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1 Introduction

The measurement of segregation has been a topic of research in sociology and in
economics for quite a long time. One of its difficulties is that the very meaning of
the concept is not clear. Massey and Denton (1988) identified five dimensions of
segregation, each of which refers to some different aspect of it. In retrospect, the
dimension that captured most of the research attention is that of evenness, which
involves a comparison of the distribution of groups across locations. According to
this criterion, the more similarly different groups are distributed across locations,
the lower the existing segregation. Still, even if we are interested in the evenness
dimension, it is not clear how to measure the similarity of the groups’ distributions.
Evidence of this difficulty is the large number of indices that have been proposed
and used in empirical studies (see Massey and Denton (1988) and Fliickiger and
Silber (2012)).

The first contribution toward some agreement on the way segregation should be
measured was James and Taeuber (1985), who proposed a number of requirements
that a segregation measure should satisfy, and evaluated existing indices based on
them. The first paper to study segregation axiomatically is Philipson (1993). It
provided a characterization of a large family of segregation orderings that have an
additively separable representation. Later, Hutchens (2001) characterized a family
of indices that satisfy a set of basic properties and Hutchens (2004) strengthened one
axiom to obtain a unique segregation index, the Square Root index. Echenique and
Fryer Jr (2007) characterized a segregation index based on a graph-theoretic model.
Except for Philipson (1993), all the above characterizations use at least one cardinal
axiom. More recently, Frankel and Volij (2011) provided a characterization of two
multigroup segregation indices, the Atkinson index and the Mutual Information
index, and Puerta and Urrutia (2016) characterized the Gini segregation index.
Both papers use exclusively ordinal axioms.

The fact that some indices had not been justified on first principles did not pre-

vent researchers from using them to measure various kinds of segregation, promi-



nently residential and school segregation between ethnic groups. In the last years,
these indices have also been ingeniously applied to the measurement of ideologi-
cal segregation (Gentzkow and Shapiro (2011)), and partisanship in congressional
speeches (Gentzkow, Shapiro, and Taddy (2019)).

Interestingly, despite the solid theoretical underpinnings of the Atkinson, Mu-
tual Information and Gini indices, they are rarely used in empirical studies.! Until
recently, the most widely used measure was the Dissimilarity index. But more re-
cent work in economics has adopted the Isolation index or a variation of it as the
main measure. See, for instance, Cutler, Glaeser, and Vigdor (1999), Gentzkow and
Shapiro (2011), Gentzkow, Shapiro, and Taddy (2019), Athey, Ferguson, Gentzkow,
and Schmidt (2021), and Monarrez (2023). This index satisfies some of the desir-
able properties that are expected from segregation measures. However, to the best
of our knowledge, it has not been fully characterized yet. This paper aims at filling
this gap. For this purpose, we add one axiom to the standard requirements of sym-
metry, scale invariance, transfer, and independence. The additional axiom states a
simple condition for two two-neighborhood cities, composed of one black ghetto and
one mixed neighborhood to be equally segregated. This condition requires that the
proportion of blacks in the mixed neighborhood relative to their proportion in the
population be the same for both cities. It turns out that the ratio of the proportion
of blacks in the mixed neighborhood to that in the city is the seed that, once sowed
in the good ground of the standard axioms, yields the Isolation index. Indeed, this
paper shows that there is a unique segregation order that satisfies all of the above
axioms, and it is the one represented by the Isolation index. Furthermore, we show

that these axioms are independent.

IFor notable exceptions, see Qosterbeek, Sévagd, and van der Klaauw (2021) and Serrati (2024).



2 Notation

Throughout the paper we use the language of urban ethnic segregation because it
is one of the most widely studied. Our results apply in other contexts as well.

A city is a pair (N, (B, Wy)nen), where N is a finite set of neighborhoods
and for each n € N, (B,,W,) is n’s ethnic composition. The first and second
components of (B, W,) are the numbers of blacks and whites, respectively, in n,
at least one of which is assumed to be positive.

