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Introduction

Matter-wave interferometers [1, 2] are important tools in the study of fundamental effects

as well as for numerous technological applications. While most of these devices make use

of the momentum transfer provided by laser pulses to coherently control the paths of an

atom, we employ for this task magnetic field gradients [3, 4, 5] created by currents in the

wires on an atom chip [6]. This thesis focuses on such a chip-based Stern-Gerlach atom

interferometer with a phase shift which scales as the cube of the time [7] the atom spends in

the interferometer.

Many spatial light-pulse atom interferometers are based on the interference of matter

waves which have traveled along distinct paths. In the Ramsey-Bordé interferometer (RBI)

[8], the phase shift originates from a constant position difference between two paths. In

the Kasevich-Chu interferometer [9, 10], it is caused by a piecewise constant momentum

difference. When the interferometer is exposed to a time-independent linear potential, the

phase is proportional to T for the RBI and T 2 for the Kasevich-Chu interferometer, where

T is the total interferometer time. However, the Stern-Gerlach effect [11] allows us to realize

a matter-wave interferometer with a piecewise constant acceleration difference between its

two paths resulting in a phase scaling of T 3. Indeed, our T 3-Stern-Gerlach Interferometer

(T 3-SGI) utilizes the strong and accurate magnetic field gradients provided by an atom chip

[6], and represents the first atom optics observation of the Kennard phase, first predicted in

1927 [12, 13].

Phase contributions scaling with T 3 emerge in other setups and originate, for example,

from rotation in a Sagnac interferometer [14], the presence of a gravity gradient [15] or a time-

dependent acceleration induced by Bloch oscillations [16] in the Kasevich-Chu configuration.

However, our T 3-SGI has a pure T 3 scaling resulting from the imprinted state-dependent

linear potentials.
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The presented T 3-SGI has three additional novel features and possible advantages: (i)

The accumulated phase is very sensitive to magnetic fields, and may serve as a unique probe

for magnetic surface properties as well as noise and order parameters in electron transport

such as squeezed currents. (For previous, non-interferometric, current probing by atoms, see

for example [17, 18].) (ii) A Stern-Gerlach Interferometer (SGI) does not require any laser

light in order to split the atomic wave-packet. This feature allows the SGI to operate close

to a surface and could therefore serve as a useful tool in probing short-distance phenomena

such as Casimir-Polder and Van der Waals forces, Johnson noise, patch potentials, as well as

exotic physics exemplified by the search for the fifth force. (For previous surface probing by

atoms, see for example [19, 20, 21, 22].) (iii) The T 3-SGI seems to have an interesting and

profound connection to open questions in physics, and specifically, to the interface of QM

with gravity (see for example [23]).

In Chap. (1) of this thesis I describe the fundamentals of experimental atomic physics,

including commonly used procedures and the different cooling techniques used in order to

achieve a Bose-Einstein condensate (BEC).

In Chap. (2) the general theoretical background of atom interferometry is presented. I will

cover commonly used techniques to coherently control the trajectories of the atomic wave-

packets [2, 9], and the coherent Stern-Gerlach splitting method developed in our lab [3, 4, 5].

I will also discuss the different interferometer types in terms of phase accumulation. I will

conclude this chapter with a discussion regarding the visibility of a two-path interferometer,

a phenomenon also known as the Humpty-Dumpty effect [24, 25, 26].

Chapter (3) describes the experimental apparatus in our lab.

Chapter (4) presents our novel atom interferometer with its phase scaling as the third

power of the interferometer’s time. This work has been published in [27].

Appendix (A) describes the procedure used to analyze the data acquired during the

experiment presented in Chap. (4).

Finally, in Appendix (B) I describe theoretical work I did on another project, prior to

working on the SGI.
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Chapter 1

Theory of Atomic Physics

1.1 The 87Rb Atom

The rubidium element is an alkali metal, located in the first column of the periodic table.

Alkali metals have a simple electronic configuration of filled electronic shells with only one

valence electron. The simplicity of their electronic structure has made alkali atoms popular

for atomic physics. In addition, alkali metals have distinct advantages for laser cooling and

magnetic trapping experiments: (a) they have closed cycling transitions, which enable atoms

to scatter photons effectively for successful laser cooling; (b) the laser frequencies associated

with the cooling transitions are close to the visible region of the electromagnetic spectrum,

and therefore are easy to generate; (c) alkali metals feature a large magnetic moment on the

order of the Bohr magneton; therefore, these atoms interact strongly with external magnetic

fields and are an excellent choice for the SGI discussed in this thesis.

1.1.1 Energy Level Structure

The rubidium element has atomic number Z = 37 and its ground-state electron configuration

is therefore 52S1/2 [28]. Because of the electronic configuration of rubidium, the total orbital

angular momentum L and the total intrinsic spin angular momentum S are dependent solely

upon the valence electron. The energy levels of rubidium are shown in Fig. (1.1). The total

electronic angular momentum quantum number J is given by |L − S| ≤ |J | ≤ L + S. The

ground state 5S then must have J = 1/2 and the first excited level, 5P , splits into 52P1/2

and 52P3/2 because of the spin-orbit interaction given by L · S, where h̄L and h̄S are the
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orbital angular momentum and the spin angular momentum. This interaction creates the

fine structure of the atom. The transitions between 52S1/2 (ground level) and 52P1/2 or 52P3/2

are known as the D1 and D2 lines respectively.

The hyperfine structure is due to the interaction between the magnetic field generated by

the magnetic moment of the electron (which is proportional to the total electronic angular

momentum h̄J) and the nuclear magnetic moment (which is proportional to the spin of the

nucleus I = 3/2). The magnetic-dipole hyperfine interaction is given by I · J [29] and leads

to a separation into the F levels. The total angular momentum of the atom F is then given

by F = I + J . The quantum number F is given by |I − J | ≤ |F | ≤ I + J .

52𝑆1/2 

𝐹 = 1 

𝐹 = 2 

6.8 𝐺𝐻𝑧 

52𝑃1/2 

𝐹 = 1 

𝐹 = 2 

814 𝑀𝐻𝑧 

𝐷1:  795 𝑛𝑚 

52𝑃3/2 

𝐹 = 1 

𝐹 = 2 

𝐹 = 0 

𝐹 = 3 

72 𝑀𝐻𝑧 

157 𝑀𝐻𝑧 

267 𝑀𝐻𝑧 

𝐷2:  780 𝑛𝑚 

𝑔𝐹 = 1/2 
(0.7 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = −1/2 
(−0.7 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = 2/3 
(0.93 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = 1/6 
(0.23 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = −1/6 
(−0.23 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = 2/3 
(0.93 𝑀𝐻𝑧/𝐺) 

𝑔𝐹 = 2/3 
(0.93 𝑀𝐻𝑧/𝐺) 

Figure 1.1: Scheme of 87Rb fine and hyperfine structures [28]. The fine-structure splitting occurs

because of the electron spin - orbital momentum interaction (L · S), while the hyperfine structure

results from the interaction of the nuclear angular momentum and the electronic total angular

momentum (I · J). Each hyperfine level is further split into 2F + 1 states because of the Zeeman

interaction.
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1.2 Two-Level Atomic Systems

1.2.1 The Bloch Sphere Representation

In order to visualize the coherent evolution of an alkali atom in an oscillating electromagnetic

field, which can be viewed as a two-state system, it is common to use the Bloch sphere

representation. We define the north and south poles of the Bloch sphere as the two atomic

levels |0〉 and |1〉 respectively, with a transition frequency ω0 between them. Any state |Ψ〉

can be represented as a superposition of these two states:

|Ψ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉, (1.1)

where θ and φ are the spherical coordinates. The evolution of the atomic state over time is

expressed in the Bloch sphere by the variation of θ and φ.

1.2.2 Rabi Oscillations

Using the time-dependent Schrödinger representation, a two-state system can be described

as

|Ψ(t)〉 = e−i
E0t
h̄ C0(t)|0〉+ e−i

E1t
h̄ C1(t)|1〉. (1.2)

The energy Ei is the eigenvalue, and the complex coefficients Ci(t) represent the eigenstate

amplitudes, where we consider |0〉 and |1〉 to be the eigenstates of the unperturbed Hamilto-

nian H0. The probability of finding the system in state i at time t is given by

Pi(t) = |Ci(t)|2 = |〈i|Ψ(t)〉|2. (1.3)

The evolution of the state |Ψ(t)〉 is described by the time-dependent Schrödinger equation

h̄
∂

∂t
|Ψ(t)〉 = −iH(t)|Ψ(t)〉, (1.4)

where the Hamiltonian, H, is defined as the sum of the unperturbed Hamiltonian, H0, and

the perturbing potential V . From Eq. (1.4) we find the following equation for the amplitudes

Ci:

ih̄
∂

∂t

 C0(t)

C1(t)

 =

 V00(t) V01(t)

V10(t) V11(t)

 C0(t)

C1(t)

 . (1.5)

Once we specify V (t) and the initial conditions, Eq. (1.5) provides the evolution of the two-

level system subjected to an external field. For a periodic interaction, such as that of an
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electromagnetic field with frequency ω, the matrix elements of V̂ are given by V00 = V11 = 0

V01 = V ∗10 = 1
2
h̄Ωe−i(ωt+φ)

(1.6)

where Ω, known as the Rabi frequency, is a real-valued quantity that denotes the field-induced

coupling strength between the two atomic levels. For the case of laser radiation with intensity

I ∝ |E|2, the Rabi frequency is given by

Ω = −d ·E
h̄

, (1.7)

where d is the electric dipole moment and E is the electric field produced by the laser. For

a magnetic dipole transition, such as the one used in our experiments, the Rabi frequency is

given by

Ω = −µ ·B
h̄

, (1.8)

where µ is the magnetic dipole moment and B is the oscillating magnetic field amplitude.

Applying the definition from Eq. (1.6) and transforming the reference frame to the rotating

wave picture (i.e. to a reference frame that rotates around the z axis of the Bloch sphere

with angular frequency ω), the time-dependent Schrödinger equation, Eq. (1.5), becomes

d

dt

C0(t)

C1(t)

 = − i
2

−δω Ω

Ω∗ δω

C0(t)

C1(t)

 , (1.9)

where δω = ω0 − ω is the detuning between the field frequency and the resonant transition

frequency ω0. Equation (1.9) can be solved analytically. For an initial condition in which

only the ground state is populated, C0(t = 0) = 1, C1(t = 0) = 0, the probability of finding

the atom in the state |1〉 at time t is given by

P1(t) = |C1(t)|2 =
1

2

|Ω|2

Ω̄2
[1− cos (Ω̄t)]. (1.10)

This probability oscillates at the generalized Rabi frequency

Ω̄ =
√
|Ω|2 + δω2, (1.11)

which is dependent both on the field intensity and the frequency. In the resonant case where

ω = ω0, the population alternates between complete concentration in state |0〉 and complete

inversion into state |1〉. As we increase the detuning, the amplitude of the oscillations is

attenuated and the flopping frequency is increased.

