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Abstract

We consider r-stage elimination contests in which different prizes are awarded at each stage. When
an agent wins a contest at any stage, he is eliminated from competing in subsequent stages. At any
stage, each agent makes a long-term effort, and his chances of winning the competition are determined
by the relationship between his output and the outputs of the other competitors, where each agent’s
output in any stage is a function of all of his efforts prior to and including that stage. We analyze the
agents’ strategies in light of the prize allocation across the stages, specifically, the conditions under which
agents decide to improve their outputs by exerting positive effort at various stages. We also investigate
the optimal prize allocation across stages for both the agents who maximize their expected payoffs and
the designer who maximizes the agents’ total output.
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1 Introduction

When an agent competes in multiple sequential contests, he does not necessarily need to make some effort
in each stage, and his chance of winning may be based on the effort (output) he made in the first stage or on
other efforts he made in previous stages. In other words, an agent must make at least one effort to produce
some output in order to compete in multiple contests held sequentially; his chance of winning is determined

by his own output as well as that of his opponents. However, each agent can improve his output at any stage



by putting in more effort and thus increasing his chances of winning. In such sequential contests, an agent
can only win one; once he does, he is removed from the remaining contests.

Sequential contests have numerous applications, as agents can make a single effort (output) for multiple
contests. Consider, for example, a researcher who has completed a scientific paper and wishes to submit it
for publication. If the paper is rejected, the researcher has the option of improving it based on the comments
he received in the previous round, or not making any changes and submitting it to a new journal as it
is. A similar scenario occurs when a young researcher completes his Ph.D. studies and applies to several
departments at different universities. He presents his thesis, which could be followed by an interview and
an oral presentation. Naturally, once he had received his offer, no other universities would consider him. If
he is not accepted at one university, he may apply some of the criticism directed at his research, or he may
simply move on to the next without making any new efforts.

We study such elimination contests using long-term efforts. In our elimination contests, each agent can
only win in one stage (contest), and the winner of each stage receives a prize based on the agents’ outputs,
as determined by the Tullock success function for contests. When an agent wins a contest, he is removed
from the list of agents who will compete in subsequent stages (contests). Each agent must make a single
effort to produce some output and compete in multiple contests, but he can do so at any stage and thus
improve his output, which means that if he adds some effort in one stage to his efforts in previous stages,
all of his efforts up to and including that stage affect his output in the current stage and all subsequent
stages. In our previous example, a researcher wrote a scientific paper and submitted it to a journal, but the
paper could be rejected. The researcher then revises the manuscript before submitting it to another journal.
Both efforts—the initial paper writing and the revision—have an impact on the quality of the paper and its
chances of acceptance in the next submission, as well as any subsequent submissions that may be required.

We begin by considering our elimination contest, which consists of two stages and a general set of output
functions. We provide a sufficient condition on the ratio of marginal outputs in both stages such that the
agents make no additional effort in the second stage, and their output is solely determined by their efforts in
the first stage. We then explicitly calculate this condition for agents with weighted additive output functions,

where the marginal outputs in relation to their efforts at each stage is fixed. In particular, we obtain that



agents are not active in the second stage if the marginal outputs in relation to the efforts in both stages are
equal. However, when agents are active in the second stage, their total output is greater than when they are
not. We also demonstrate that if agents exert positive effort in the second stage, allocating the larger prize
in the second stage maximizes their total output. Because it is always best for each agent if the first prize is
the lowest, we conclude that both the agents and the designer prefer that the lower prize be awarded first,
followed by the higher prize. This order maximizes the agents’ expected payoffs and their total output.

We then consider elimination contests with any number of stages (r > 1) and additive output functions,
which means that the marginal output in relation to the effort in each stage is identical and equal to 1. We
provide several claims that show both quality and quantity results for the agents’ activity. For example,
we provide a condition based on the values of prizes according to which agents do not make any effort in
any stage s (s < ). On the other hand, if an agent makes a positive effort at any stage, we set a limit on
his total effort up to and including that stage. Similarly, if agents make positive efforts in two consecutive
stages, s and s + 1, we provide the exact value of their total effort up to and including stage s; on the other
hand, we provide a condition under which agents do not make positive efforts in two consecutive stages.

Based on our analysis of r-stage elimination contests, we find sufficient conditions that agents make
positive efforts only in the first stage and are inactive in subsequent stages. Such an elimination contest is
the same as a one-stage competition with multiple prizes. Then, unlike our result for two-stage elimination
contests with a weighted additive output function, we find that the total output is maximized when the
first-stage prize is the highest. However, the agents still want the first prize to be the lowest. In fact, even
in other elimination contests where agents put forth effort beyond the first stage, the conflict between the
designer and the agents over the order of the prizes occurs in the majority, but not all, of them. It can be
shown that if we have two vectors of the same prizes and the agents do not make a positive effort in the first
stage, the designer and the agents may desire the same vector of prizes, namely, prizes in the same order.

To summarize, consider a researcher who submits his paper first to the most prestigious journal, and
then if the paper is rejected, he may improve the paper and submit the revised version to a less prestigious
journal, and so on, until the paper is accepted to a journal where its final version is significantly better than

its initial version, and the paper in its current version is more likely to be accepted to a more prestigious



journal, which is preferable from the researcher’s standpoint. Is it better for a researcher to start with the
least prestigious journal and then submit the revised version to a more prestigious journal at each subsequent
stage, which may result in a higher expected payoff but is not preferable from the designer’s standpoint? Our
findings indicate that the answers to these questions are ambiguous and are determined by a combination of
the value of the prizes (the prestige of the journals) and the marginal values of the agents’ outputs (the levels
of comments in the revisions and the researchers’ abilities to apply them) at each stage of the elimination

contests.

