results 
f analytical study (Elperin et al. 2002 , 2006a , b ) and laboratory
xperiments (Bukai et al. 2009 ). This causes the mixing length used
n the mixing length theory is about 5–7 times larger than the integral
cale 
 0 of the turbulent convection. Correspondingly, the turbulent 
if fusion coef ficients should be 5–7 times smaller than those from
he mixing length theory. 

Increase of R ω / R α causes decrease in the periods T ∗ of the stellar
agnetic cycles. This is seen in Fig. 10 , where we show the periods T ∗

f the stellar magnetic cycles normalized by 122.2 yr versus R ω / R α ,
hich decreases from about 10 3 to 10 yr depending on the value
f the differential rotation. In chaotic regime there can be transition
rom one attractor with a short period (of several tens years) to that
f a larger period (of thousand years), see Fig. 9 c. For larger values
f R ω / R α , the dynamo is similar to the α� mean-field dynamo, while
or small values of R ω / R α , the dynamo is similar to the α2 mean-field
ynamo. 
We will show in the next section that for low-mass main sequences

tars rotating much faster than the Sun, the generated large-scale 
agnetic field is caused by the mean-field α2 � dynamo, whereby 

he α2 dynamo is slightly modified by a weak differential rotation. 
his means that R ω � R αR 

cr 
α . 

.4 Mean-field numerical simulations of the α2 dynamo 

e also perform numerical simulations of the α2 mean-field dynamo 
ith R ω = 0. First, we plot the threshold, R 

cr 
α , required for the

eneration of the large-scale magnetic field versus 

(i) parameter μ (Fig. 11 ), 
(ii) the spectral class (Fig. 12 ), and 
(iii) the stellar ef fecti ve temperature T eff (Fig. 13 ), 

obtained from numerical simulations. For μ ≥ 3, the function 
 

cr 
α ( μ) is closed to the linear one (see Fig. 11 ). Indeed, our asymptotic

nalysis for a constant kinetic α-ef fect sho ws that R 

cr 
α = ( k 2 + μ2 ) 1 / 2 .

his implies that when k 2 � μ2 , we obtain that R 

cr 
α ∼ μ. 

In Fig. 12 , in addition to the threshold R 

cr 
α versus the stellar spectral

lass, we also plot the parameter R α ≡ α∗R ∗/ηT = ( ��/ηT ) 
1 / 2 R ∗

ased on the solar rotation rate (see equation 5 ). As follows from
ig. 12 , the parameter R α is in several times less than the threshold
 

cr 
α required for the generation of the large-scale magnetic field. 
his implies that the pure α2 dynamo with the kinetic α-effect 
= ( ��η ) 1 / 2 based on the solar rotation rate cannot explain the
MNRAS 526, 1601–1612 (2023) 
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eneration of large-scale magnetic field in the main sequences stars.
o describe correctly the magnetic field generation in the main
equences stars in the framework of the α2 dynamo, one need to
ncrease the stellar rotation rate by one order of magnitude to obtain
he required value of the α-effect. That is why we consider stars
otating much faster than the Sun. 

In Fig. 13 , we show the threshold R 

cr 
α (crosses, thin solid line) in

eneration of the large-scale magnetic field and the parameter R α =
��/ηT 

)1 / 2 
R ∗ (thick solid line) versus the star ef fecti ve temperature

 eff obtained from numerical simulations of the non-linear α2 mean-
eld dynamo. This parameter R α is calculated for the main sequence
tars, where the angular velocity coincides with the mean (averaged
 v er the latitude) solar angular velocity ��. In addition, we also show
he parameter ˜ R α (shown as stars) that is estimated for real main
equence stars, where we use equation ( 5 ), the rotating rates (see
ershberg et al. 2020 ) and turbulent magnetic diffusion coefficients

or the stars of these spectral classes. Fig. 13 demonstrates that the
arameter ˜ R α for the observed stars is in several times larger than the
hreshold R 

cr 
α required for the generation of the large-scale magnetic

eld by pure α2 dynamo. This shows that the pure α2 dynamo can
escribe the generation of large-scale magnetic field for these stars.
o we v er, some observ ed features (appearance of star spots in the
olar regions, long period of cyclic behaviour, etc.) for the main
NRAS 526, 1601–1612 (2023) 
equence fast rotating stars require presence of small differential
otation. 

In Fig. 14 , we show the ratio of the maximum values of the poloidal
o toroidal mean magnetic field B pol / B tor versus R α/R 

cr 
α for the

ain sequence stars of three spectral classes: M5, M0, and K5,
btained from numerical simulations in non-linear saturated stage.
t seen that in non-linear saturated stage B pol / B tor ∼ 1. This is in
greement with equation ( 14 ) for R ω � R αR 

cr 
α derived for the mean-

eld α2 � dynamo. The latter implies that the generated large-scale
agnetic field is caused by the mean-field α2 � dynamo, whereby

he α2 dynamo is modified by a weak differential rotation. 