4



1.2.3 Ramsey Sequence

Solving Eq. (1.9), we can describe the effect of electromagnetic radiation on a two-level system

using a 2× 2 matrix. This time-evolution operator can be written as

R(Ω, δω, t) =


cos( Ω̄t

2
) + i δω

Ω̄
sin( Ω̄t

2
) −Ω

Ω̄
sin( Ω̄t

2
)

Ω
Ω̄

sin( Ω̄t
2

) cos( Ω̄t
2

)− i δω
Ω̄

sin( Ω̄t
2

)

 , (1.12)

such that  C0(t)

C1(t)

 = R(Ω, δω, t)

 C0(0)

C1(0)

 , (1.13)

where t is the duration of the interaction and δω is the detuning from resonance. For the

resonant case where δω = 0, one can view this matrix as a matrix of rotation around the

y-axis. For the special cases where Ω̄t = π, π/2, known as π and π/2 pulses, respectively, the

rotation matrices become

Rπ =

 0 −1

1 0

 , Rπ/2 =
1√
2

 1 −1

1 1

 . (1.14)

The matrix representation of the free precession in the absence of an oscillating field is

Rfree(δω, τ) =

 e−iδωτ/2 0

0 eiδωτ/2

 , (1.15)

where τ is the time during which the electromagnetic field is turned off (as presented in

Fig. (1.2)), also known as the interrogation time.

Consider now the sequence illustrated in Fig. (1.2), performed on an ensemble of two-

level atoms. The ensemble is first prepared as a pure state |ψ0〉 = |0〉. We then apply

a π/2 microwave pulse tuned to the transition frequency of our two-level system. This

pulse essentially rotates the system into an equal superposition of the two states such that

|ψ1〉 = [|0〉+ |1〉] /
√

2. The microwave radiation then stops for a period of time τ , after which

a second π/2-pulse is applied. Finally, we may measure the population, P1, in the |1〉 state.

Using the matrices defined above we can express the state of the system as

|ψRamsey〉 = Rπ/2 ·Rfree ·Rπ/2 · |ψ0〉. (1.16)

This equation holds true for the limit where the detuning is much smaller than the Rabi

frequency, δω � Ω, such that R ' Rπ/2. We then find that the population measured in the
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𝜋/2 𝜋/2 
𝜏 

time 

Figure 1.2: Diagram of a Ramsey sequence. The first π/2-pulse transfers the system into an equal

superposition of the two states. During the interrogation time τ the system evolves without inter-

action with the electromagnetic field. The second π/2-pulse enables us to measure the differential

phase between the two states of the system accumulated during the interrogation time.

|1〉 state is

P1 = cos2(δω · τ/2). (1.17)

The sequence described above is called the Ramsey method and is equivalent to a Mach-

Zehnder interferometer. The effect of the π/2-pulse in similar to that of a 50/50 beam

splitter, since it splits the atomic wave function into a superposition of the two states. The

interrogation time is analogous to the free propagation of the beam in the Mach-Zehnder

interferometer. In the Ramsey scheme, during this time, the differential phase between the

two states evolves at a rate proportional to the energy difference between them. The second

π/2-pulse combines the two states again to get the interference pattern known as Ramsey

fringes.

The Ramsey method is widely used as a means to measure the relative phase accumulated

between two states. One use for the Ramsey method is to determine the atomic resonance

frequency which permits locking a local oscillator to an atomic transition and thereby creating

an atomic clock.

1.2.4 Spin-Echo

Following the previous section, we perform the same sequence, only this time we add a π-

pulse in the middle of the interrogation time. This so-called spin-echo sequence is shown

in Fig. (1.3). Let’s assume now that during each half of the interrogation time, each state

of our two-level atom accumulates a different phase due to some external interaction. This

interaction can be described using the following matrix,

Rphase(δθ) =

 eiδθ 0

0 1

 , (1.18)
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where δθ is the differential phase accumulated between the two ground states. We shall

examine the case in which the detuning is zero, δω = 0, and consequently the free precession

matrix, Rfree, becomes the identity matrix. Assuming again that we had prepared the system

in the |0〉 state, we can write |ψecho〉 as

|ψecho〉 = Rπ/2 · I ·Rphase(δθ2) ·Rπ · I ·Rphase(δθ1) ·Rπ/2 · |ψ0〉 (1.19)

and so

|ψecho〉 = ei∆θ/2

 − cos ∆θ/2 i sin ∆θ/2

i sin ∆θ/2 − cos ∆θ/2

 |ψ0〉, (1.20)

where ∆θ = δθ1 − δθ2. The population in the |1〉 state can then be calculated to be

P1 = |〈1|ψecho〉|2 = sin2(
∆θ

2
). (1.21)

Note that using the spin-echo sequence only enables us to measure the difference between the

differential phase accumulated during the first interrogation time and the differential phase

accumulated during the second interrogation time.

𝜋 𝜋/2 𝜋/2 
𝜏/2 

time 

𝜏/2 

Figure 1.3: A diagram of a spin-echo sequence. The π-pulse inverts the population between the

two states of the system and so any time-independent phase shift accumulated by the system during

the first half of the interrogation time will be canceled in the second part.

1.3 Magnetic Trap

Interaction between a neutral atom and a magnetic field, B, is mediated through the atomic

magnetic moment µ, and can be written in the adiabatic approximation as

UB = −µ ·B ≈ µBgFmF |B|, (1.22)

where µB, gF and mF are, respectively, the Bohr magneton, the Landé factor and the pro-

jection of the magnetic moment on the quantization axis. Equation (1.22) is valid only when
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the magnetic moment of the atom can follow the changes in the direction of the magnetic

field of the trap, or in other words when the trap frequency ωtrap is much lower than the

Larmor frequency

ωL = |µ ·B0| /h̄, (1.23)

such that ωtrap � ωL. Here, B0 is the magnetic field at the center of the trap.

It has been showed by Wing’s theorem [30] that in a region devoid of charges and currents,

the strength of a quasistatic electric or magnetic field can have local minima but not local

maxima. Such a minimum of the magnetic field can be created using current-carrying wires

on an atom chip with an external uniform bias field. This leads to the conclusion that only

low-field-seeking states can be magnetically trapped. According to Eq. (1.22), in the 87Rb

ground state only three states are low-field seeking. These states are |F = 2,mF = 1〉,

|F = 2,mF = 2〉 and |F = 1,mF = −1〉, as gF = −1/2 and +1/2 for the F = 1 and F = 2

manifolds, respectively.

A quadrupole field will not be a good magnetic trap, as can be viewed from Eq. (1.23).

At the center of the quadrupole there is zero magnetic field and so ωL → 0. At this point

the adiabatic approximation fails and the atom can change its state to an untrapped state.

These are known as Majorana spin-flips. This problem is more dominant when the atomic

cloud is colder and so the atoms spend more time in the trap center. In order to prevent

these spin-flips one can create a DC magnetic trap without a zero magnetic field in the trap

center. This is called an Ioffe-Pritchard trap and it is this kind of trap that is used in our

experiment to create a BEC.

This magnetic trap is created by a right-angled Z-shaped wire, with its center section

along the x-axis, and a homogeneous bias field along the y direction [32] as depicted in

Fig. (1.4). The value of the magnetic field minimum can be controlled by adding an addi-

tional homogeneous field along the x direction. In such a trap, the adiabatic approximation

holds and it is possible to achieve long trapping times limited mainly by collisions with the

background gas.
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Figure 1.4: (a) Schematic drawing of the Z-shaped wire (yellow) used to create a magnetic trap.

(b) Schematic drawing of the U-shaped wire used to create a quadrupole magnetic field for laser

cooling. The middle part of the U-wire is expanded to optimize the shape of the quadrupole field

it generates [31]. The direction of the current is depicted by black arrows. An additional uniform

magnetic bias field is applied along the y-axis (blue). In our experiment, gravity is along the z-axis.

The modulus of the total magnetic field, along the z-axis, generated by both the Z- and U-shaped

wires and a uniform magnetic field is presented in (c) and (d), respectively. One can easily notice

that at no point does the magnetic field modulus drop to zero in the Z-wire configuration and so

the adiabatic approximation holds. This is not the case for the U-wire, where a quadrupole field is

required for the MOT configuration [Sec. (1.4.3)].

1.4 Atomic Cooling

The following overview describes the physical principles of cooling and trapping neutral atoms

from room temperature to a micro-Kelvin, and ultimately nano-Kelvin, temperature range

and the resultant phase transition into a condensate [29].

1.4.1 Doppler Cooling

Cooling of atoms is achieved by reducing their kinetic energy. Assuming a Maxwell-Boltzmann

velocity distribution, the relation between the kinetic energy of the atom and its temperature
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is given in 1D by
1

2
kBT =

1

2
mv2, (1.24)

where T is the temperature, kB is the Boltzmann constant, m is mass of the atom and v is its

velocity in one Cartesian direction. (In 3D the prefactor for kB is 3/2.) Velocity reduction

can be achieved by applying a force with direction opposite to the velocity and proportional

to it, namely, a dissipative (frictional) force. Such a force can be achieved by using a pair of

counter-propagating, red-detuned light beams. In this case, an atom propagating towards one

light beam sees it closer to resonance because of its positive Doppler shift. At the same time,

the same atom sees the counter-propagating light beam further out of resonance. As a result,

the atom preferentially absorbs photons from the first beam and receives a momentum kick

of magnitude h̄k in the direction opposite to its motion. Because of the random direction

of the atom’s spontaneous emission there is no change in the average momentum due to

emission after many transition cycles, leaving the dissipative net force only in the direction

of the laser beam propagation.