1.1 Related literature

Our elimination contest is part of a large body of literature on elimination contests. One of the issues with
elimination tournaments is determining the optimal agent seeding. Rosen (1986) investigates an elimination
tournament in which the probability of winning a match is a random function of the agents’ efforts. He
discovered numerically that a random seeding results in a greater total effort than a seeding in which
strong agents face weak agents in the semifinals. Gradstein and Konrad (1999) investigate elimination
tournaments in which homogeneous agents compete against one another in a Tullock contest and discovered
that simultaneous contests are clearly superior if the contest’s rules are sufficiently discriminatory (as in
an all-pay auction). Groh et al. (2012) study a two-stage elimination tournament with four heterogeneous
agents and discovered the optimal seeding that maximizes either the strongest agent’s winning probability,
total effort throughout the tournament, or the likelihood of a final between the two top agents. Cohen et
al. (2023) study a model of two interdependent contests in which the winning values are determined by the
types (abilities) of both winners. They found for different winning value functions how the designer seeds
players according to their types in order to maximize (minimize) the total effort. In our model, as in Fu and
Lu (2012), the designer has no control over agent seeding, and the winner of the previous stage is eliminated
at each stage.

Another issue in elimination tournaments under incomplete information is information disclosure. Zhang
and Wang (2009) look into how information revelation rules influence the existence and efficiency of equilibria

in two-round elimination all-pay contests. They demonstrate that the no-revelation rule is both efficient and



optimal in maximizing the total effort of the contestants. Fu and Wu (2022) consider a two-stage Tullock
contest in which only a subset of the contestants advance to the final round. They investigate the optimal
policy for disclosing contestants’ interim status following the preliminary round, specifically identifying the
conditions under which disclosure or concealment emerges as the optimal option. Information disclosure
is only one factor influencing agents’ performance in elimination tournaments. Cohen et al. (2018), for
example, demonstrate that in two-stage elimination Tullock contests, in order to maximize the expected
total effort, the designer can give the winner of the first stage a head start when competing against the
other finalists in the second stage, and this always increases the players’ expected total effort. Sela (2023)
investigates the effect of the timing of the competitions in the first stage on the agents’ expected payoffs and
total effort, in which the players are divided into two all-pay contests, the winners of which interact with
each other in the second stage. In our model, at each stage, all of the agents who have not won compete
against one another in a single competition, so timing is irrelevant.

The issue with elimination tournaments that is more relevant to our paper is the optimal prize distri-
bution. In one-stage contests with linear cost functions, in the most common contest forms, it is optimal
to allocate the entire prize sum as a single prize, a single punishment, or a combination of a single prize
and a single punishment (see, for example, Clark and Riis 1996, Barut and Kovenock 1998, Moldovanu
and Sela 2001, Moldovanu et al. 2012, Liu et al. 2018, Sela 2020, and Liu and Lu 2023). Some of these
works imply, for example, that if multiple prizes are awarded, the prize values must decrease, i.e., the agent
in first place wins the highest prize, the agent in second place wins the second highest prize, and so on.
Cohen et al. (2023), for example, show that in all-pay auctions with heterogeneous prizes, the value of the
second prize may have a non-negligible effect on the identity of players with positive expected payoffs, but
the values for the first (larger) prize have the greatest effect and thus should be higher than the values of
the second prizes. In elimination contests, Moldovanu and Sela (2006) demonstrate, for example, that if the
designer maximizes the expected highest effort and there are enough competitors, it is optimal to divide the
competitors into two divisions and hold a final between the two divisional winners, with the winner receiving
the entire prize sum. Fu and Lu (2012) demonstrate that the optimal contest eliminates one contestant at

each stage until the final round, and the winner of the final receives the entire prize sum. Lu et al. (2022)



compare the winner-leave and loser-leave procedures for allocating a sequence of fixed prizes in multi-stage
nested Tullock contests, and demonstrate that both procedures maximize effort by allocating one prize in
each stage. In contrast to previous literature, we demonstrate that in order to maximize the agents’ total
output, the values of the prizes in our elimination contests should not necessarily decrease, and may even be
increased in stages, with the first prize being the lowest. The optimal prize order is determined by the form
of the agents’ output functions, specifically the marginal outputs in relation to the efforts at each stage of
the elimination contests.

There are one-stage models in which each agent selects more than one type of effort, and each agent’s
chance of winning is determined by a combination of all of these efforts (for example, Arbatskaya and Mialon
2010, and Husken 2020). However, only a few models, such as ours, account for multi-stage models in which
agents can exert multiple efforts in multiple stages, and the chance of each agent winning in a single stage
is determined by the agents’ efforts in all preceding stages. Yildrim (2005), for example, studies two-stage
contests in which agents can supplement their previous efforts after observing their opponents’ most recent
efforts in the intermediate stage. In his model, the winner is determined by each agent’s total effort across
both stages. Arbatskaya and Mialon (2012) investigate a two-stage contest model in which agents choose
efforts in long-run activities, observe each other’s efforts in these activities, and then select efforts in short-run
activities. In their model, an agent’s output is defined as a multiplicative function of long-run and short-run
efforts that combine to determine the agent’s likelihood of winning. In both of these multi-stage models, a
single winner receives only one prize, whereas we assume multiple prizes for winners at each stage of the
elimination contest.