Given a city X = (N, (B, W,,)nen), we denote by Bx and Wy the total numbers
of blacks and whites in X. When it is clear to which city we are referring, we will
write simply B and W. We restrict attention to cities in which B > 0 and W > 0.

Also, the following notation will be useful.

B
P = B W: the proportion of blacks in the city,
B,
Pn = m: the proportion of blacks in neighborhood n,
B, + W, . : L
T, = ———: the proportion of the population that live in neighborhood n,
B+W
B,
b, = 5 the proportion of the city’s blacks that live in neighborhood n,
W
w, = W: the proportion of the city’s whites that live in neighborhood n.

For any city X = (N, (B, Wy)nen) and any positive constant a, aX de-
notes the city that results from multiplying the number of blacks and whites
in each neighborhood of X by a: aX = (N,(aB,,aW,).en). For any two
cities X = (Nx, (Bp, Wo)neny) and Y = (Ny, (B, Wy )neny ), with disjoint sets
of neighborhoods, let X U Y denote the concatenation of the two: X UY =
(Nx U Ny, (B, Wy)nenyuny ). We say that two cities, X = (N, (B, W, )nen) and
Y = (M, (B, Wi)menm), are equivalent if there is a one to one mapping ¢ : N — M
such that for all n € N, (B,,, W,) = (Bg), Wem)). We will consider any two equiv-
alent cities as one and the same city. For this reason, we will denote a city
X = (N, (Bn, Wy)nen), simply by, ((Bn, Wy)nen). Neighborhood n is said to be a

ghetto if contains either 0 blacks or 0 whites.
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3 Segregation orderings and measures

We denote the set of all cities by C. A segregation order, =, is a complete and
transitive binary relation on C. We interpret X > Y to mean “city X is at least
as segregated as city Y.” The relations ~ and > are derived from = in the usual
way.?

Segregation orders are usually represented by segregation indices. A segregation
index assigns to each city a nonnegative number which is meant to capture its
level of segregation. Given a segregation index S, the associated segregation order

is defined by X » YV < S(X) > S(Y). Clearly, a segregation order may be

represented by more than one index.

3.1 Examples of Segregation Indices
The following indices have been used to study segregation (Massey and Denton

(1988)).

The Index of Dissimilarity This index measures the proportion of either racial
group that would need to be reallocated across neighborhoods in order to

obtain perfect integration. It is given by

D(X) :%Z]bn—wn\. (1)

neN
This index was introduced to the literature by Jahn, Schmid, and Schrag
(1947).

Square Root The Square Root index is defined as:
AX)=1-> V/buw,. (2)

A characterization of the Square Root index can be found in Hutchens (2004).

2Thatis X ~Y ifboth X =Y andY = X; X = Y if X =Y but not Y = X.



Mutual Information The Mutual Information index is defined as

MI(X):h(Pal_P)_Zﬂ-nh(pml_pn) (3)

neN

where h(q,1—q) = qlog, <%> +(1 — ¢) log, <1%q> is the entropy function.This
index was first proposed by Theil et al. (1971) and has been applied, among
others, by Fuchs (1975) and Mora and Ruiz-Castillo (2003, 2004). This index,
is characterized by Frankel and Volij (2011).

Entropy The Entropy index is obtained by normalizing the Mutual Information
index so that it takes on values between 0 and 1:

MI(X)

MO =5p1-py

This index was proposed by Theil (1972) and Theil and Finizza (1992).

Isolation The Isolation index is defined by
Pn — P
1(X) = b,——. 4
)=S0 (4)

It was proposed by Bell (1954).

3.2 The many formulations of the Isolation index

The Isolation index appears in the literature under various equivalent formulations.
Bell (1954) used the formulation that appears in (4). Gentzkow and Shapiro (2011)

formulates the Isolation index as

1(X) = B, B, W, B,
N B B, + W, W B, +W,’
N neN

ne

Reardon (2011) shows that the Isolation index can also be written as

ZnEN TnPn (1 - pn)

I(X) =1 - S (5)

Letting x be the random variable that takes on the value 1 if an individual is black

and 0 if he is white, we see that var(xz) = P(1—P) and var(z|n) = p,(1—p,). Recall
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that the variance decomposition states that var(x) = E [var[z|n]] + var(E [z|n]).