The total force acting on the atom can be written as

F1D = h̄k
Γ

2

[
I
Isat

1 + I
Isat

+ 4( δω−kv
Γ

)2

]
− h̄kΓ

2

[
I
Isat

1 + I
Isat

+ 4( δω+kv
Γ

)2

]
, (1.25)

where δω is the detuning and the saturation laser intensity Isat is defined as

I

Isat
= 2

(
Ω

Γ

)2

, (1.26)

where Γ is the natural decay rate and Ω is the Rabi frequency defined in Eq. (1.7). For small

velocities, k · v � Γ, F1D can be written as

F1D = −αv (1.27)

where

α = −4h̄k2 I

Isat
· 2δω/Γ

[1 + I/Isat + (2δω/Γ)2]2
. (1.28)

This force is proportional to the velocity and behaves like a friction or damping force. As a

result, the atom’s velocity will decrease for red-detuned light and increase for blue-detuned

light. By using three intersecting, counter-propagating, orthogonal pairs of red-detuned laser

beams, the movement of atoms in the intersection region can be suppressed in all three

dimensions, and many atoms can therefore be cooled in a small volume. The force in the

three dimensional case can be simply written as F3D = −αv.
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The Doppler Limit

From Eq. (1.27) one can deduce that the damping force will bring the atomic velocity to

zero, giving rise to an absolute temperature of zero. However, a side-effect of laser cooling is

diffusion heating that arises from the random nature of spontaneous emission. This side-effect

puts a lower limit on the temperature that can be reached via Doppler cooling. Diffusion

heating derives from the discrete size of the momentum steps that the atoms undergo with

each emission-absorption cycle. The change in atomic momentum is h̄k and the change in

an atom’s average kinetic energy is given by

Erecoil = h̄ωr =
h̄2k2

2m
. (1.29)

When an atom absorbs a photon, its average absorption frequency is ωabs = ω0 + ωr where

ω0 is the atomic transition frequency and ωr is the recoil frequency. The average emission

frequency is then given by ωemit = ω0 − ωr. Thus the photon average energy is reduced

by twice the recoil energy. Because of energy conservation, the energy is transferred to the

kinetic energy of the atom. When the rate of heating is equal to the cooling rate, F3D · v,

one can derive the temperature limit, TD, that can be achieved with Doppler cooling [33]:

TD =
h̄Γ

2kB
. (1.30)

For alkali metals, the typical limit is a few hundred micro-kelvin. Specifically for the 87Rb

atom where Γ = 2π · 6.06 MHz, the Doppler limit is ∼ 150µK.

1.4.2 Sisyphus Cooling

In practice, temperatures below the Doppler limit have been achieved [34] and a new theory

containing two models, “Lin ⊥ Lin” and “σ+ − σ−”, was presented in [35].

The Lin ⊥ Lin configuration uses two counter-propagating linearly polarized beams

which create a strong polarization gradient. As can be seen in Fig. (1.5), the polarization

changes from σ+ polarization (x = 0) to σ− polarization (x = λ/4) with linear polarization

in between. The polarization oscillates between σ+ and σ− with a periodicity of λ/4. The

polarization gradient influences the effective light shifts experienced by an atom. The AC

Stark shift causes a splitting in the ground state due to different Clebsch-Gordan coefficients.

For the purpose of presentation, let us take an atom with an internal ground state of J = 1/2

and an excited state of J = 3/2.
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Now, consider an atom starting in one sub-level and moving through the light field. That

sub-level will become less coupled to the light field while the coupling to the other level will

increase. At some point the atom is optically pumped into the other sub-level. Each optical

pumping cycle results in the absorption of a photon at a frequency lower than the emission

frequency, as can be seen in Fig. (1.5). This process is reminiscent of the story of King

Sisyphus, who was required by the Greek gods to push a heavy stone up a hill, only to watch

it roll back down, and then required to push it back up again.

0 λ/4 λ/2 3λ/4

0

Position (x)

E
n
er
g
y M=-1/2

M=+1/2

σ+σ- σ-

Figure 1.5: The energy shift caused by the red detuned laser light during Sisyphus cooling in

the case of the Lin ⊥ Lin configuration. An atom starting at position x = 0 (σ+ polarization)

in the M = +1/2 state and moving to the right will climb the potential hill while it loses kinetic

energy. As the atom approaches the potential peak at x = λ/4 (σ− polarization) it may be optically

pumped into the M = −1/2 state. In essence the atom absorbs a photon with a frequency which is

lower than the one it emits, resulting in dissipation of energy to the light field. This cycle repeats

until the atom does not have enough energy to climb the next potential hill. Taken from [29].

The second configuration, σ+ − σ−, which is the one used in our experiment, involves

two counter-propagating laser beams with opposite angular momentum (in the lab frame).

The two beams together form an electric field of constant amplitude and a rotating linear

polarization. Atoms that move in the rotating polarization field undergo a rotation in their

quantization axis and must be optically pumped in order to follow it. The optical pumping

process typically lasts several natural lifetimes, and the state of the atom does not have
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time to adjust. The time lag between the moment the quantization axis changes and the

moment the atoms complete the optical pumping causes induced motional redistribution,

which results in an imbalance in the ground state. This imbalance leads to a preferential

absorption of photons from the laser beam for which the direction of propagation opposes

the atomic motion.

The viscous damping experienced by the atoms in sub-Doppler cooling is much larger

than that in Doppler cooling. However, the cooling capture range is small, so atoms must

initially be Doppler cooled before sub-Doppler cooling can occur.

The Recoil Limit

Following Sisyphus cooling, the temperature is still limited by the heating mechanism caused

by spontaneous emission, namely, the gain of kinetic energy from recoil when an atom emits

a photon. The recoil temperature is given by

Trecoil =
h̄2k2

kBm
. (1.31)

For 87Rb the recoil limit is ∼ 360 nK. Further cooling can be achieved by using other cooling

methods, such as evaporative cooling, as discussed next.

1.4.3 Magneto-Optical Trap

Doppler and Sisyphus cooling do not give rise to position-dependent forces on the atoms and

as such cannot be used alone for the creation of a high density cloud of atoms. The Brownian

motion of the atoms caused by the random nature of spontaneous emission causes the atoms

to slowly diffuse out of the overlapping region of the laser beams used for cooling. The

magneto-optical trap (MOT), first demonstrated in 1987 [36], was suggested as a solution

to this problem. A position-dependent force is introduced by a position-dependent magnetic

field, which creates, as shown in Fig. (1.6), a position-dependent interaction with the light,

so that atoms on the right side interact preferentially with the laser beam coming from

the right side, and vice versa, hence pushing the atoms towards the center. For simplicity

we assume an atom in the ground state, |F = 0,mF = 0〉, that has three excited states

|F ′ = 1,mF = 0,±1〉. Since we are using σ+ − σ− light, only transitions between mF = 0

and mF = ±1 are allowed. The transition probabilities for the two allowed transitions are

position-dependent due to the gradient of the magnetic field, as can be seen in Fig. (1.6).
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Figure 1.6: Energy levels of an atom in a MOT configuration. An atom that has moved to the

right from the center of the trap is closer to resonance with the σ− beam. Therefore, the atom is

more likely to absorb a photon from that beam. This is due to the fact that because of conservation

of angular momentum going from mF = 0 to mF = −1 can only be done by the σ− beam. This

preferential absorption pushes it back to the center of the trap [29].

This creates a position-dependent force acting on the atoms in addition to the velocity-

dependent force caused by the Doppler cooling mechanism explained in Sec. (1.4.1). The

total force can now be written as:

F = −αv −Kr, (1.32)

where α is given by Eq. (1.28) and

K = geµB
α

k
B′/h̄, (1.33)

where ge is the Landé factor of the excited state, µB is the Bohr magneton and B′ is the

gradient of the magnetic field. We emphasize that B′ appears in this equation simply because

it determines the detuning, and not because the magnetic force is the one giving rise to the

return force. The dominant force is the light force.

This simple 1D demonstration can easily be expanded into 3D by aligning three pairs of

counter-propagating laser beams with the three axes of a 3D magnetic quadrupole field.
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1.4.4 RF Evaporation Cooling

Evaporation is an everyday phenomenon where an ensemble of atoms or molecules, in a

Maxwell-Boltzmann distribution, is held in a finite potential. The particles in the tail of

the distribution will eventually escape the confinement region of the potential and will carry

with them their energy. Since these particles hold more energy than the average particle in

the whole ensemble, the average energy of the ensemble is reduced and its temperature T is

reduced. This is the basic idea behind cooling a cup of hot coffee and is also the last stage

of cooling used in order to reach a BEC.

Forced RF evaporation cooling, which is used in our experimental setup, uses a radio

frequncy (RF) signal that is inserted into the system. This signal is used as an RF knife to

cut the tail of the Maxwell-Boltzmann distribution [37]. Trapped atoms with higher energy

can interact with higher frequency radiation, as they can reach regions with higher magnetic

fields within the trap. These atoms will undergo transition to an untrapped state and will be

ejected from the magnetic trap. As only the hottest atoms are ejected they take with them

more than the average energy, after which the rest of the ensemble thermalizes to a lower

temperature.

This step reduces the ensemble’s temperature but also reduces the atom number, N . We

can define α as the average temperature decrease per lost atom:

α =
d(lnT )

d(lnN)
=

Ṫ /T

Ṅ/N
. (1.34)

Another important parameter in the process of evaporation cooling is the truncation param-

eter η, which indicates that atoms with energy greater then ηkBT are evaporated from the

trap. The relation between these two parameters is given by

α =
η − 2

3
. (1.35)

One can clearly understand that a higher η will result in less atom loss and a bigger BEC.

In theory, one could wait until all the energy of the system is held by a single particle,

and then evaporate it from the trap. Due to the many degrees of freedom in the system, this

will take an unrealistically long time to occur. However, the lifetime of the trap is limited

by collisions with the background gas, as well as inelastic 2-body and 3-body collisions.

One can neglect the 2-body inelastic collisions inside of the trap as the sample is polarized

prior to being loaded into the magnetic trap in our experiment. It is important to reach a
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balance between the evaporation time, proportional to the thermalization time which in turn

is proportional to the elastic scattering rate, and the lifetime of the system. This balance is

expressed as R, the good-to-bad collision ratio. Bad collisions are collisions that cause atoms

to be ejected from the trap. Good collisions are elastic collisions. These are the collisions that

cause the thermalization of the cloud after the tail of the Maxwell-Boltzmann distribution is

cut. This ratio determines how fast, or slow, the evaporation should be. The bad collision

rate is the inverse of the trap’s lifetime while the good (elastic) collision rate is given by

Γelastic = n0σ
√

2v̄. (1.36)

Here, n0 is the peak density of the atomic ensemble, σ is the elastic cross section and v̄ =√
8kBT/πm is the average velocity difference between two atoms in the system. As this rate

depends on both the temperature and the density, it is sometimes beneficial to compress the

atomic ensemble in the trap even though it may increase the temperature of the cloud.

1.5 Bose-Einstein Condensate

A BEC is a state where a macroscopic number of particles are occupying the ground state of

the system. In this section, the theory of the transition to a BEC will briefly be explained.

A detailed analysis of the transition of interacting atoms in an harmonic trap, like the one

used in our experiment, can be found in [38]. In-depth experimental details on our system

can be found in [39, 40].