Knyazev (2017) and Klein and Schmutzler (2017) are the most closely related papers. Knyazev (2017)
considers multi-stage elimination contests in which agents’ efforts at each stage produce some output for the
principal. He demonstrates, similar to our findings, that the optimal prize structure can be non-monotone,
meaning that at some stages, prizes decrease over time. However, his model differs significantly from our
elimination contest. In his model, there is no correlation between the stages for the agents, because their
winning probabilities in each stage are solely determined by their efforts in that stage, rather than, as in

our model, by their efforts prior to and during the relevant stage. As a result, in his model, the unique



symmetric equilibrium in every stage does not depend on the prizes at all earlier stages, whereas in our
model, the symmetric equilibrium in any stage depends on all the prizes prior and including the relevant
stage. Klein and Schmutzler (2017) investigate a two-stage contest in which two agents compete in a rank-
order tournament at each stage. Similar to our model, they assume that the probability of winning in the
second stage is determined by the agents’ efforts in both stages. In their model, they take into account both
general contest success and cost functions. On the other hand, in their model, there are only two players and
two prizes; there is no elimination, so each player can win both prizes, whereas in our model, the winners are
eliminated, so each player can only win one. In their model, our assumption that each player can only win
one prize renders the analysis trivial because each player will win one prize, and their two-stage contest will
be equivalent to a one-stage contest with a single prize equal to the difference between the prizes in both

stages.

2 Elimination contests

Consider n symmetric agents competing sequentially in r > 2 stages. In each stage j, agents compete for a
single prize v;, j = 1,...,r. an agent can only win one prize, and once he does, he is eliminated from all the
contests in subsequent stages. In stage j, agent 7 observes the efforts of other agents prior to this stage and
decides to exert an effort of y;; > 0 with a one-time cost of ¢(y;;) = ;. Each agent ¢ has an output in the
contest of stage j that depends on all the efforts he exerted until and including that stage; that is, agent
©’s output in stage j is g((yik)izl) : R — R, where (yik)izl is the vector that includes all the efforts of
agent ¢ until and including stage j, and the output function 9((yz‘k)i:1) is quasi-concave and monotonically
increasing in each element of this vector of efforts. Thus, in particular, an agent can win in some stage 7 > 1
even if he makes no effort in that stage but makes some effort in previous stages. If all of the agents do not
make a positive effort until and including a certain stage, no one wins any of the prizes until that stage, and
all of the agents move on to the next stage. The lottery success function, which takes into account all of the
agents’ outputs in the first stage, determines the winner of the first contest. The lottery success function
determines the winner of the second contest, which is based on the outputs of all the agents in the second

stage except the first stage winner, and these outputs are based on the agents’ efforts in both the first and



second stages. The elimination process will continue until the winners of all stages are determined.! This
competition will be referred to as the r-stage elimination contest.
Then, agent 1’s maximization problem in stage s,s = 1,2,...,r, given that he participates in that stage,

is

max » v, 9((y1k)i:1) j_l _ 9((Y1x) 1)
wez;’ i)+ - i) L i) + (o D) Ezy“’ W

In stage j, y1; represents agent 1’s effort, while y; represents the symmetric effort of all other agents,

j=1,..,r.

3 Two-stage elimination contests

We first focus on n agents who compete in two-stage elimination contests. By (1), the maximization problem

of agent 1 in the first stage is

9(y11) 9(y11) 9(y11,Y12)
max vy +va(l— — Y11 — Y12, (2
S G+ =g T g + (- D) 9) + (0 - 2g0r ) )
where y; represents the symmetric effort of all agents in stage j = 1,2 (excluding agent 1). Agent 2’s
second-stage maximization problem, given that he did not win the first stage, is
max vy 9(3/117 Z/12) — Y19. (3)

viz gy, y12) + (n— 2)g(y1, y2)

Denote g, (y1,9y2) = Ty 4 g(y1,90) and g,, (1, y2) = T -4 g(y1,92). Then we can show that

Proposition 1 In a two-stage elimination contest with an output function g(y1,y2), if vi(n — 1) > vy and
NGy, (Y1,y2) < (n—1)gy, (¥1,y2) for all y1,y2 € R4, in the symmetric equilibrium, the agents do not make a

positive effort in the second stage, namely, yo = 0.

Proposition 1 states that if (n — 1) times of the marginal output of the effort in first stage cannot exceed
n times of the marginal output of the effort in second stage, no agent will make a positive effort in the

second stage. We will show later that even if the marginal output of the effort in the first stage y; is smaller

1A contest with such a metohd of prize allocation is also called "multi-stage nested Tullock contest " (see Clark and Riss

1996, Fu et al. 2014, and Lu et al. 2022).



than the marginal output of the effort in the second stage yo for all y;,y> € RE, this may not be enough
to ensure that the agents improve their initial outputs by making additional efforts in the second stage. To
determine the threshold for investing effort in the second stage, we use a weighted additive output function
9(y1,y2) = ayr + By where a, f € Ry. Then, in the second stage, we determine whether it is necessary and

sufficient for agents to improve their initial outputs by exerting additional effort.

Proposition 2 In a two-stage elimination contest with a weighted additive output function g(yi,y2) =
ayr + By, if

1) vi(n —1) > v,

and

298>k (nn-1)+ L n-1)-u) &) > 1,

the following symmetric equilibrium efforts in both stages

= /8 n — v — v
o= n%—n(n—l)a(( vy — v2) (4)

Y2 = <n26—na(n—1) ((nl)v102)+(n1)2(n2)>

In this scenario, each agent’s effort in the first stage (y1) decreases in the marginal output functions (3, while

their effort in the second stage (y2) increases in (5.

E n—2

If , on the other hand, g < 7%2 (n (n—1)+ L (v (n—1)—vy) (n=1)* ), the symmetric equilibrium efforts
in both stages are

i ﬁ(vl(n—l)2+vg(1—3n+n2)) (5)

y2:0.