 N O N - L I N E A R  T H E O RY  O F  AXI SYMMETRIC  

2 DY NA MO  

n this section, we discuss a non-linear theory of axisymmetric α2 

ynamo. We consider the axisymmetric mean-field α2 dynamo in
pherical coordinates. The non-linear mean-field induction equa-
ion reads 

∂ 

∂t 

(
A 

B 

)
= 

(
ˆ L + 

ˆ N 

)(A 

B 

)
, (27) 

here 

ˆ 
 = 

(
� s αk ( r, θ ) 

−R 

2 
α� αk � s 

)
, (28) 

ˆ 
 = 

(
0 αm 

( r, θ ) 
−R 

2 
α� αm 0 

)
, (29) 

nd 

 s ̃  � = 

1 

r 

∂ 2 

∂ r 2 
( r ̃  � ) + 

1 

r 2 

∂ 

∂θ

(
1 

sin θ

∂ 

∂θ
( sin θ ˜ � ) 

)

≡
(

� − 1 

r 2 sin 2 θ

)
˜ � , 

nd 

 αk, m 
˜ � = 

1 

r 

∂ 

∂r 

(
αk, m 

∂ 

∂r 
( r ̃  � ) 

)

+ 

1 

r 2 

∂ 

∂θ

(
αk, m 

sin θ

∂ 

∂θ
( sin θ ˜ � ) 

)
. 

quations ( 27 )–( 29 ) are written in dimensionless variables (see
ection 3 ). The operator ˆ L describes the kinematic dynamo. Here,
k ( r , θ ) = −αk ( r , π − θ ). 
We neglect algebraic quenching of the kinetic and magnetic α-

ffect, but take into account the dynamical non-linearity related to
he conservation law of the total magnetic helicity for very large
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the main sequence stars of the spectral class M0, obtained from numerical 
simulations (solid) of the non-linear α2 mean-field dynamo and analytical 
result (dashed) described by equations ( 38 ) and ( 39 ). 
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agnetic Reynolds numbers. The magnetic α-effect is determined 
y the evolutionary equation 

∂αm 

∂t 
+ 

αm 

T α
= ∇ · (κ

T 
∇ αm 

) − 2 

ρ

[
( αk + αm 

) R 

2 
α B 

2 
p 

− ˆ M ( B, A ) + B 

∂A 

∂t 

]
, (30) 

here B p = rot [ A ( t, r, θ ) e ϕ ] is the poloidal component of the mean
agnetic field, and 

ˆ M ( B, A ) = rot 
(
B e ϕ 

) · rot 
(
A e ϕ 

)
. 

e seek a solution of the non-linear equations ( 27 ) and ( 30 ) in the
ollowing form: 

A 

B 

)
= 

∞ ∑ 

n = 1 

F 

n ( t) e n ( r, θ ) , e n = 

(
a n 
b n 

)
, (31) 

here e n are the eigenvectors of the operator ˆ L for R α = R 

cr 
α ,

.e. ˆ L 

cr e n = p 

cr 
n e n . Substituting equation ( 31 ) into equation ( 27 )

nd taking into account the properties of the eigenvectors , we 
btain the following system of equations for the coefficients F 


 ( t )
n equation ( 31 ): 

d F 


 

d t 
− F 


 p 

cr 

 = 

1 

2 

(
d p 
 

d ln R α

)
cr 

∞ ∑ 

n =−∞ 

F 

n ( t) 
[ 
α
 

n 

+ R 

2 
α ˜ α
 

n + 

[
R 

2 
α − ( R 

cr 
α ) 2 

]
G 


 
n 

] 
, (32) 

here p 

cr 

 = p 
 

(
R α = R 

cr 
α

)
, and functions α
 

n , ̃  α
 
n , and G 


 
n are defined

y equations (B1)–( B3 ) in Appendix B . 
The coefficients F 


 ( t ) depend on the non-linearity characterized 
y α
 

n . The equation for α
 
n is derived from equation ( 30 ): 

d α
 
n 

d t 
+ 

α
 
n 

T α
= −2 

∞ ∑ 

k,s=−∞ 

F 

k ( t) 

{
d F 

s 

d t 
S 
 ksn − F 

s 

[
M 


 
ksn 

− R 

2 
α

(
α
 

n 

t χ
+ K 


 
n 

)
( b p ) k ( b p ) s 

]}
− 2 κ

T 

(
C 1 α


 
n − ˜ α
 

n 

)
, 

(33) 

here ( b p ) n = rot 
(
a n e ϕ 

)
, and the tensors M 


 
ksn , S 


 
ksn , and K 


 
n are

etermined by equations ( B5 )–( B8 ) in Appendix A. The equation for
˜ 
 n is derived from equation ( 30 ) as well: 

d ̃  α
 
n 

d t 
+ 

˜ α
 
n 

T α
= −2 

∞ ∑ 

k,s=−∞ 

F 

k ( t) 