An important physical quantity in describing the physics behind a BEC is the phase space

density (PSD) φ, which is defined as

φ = npeakλ
3
dB. (1.37)

Here, λdB =
√

2πh̄/mkBT is the de-Broglie wavelength and npeak is the peak density of

the atomic ensemble. In the simple case of an ideal bosonic gas in an harmonic trap with

frequencies ωx, ωy and ωz, the single-particle ground state is a Gaussian and its eigenenergies

are given by

εnxnynz =
3

2
h̄ω̄ + h̄

∑
i=x,y,z

niωi, (1.38)

where ni ≥ 0 is the vibrational state number, and ω̄ = (ωx + ωy + ωz)/3. Using the grand

canonical formalism for an atomic cloud with temperature T , the total number of atoms, N ,
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is given by

N =
∑

nx,ny ,nz

1

eβ(εnxnynz−µ) − 1
, (1.39)

where µ is the chemical potential and β = 1/kBT . The number of atoms in the ground state,

N0, can be separated from the sum in Eq. (1.39). To find the critical temperature, we take

µc = ε000 = 3h̄ω̄/2 and replace the sum with an integral, which is valid as N →∞, and one

may then write

N −N0 =

∫ ∞
0

dnxdnydnz
exp [βh̄(ωxnx + ωyny + ωznz)]− 1

= ζ(3)

(
kBT

h̄ωho

)3

, (1.40)

where ωho = (ωxωyωz)
1/3 is the harmonic oscillator geometric average frequency and ζ(n) =∑∞

k=1 k
−n is the Riemann zeta function. The critical temperature is then given by

Tc =
h̄ωho
kB

(
N

ζ(3)

)1/3

, (1.41)

and the PSD at the phase transition is

φ = ζ(3/2) ≈ 2.61. (1.42)

Interaction between the atoms causes a slight increase of the critical temperature relative

to the ideal gas case presented above, thus assisting in the condensation process. Two

approximations are made to simplify the interaction term: neglecting three-body interactions

since the cloud is dilute, and assuming only s-wave scattering as the atomic sample is very

cold. The atomic interaction can then be modeled by the Gross-Pitaevskii equation (GPE)

with the non-linear interaction potential g|Φ(r)|2

µΦ(r) =

[
− h̄2

2m
∇2 + Vext(r) + g|Φ(r)|2

]
Φ(r). (1.43)

The interaction parameter g is given by

g =
4πh̄2aS
m

, (1.44)

where aS ≈ 5.45 nm is the s-wave scattering length of 87Rb. This equation is only valid when

the particle separation is much larger than the scattering length.

Normally, the kinetic term in Eq. (1.43) is much smaller than the interaction energy, and

can be neglected. In that case the density profile becomes

n(r) = |Φ(r)|2 =
µ− Vext(r)

g
. (1.45)

This result is known as the Thomas-Fermi (TF) approximation. As the external potential

is harmonic, the density profile of a BEC in such a trap becomes an inverted parabola.
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By contrast, the Maxwell-Boltzmann distribution of a thermal atomic cloud has a Gaussian

profile.

Figure 1.7: Absorption image of a typical BEC in our experiment after release from the magnetic

trap. The anisotropic expansion is apparent. In the trap (not shown) the cloud is elongated with

the longitudinal (horizontal) axis being longer. As the BEC falls, it expands faster in the radial

axis (vertical) than in the longitudinal axis. Cuts of the data along the horizontal and vertical axis

are presented with the 2D bimodel fit used to calculate the number of atoms in the condensate and

its purity. The fit function is given by a sum of a Gaussian (for the thermal part) and an inverted

parabola (for the condensate part). The black line corresponds to the Gaussian part while the red

line represents the sum of both functions. The BEC contains ∼ 104 atoms and its purity is ∼ 75%.
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Chapter 2

Theory of Atom Interferometry

An atom interferometer (AI), just like its photon counterpart, is a device in which a wave-

packet is coherently split into two or more wave-packets, each taking a different path, whereby

all paths and wave-packets are then recombined after some time. The phase differences be-

tween the paths are due to differences in force or potential energy along the paths, and

the sensitivity of the interferometer to these forces is determined by the rate of phase ac-

cumulation along these paths. The simplest case is a two-path interferometer, where each

wave-packet takes a different path as depicted in Fig. (2.1). These paths then enclose the

space-time area of the interferometer, which will be discussed at length in Sec. (2.2). In order

to coherently split and then recombine the wave-packet, one needs to transfer different mo-

menta to two coherent copies of the same wave-packet. In Sec. (2.1) several commonly used

procedures are described, including the Stern-Gerlach beam splitter (SGBS) [3] developed

and demonstrated in our lab.

At the end of the interferometer presented in Fig. (2.1), the two paths, representing the

center of the wave-packets, are recombined perfectly in both position and momentum. Such

an ideal interferometer is considered closed and its visibility is V = 1, if no decoherence

processes take place along the paths. However, an interference signal can also be detected

even when the two paths do not perfectly overlap. This interferometer is known as an open

interferometer and its visibility is reduced, V < 1. This reduction in visibility is known as

the Humpty-Dumpty effect [24, 25, 26] and will be discussed in Sec. (2.3).
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Figure 2.1: A scheme of a general two-path closed atom interferometer. The atomic wave-packet

is split into two distinct paths, represented by a green line and a purple line. These paths enclose,

on the space-time diagram, the space-time area A of the interferometer. The first splitting takes

place at z1(0) = z2(0) = zi. If the two wave-packets are recombined in both position (z1(T ) =

z2(T ) = zf ) and momentum (ż1(T ) = ż2(T ) = vf ), the interferometer is considered closed. An

open interferometer is further discussed in Sec. (2.3).

2.1 Atom Interferometers

As mentioned above, the realization of a matter-wave interferometer requires the ability

to control the trajectories of the two paths. This is done by transferring momentum to the

atomic wave-packet such that the state after splitting will be in a superposition of two distinct

momentum states |p1〉+ |p2〉. Obviously, this process has to be performed in a coherent way,

otherwise the resulting state would be a statistical mixture instead of a coherent superposi-

tion. This section will describe the general procedures used for this purpose. Section (2.1.1)

will focus on the SGI which is the main focus of this thesis. Section (2.1.2) will focus on

the Kasevich-Chu (KC) interferometer which is the most common type of light-based atom

interferometer around the world. Other types of AI such as the COW neutron interferometer

[41] and the Bloch-oscillation interferometer [42] are not covered in this thesis. Although

matter-wave interferometry has also been performed in traps (e.g. [43]), we will focus here

on free-space atom interferometers.
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2.1.1 Stern-Gerlach Interferometer

The original Stern-Gerlach experiment, performed a century ago [11], used a static magnetic

field gradient to split particles into spatially separated paths based on their spin projection.

The scheme developed and used in our lab [3] uses pulsed magnetic field gradients, generated

by a current-carrying wire on the atom chip [see Sec. (3.3)], and RF transitions between

different Zeeman sublevels each having its unique spin projection, mF . This scheme allows

us to generate a coherent superposition of two momentum states that correspond to different

Zeeman sublevels, |1, p1〉+ |2, p2〉.

The general scheme for an SGBS starts with a polarized atomic ensemble, where we

denote the initial internal state as |1〉. We then perform a π/2 Rabi transition into a super-

position state of two Zeeman sublevels (|1〉+ |2〉) /
√

2. The states |1〉 and |2〉 may be any

two internal states with a possible coherent transition between them, and having different

magnetic moment projection along the field. We then apply a magnetic field gradient which

creates a state-dependent force FmF on the atomic ensemble:

FmF = −mFgFµB∇|B|, (2.1)

where µB, gF , and mF denote the Bohr magneton, the Landè factor and the projection

of the angular momentum on the quantization axis defined as the local direction of the

magnetic field, respectively. The magnetic force in Eq. (2.1) can be viewed as the gradient

of a magnetic potential mFgFµB|B|. The force FmF in Eq. (2.1) from the field gradient near

an atom chip has a spatial dependence that can be characterized by an harmonic frequency

ω. If the duration of the gradient pulse T1 is short such that T1ω � 1, then we can neglect

the quadratic part of the magnetic potential and model the force as constant. After this

magnetic gradient pulse the state of the atoms is given by

|ψf〉 =
1√
2

(|1, p1〉+ |2, p2〉) , (2.2)

where pi = FiT1. This state represents a coherent superposition of two distinct momentum

states, where ∆p = p2 − p1.

In order to close the interferometer, additional magnetic gradient pulses need to be ap-

plied. To stop the relative motion of the two wave-packets, and if needed, to further accelerate

them towards each other, one can flip the current on the atom chip such that I → −I. This

will cause the force applied by the new magnetic field gradient to be in the opposite di-
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rection. This procedure is called current inversion. Another procedure that can be used is

spin-inversion, where instead of reversing the current one applies a π Rabi pulse which inverts

the population between the two internal states.

The first magnetic gradient pulse serves as a splitting pulse giving rise to a momentum

difference ∆p. The second pulse, either in current-inversion or spin-inversion mode, stops the

relative motion. After stopping the relative motion, a third pulse may be again used to apply

an opposite momentum difference −∆p. A fourth pulse may now be used to recombine the

wave-packets in position and momentum. By applying different pulses with different timing,

the SGBS has been used to demonstrate the first Stern–Gerlach spatial fringe interferometer

[3, 5], the first full-loop Stern-Gerlach interferometer [4], and to simulate the effect of proper

time on quantum-clock interference [44, 45].

2.1.2 Kasevich-Chu Interferometer

The Kasevich-Chu (KC) interferometer [9, 46] is one of the most common light-based atom

interferometers currently in use. The geometry of the KC interferometer resembles that of

a Mach-Zehnder interferometer and so it is also known by that name. Other light-based

atom interferometers are also in use today, such as the constant-acceleration Bloch (CAB)

interferometer [42], which uses Bloch oscillations in order to control the atomic trajectories,

and the Ramsey-Bordé interferometer [8], which uses the same working principle as the KC

interferometer (detailed below) but with a different geometry. While this kind of interferom-

eter is not in use in our lab, it is the most investigated AI around the world and so a brief

description of its general procedure is given here.

The basic working principle of the KC interferometer is momentum conservation when

an atom absorbs or emits a photon. Therefore, when an atom absorbs or emits a photon at

wave-number k it will receive a momentum kick of δp = ±h̄k. Unlike the case of Doppler

cooling presented in Sec. (1.4.1), here a two-photon stimulated Raman transition [47] is

used. As such, the population in the excited state is negligible and we can ignore the effect

of spontaneous emission. The stimulated Raman transition transfers an atom in the sublevel

|1〉 of the ground electronic level into another sublevel |2〉 through the excited electronic level

by a successive absorption of a photon of wave-number k from one beam and emission of

a photon with wave-number −k into the counter-propagating beam wih a total momentum
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transfer of h̄keff = 2h̄k. A pulse of an arbitrary duration of the two counter-propagating

laser beams transfers population between the states |1,p〉 and |2,p+ h̄keff〉.

The KC interferometer uses a π/2 − π − π/2 Rabi-pulse configuration, where the three

pulses split, deflect and finally recombine the atomic wave-packet in a coherent manner as pre-

sented in Fig. (2.2). The first π/2 transition creates the superposition (|1,p〉+ |2,p+ h̄keff〉) /
√

2,

the π transition inverts the relative momentum between the two trajectories, and the second

π/2 mixes the two paths. One should note that unlike the SGI, in the KC interferometer the

laser pulses are used both for creating the internal superposition and to provide control over

the trajectories. In this sense, the SGI provides more flexibility to create a more complex

sequence like the one described in Chap. (4).