We now study the optimal prize order in two-stage elimination contests with weighted additive output

functions. We begin with the following example:

Example 1 Consider a two-stage elimination contest with five agents and a weighted additive output func-
tion,

91, y2) = y1 + 3.



The two prizes have the values v1 = 2,v9 = 1. According to Proposition 2, the symmetric equilibrium efforts

in both stages are

3 27
Y1 = 23; Y2 = 2207
then, the agents’ total output is

E = 5y1 + 4(3y2) = 2.125.

If we replace the values of the prizes such that vi = 1,v2 = 2, according to Proposition 2, the symmetric

equilibrium efforts are

6
y1_55; y2_440,

then, the agents’ total output is

E = 5y1 + 4(3y2) = 4.609

Thus, the optimal order of the prizes that maximizes the agents’ total output is the lower prize v = 1 in the

first stage, and the higher prize vo = 2 in the second stage.

In cases where the second stage’s marginal output, [, exceeds the first stage’s marginal output, «,
designers may prioritize the second stage competition to maximize total output. In this case, the higher
prize may be allocated in the second stage. The following result establishes a sufficient condition for allocating

the higher prize in the second stage to maximize total output.

Proposition 3 In a two-stage elimination contest with a weighted additive output function, g(y1,y2) =

ayr + By, zfg > 7(1?;71)22), the marginal output of the second prize vy is larger than that of the first prize

v1. In particular, if agents make positive efforts in the second stage, allocating the larger prize in the second

stage mazximizes total output. Then there is vo > v1, but vi(n — 1) > va.

2
Note that g =1> 1) , namely, even when the marginal output function of the efforts in the first and

= n(n—2)
second stages are the same, when the agents do not make a positive effort in the second stage, according to

Proposition 2, if the objective is to maximize the agents’ total output, it is optimal to allocate the larger prize

in the second stage.

10



3.1 Multi-stage elimination contests

In this section we consider r-stage elimination contests where 2 < r < n. Specifically, we concentrate on the

additive output function:
T
9((W)j=1) = > _ ;-
j=1

Then, by (1),agent 1’s maximization problem in stage s,s =1,2,...,r, is

i Y S >ﬁ<1 Sie i )= S

j . j Tt t
Vie G=s k=1 Y1+ (0 =) (X5 vk) 12 D k=1 Y1k + (=) (3 Yk

j=s

(6)

where 15,7 = 1,...,7 is agent 1’s effort in stage j, and y; is the symmetric effort of agent ¢, ¢ = 2,...,n in

stage j, 5 =1,...,7.

The subsequent three-stage elimination contest shows that agents are motivated to exert a positive effort

solely during the initial stage when the prize values are non-increasing throughout the stages.

Example 2 Consider a three-stage elimination contest with prizes vy,vs,vs. If the output function is addi-

tive, agent 1’s mazimization problem in stage 3 is

Y11 + Y12 + Y13

max v — Y13
ns (Y11 +y12 +y13) + (= 3)(y1 + y2 + y3) vis
By symmetry, the FOC with respect to yy3 is
-3 1
F13:v3(n )2 _1§0
m—2)%y1+y2+ys

Likewise, agent 1’s mazimization problem in stage 2 is

max vy Y11 + Y12

viz Y11+ Y12 + (0 —2)(y1 + y2)

Y11 + Y12 Y11 + Y12 + Y13
+u3(1 — )
Y11 +yiz + (0 —2)(y1 +y2) v +yi2 +yis + (0 — 3)(y1 + y2 + y3)
—(y12 +v13)-

By symmetry, the FOC with respect to yi12 is

r _ (n—3) n—2 (o (n—2)_v 1 1 )
2T P22ty n—1 C(n—12  C(n—-1)2"y +y
= (n—2) 1 1 n—2 (n—3) 1

= V2 —

; _
n—12 -0y +yp  n—1(n—22y +y+ys

IA

0,

11



and, agent 1’s mazximization problem in stage 1 is

max vy ( Y11 ) + o (1 — Y11 Y11 + Y12
Y11 yi1 + (n— 1Dy yi1 +(n— Dy "y +y12 + (0 —2)(y1 + y2)
Y11 Y11 + Y12 Y11 + Y12 + Y13

+v3(1 — 1-—
3 yii + (n— Dy yi1 +yi2 + (n —2)(y1 + yz))yu +yi2 +vy13+ (n—3)(y1 +y2 +y3)

—(y11 + vi2 + v13)-

By symmetry, the FOC with respect to yy1 is

I n—l(( (n—2) 1 ) 1 n—2 (n—3) 1
= v — Vs
. no =12 P-4y Cn—1n—-2)2y +y2+us
1( n—1 n—1 1 n—1n—2 1 -1
—(v —v - —
Y1 T2 Th2 p—1 Th2 p—1n-2
< 0

Let v = v1 = vg = v3. Then, the solution is

1 v 3 2
N -1 20n —
Y1 n2n2—3n+2(3n 5 + 20n 6)
y2 = ’y?):O7

which yields for n > 4,

Fu =0
3 —6n2+4+8n—2
r, - _n n< + 3n <0
3n% —9n2 4+ 8n — 2
r - v(n—3) 1 _1__2n3—11n2+14n—4<
Y T (=22 s (303 — 1502 +20n—6)  3n® —12n2 + 14n — 4

Consequently, in the symmetric equilibrium, the agents only exert a positive effort during the initial stage

when the prizes are identical across the stages. Similarly, it can be verified that the agents only exert positive

effort when the prizes increase across the stages.