{
d F 

s 

d t 
˜ S 
 ksn − F 

s 

[
˜ M 


 
ksn 

−R 

2 
α

(
˜ α
 
n 

˜ t χ
+ 

˜ K 


 
n 

)
( b p ) k ( b p ) s 

]}
− κT C 2 ̃  α


 
n , 

(34) 

here the functions ˜ M 


 
ksn , ˜ S 
 ksn , ˜ K 


 
n are determined by equations ( B9 )–

 B11 ) in Appendix B . It is assumed here that the relaxation time T α of
he magnetic helicity is independent of r . Thus, the problem reduces
o the study of this infinite system of equations with coefficients 
etermined by the eigenfunctions and eigenvalues of the linear 
roblem for R α = R 

cr 
α . When R α in the stellar conv ectiv e zone is

ot much larger than the critical value R 

cr 
α required for the excitation

f the dynamo instability, only few modes are excited. 
Let us consider the simplest case, when only one mode is excited.

his is sufficient to estimate the magnitude of the mean magnetic 
eld in a steady state. The multi-mode regime could be considered 
imilarly. The equations of the single-mode approximation follow 

rom equations ( 32 )–( 34 ): 
d F 

d t 
− Fp 

cr = F ( t) 
[ [

R 

2 
α − ( R 

cr 
α ) 2 

]
G + α + R 

2 
α ˜ α

] 
, (35) 

d α

d t 
+ 

α

T α
+ κ

T 
( C 1 α − ˜ α) = −1 

2 

d F 

2 

d t 
S 

+ F 

2 

[
M − R 

2 
α

(
K + 

α

t χ
b 

2 
p 

)]
, (36) 

d ̃  α

d t 
+ 

˜ α

T α
+ κT C 2 ̃  α = F 

2 

[
˜ M − R 

2 
α

(
˜ K + 

˜ α
˜ t χ

b 
2 
p 

)]

−1 

2 

d F 

2 

d t 
˜ S , (37) 

he steady-state solution of equations ( 35 )–( 37 ) for this single-mode
pproximation yields the magnitude of the mean toroidal magnetic 
eld near the stellar surface as 

 = 

(
2 πρ∗

)1 / 2 3 ηT κT 

R ∗

(
2 G T α

K 

)1 / 2 

f 

[
R 

2 
α

( R 

cr 
α ) 2 

]
, (38) 

here 

 ( X) = 

(
X − 1 

X − C 

)1 / 2 [
( R 

cr 
α ) 2 X + 2 

]−1 

×
[

1 − 2 G 

( R 

cr 
α ) 2 X( X − 1) 

( X − C) 
[
( R 

cr 
α ) 2 X + 2 

] b 
2 
p 

t χ

+ 

(
1 − 4 G 

( R 

cr 
α ) 2 X( X − 1) 

( X − C) 
[
( R 

cr 
α ) 2 X + 2 

] b 
2 
p 

t χ

)1 / 2 ]−1 / 2 

, (39) 

nd we consider the case when K ≈ ˜ K , M ≈ ˜ M , K / M = C , t χ ≈ ˜ t χ ,
nd C 1 = C 2 = 1. The characteristic times t χ and ˜ t χ are defined by
quations ( B8 ) and ( B12 ) in Appendix B . 

In Fig. 15 , we show the maximum mean magnetic field B 

M0 
max (solid)

ersus ( R 

2 
α/R 

cr 
α ) 2 for the main sequence stars of the spectral class M0

btained from the MFS, that is in an agreement with analytical result
dashed) described by equations ( 38 ) and ( 39 ). 

 DI SCUSSI ONS  A N D  C O N C L U S I O N S  

e start the discussion with some comments related to various 
umerical simulations. There are two different kinds of numerical 
imulations discussed in this paper which are very important for 
nvestigations of the stellar magnetic activity. The first kind of 
imulations is DNS and LES (see, e.g. Dobler et al. 2006 ; Browning
008 ; Yadav et al. 2016 ; Brown et al. 2020 ; K ̈apyl ̈a 2021 ; Bice &
oomre 2022 ; K ̈apyl ̈a et al. 2023 ). The DNS and LES solve exact
or nearly exact) equations and demonstrate physical effects which 
MNRAS 526, 1601–1612 (2023) 
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imic the processes occurring inside stars. For instance, the key
eature of the DNS and LES which investigate the stellar magnetic
ctivity, is that they study small-scale turbulent effects and their
nfluence to large-scale magnetic acti vity. Ho we ver, the used range
or the key parameters (e.g. fluid and magnetic Reynolds numbers,
 ́eclet number , Rayleigh number , degree of density stratification,
tc.) which can be achieved in the DNS and LES, is essentially
ifferent from the parameter range which is typical for stars (see,
.g. re vie w by K ̈apyl ̈a et al. 2023 ). 