Therefore the Isolation index can be written as

I(X) = %&W (6)

and is also known as the variance ratio. It is clear from this formulation that
I(X) € [0,1].
Finally, by some algebraic manipulation, it can be checked that the isolation index

can be equivalently written as

(7)

For a proof, see the appendix.

4 Axioms and main result

In this section we propose a number of properties that a segregation order may

satisfy.> Most of them are widely accepted in the literature.

Symmetry (SYM) A segregation ordering satisfies Symmetry if the segregation
in a city is unaffected by relabeling the races: (B, Wy)nen) ~ (Wh, Bn)nen)-

It is clear from formulation (7) that the Isolation index satisfies Symmetry. (It

is also clear from (5) and (6)).

Scale Invariance (SI) A segregation ordering satisfies Scale Invariance if a city’s
segregation is unchanged when the number of agents is multiplied by a posi-

tive number in all neighborhoods: for any a > 0, ((B,,, Wy, )nen) ~ ((Bpn, oW, )nen)-

Since the ethnic distribution of a neighborhood is unaffected by a multiplication

of its residents by a positive constant, the Isolation index satisfies SI.

3With some abuse of language, we will say that a segregation index satisfies a property if its

induced segregation order does.



The next axiom states that dividing a neighborhood into two, cannot decrease
the segregation of tha city. Moreover, it increases its segregation if and only if the
two neighborhoods have the same ethnic distribution. This axiom is equivalent to
the principles of Organization Equivalence and of Transfers advocated by James

and Taeuber (1985).

Neighborhood division property (NDP) Let X € C be a city and let n be one
of its neighborhoods. Let Y be the city that results from dividing n into two
neighborhoods, n; and ns. If ny and ns have the same group distributions
then X and Y are equally segregated. Otherwise, Y is more segregated than
X. Formally, if p,, = pn,, then Y ~ X. Otherwise, Y > X.

Since the function f(x) = x(1 — ) is strictly concave, using the formulation (5)
it is easy to see that the Isolation index satisfies NDP. Indeed, let X be a city and
let Y be the city that is obtained from X by parititioning neighborhood n into two

neighorhoods, ny; and ny,. Then, denoting by P their common proportion of blacks,

T f (Pn) = Tni f (Pny) — T f (Pny)
7P)
T (S (00) = 22 F(0) = 222 £ ()
7(P)

1Y) - I(X) =

> 0.

where the inequality follows from the concavity of f and from the fact that p, =
%pnl—k%pnz. If pn, # pn,, the inequality is strict, by strict concavity. If p,, = pn,,
then p,, = pp, =pp and 1(Y) — I(X) = 0.

The next axiom states that under limited conditions, adjoining the same set of
neighborhoods to each of two different cities does not affect which of the two cities is
more segregated. Alternatively, it states that if a city is composed of two subcities,
and the residents of one of them are redistributed within the subcity itself in a way

that its segregation decreases, then the segregation of the whole city decreases as

well.



Independence (IND) Let X, and Y be two cities with the same number of blacks
and the same number of whites. Then, for all cities Z, X = Y if and only if
XUZ=YULZ.

The Isolation index satisfies IND. To see this, let X and Y be two cities with the
same population and the same ethnic distribution. That is, Bx = By and Wx =
Wy (and therefore P(X) = P (Y)). Let Z be another city. Letting f(x) = z(1 —x)

and using the formulation (5)

ZneN(XuZ) Tnf (Pn) > ZneN(YuZ) Tnf (Pn)

I(XUZ) > I(YUZ)e1—

f(P(XUZ)) - f(P(YuUZ))
= n
ne; BXuz+WXuZ ne;(y BYUZ+WYUZf(p )
B, +W B, + W,
& < 2T,
Z BX+WX )—ne%y)By+Wyf(p)
B, +W, B, + W,
& f(PX) = Y S fp) = f(PY) = Y S fp
neN(X) Bx +Wx neN(Y) By + Wy

n)

= F(P(X)) = F(PY))
& I(X) > I(Y).