In Example 2, the outcome that agents make positive efforts only in the initial stage appears to be

straightforward. A unit of effort in the initial stage influences an agent’s marginal revenue in all subsequent

stages, whereas a unit of effort in any subsequent stage only affects an agent’s revenue in that stage and the

subsequent corresponding stages. However, the impact of the first stage’s effort on the agent’s revenue is

significant in all stages except the first, with some probability but no certainty. For example, the effect of

12



effort in the first stage on an agent’s revenue in stage s > 1 is only applicable if the agent did not win in
the previous stage. On the other hand, the effect of an agent’s effort in stage s on his revenue in that stage
is effective with a probability of one, so it is unclear whether the effect of the effort in the first stage on an
agent’s revenue is greater than the effect of an agent’s effort in any subsequent stage.

The following result reveals several key details about the subgame perfect equilibrium of our elimination
contests with an additive output function. In particular, it provides sufficient conditions for an agent to

make or not make a positive effort at any stage (r > s > 1).

Proposition 4 In the symmetric equilibrium of an r-stage elimination contest with an additive output func-
tion and prizes of {w;}_,, we have:
1) An agent does not make a positive effort in stage v if v.—1 > v,.

2) An agent’s total effort over all the stages of the contest satisfies
I
(n—r)v,
Yi 2 5
; T (n—r+1)2

3) If an agent makes a positive effort in stage r —1 > s > 1 then his total effort until and includes stage

s satisfies

Z (n—s)vs — i 4y Vi
vi s (n—s+1)

4) An agent does not make a positive effort in stager — 1> s> 1 if

(n—s)vs < Z ;.

i=s+1

5) If an agent makes a positive effort in stage s+ 1, he makes also some positive effort before stage s + 1

(n—s)vs > E (R

i=s+1

6) If an agent makes a positive effort in two successive stages s and s +1, 1 < s <r — 2, then his total

effort until stage s satisfies

S

Z:‘/’ _ (n—s)vs — Z::erl Vi
P =

(n—s+1)

i=1

7) An agent does not make a positive effort in two successive stages s and s+ 1, 1 <s<r—1, if

(n—3s)((n—s4+1vse1 — (n—s)vs) — sz<0
1=s+1

13



We discuss the meanings of the claims in Proposition 4 in the order (1) - (7). (1) This result is derived
from Proposition 2 regarding two-stage elimination contests, which states that agents do not make a positive
effort in the final stage if the previous stage’s prize is greater than the last stage’s prize. (2) This result
provides a lower bound for each agent’s total effort in the contest, which is solely determined by the final
stage prize value. (3) If an agent makes a positive effort at some stage, this result provides an upper bound
on his total effort up to and including that stage, which is less than the prize value at that stage. (4) This
is a condition according to which agents do not make any effort in any stage if the prize in that stage is
significantly smaller than the sum of the prizes in the subsequent stages. (5) This is a condition in which
if agents make a positive effort in one stage, they must have made some efforts in previous stages. (6) If
agents make positive efforts in two consecutive stages, s and s + 1, this result specifies the exact value of
their total effort up to and including stage s. (7) This condition provides a condition under which agents

do not make positive efforts in two successive stages, s and s + 1, especially, this happens when the winning

n—s+1
n—s °

value in stage s is significantly higher than in stage s, namely, vvﬁ >

The findings in Proposition 4 provide some basic facts on the agents’ behavior in elimination contests,
and different combinations of them can lead to new results. For example, by combining (1), which states
that if the values of the prizes decrease, agents do not make a positive effort in the last stage, and (6), which
states that if the value of the prizes decrease, agents do not make positive efforts in two consecutive stages,

we get that

Proposition 5 In a three-stage elimination contest with prizes v1 > vo > v3, agents only make a positive

effort in the first stage.

Claims (4) and (5) in Proposition 4, similar to Proposition 5, provide conditions under which an agent

makes a positive effort only during the first stage.

Proposition 6 In the r-stage elimination contest with additive output functions, agents make a positive
effort in the first stage only if
1) (n—1wv > >0 _, v

2) forall2<s<r—1,(n—s)v, <30 v

14



If agents make efforts only in the first stage, by (6), the maximization problem of agent 1 is

r j—1
Y11 Y11
max vi(——————— 1-— - — Y
un ; ](y11+(n—3)y1)t:Hl( y11+(n—3+t)y1) -

where y;1 represents agent 1’s effort in the first stage, while y; represents the symmetric equilibrium effort of
the other agents in the same stage. In that case, with only positive efforts in the first stage, our elimination
contest is equivalent to a one-stage competition with multiple prizes. According to Sela (2020), the symmetric

equilibrium effort in the first stage is

T

yo= v - (H”n_ Hni). (7)

where

Then, for all j =1,...,n — 1 we have

Thus, just as in a one-shot contest with multiple prizes, where it is optimal to allocate the entire prize
sum as a single prize if the goal is to maximize the agents’ total effort (see Clark and Riis 1996), in our
elimination contest with additive output functions, winning in the j-th stage has a greater effect on the
agents’ symmetric equilibrium effort than winning in the j + 1-th stage. That is, the marginal effect of a
prize vk, 2 < k < r on the agents’ equilibrium effort is greater than the marginal effect of each of the prizes
vg, k< s<r.