0 TT/2
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ψ
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Time

π π/2π/2

Figure 2.2: A scheme of a π/2 − π − π/2 Mach-Zehnder atom interferometer, also known as a

Kasevich-Chu interferometer, in which the momentum transfer is done by laser fields. The green

and purple lines correspond to the internal spin (energy) states |1〉 and |2〉, respectively. At time

t = 0 a π/2 laser pulse is applied, creating an equal superposition of two momentum states. After

time T/2 a π pulse switches the momentum states of the two wave-packets such that the relative

momentum between the two trajectories is reversed. Another π/2 laser pulse is applied at time

T . This pulse mixes the two trajectories before the two output ports of the interferometer. The

phase accumulated in this interferometer in the presence of a constatnt gravitational acceleration

is ∆φMZ = kgT 2.
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2.2 Phase Accumulation of an Atom Interferometer

2.2.1 General Derivation of the Atomic Phase

Louise de Broglie suggested in 1923 [48] that a massive particle has a fundamental frequency

known as the Compton frequency

ωC =
mc2

h̄
, (2.3)

which is derived from the famous Einstein equation E = mc2, where m, c and h̄ are, respec-

tively, the atom’s mass, the speed of light in vacuum and the reduced Planck constant. The

evolution of the atomic phase along a given path is given by an integral along the path r(t)

φ =

∫
ωC · dτ, (2.4)

where τ is the proper time in the rest frame of the atom.

In general relativity [49] the proper time element dτ is determined by the line element

based on the Schwarzschild metric [50]

c2dτ 2 = ds2 =

(
1− 2Φ

c2

)
c2dt2 −

(
1− 2Φ

c2

)−1

dr2 − r2dΩ2, (2.5)

where t is the time in the lab frame and Φ is the potential per unit mass (GM/r around a

massive body with mass M). For a particle moving in a linear field solely along r̂ in spherical

coordinates, one can write the velocity of the particle as v = dr/dt while neglecting the line

element along the angular direction, dΩ = 0. The proper time element can then be written

as

dτ = dt

√
1− 2Φ

c2
−
(v
c

)2
(

1− 2Φ

c2

)−1

. (2.6)

Considering that we work in the non-relativistic regime, we can expand the square root

in Eq. (2.6) with the small parameter Φ/c2 � 1 and v2/c2 � 1 and write the proper time

element as

dτ = dτ (0) + dτ (1) + dτ (2) + ..., (2.7)

where

dτ (0) = dt, (2.8)

dτ (1) =
dt

c2

(
Φ− v2/2

)
. (2.9)

Looking back at Eq. (2.3), the internal energy (relative to the vacuum) can be written as a

sum of two terms: the internal energy of the ground state and the internal energy relative to
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the ground state such that

ωC = ω
(0)
C + Eex/h̄, (2.10)

where the excitation energy Eex is the energy of the internal state of the atom relative to its

ground state. Substituting Eqs. (2.7) and (2.10) into Eq. (2.4) we can write the zero-order

contribution to the phase as

φ(0) =

∫
ω

(0)
C · dt =

mc2

h̄
t. (2.11)

While Eq. (2.11) shows that the atom accumulates a phase at the Compton frequency, which

can be on the order of ∼ 1025 Hz, this phase is unobservable as the two paths share the same

time t in the lab frame, namely, a differential phase between the two paths which is equal to

∆φ(0) = φ
(0)
2 − φ

(0)
1 = 0. (2.12)

The first order phase, φ(1), is measurable and is called the non-relativistic residue. It can

be written as

φ(1) =

∫
ω

(0)
C dτ (1) +

∫
Eex

h̄
dτ (0) = −1

h̄

∫
(
mv2

2
−mΦ− Eex)dt =

= −1

h̄

∫
(EK − EP )dt = −1

h̄

∫
L dt. (2.13)

Here, L = EK−EP is the non-relativistic Lagrangian, EK = mv2/2 is the kinetic energy and

EP = mΦ +Eex is the potential energy. The potential energy has two contributions, the first

comes from the gravitational field which is proportional to the rest mass while the second

contribution originates from the internal energy, which depends on the internal degrees of

freedom of the atom. The latter, Eex, may also depend on the position of the atom as it

involves interaction with external forces.

While this derivation relies on general relativity, these results can be achieved using non-

relativistic quantum mechanics [51]. As such, measuring this phase cannot be considered a

direct observation of a relativistic effect. The second-order phase,

φ(2) =

∫
Eex

h̄
dτ (1) +

∫
ω

(0)
C dτ (2) =

= − 1

h̄2ω
(0)
C

∫
Eex(EK −mΦ)dt− 1

2h̄2ω
(0)
C

∫ (
E2
K − 6mEKΦ +m2Φ2

)
dt, (2.14)

can be considered a relativistic observation. However, this phase is several orders of magni-

tude smaller than the first order and it is beyond the technical capabilities of state-of-the-art

interferometers.
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2.2.2 Differential Phase of an Atom Interferometer

In the following derivation we use the relation obtained in Eq. (2.13), to calculate the phase

difference between the two arms of an interferometer where the internal energy of the atom is

equal in both arms. The phase contribution from different internal energy levels is discussed

in Sec. (2.2.6). Equation (2.13) shows that the phase accumulated along the trajectory r(t)

is proportional to the action

S =

∫
L dt. (2.15)

We calculate the phase difference between the two arms along the classical trajectories r1(t)

and r2(t) where t ∈ [0, T ] and find

∆φ =
1

h̄
(S2 − S1) =

m

h̄

∫ T

0

(
∆[v2]

2
+ ∆[a · r]

)
dt. (2.16)

Here, ∆[v2] = v2
2 − v2

1 and ∆[a · r] = a2 · r2 − a1 · r1. We have assumed here that the

potential energy arises from interaction with a linear potential field so that one can express

it as EP = mai · ri where ai is the acceleration acting on the atomic wave-packet along the

i-th trajectory.

We now represent the acceleration the atom would experience as the sum of the gravi-

tational acceleration g = −GMr̂/r2 and the differential acceleration ãi applied during the

interferometric sequence. We can also define the velocity and position of the atom in the

same way such that

ai = ãi + g, (2.17)

vi = ṽi + vg, (2.18)

ri = r̃i + rg. (2.19)

The kinetic energy term in Eq. (2.16) can then be expanded to be

∆[v2]

2
=
ṽ2

2 − ṽ2
1

2
+ vg · (ṽ2 − ṽ1), (2.20)

and the potential term in the integrand of Eq. (2.16) can be written as

∆[a · r] = ã2 · r̃2 − ã1 · r̃1 + (ã2 − ã1) · rg + g ·∆r̃. (2.21)

Integration by parts of Eq. (2.21) yields∫ T

0

∆[a ·r]dt = [ṽ2 ·r2− ṽ1 ·r1]T0 −
∫ T

0

(ṽ2
2− ṽ2

1)dt−
∫ T

0

vg ·(ṽ2− ṽ1)dt+

∫ T

0

g ·∆r̃ dt. (2.22)
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Plugging these results back into Eq. (2.16) gives us

∆φ =
m

h̄

(
[ṽ2 · r2 − ṽ1 · r1]T0 −

1

2

∫ T

0

(ṽ2
2 − ṽ2

1)dt+

∫ T

0

g ·∆r̃ dt
)
. (2.23)

Equation (2.23) provides a convenient decomposition of the interferometer phase into three

terms that we call the separation phase ∆φsep, the kinetic phase ∆φkin and the inertial phase

∆φin which together comprise the propagation phase. These phases, along with the magnetic

phase ∆φB and the laser phase ∆φL, which arise due to interaction with external forces, will

be discussed in detail in the following sections.

2.2.3 Separation Phase

From Eq. (2.23), the separation phase is given by

∆φsep =
m

h̄
[ṽ2 ·r2−ṽ1 ·r1]T0 = k̃2(T )·r2(T )−k̃1(T )·r1(T )−k̃2(0)·r2(0)+k̃1(0)·r1(0). (2.24)

A common atom interferometer will have a single wave-packet that is split into two distinct

paths such that the initial momentum and position of the two paths are identical,

r1(0) = r2(0), (2.25)

k̃1(0) = k̃2(0) = 0. (2.26)

The final position and momentum can be written in the center-of-mass frame as

ri(T ) = r̄ ± δr/2, (2.27)

and

k̃i(T ) = ¯̃k ± δk̃/2. (2.28)

Plugging Eqs. (2.25)-(2.28) into Eq. (2.24) allows one to write the separation phase as

∆φsep = δr · ¯̃k + δk̃ · r̄. (2.29)

It is clear from Eq. (2.29) that for a closed interferometer, where δk̃ = 0 and δr = 0, the

separation phase vanishes and the total phase does not depend on the initial position and

velocity of the wave-packets.

Another contribution to the total phase difference can arise, not from the action difference

as seen in Eq. (2.13), but from considering the phase across the wave-packet. The general

shape of the wave-packet after passing through the interferometer is given by

ψi(R, t) = Φ(R− ri)ei[ki·(R−ri)+Si/h̄], (2.30)
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where Φ(R− ri) is the envelope of the wave-packet, which is assumed to be the same shape

and width for both arms and symmetric (or anti-symmetric) with respect to inversion around

their centers which may be at different positions ri. The center momenta are ki = mṙi/h̄ and

Si are the actions along the center trajectories. Comparing the phases of the wave-packets

at their respective centers r1 and r2 gives us back Eq. (2.16)

∆φcenters = φ2(R = r2)− φ1(R = r1) =
S2 − S1

h̄
. (2.31)

However, this is not the phase measured in the experiment if r1 6= r2.

In general, the phase measured by the interferometer is given by the phase of the overlap

integral

V e−i∆φ =

∫
d3Rψ∗2(R, t)ψ1(R, t), (2.32)

where V is a real number representing the visibility which is discussed further in Sec. (2.3).

By taking the form of Eq. (2.30) for the wave-packet we obtain

V e−i∆φ = e−i(S2−S1)/h̄

∫
d3RΦ(R− r2)Φ(R− r1)e−i[k2·(R−r2)−k1·(R−r1)]. (2.33)

By using Eq. (2.27) the phase difference in Eq. (2.33) can be written as

∆φ(R) = ∆S/h̄+ k̄ · δr − δk · (R− r̄), (2.34)

where k̄ = (k2 + k1)/2 and δk = k2 − k1. Transforming to the coordinates u ≡ R − r̄

Eq. (2.33) becomes

V e−i∆φ = e−i(∆S/h̄−k̄·δr)

∫
d3uΦ(u− δr/2)Φ(u+ δr/2)e−iδk·u. (2.35)

The integral in Eq. (2.35) is a Fourier transform of an even function and so it is real. The

phase difference is then given by

∆φ = ∆S/h̄− k̄ · δr. (2.36)

The second term vanishes when the two wave-packets share the same position at the end

of the interferometer [Eq. (2.31)]. Combining the results of Eqs. (2.29) and (2.36) with the

relation in Eq. (2.18) allows us to write the separation phase as the sum of two terms, one

arising from the difference in actions [Eq. (2.29)] and the other from the phase across the

wave-packets [Eq. (2.36)], where this contribution is dependent on the mean momentum of

the two wave-packets. The total separation phase is thus,

∆φsep = δr · ¯̃k + δk̃ · r̄ − k̄ · δr = δk̃ · r̄ − δr · kg, (2.37)
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where kg is the momentum of the wave-packets due to free fall under gravity, which is identical

for both wave-packets. Let us note that some define the separation phase as including only

the term k̄ · δr [52].