The second type of simulations is MFS (see, e.g. Chabrier & K ̈uker
006 ; Kitchatinov et al. 2014 ; Shulyak et al. 2015 ; Pipin 2017 ; Pipin
 Yokoi 2018 ), which are based on various mean-field theories and

ake into account various turbulence effects by means of turbulent
ransport coefficients (e.g. turbulent viscosity, turbulent magnetic
if fusi vity, turbulent heat conducti vity, the alpha effect, the lambda
f fect, etc). The MFS allo w to study the large-scale and long-term
ffects in spatial and time scales which are much larger than the
urbulent scales. Mean-field models have been tested using various
olar and geophysical observations of magnetic activity. Note also
hat mean-field models are usually impro v ed using the results of the
NS and LES. 
In this paper in addition to the analytical study, we perform non-

inear MFS. Thus, we can compare our model with others MFS. In
articular, some studies (Chabrier & K ̈uker 2006 ; Kitchatinov et al.
014 ; Shulyak et al. 2015 ) mainly investigate the kinematic (linear)
tage of the mean-field dynamo instabilities, while in our paper we
tudy non-linear mean-field dynamo instabilities, taking into account
lgebraic and dynamic non-linearities. 

Pipin ( 2017 ) has performed the MFS of the non-linear axisymmet-
ic and non-axisymmetric α2 � dynamos of the fully conv ectiv e star.
o we ver, the dynamical quenching of the α-effect is determined in

his dynamo model by equation for the total magnetic helicity density
ather than that for the evolution of magnetic helicity density of the
mall-scale field. The latter is a weak point of this non-linear dynamo
odel, because the magnetic α-effect is determined by the evolution

f the current helicity of the small-scale field, which is caused by
he production and transport of the magnetic helicity density of the
mall-scale magnetic field. 

In this study, we investigate the non-linear axisymmetric α2 � and
2 dynamos using the dynamic equation for the evolution of magnetic
elicity density of the small-scale field. We compare the results of the
erformed MFS with the developed non-linear theory of mean-field
ynamo. In particular, the derived scaling for the magnitude of the
ean toroidal magnetic field near the stellar surface as a function

f various key parameters is in agreement with the results of the
erformed MFS (see, e.g. Fig. 15 ). 
A majority of the observed stars are fast rotating, because much
ore easy to observe fast rotating stars generated strong magnetic
elds. Our theoretical study and mean-field numerical simulations
uggest that for fast rotating low-mass main sequences stars with the
pectral classes from M5 to G5, the generated large-scale magnetic
eld is caused by the mean-field α2 � dynamo, where the α2 dynamo

s modified by a weak differential rotation. The latter implies that
 ω � R αR 

cr 
α . Ho we ver, e ven a weak differential rotation in the non-

inear phase of magnetic field evolution causes drastic changes in
agnetic activity, resulting in chaotic behaviour where long-term

volution (with the period about thousand years) is accompanied by
ast changes of the several tens years. 

In view of observations, this multi-time-scale system causes very
omplicated patters in magnetic activity, e.g. the fast rotating stars
ith the same rotation rates and the same spectral classes may
ave different magnetic activity. This implies necessity of long-term
NRAS 526, 1601–1612 (2023) 
bservational programs of the stellar magnetic activity. The long-
erm behaviour of the magnetic activity is related to the characteristic
ime of the evolution of the magnetic helicity density of the small-
cale magnetic field. The performed MFS have shown that the
inematic and non-linear phases of magnetic field evolution are
 ery different. F or instance, non-linear effects cause a threshold in
he differential rotation that is necessary for a transition between
periodic and quasi-periodic regime. We demonstrate that period
f non-linear oscillations decreases with increase of the differential
otation. 
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PPENDI X  A :  T H E  F U N C T I O N S  � 1 (  ω)  A N D  

 2 (  ω)  
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, Ā 2 ( ω 

2 ) ∼ −π2 

ω 

, 

C̄ 1 ( ω 

2 ) ∼ π2 

4 ω 

− 4 π

3 ω 

2 
, C̄ 2 ( ω 

2 ) ∼ 3 π2 

4 ω 

, 

C̄ 3 ( ω 

2 ) ∼ − π2 

+ 

8 π
. 
NRAS 526, 1601–1612 (2023) 

4 ω 3 ω 

2 
PPENDI X  B:  F U N C T I O N S  F O R  

XI -SYMMETRI C  N O N - L I N E A R  α2 DY NA MO  
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