By the symmetry of the agents, each agent’s expected payoff is

T i—1 .
1 n—7
= i - - - 8
U ;Un—l+1j1;[1n—]+1 Y1 (8)
— ervi ivll_(Hn Hn z Xr: Hn Hn z),
i=1 i=1 =1

where y; is the symmetric equilibrium effort. Then, we obtain that

du; du; H, ;—H,_ i 1
_ = = — — < 0.
dv;  dviy n n(n — 1)

Thus, we can conclude that
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Proposition 7 In an r-stage elimination contest with an additive output function, if the agents only make
a positive effort in the first stage, their total effort is mazximized when the first-stage prize is the highest.
The agents, on the other hand, maximize their expected payoffs when the lowest prize is awarded in the first

stage and the prize values increase in the stages.

In fact, the conflict between the designer and the agents over the order of the prizes applies to the
majority of elimination contests, but not all of them. If we have two vectors of the same prizes, and the
agents do not make a positive effort in the first stage, the designer and the agents may want the same vector

of prizes, as shown in the following example:

Example 3 Consider a three-stage elimination contest with four agents in the following two scenarios:
Case A: the prizes are vi = 20,v9 = 1,u3 = 1. Then, by (7), the agents’ symmetric equilibrium effort in

the first stage of the elimination contest is:

Yy = Zvil_(Hnn_ani)
=1
= 20() (D) (o) =2,

167 487 48’ 6

and in the other two stages, the agents do not make any effort, that is,

y2 = y3 = 0.

Thus, the total effort in this case is

2
TE = 15—,
6
and, each agent’s expected payoff is

20 13 132 23 5

1731721376 3

Case B: Consider a different prize order: vy = 1,vo = 1,v3 = 20. It is easily verified that in that case,
the agents choose not to compete in the first two stages, resulting in their equilibrium efforts in the three
stages

~ _ 15
y1 =0,92 =0,y3 = T
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Each agent’s total effort is

and, each agent’s expected payoff is
- 20 60 5
U= —— —= —
4 16 4
If an agent switches and decides to compete for one of the previous prizes, he wins at no cost, but his payoff

is smaller and equal to 1. Comparing the agents’ total effort and expected payoff, we can conclude that the

agents and the designer prefer the same vector of prizes, with the highest prize awarded in the first stage.

The last example shows that agents do not always want to make a positive effort in the first stage, and
they may prefer to start competing later. Furthermore, if the number of prizes is large in comparison to
the number of agents, and the agents do not make positive efforts in the final stages, the prizes in the final
stages reduce the agents’ efforts in the first stages as well as their overall effort. In such a case, the designer
may choose to reduce the number of stages so that the agents compete only for the large prizes awarded in
the final stages. Then, the designers and agents may prefer the same order of the prizes in the elimination

contests.

4 Parallel contests

So far, we have assumed that the agents compete in sequential r contests, with the winner of each contest
being eliminated from the next contests after winning, so that each agent can only win one prize. Consider
n agents competing in r parallel contests with prizes v;, where j = 1,...,7. Each agent ¢ makes a single effort
of y; for all contests, and unlike in the elimination contest, he can win multiple prizes. Each stage includes
a Tullock contest, and this competition will be referred to as the parallel r contests.

The maximization problem of agent 1 is

-
Y1
max » Vje—=p—— — Y1 (9)
v ; Z?=1 Yi
Agents use long-run efforts in both parallel and elimination contests. Parallel contests, on the other hand,
allow an agent to win multiple prizes, as opposed to elimination contests, which only allow for one. Despite

this, the following result shows that agents prefer elimination contests over parallel contests.
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Proposition 8 If the output function in an elimination contest with r stages is additive, each agent’s ex-

pected payoff is higher than in parallel v contests with the same prizes over the stages.

The intuitive explanation is that when an agent wins only one prize, his expected revenue is lower than
when he wins multiple prizes; however, his equilibrium effort is lower when he wins only one prize. As
a result, each agent’s expected payoff in an elimination contest with r stages is greater than in parallel r

contests.

5 Conclusion

We study elimination contests in which the winner of the previous stage is eliminated and all other agents
advance to the next stage. However, we assume that an agent’s probability of winning in some stage is
determined by the agents’ efforts in all previous stages, including the current stage. As a result, an agent
does not have to make a positive effort at any stage to win, as long as he made some efforts in previous
stages. According to these assumptions, the contests across the stages are correlated, which means that any
decision made at any stage influences the outcomes of all subsequent contests.

We assumed that each elimination contest had a single winner who was eliminated from the subsequent
stages. If we instead assume that there are multiple winners in each stage and that all of the winners in one
stage are eliminated from the competitions in subsequent stages, all of our results will remain valid. Notice
that the way we assign k > 1 prizes of the same value to k£ winners in some stages is equivalent to allocating
these k prizes through our elimination contest with k stages, where there is only one winner in each stage.

We examine the agents’ symmetric equilibrium strategies, specifically which stages they choose to make
a positive effort and which they do not, where their strategies are determined by the form of their output
function and the values of the prizes in each stage. If the values of prizes decrease in stages and the marginal
output of effort does not increase in stages, agents have a greater incentive to make positive efforts in the
early stages. However, we show that in two-stage elimination contests, if the marginal output of the effort
in the second stage is sufficiently larger than the marginal output of the first stage, then each agent makes a

positive effort in both stages, and the agents who maximize their expected payoff prefer that the lower prize
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be allocated in the first stage, as does the designer if he wants to maximize the agents’ total output.

For elimination contests with more than two stages and agents with additive output functions, i.e., the
marginal output is identical for any effort regardless of the stage, we provide conditions under which agents
either make or do not make a positive effort in any stage, as well as some limits to the agents’ total output
up to any stage depending on whether the agents make some effort in that stage.