The last axiom states conditions under which two two-neighborhood cities, each
with one black ghetto and one mixed neighborhood, are equally segregated. Con-
sider one such city. If the city were fully integrated, the exposure of whites to
blacks would be P. However, since whites are exposed to blacks only in the mixed
neighborhood, their actual exposure to blacks is the proportion of blacks in that
particular neighborhood, denoted p,,. The axiom posits that two two-neighborhood
cities, each with one black ghetto and one mixed neighborhood, are equally segre-

gated if the ratio of actual to potential exposure to blacks is the same. Formally,

Relative Exposure (RE) Let X = ((B,,, W,,), (B,,0)) be a city with a total
population of 1, composed of one mixed neighborhood and one black ghetto,

and denote by P the proportion of blacks in the city and by p,, the proportion

f(P(X)) - ZnEN(X) BBxiWX (pn) > f(PY)) - ZneN(Y) BBYi—WYf(pn)



of blacks in the mixed neighborhood. Similarly, let X’ = <(B;n, W'y, (B;, O)>
another such city, and denote by P’ the proportion of blacks in it and by p!,
the proportion of blacks in its mixed neighborhood. The segregation ordering

satisfies Realtive Exposure if

/
%’”:%;»XNX’.

The Isolation index satisfies Relative Exposure. Indeed,

/ Bm B;n
Pm  _ Pm o BntWm Bt Wn
P P B,+B, B,+B
B By,
N Bn+By  _ _ ButB,

By + W, DB+ W,

b b ,

TTm m

where the last implication uses formulation (7) and the fact that w,, = w!, = 1.

We are now ready to state our main result.

Theorem 1 The Isolation ordering is the only ordering that satisfies Symmetry,
Scale Invariance, Neighborhood Division Property, Independence, and Relative Fx-

posure.

Proof. We have already seen that the Isolation index satisfies the foregoing axioms.
In order to see that it is the only one so do so, let = be a segregation ordering
that satisfies SYM, SI, NDP, IND, and RE. We will show that it is the Isolation
ordering. We first define for each P € (0, 1), two special cities with the same ethnic
distribution. The first one is X(P) = {((P,0),(0,1 — P)) and the second one is
X(P) = ((P,1—=P)). The former is a completely segregated city that consists of
two ghettos, and the latter is a completely integrated, one-neighborhood city.

The following two lemmas are direct consequences of the axioms. Similar ver-
sions appear in Frankel and Volij (2011). The first one follows from SI and NDP,

and its proof is left to the reader.
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Lemma 1 Let X be a city with ethnic distribution (P,1 — P). Then
1. X(P) = X = X(P).

2. If all the neighborhoods of X have the same ethnic distribution, then X ~
X(P).

3. If every neighorhood of X is a ghetto, then X(P) ~ X .

Note that for all a € (0,1), aX(P)U(1—a)X(P) = {(a, @), (1 — «,0), (0,1 — a)}.
With some abuse of notation we shall identify aX(P)U(1—«a)X(P) with X, if « = 1,
and with X, if o = 0. More generally, we shall identify a collection ((B,,, Wy)nen)

with the city that is obtained from it by ignoring the pairs (B, W,,) = (0,0).
Lemma 2 For any o, 8 € [0,1], a > 8, and for any P € (0,1),

BX(P)U (1 = B)X(P) = aX(P) U (1 — a)X(P).