2.2.4 Kinetic Phase

The kinetic phase of an interferometer is given by

∆φkin = −m
2h̄

∫ T

0

(ṽ2
2 − ṽ2

1)dt. (2.38)

In common interferometric configurations that satisfy

ṽ2
2(T/2− t) = ṽ2

1(T/2 + t), (2.39)

the kinetic phase cancels. These configurations include the Mach-Zehnder interferometer for

example, where the trajectories of the two paths enclose an area in the shape of a parallel-

ogram [See Fig. (2.2) for more details]. In other configurations, where the kinetic term does

not cancel out, it can be presented in terms of frequency, mṽ2
i /2 = h̄ω̃i, such that

∆φkin =

∫ T

0

(ω̃1 − ω̃2)dt, (2.40)

and may be used for the measurement of the recoil frequency [53, 54, 55].

2.2.5 Inertial Phase

The inertial phase is given by

∆φin =
m

h̄

∫ T

0

g ·∆r̃ dt, (2.41)

and for a constant acceleration, g can be taken out of the integral and the inertial phase will

simplify to

∆φin =
m

h̄
g ·
∫ T

0

∆r̃ dt =
m

h̄
g · A. (2.42)

Here, A =
∫ T

0
∆r̃dt is the space-time area enclosed by the interferometer as presented in

Fig. (2.1). It is clear from this term that by enlarging the space-time area encompassed

by the interferometer, one can increase the accumulated phase. It is important to note

that one can design an interferometer with the splitting along the horizontal plane such

that g · ∆r = 0, which will zero the inertial term. One of the first measurements of this

phase using matter-wave interferomety has been suggested [56] and later observed [41] in the
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Colella–Overhauser–Werner (COW) experiment of 1975. This term is commonly used in the

measurement of gravity [10, 57] and has been proposed for use in an antimatter interferometer

[58].

2.2.6 Magnetic Phase

If the two arms of the interferometer correspond to different internal energy states of the

atom separated by ∆ω = ∆Eex/h̄, an additional contribution to the phase ∆φω appears.

This phase arises from Eq. (2.13) and is given by

∆φω =

∫
∆Eex

h̄
dτ (0). (2.43)

∆φω can be presented as the sum of two contributions, one which arises from internal energy

splitting that does not depend on external fields and another that does depend on external

fields. The most common example for these two parts are the hyperfine splitting and the

Zeeman splitting. For these two examples ∆φω can be presented as

∆φω = ∆φHF + ∆φB. (2.44)

In present-day interferometers ∆φHF is not measured, as it cancels with the phase of the local

oscillator used to create the superposition. This is in essence the same cancellation of phase

that appears in a Ramsey sequence [see Sec. (1.2.3)].

∆φB may originate from any field that induces an energy shift, however, we refer to this

phase here as the magnetic phase, as this is the most common case for such a phase to appear

in an atom interferometer. In the simplest case of a constant field, the energy difference will

be constant as well and the magnetic phase will simply be

∆φB = ∆ωLT, (2.45)

where ωL is the Larmor frequency given in Eq. (1.23). In general, this term may also cause

fluctuations of the phase if the magnetic field fluctuates or if it depends on time and space.

As the potential energy of a magnetic dipole with dipole moment µ in a magnetic field is

given by U = −µ ·B, the phase shift is given by

∆φB =
1

h̄

∫ T

0

∆ [µ ·B] dt =

∫ T

0

∆ωL dt. (2.46)

For the case of a KC interferometer where non-magnetic states are used (mF = 0), the

magnetic phase may cause uncertainty in the total accumulated phase due to the non-linear
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Zeeman effect. Even in the case where the two arms share the same internal energy state,

one should take into consideration any magnetic field gradients that might cause different

energy shifts along the two paths [44].

2.2.7 Laser Phase

In a light-based atom interferometer, where control over the atomic trajectories is gained by

stimulated Raman transitions, one needs to take into account the phase introduced by the

atom-light interaction. We can model the interaction of a laser pulse as a delta function in

the following form [51]

VL = ±2h̄δ(t− t1) [k · r + ϕ(t1)] , (2.47)

where k is the wave-vector of the laser light and ϕ is the phase of the laser. The plus

and minus signs correspond to a transition where the wave-packet gains or loses momentum

equal to 2h̄k, respectively. In Eq. (2.13) we have shown that the phase of a wave-packet is

the integral over the Lagrangian. Plugging Eq. (2.47) into Eq. (2.13) gives

φL =
1

h̄

∫ T

0

VL dt = ± [k · r + ϕ(t1)] , (2.48)

where t1 is the timing of the laser pulse. By considering a common interferometric cycle con-

sisting of three laser pulses (π/2−π−π/2), and taking into account the classical trajectories

of the two wave-packets, one can write the differential laser phase as [51]

∆φL = kgT 2 − δϕ, (2.49)

where g is the gravitational acceleration and δϕ is

δϕ = ϕ(t3)− 2ϕ(t2) + ϕ(t1). (2.50)

We note that the total calculated phase of the KC interferometer is equal to the RHS of

Eq. (2.49). However, one can also prove that the contribution of the kinetic and inertial

phase are the same up to an opposite sign. As such one can claim that the total phase in

the KC interferometer originates purely from the inertial phase or from the laser phase. This

disagreement between different representations of the phases is the source to the redshift

controversy [51].
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2.3 Generalized Humpty-Dumpty Theory

Finally, we discuss the topic of interferometer visibility, namely the contrast of the interfer-

ence pattern. Englert, Scully, and Schwinger (ESS) have addressed the issue of the expected

visibility (spin-coherence) of an SGI, in the absence of environmental decoherence, in their

series of papers from the 80’s [24, 25, 26]. In these papers ESS discuss the reduction of

visibility of an SGI due to experimental inaccuracies in recombining the wave-packets, and

have named this effect the Humpty-Dumpty (HD) effect, implying that the two wave-packets

cannot be reunited. Others like Heisenberg [59] and Wigner [60] also pointed out the diffi-

culties. Bohm, for example, noted that the magnet would need to have “fantastic” accuracy

[61].

Here we derive a generalized analytic expression for the visibility of an interferometer. In

their papers, ESS assumed for simplicity that the wave-packets do not expand so they stay

as minimum-uncertainty wave functions from the beginning to the end of the interferometer.

Here, the evolution of the wave-packets is given under the approximation of a Gaussian wave-

packet, while free expansion and differential quadratic potentials are taken into account.

In this general case we assume a time-dependent form of the wave-packets which de-

scribes their evolution in free space or in a quadratic potential. This form is consistent with

the evolution of a BEC in the approximation used in [62], whereby the Thomas-Fermi ap-

proximation is extended to the motion of a BEC after release from an harmonic potential

trap. In this calculation the dependence on the interaction strength is entirely contained in

the initial spatial density of the BEC. For simplicity we use a one-dimentional model and

assume that the wave-packets overlap completely in the other two dimensions. We start from

the following form for the wave-packets

ψi(z, t) =
1√
λi
ψ0

(
z − Zi
λi

)
eiPi(z−Zi)/h̄e

im
2h̄

λ̇i
λi

(z−Zi)2

, (2.51)

where Zi(t), Pi(t) are the central position and momentum of the two wave-packets (i = 1, 2),

λi(t) are the scaling factors due to expansion [62], and ψ0(z) is the initial wave function,

which is assumed to have a flat phase. If we take ψ0 to be a Gaussian with width σz, the

overlap integral between the two wave-packets can be written as∫
dzψ∗2(z, t)ψ1(z, t) =

1√
2πσ2

zλ2λ1

e−η∆z2/4ei∆φ
∫
dze−ηz

2−i(∆P/h̄−ξ∆z)z, (2.52)

where ∆P = P2 − P1, ∆z = Z2 − Z1 are the inaccuracies in momentum and position of the
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recombination at the end of the interferometer, and ∆φ is the phase difference presented in

Eq. (2.16). Here, η and ξ are

η =
1

4σ2
z

(
1

λ2
2

+
1

λ2
1

)
+ i

m

2h̄

(
λ̇2

λ2

− λ̇1

λ1

)
, (2.53)

ξ =
m

2h̄

(
λ̇2

λ2

+
λ̇1

λ1

)
+ i

1

4σ2
z

(
1

λ2
2

− 1

λ2
1

)
. (2.54)

Integrating Eq. (2.52) and taking the absolute value, one finds the visibility to be

V =

√
2λ2λ1

λ2
2 + λ2

1

∣∣∣∣∣exp

[
−(∆P/h̄− ξ∆z)2

4η
− η∆z2

4

]∣∣∣∣∣ . (2.55)

Equation (2.55) can be simplified further by assuming that no differential quadratic poten-

tials are applied during the interferometric sequence. In this case, λ1 = λ2 = λ and the wave-

packet size σ(t) = σzλ(t) is identical for both wave-packets. The parameters η(t) = 1/2σ(t)2

and ξ(t) = mσ̇(t)/h̄σ(t) then become real. With this simple assumption let us now consider

the case where the two wave-packets evolve in free space. For a trap with axial (cylindrical)

symmetry with respect to the x-axis, such that ωx/ωz � 1, the wave-packet size after release

is given by [62]

σ(t) = σ0

√
1 + ω2

zt
2 , (2.56)

where ωz and ωx are the trap frequencies along the z and x axes, and t is the time since trap

release. This law of evolution of the wave-packet size applies both to a BEC with interactions

and to a thermal state without interactions in an harmonic trap. The atom-atom interaction

leads to an increased initial wave-packet width σ0 and hence an increased expansion rate σ̇

by the same proportion.

For a BEC in the Thomas-Fermi limit, the chemical potential µ is contained within the

initial conditions of the BEC by the relation

µ =
1

2
h̄ω̄

(
15Na

√
mω̄

h̄

)2/5

, (2.57)

where ω̄ = (ωxωyωz)
1/3, a is the s-wave scattering length and N is the number of condensed

atoms. In the case where the BEC is released from an harmonic trap, the initial wave-packet

size is given by σ0 =
√

2µ/mω2
z and so ξ = ωzt/2σ

2. The visibility is then

V = exp

[
−σ

2

2
(∆P/h̄− ωzt∆z/2σ2)2 − ∆z2

8σ2

]
. (2.58)
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As ESS, Bohm and others pointed out, it is a formidable technical challenge to be able

to observe coherence in a full-loop SGI. A realization of such an interferometer is presented

in Chap. (4).
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Chapter 3

Experimental Apparatus

This chapter describes the experimental setup used for the experiments described in later

parts of this thesis. A more detailed description of the experimental apparatus can be found

in [39].