The designer, who wants to maximize the agents’ total output, and the agents, who want to maximize
their expected payoff, typically have different preferences for the order of the prizes over the stages, but we
show that these preferences can coincide, resulting in an optimal prize order for both the designer and the

agents.

6 Appendix

6.1 Proof of Proposition 1

When the output function is g(y1,y2), By symmetry of the agents, the FOC of the maximization problem

(2) of an agent with respect to y; is

n—1 1 (TL - 2)9@/1 (yh y2)

T = V1 — V2 —+ U2
. n%g(y1) n2g(y1) n(n —1)g(y1,y2)

—1<0,

and the FOC with respect to ¥ is

(n —2)gy, (Y1, y2)

—-1<0.
(n—1)29(y1, y2)

Fy2 = U2

Suppose that 'y, = 0. If n gy, (y1,92) < (n — 1)gy, (Y1,%2), we obtain that

-2 1 )
vy = 29 W y2) T, 0,

n(n —1)g(y1, y2)

which implies that

Ly, > (vi(n —1) —wg) > 0.

n*y;
The last inequality yields that yo > 0 and y; — oo which is not a possible solution. Thus, we can conclude
that if v1(n—1) > v and ngy, (z1,y2) < (n—1)g,, (z1,y2) then I'y, has to be lower than zero, implying that

y2=0.
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6.2 Proof of Proposition 2

When the output function is weighted additive of the form g(y1,y2) = ay1+Bya2, the FOC of the maximization

problem (2) with respect to y; is

n—1 1 aln —2)
v - + v —1=0. 10
! n2y 2n2y1 2”(” —1)(ayy + By2) (10)

and the FOC with respect to yo is

Bn-2
Y D(ag + B) ()

If we insert (11) into (10), we obtain that

n—1 1 ((n—1)a—np)
- =0.
Mz T Pnly, " np

This implies that the equilibrium effort in the first stage is

. 8
T 28— n(n—Da

(n = Dv1 —v2),

and the equilibrium effort in the second stage is

Yo = <_n26na(n1) (”1(”_1)—U2>+m_1)2(n—2)>~

We obtain that yo > 0 iff

2
§>n12<n(n—l)+1(v1(n—1)—v2)(n_1)).

Vo n—2

Otherwise, we obtain that equilibrium effort in the second stage is yo = 0 and the equilibrium effort in the

first stage is

1 2 2
I (vl(n— D*+v(l—3n+n ))

Y1 =
nd —

So far, we obtained that when the output function is weighted additive of the form ¢g(y1,y2) = ay1 + Sy2,

if agents do not exert any additional effort in the second stage, by (5), the equilibrium effort in the first

stage is
1

m (Ul(n — 1)2 + ’UQ(]. —3n + n2>)7

Y1 =
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while if agents exert additional efforts in the second stage, by (4), the equilibrium efforts in stages 1 and 2

are

= ﬁ n — v — U
Mo = g (0 D)

Y2a = (n%’—na(n—l) (Ul(”l)v2)+(n_1)2("2)>~

It can be verified that y;, decreases in 5, while y5, increases in 3.

6.3 Proof of Proposition 3

When the output function is weighted additive of the form g(yi,y2) = ayi1 + By, and the agents make

positive efforts in the second stage, by (4), the total output is

E = nayi + (n—1)8y
= no ﬂ n— v — U n — — @ v (n— — v 7’[]2 n —
- n*8 —n(n—1a (= e =)+ 1)5< nzﬁ—na(n—l)( vl ) (n—1)2( 2)>
1 s

= (a1 (1 —n)? + ave(1 — 3n + 3n? — n®) + Bua(—2n? +n?)).

n(n—1)(a—na+np)

Thus, the marginal impact of the second prize on the total output is larger than that of the first prize if
a(l—3n+3n* —n®) + B(—=2n% +n%) > a(n — 1)?,

where this last inequality is satisfied if

(n—1)°

“ =2

i
«

Because that

n Vg n—2 n(n —2)

n—1)° n—1)2
12<n(n1)+1(v1(n1)v2)( 1)>( )

1 n—-1
v
n2vgn — 2 !

(n—1)* —wv(2n — 1)) > 0,
the threshold for making a positive effort in the second stage -5 (n (n—1)+ i (v (n—1) —wvy) %) is
larger than the threshold for the second prize having a greater marginal effect on total output than the first,

2
7(:&:)2) Thus, to maximize the agents’ total output, the higher prize should be allocated in the second stage

where, vo > v but still v;(n — 1) should be larger than vs.
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6.4 Proof of Proposition 4

The maximization problem of agent 1 in stage s,s = 1,2,...,r given that he plays in that stage is

Zj Yik = Zt Yik

k=1 k=1

max v;( ) (1- = Y1j-
v Z Yk Y1+ (0= 5)(Chmy ve) E Ykt y1k+(n—t)(ZZ:1yk JZ

Denote for all 1 < s <,
S S
gls = Zylkn gs = Zyka
k=1 k=1
In other words, y1 represents agent 1’s total effort up to and including stage s, whereas y; represents the
symmetric total effort of all other agents excluding agent 1. Then, agent 1’s maximization problem in stage

s can be written as follows:

max v (L)
e 1s 4 (n— 8)Ys
glerl gls
+Vsa1 l1l—-—F
o (y15+1 +(n—s5—1)¥s11 I Y1s + (n — S)ys)
j—1 ~
yl] Y1t
=+ Vi l1l-—
J§-2 / Y15+ ( n*])yj)tll( yltJr(n*t)yt)

- Zyu-
j=s

The FOC of agent 1’s maximization problem in stage s with respect to yi5 is

d 2715
1—‘ls = Vs = =
dy,, ( (yls + (n — 8)Ys

§15+1 d gls
Y1s+1 + (n -5 1)ys+1)dy1s Y1s + (n - S)ys ) ( )
j—1

b B (Y ) [T = )