Proof. By NDP, X(P) = X(P). By SIL, (a — 8)X(P) = (o — B)X(P). Since the
numbers of members of each group are equal in city X(P) and in X(P), they are
also equal in city (o — 8)X(P) and in (o — 8)X(P). So by IND,

BX(P)U (0 — B)X(P) U (1 — ) X(P) = BX(P) U (a ~ AX(P)U (1 - a) X(P).
But since by NDP,
BX(P)U (o — BX(P) U (1 — a) X(P) ~ BX(P) U (1~ §) X(P)
and
BX(P)U (0 — HX(P)U (1~ a) X(P) ~ aX(P) U (1 — a) X(P)

the result follows by transitivity. m

Proposition 1 Let X = ((Pb,(1 — P)w),(P(1—15),0),(0,(1—P)(1—w))) be

a city with one mized neighborhood and two ghettos where (b,w) € [0,1]* and

P € (0,1). There exists a unique ax € [0,1] such that X ~ axX(P)U(1—ax)X(P).

. . . bw
Further, this unique ax is g —py -
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Proof. Uniqueness follows from Lemma 2. For existence, there are two cases.
Case 1: Suppose b = 0 or w = 0. In this case X is composed exclusively of ghettos.
Therefore, by Lemma 1 X ~ X(P) and we have ayx = 0 = m.

Case 2. Suppose bw # 0. By SYM, we can assume w.l.o.g. that b > w. Let
o= :—Z, where 7, = Pb+ (1 — P)w is the proportion of the population that resides

in the mixed neighborhood, and let

Y = aX(P)U(l-a)X(P)
= ((aP,a(l1 = P)),((1 —a)P,0),(0,(1 —a)(l - P)))

- (o) (=2 p) (1 (= 20) 0-m)

We shall show that X ~ Y and therefore « is the ax we are looking for.

The number of whites in the ghetto of X and in the ghetto of Y are, respectively,
(1-P) (1 —w) and (1 - %) (1 — P). Since b > w, their difference is non-negative
and given by

b 1-P)? (-
Aw:(1—P)(1—w)—(1——'“’)(1—13):“]( Jo=w) o

Tm

Similarly, the number of blacks in the ghetto of ¥ and in the ghetto of X are, re-
spectively, (1 — g—:) P and P (1 —b). Since b > w, their difference is non-negative

and given by

A“:@—EE)P—Pofwy:Ef%fﬂzza
0.0 P)1—w)) — (0,A,)U (0, (1 _ b—“’> (1- p)) |
((ué%)ag S (A 0)U(P(1—5),0).

Therefore, by NDP,

X = ((Pb,(1=Pw),(P(1=15),0),(0,(1=P)(1—-w)))
AJ<@aﬂ—mm4PO—®ﬂ%&A@«@<Lly)G—PO>
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and

Y = <<i—ip,i—:(1—13>>,((1—i—:) P,O>,<O, (1—2—:) (1—P)>>

~ <<Z—Zp,i—:(1_za)> (A, 0), (P (1—1),0), <o, (1_51—:) (1—P)>>.

Therefore, by IND and SYM,

X~Y & ((Pb(1-Pw),(0,A,)) ~ <<b—wp, bwy - P)> ,(Ab,0)>

Tm Tm

Tm Tm

bw _ bw
& (1= P o) ~ (2R 2= 1) (800) ©
In order to show that (8) holds, we will make use of RE. Denote

Z = (L= P, Pb), (8,0)
7 = ((Zr20-p).@u0),

Tm  Tm
The black proportion in the mixed neighborhood of Z and of Z’ are, respectively,
(1—-Pw

m (2

(2 = G Pjw+ P

(2 = P.

The overall black proportion of Z and of Z’ are, respectively,

P(2) = (1 -Pw+A, _ w(l—P)
 (1—=Pw+Pb)+A, bP2+w(l—P?)
wp A P
P(Z/) _ an b _ Tm '
i sV bP? +w (1l — P?)
Therefore,
w(1—P) 9 9
pm(Z)  Porapw  Po+(1—-Puw
- w(1—P - _
P(Z) —bP2+(w(1—)P2) Pb+ (1 - P)w
and
pm(Z') P P+ (1-PHw