3.1 Vacuum System

Our vacuum system is made of a 6-way CF-160 cross with all the other vacuum parts con-

nected to this cross [Fig. (3.1)]. The frame is designed to hold the vacuum system and the

magnetic coils rigidly while far enough apart as to allow easy optical access from all direc-

tions. The science chamber is connected to the bottom of the 6-way cross and the mount

with the atom chip [see Sec. (3.3)] is inserted from the top. On two of the sides the turbo-

molecular pump and the ion pump (VacIon diode 300 L/s, Varian) are connected. The last

two sides have a titanium sublimation pump (TSP) and a blank flange. In Fig. (3.1) the

science chamber is on the bottom and the ion pump (the TSP) is on the right (left). After

baking, the pressure in the chamber is ∼ 10−11 Torr.

3.2 Laser System

In our experiment we use four different laser frequencies originating from two lasers. The

main laser is a Toptica TA100 that delivers ∼ 800 mW, and its output beam is split into

three different beams for cooling, optical pumping and imaging. The secondary laser, which
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Figure 3.1: The vacuum setup in 2007 when the

experiment was first built. At present many op-

tical elements as well as multiple coils prevent us

from taking a clear picture of the apparatus. The

TSP is connected to the left of the 6-way cross.

The ion pump can be seen at the top right cor-

ner of the picture. At the bottom is the octagon

science chamber. The nipple protruding to the

right from the science chamber holds the alkali

dispensers. Taken from [39].

is a home-made external-cavity diode laser (ECDL) in a Littrow configuration, can deliver

∼ 40 mW and is used as a repumper. The frequencies of both lasers are fixed by a locking

mechanism utilizing a rubidium cell and polarization spectroscopy [63]. The four laser beams

can be turned on and off with mechanical light shutters (Uniblitz LS6), and their frequency

and intensity are controlled with acousto-optic modulators (AOMs). All four beams are

coupled into single-mode optical fibers and transferred to the science chamber. Figure (3.2)

shows images of the optical table.

3.3 The Atom Chip

The atom chip consists of a silicon wafer covered with gold, where insulating gaps are created

in the gold layer to define wires. Deposition of the gold and creation of the wires is done in

an advanced fabrication facility1, capable of producing complex structures accurately, which

in turn form the required potential. For a review of atom chips see [6].

The design of the atom chip in current use is designated BGU2 and is presented in

1We produce our chips in the Weiss Family Laboratory for Nano-scale Systems at Ben-Gurion University

of the Negev.
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Figure 3.2: (Top) The laser box. A Toptica TA100 is used for the main laser beam (cooling,

optical pumping, and imaging) and a homemade ECDL is used for the repumper beam. The beam

paths are shown with red (TA100) and blue (ECDL). (Bottom) Optical paths through the lenses,

mechanical shutters and AOMs are shown for the four beams.

Fig. (3.3). Magnetic gradient pulses used in the experiments are generated by three parallel

gold wires located on the chip surface, which are 10 mm long, 40µm wide and 2µm thick

as seen in Fig. (3.4). The wires’ centers are separated by 100µm, and the same current

runs through them in alternating directions. These currents create a 2D quadrupole field at

z = 98µm below the atom chip, when taking the non-zero wire widths into account (where

z = 0 is defined at the center of the 2µm thick wires). The SGI phase noise is largely

proportional to the magnitude of the magnetic field created during the gradient pulse [3].

As the main source of magnetic instability is in the gradient pulse originating from the chip,

positioning the atoms near the middle (zero) of the quadrupole field reduces the phase noise

during the SGI operation.
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Figure 3.3: (a,b) Pictures of the BGU2 atom chip on its mount, with the copper structure visible

behind it. Note that its orientation in the experimental setup is face down. Bonding wires connecting

the chip wires and the pins leading outside of the vacuum can be seen. (c) Magnetic field strength

below the atom chip, generated by the quadrupole field via the chip wires (represented by the orange

squares below the chip) and a homogeneous bias field generated by external coils. The bias field

is the reason why the field below two of the three wires, is small, although the current in all three

wires is equal, though alternating in direction. The purple dot shows the location of the trapped

BEC (where the potential trapping the BEC is made by the copper structures behind the chip, and

is not shown here). (d) Design of the BGU2 atom chip. The chip size is 25 mm × 30 mm. The wires

creating the 2D quadrupole field are located in the middle. Taken from [40].

The chip wire current is driven using simple 12V batteries connected in series. The

current is controlled using a home-made current shutter based on a transistor as a solid state

switch, with on/off times as short as 1µs. The switch is bipolar and can reverse the voltage

on the chip. The delay time between reversing the voltage direction is ∼ 2.6µs. The total

resistance of the three chip wires is ∼ 13.5 Ω, yielding a current of 12/13.5 = 0.81 A for a
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single battery. In most experiments described in this thesis, the voltage on the chip is reduced

by an additional resistor connected to the chip in series.

3.3.1 Atom-Chip Mount

The atom chip is glued to the mount designed to hold the atom chip and copper current-

carrying wires [U- and Z-shaped wires, see Fig. (1.4)] in the middle of the science chamber.

In our experiment, the chip is positioned on the top of the mount [see Fig. (3.3)], which is

inserted upside down into the vacuum from the top part of the 6-way cross [Sec. (3.1)] such

that the chip is below the lower end of the mount.

Figure (3.5)(a) shows the U- and Z-shaped copper wires beneath the atom chip, which

produce the quadrupole for the MOT and the magnetic trap for producing the BEC (with

additional homogeneous magnetic fields); see Sec. (1.3) for details. In Fig. (3.5)(b) the entire

mount is shown, and Fig. (3.5)(c) zooms in on the top part of the mount.

3.4 Magnetic Fields

In addition to the magnetic fields generated by the chip and the copper structure above

it, we use three pairs of coils in a Helmholtz configuration in order to provide a constant

magnetic field in the x, y and z directions. We use all three pairs during the initial laser and

evaporative cooling process. At the moment of release, we shut down all currents, except

for the y-bias coils, using home-made current shutters with a fall time of ∼ 200µs. The

current in the y-bias coils is left on during the whole experiment and it is the magnetic

field generated by these coils that defines our quantization axis for the interferometer. The

bias field along the y-axis also serves to lift the degeneracy between the different Zeeman

sub-levels and isolate a pseudo-two-level system used in our experiments. By working with a

high magnetic field bias we can utilize the non-linear Zeeman effect such that the transition

frequency δω12 = (EmF=2 − EmF=1) /h̄ differs from the transition frequency δω01 by about

∼ 180 kHz.

39



Figure 3.4: The advantages of quadrupole field generation: (a) Schematic diagram of the chip

wires which are used to generate the quadrupole field. Wires are 10 mm long, 40µm wide and

2µm thick. The separation between the wires’ centers is 100µm, and the direction of the current I

alternates from one wire to the next. The wires, being much smaller than the size of the chip (25 mm

× 30 mm), are hardly visible in Fig. (3.3). (b) While the constant-bias magnetic field (dashed black

line) is necessary to create an effective two-level system, we do not require any additional bias to

be produced by the chip wires during the gradient pulses, but require only the gradient of the field.

This requires only a single wire. However, one can see that the total magnitude of the magnetic

field produced by a quadrupole and a bias (red/orange lines) is smaller than that produced by

a single wire and a bias (blue line, as used in [3]), while the gradient (at 100µm) is the same.

Since the phase noise is largely proportional to the magnitude of the magnetic field created during

the splitting pulse [3], positioning the atoms near the quadrupole position (98µm below the chip

surface) reduces the phase noise. Taken from [40].

40



Figure 3.5: The atom chip mount. (a) A picture of the copper structure before the atom chip

is glued on to the white Macor. The U- and Z-shaped wires [Fig. (1.4)] are visible, as are two

additional parallel copper wires for extra versatility. In the experiments described in this thesis,

these parallel copper wires, also called the copper legs, are used as the RF anttena. (b) A picture

of the atom chip mount. The copper rods carry the high current for the copper structure while the

ribbon is made of thin wires carrying the current for the atom chip. (c) Zooming in on the top of

the mount. The chip wires are bonded to pins which are connected to the ribbon wires. The copper

rods are connected to the copper structure, which is hidden beneath the atom chip. Taken from

[39].

3.4.1 Phase Stability

The output of a Ramsey sequence [Eq. (1.17)] is given by

P1 = cos2(δω · τ/2), (3.1)

where δω is the detuning and τ is the interrogation time. Fluctuations in the total accumu-

lated phase, δω · τ , will cause instability in the output of the Ramsey sequence and as such in

the output of the interferometer. We assume that the uncertainty in the interrogation time,

τ , is negligible since the whole system is synchronized to an atomic clock. The fluctuations

in the RF used in the experiment can also be neglected for the same reason. Consequently,

we can conclude that the multi-shot stability of the experiment depends on the frequency

stability of the superposition itself. Changes in the frequency of the superposition will cause

shot-to-shot fluctuations in the output of the experiment. As the frequency depends linearly

on the magnetic field, which in turn depends linearly on the current in the Helmholtz coils,
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it is clear that the relative error in the phase is given by

δφ

φ
=
δI

I
. (3.2)

In Eq. (3.2) we have neglected any instability coming from the interferometric sequence and

so we focus only on the stability of the Ramsey sequence itself. We counter the effect of these

fluctuations using two different approaches detailed below.

Improved RF Sequence

While a basic π/2− π/2 Ramsey sequence suffers from high sensitivity to changes in the de-

tuning, a π/2−π−π/2 spin-echo sequence [Sec. (1.2.4)] is not sensitive, to first order, to small

fluctuations of the detuning. An easy way to prove this claim is to look at each interrogation

time of the spin-echo sequence separately. If the duration of each of the interrogation times

is τ/2 then the accumulated phase during the first interrogation time is φ1 = δω · τ/2. Since

the π pulse inverts the population between the two states, the accumulated phase during

the second interrogation time is φ2 = −δω · τ/2. If we assume that the detuning is constant

during each experimental cycle, the total accumulated phase is then φ1 + φ2 = 0 regardless

of the detuning.

By considering the generalized Rabi frequency [Eq. (1.11)] one can see that the output of

a spin-echo sequence is sensitive to fluctuations in the detuning as

δP1 ∝
1

1 + (δω/Ω0)2
≈ 1− δω2

Ω2
0

, (3.3)

where Ω0 is the Rabi frequency. Equation (3.3) shows that for small fluctuations such that

δω � Ω0 we can neglect the dependency of the output on the detuning.