Vi Yist(n=s)ys™ L=, T (n=0)Y0 2 Yt (n =Dy

)+51(

o gls ) d (’U 1( §15+1
gls + (TL - S)gs dyls oF Y1s+1 + (n -5 = 1)y5+1
~ T ~ j—1 ~
Yis d Y14 Y1t
+(1—-=—F——=)— Vil 1l —m—
( )7 (> vil= K y1t+(n—t)yt))

s + (0= 8)ys " dy,, L) g+ (= 0)Y T 20
~1<0

Similarly, the maximization problem of agent 1 in stage s 4+ 1 given that he plays in that stage is

max v 1( gls+l
vienr o Y1s41 + (n— 8 — 1)Yst1
j—1 ~
yl] Y1t

+ Uj —~) (1 — f))

st;rg g+ (0= 5); t:ll-l yit + (n — )y
- Z Yij,

Jj=s+1
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and the FOC of agent 1’s maximization problem in stage s + 1 with respect to y1541 is

d gls+1
Fisy1 = (vs41(= — 13)
" dyporr Bistr + (0 — 5 — D)fss1 (
d J = J
1j 1t

T DT LS | [ L

Y1t j§2 g+ (0= 5)y; t:lll Y+ (n— )y
-1<0

Assuming s = r — 1 and s + 1 = r, agent 1’s FOCs in stages r — 1 and r are identical to those in the
two-stage elimination contest. By Proposition 2, we can conclude that (1) holds, which states that agents

do not make a positive effort in stage r if v,_1 > v,. Claim (2) follows directly from the FOC in stage r.

We now proceed to prove the remaining claims (3)-(7). Note that

d §15+1

L (= _
dy,, +1(Z/1s+1 +(n—s=1)¥s1
o d v ( §15+1
- s+1\= ~ )
dy13+1 Yis+1 + (n —S5—= l)ys+1
and
d r g J—1 g
15 1t
vj(=—————— (1—=——""))
dy,, j:ZS;FQ D+ (n = 4)y; t:ll-l Yie + (n— )y
d < i = J
15 1t
= U(f) (1 - ﬁ))
o Sty 0+ (0= )75 t:lll Y+ (n =)y
From (12) and (13) we obtain
d gls §15+1 d gls
F s == - 7»}3 = . ;7 N\~ + vs = ~ 1 - = ;7 N\~
! dyu ( (yls + (n - S)ys) +1(yls+1 + (n -85 1>ys+1 dyu ( Yis + (n - S)ys
- - i—1 -
d Uts Y1j g Y1t
+ ((1— f)) ’U(f) (1—%
dy,, st (=)0 A,y + (0= )7 t:lll Yo+ (n— )y
gls
+(1—=—————)T1s41+1) — 1.
( y15+(n*5)ys)( 1s+1 )

By symmetry, y1; = y1; for all £ = 1,...,r. Therefore, if agent 1 chooses a positive effort in stage s, then we

have
(n—2s) Vst1  Usio—.. Va3 Uy n—s
O — FS: — s — — — T oeees T FS 1_1
! (nferl)st(v n—s n—s (n—s) n75)+n75+1(1+1+ )
1 1
< - - - ————p) - —————
S (ni s+ 1)2@; ((n S)vs Vs41 — Us42 v ) n—s+1

23



The first inequality holds because I'1541 < 0 which implies that I'1541 +1 < 1. As a result, we obtain that
claim (3) holds, namely, each agent’s total effort until and including stage s satisfies

(n—s)vs = 35 o110
(n—s+1) '

Ys < (14)

According to the last inequality, if (n — s)vs < Z;:s—&-l vj, then gy, < 0. This leads to claim (4), which states
that agent 1 does not make a positive effort in stage s.

If agents make a positive effort in stage s + 1 we obtain that

(n—s) Vs+1 Us42—.... Vs+3 (e n—s
0 = I = ~ (Vs — - - —— I 1) -1
= 1 (n_s+1)2y8(vs n—s n—s (TL—S) n—s) n—s—|—1( 1k+1+ )
1 1
= m((n — S)Us — Vg4l — VUg42 — «vee — 11,.) — m

This implies that

(n—s)vs = 3511 0
(n—s+1)

Ys = ;
which gives us claim (5). If agents make positive efforts in both stages, s and s + 1, we get equality instead

of inequality in (14), resulting in claim (6).

If agents makes positive efforts in stages s and s 4+ 1 then we obtain that

7 = (n — 8)Vs — Vg1 — Vg2 — .. — Uy
® n—s+1 ’
and
~ (n—8—1)vs41 — Vg2 — oo. — Uy
strl S .
n—s
Thus,
~ _ (n—8—1)Vs11 —Vsp2 — . —Up (N — 8)Us — Vg1 — Vg2 — -o.. — Uy
Ys+1 — Ys < -
n—s n—s+1

(n=s)((n = s+ Dvsyr = (n = 8)vs) = Foipy vi
(n—s)(n—s+1) '

Because Js11 — ¥s > 0, claim (7) is valid.

6.5 Proof of Proposition 8
The FOC of the maximization problem (9) is

i Z;LZQ yj
L
2 )
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By symmetry of the agents, their equilibrium effort in the parallel r contests is

On the other hand, by (8), each agent’s expected payoff in the elimination contest with r stages and additive

output functions is

=1

Then, we have

As a result, each agent’s expected payoff in an elimination contest with r stages is greater than in parallel r

contests.
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