- P(bP+w(1-P)) _ :
P(Z)  PGPreoP)  Ph+(1- P

Therefore, by SI and RE, (8) is true, and consequently X ~Y. m

The next proposition generalizes Proposition 1 to cities with more that one

mixed neighborhood.
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Proposition 2 Let X = (J ((Pbi, (1 - PYu))U((P (1 — X1 5,0, (0, (1 - P) (1 — X0 wy)))
i=1
be a city with n mixed neighborhoods and two ghettos, one for each group, where

P e (0,1), and bj,w; € [0,1] fori=1,...,n, with > b <1 and >  w; < 1.
There is a unique ax € [0,1] such that X ~ axX(P)U(1—ax)X(P). Further, this

; ; n biw;
unique oy is Y . e el

Proof. Let X = g (Pbi, (1 — P)wU((P (1 — 327 5,),0), (0, (1 — P) (1 — 3" w,)))

be a city with n mixed neighborhoods and two ghettos. If we adjoin (n — 1) X(P) =
(P(n—1),0),(0,(1 = P)(n—1))) to it, we obtain

i=1 =1
~ Q ((Pb;, (1 — P)w;)) U <(P(n - i}bi),o), (0, (1— P)(n— iwl)» by NDP
_ Q((sz,( P)w;)) U <(P§;(1 ~:),0), (0,(1 - p)lZ@ —w)))
~ LnJ ((Pbi, (1= P)w;), (P(1=1b;),0),(0,(1—P)(1-wy))) by NDP.
By Pzrolposition 1, for each i = 1,...,n, there exists a; = be(l—uip) € [0,1] such

that
((Pby, (1= Pywi), (P (1= 1b;),0),(0, (1= P) (1 —w))) ~ aX(P) U (1 - a;)X(P).
Therefore, by IND applied n times

XU -1)X(P) ~ U<aX U (1 — a)X(P))

~ (i O‘i>)—((P) U (i(l - ai)))_((P) by NDP

~ (ﬁ: 0 )X(P)U (n—1+1- i o) X(P)

~ <§": O‘i)—(P) U (n—1)X(P)U (1 - ozz-))_((P) by NDP.



Finally, by IND

n

X ~ (Z al-))_((P) U (1 -y ai>)_((P) = axX(P) U (1 — ax)X(P)

=1 =1

3

n bijw;

i=1 Pb; 1 (1-P)w;” W

where ax =)

The previous propositions allowed us to compare cities with the same ethnic
distribution. The next one will allow us to compare cities with different ethnic

distributions.

Proposition 3 For all a € [0,1] and for all P, P’ € (0,1), we have that
0 X(P)U (1~ a)X(P) ~ aX(P') U (1 — a)X(P).

Proof. Let a € [0,1] and let P, P’ € (0,1). Find b € [0, 1] such that

X ~aX(P)U (1 —a)X(P) (9)

where X = ((P(1—1),0), (Pb,1 — P)). By Proposition 1,

b= (1-P)a
 1—-Pa’
Similarly, find ¥’ € [0, 1] such that
X' ~aX(P)YU(1—a)X(P) (10)

where X' = ((P'(1 =¥),0), (P'V,(1 — P’))). By Proposition 1,

Y (1-Pa
1—Pa
It can be checked that
Pb Py
Po+(1-P) Py +(1—P)

Therefore, by RE, X ~ X’  which implies, by (9-10), aX(P) U (1 — a)X(P) ~

aX(PHYU(l—a)X(P). =

The next corollary will allow us to define an index that represents our segrega-

tion ordering.
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Corollary 1 Let X € C. There is a unique ax such that X ~ axX(1/2)U (1 —

ax)X(1/2).

Proof. Let X € C. Let (P, (1 — P)) be its ethnic distribution. By SI, we can
assume w.l.o.g. that it has a population of 1. Further, by NDP, we can assume

that it has the following form

X = ((Pbr, (1=P)wy), -+, (Pby, (1=P)uw,), (P(1 Zb 0), (0.-P)(1- iw)>>

i=1
By Proposition 2 there is a unique ay such that X ~ axX(P)U (1 — ax)X(P).
By Proposition 3, X ~ axX(1/2) U (1 — ax)X(1/2). =

We now continue with the proof of the theorem. Let X,Y € C. By Corollary
1, there are numbers ay and ay such that X ~ axX(1/2) U (1 — ax)X(1/2) and
Y ~ ayX(1/2) U (1 — ay)X(1/2). By Lemma 2

X=Yel—-ax>1—ay

which implies that the index S : C — R defined by S(X) = 1 — ax, where ax is
the number identified in Proposition 1 represents the segregation ordering =. By

Proposition 2
n
biwi

1—aX:1—

Since Pb; + (1 — P)w; = m;, we obtain that 1 —ax = I(X). =

4.1 Independence of the axioms

In this section we show that the axioms used in Theorem 1 are independent.

Symmetry Consider the index

Si(X) = Z \/\/_iun

_ ZnEN 7T”\/m(l _pn)
VP (1—P) '
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This index satisfies all the axioms except for Symmetry. It satisfies SI since the
black and white proportions do not change when the population is uniformly
multiplied by a constant. The fact that it satisfies NDP follows from the strict
concavity of the function f(p) = /p(1 — p). The proof that it satisfies IND
follows from the additivity of the index and is analogous to the proof that
the Isolation index satisfies the axiom. Finally, to see that it satisfies RE,
let X = ((B1,W),(Bs,0)) and X' = ((B},W’),(B5,0)) be two cities with
unit population, composed of one mixed neighborhood and one black ghetto.
Denote by P the proportion of blacks in X and by =, and p,, respectively,
the proportion of the population that resides in the mixed neighborhood, and

/
m)

the proportion of all blacks there. Similarly, Let P’, n/ , and p/, the same
proportions for X’ and assume that p,,/P = p. /P’. Note that for these
cities, we have that

1—pm |44 1

—Im — (B — =1 11
Tmi—p — DAV pTary (11)
1—p, w1
o~ B e = (12)

and that the proportion of whites in the ghettos is 0. Therefore,

Pm %jl__mnzl_vplm
PP VP TP

_ / _
1—wm—V\/p]_?11_p];“:1—7r;1\/_”]’;’;11_];§; by (11-12)
<~ Sl<X):Sl(X/)

(3

Scale Invariance Consider the index defined by Sy(X) = Tx * I(X), where T
stands for the total population of X. Since I satisfies SYM, GDP, IND and
RE, so does S,. It is clear that it violates SI.

Neighborhood Division Property Consider the index defined by S3(X) =1 —
I(X). Since I satisfies SI, SYM, IND and RE, so does S3. It violates NDP.

Independence For any cith X, let a(X) denote the city that is obtained from
X by aggregating all the neighborhoods with the same ethnic distribution
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into one neighborhood. Consider the index defined by Sy (X) = I(X) +
number of ghettos (a(X)). It satisfies SYM, SI, NDP and RE since so does

I. To see that is does not satisfy IND, consider the following cities:
X = <(17 2) ) (17 0)> )
= ((2,1),(0,1)),
= ((0,1)).
We see that X and Y have the same population and ethnic distribution and

that both have a single ghetto. By SYM and IND of I, I (X) = I (Y), and
I(XUZ)=1(YUZ). Therefore

Su(X) = I(X)+1=I(Y)+1=8,(Y).

However, since a(X U Z) = ((1,2),(1,0),(0,1)) and a(Y U Z) = ((2,1),(0,2))

we have that

Sy (XUZ)=I(XUZ)+2>1I(YUZ)+1=5,(YUZ).

Relative Exposure It is well known that the Entropy index satisfies SI, SYM,
GDP, and IND. By Theorem 1, it violates RE.

5 Appendix

The Isolation index can be written as in (7). Indeed, By (5),

ZneN TnPn (1 - pn)
P(1—P)
Bn+Wn Bn Wh
- 1_ Z B+W Bp+W, Bn,+W,

I(X) = 1-

B W
neN B+W B+W
1
= 11— B+ W)bw,————
2 (B+W) Un B+ W)
neN
bywy,
= 1- .
>
neN
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