Other more complex RF sequences are widely used by different research groups [64, 65]

and can reduce the shot-to-shot fluctuations even further. In our lab we currently do not

implement any of these sequences.

Current Stability

Equation (3.2) shows us that in order to improve the phase stability one needs to improve

the current stability. This is implemented in our experiment in two ways:

� One of the main sources of low-frequency noise is the 50 Hz power line. To counter its

effect we synchronize the start of the experiment to within 1 ms of the power line cycle.
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We also synchronize the start of the evaporation cooling stage with that of the 50 Hz

power line. This has shown to increase the atom-number stability.

� The inductance of the magnetic bias coils is ∼ 200 mH. Thus they act as a low-pass

filter, filtering our any high-frequency noise.

3.5 BEC Production

In this section, we describe the procedure used for the production of a BEC in our experiment.

A duration of 32 s is required in order to produce a BEC of ∼ 104 atoms and an additional

28 s for the system to reach thermal equilibrium without risk to the atom chip. In total, the

experimental cycle takes 60 seconds to complete.

3.5.1 Magneto-optical trap

The MOT stage is the first stage in the production of the BEC. The configuration used in

our experiment is that of a reflection-MOT, as depicted in Fig. (3.6). In this setup a pair

of counter-propagating laser beams is parallel to the chip, while two other beams hit the

reflective surface of the atom chip in a 45◦ angle in a plain perpendicular to the first pair of

laser beams. The magnetic field originates from a current of 50 A in the U-shaped copper wire

and additional uniform bias fields of ∼ 5 and ∼ 1 G in the y and z directions, respectively.

The MOT center is at a height of 7 mm from the chip surface.

The laser beams consist of two different frequencies, one used for cooling and the other for

repumping. The cooler is ∼ 3Γ = 18 MHz red-detuned from the F = 2 → F ′ = 3 transition

in the D2 line of 87Rb. Since the transition has a finite width, some atoms may be excited

to the F ′ = 2 state (∼ 1 out of 300), and can then decay to the F = 1 ground state and be

lost from the cooling cycle. The repumper laser, tuned resonantly to the F = 1 → F ′ = 2

transition, returns these atoms back to the cooling cycle.

Rubidium atoms are released into the chamber from heated dispensers, by running a

current through them for 13 s. We also activate UV LEDs for the first 19 s of the MOT.

The MOT (laser light and magnetic fields) is loaded over a period of 20 s, after which it

contains ∼ 5 · 107 atoms. Keeping the MOT on after shutting down the dispensers helps
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Figure 3.6: Beam configuration used in our experiment to create a reflection-MOT. A magnetic

quadrupole field is created by running a current in the copper U-wire in combination with uniform

bias fields in the y and z axes. (Bias fields are not shown in the figure.) Two laser beams, each

containing two frequencies (cooler and repumper), are reflected from the gold surface of the atom

chip at a 45◦ angle. The reflected beams form counter-propagating beam pairs of opposite circular

polarization [as viewed in the lab frame, see Fig. (1.6)]. An additional laser beam pair, not shown

in this figure, travels perpendicular to the image plane.

reduce the background gas pressure, thus reducing the collision rate with the trapped atoms

in the magnetic trap and increasing the magnetic trap lifetime.

3.5.2 Magnetic trap loading

Directly loading the magnetic trap from the MOT is possible; however, the efficiency of such

a transfer will be low. Loading efficiency can be increased by performing intermediate steps

in between the MOT stage and the loading stage. First, the position and size of the atomic

cloud need to be matched with those of the magnetic trap. For this purpose the MOT is

compressed by increasing the current in the U-wire from 50 A to 78 A, and increasing the

bias field in the y-axis from 5 G to 24 G. The MOT position is now at 2.5 mm from the chip.

This change is performed over 100 ms in order to prevent as much as possible oscillations and

heating of the atomic cloud.

Some heating of the atomic cloud is unpreventable. In order to compensate for this and

enhance the initial phase-space density in the magnetic trap, further cooling of the atomic

cloud is necessary. This is done in two stages: grey MOT and Sisyphus cooling. The grey
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MOT is performed during the last 3 ms of the compression stage in which the detunning

of the cooling light is increased to ∼ 6Γ. Afterwards, Both lasers and magnetic fields are

turned off. Turning off the laser light prevents the atoms from crashing into the chip while

the magnetic field are turned off. The laser beams are then turned back on and detuned

even further up to ∼ 10Γ. This stage is performed without magnetic fields [see Sec. (1.4.2)].

At the end of the Sisyphus cooling stage the atomic cloud temperature is ∼ 100µK and the

atom number is the same as in the MOT, ∼ 5 · 107.

At this point the atoms are mainly distributed over the five possible Zeeman sublevels

of the F = 2 ground state, and must be optically pumped into a magnetically trappable

state, a low-field seeking state. A homogeneous magnetic field along the y-axis is turned on

1.5 ms before the magnetic trap is activated. During this time a short laser pulse with σ+

polarization is applied to the atoms. The laser light is directed along the y-axis and is tuned

to the F = 2→ F ′ = 2 transition. This optical pumping pulse transfers angular momentum

from the photons to the atoms and pumps them to the F = 2,mF = 2 state, which is a dark

state. The repumper is also turned on during this time to return atoms that have decayed

to the F = 1 state. At the end of the optical pumping pulse all of the atoms are in the

F = 2,mF = 2 state and the temperature of the cloud does not increase significantly since

each atom reached the dark state after absorbing only a few photons.

3.5.3 Magnetic trap and evaporation

The magnetic trap is turned on and its initial position is ∼ 2.5 mm below the atom chip, the

cloud temperature is 300µK and there are∼ 3·107 atoms in the trap. As soon as the atoms are

in the trap, evaporative cooling of the hottest atoms commences. The RF frequency starts at

50 MHz to remove the hottest atoms and drops within 12 s in an exponential manner to a final

value of ∼ 0.4 MHz, a few tens of kHz above the trap minimum value. For more theoretical

details regarding magnetic traps and evaporative cooling see sections 1.3 and 1.4.4. At the

end of the RF evaporation there are ∼ 104 atoms in the BEC state.
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Chapter 4

T 3 Stern-Gerlach Interferometer

This chapter presents in detail the theoretical background and experimental work leading to

the paper “T 3-Stern-Gerlach Matter-Wave Interferometer” (Phys. Rev. Lett. 123, 083601

(2019), Ref. [27]).

4.1 Introduction

The T 3 phase accumulation scaling (so-called “cubic phase”), also known as the Kennard

phase [12], has been observed recently in surface water waves serving as an analogue to

quantum-mechanical waves [66]. Using atom interferometers, a cubic phase has been observed

is other setups, such as the Continuous-Acceleration Bloch (CAB) [16] where the phase scales

as a sum of a square phase and a cubic phase, or in inertial sensors [14] where a cubic

scaling appears in the Sagnac phase. While a cubic phase has been measured previously,

we emphasize that the results presented here are the first observation of a pure T 3 scaling,

resulting from the applied state-dependent linear potential in an atom interferometer.

Unlike other state-of-the-art atom interferometers, the SGI presented here does not use

light in order to manipulate the trajectories of the wave-packets. Instead, the Stern-Gerlach

effect [11] is used, whereby a magnetic field gradient creates a state-dependent force on

a superposition of two different spin states as described in Sec. (2.1.1). We use a four-

pulse configuration embedded in a spic-echo sequence in order to split and recombine the

trajectories of the two wave-packets.
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4.2 Experimental Setup

Our experiment is based on what is, to the best of our knowledge, the first full-loop SGI

realization [4]. It uses a 87Rb BEC released from a magnetic trap and falling freely under

gravity. Since the BEC quickly expands after its release from the magnetic trap, the in-

teratomic interactions are negligible and the experiment may be considered a single-particle

experiment. We define our coordinate system such that the z-axis is along the gravitational

acceleration.

The non-linear Zeeman effect due to a bias magnetic field of 35 G along the y-axis, created

by an external pair of Helmholtz coils described in Sec. (3.4), forms an effective two-level

system consisting of the states |1〉 ≡ |F = 2,mF = 1〉 and |2〉 ≡ |F = 2,mF = 2〉 of the 52S1/2

manifold. The Zeeman splitting between these two states is ω21 = 2π·24.7 MHz. The splitting

between state |1〉 and state |0〉 ≡ |F = 2,mF = 0〉, ω10, is approximately 180 kHz bigger and

so an RF pulse with the right frequency can induce transitions between one pair of states

but not the other as long as the Rabi frequency, ΩRF, is kept small relative to the differential

transition frequency, ω10−ω21, so that power broadening may be neglected. Specifically, the

intensity of the pulse is calibrated such that a pulse with duration of 20µs corresponds to

complete population inversion between the two states, a π-pulse. This corresponds to a Rabi

frequency of ΩRF = 2π · 25 kHz such that the limit of ΩRF < ω10 − ω21 holds. The copper

legs, shown in Fig. (3.5), are used as the RF antenna.

4.2.1 Experimental Sequence

1 ms after being released from the trap, the initially prepared internal atomic state |2〉 is

transferred to an equal superposition, (|1〉+ |2〉)/
√

2, by means of an on-resonance RF π/2-

pulse, as shown in Fig. (4.1). The delay between the moment of release and the first RF

pulse is intended to allow any residual magnetic fields from the trap stage to decay, so as to

prevent them from interfering with the interferometric sequence. Following a free-fall time

of 400µs, i.e. the first dark time of our echo sequence, we apply an RF π-pulse that flips the

atomic state to (|1〉 − |2〉)/
√

2. After a second dark time of another 400µs, the second RF

π/2-pulse completes the echo sequence [see Sec. (1.2.4)].

The magnetic bias field is then turned off using a home-made current shutter with a
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Figure 4.1: Pulse sequence of our longitudinal T 3-SGI (not to scale). (a) Center-of-mass trajecto-

ries of the atomic wave-packets with internal states |1〉 (green curve) and |2〉 (purple curve) in the

free-falling reference frame (gravity upwards). Also shown are the RF (blue) and magnetic gradient

(red) pulses. The magnetic field gradients result in a state-dependent force along the z direction

(gravity) while the strong bias magnetic field along the y direction defines the quantization axis. (b)

Time-dependence of the relative force F(t) ≡ δF (t)/(F2 − F1), Eq. (4.15), (orange curve) and the

corresponding relative momentum δp(t) (blue dashed curve) between the wave-packets moving along

the two interferometer paths. In the experiment, we achieved the maximal separation δzmax = 1.2

µm in position and δpmax/mRb = 17 mm/s in velocity. Taken from [27].
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Figure 4.2: The output from our

imaging sequence. The magnetic field

gradient, represented as a purple bar in

Fig. (4.1), is applied in such a way that

the lower (upper) cloud corresponds to

the internal state |2〉 (|1〉). The atomic

number in each of the clouds, Ni, is cal-

culated and the normalized population

is then given by Pi = Ni/(N1+N2). The

slight shift between the two wave pack-

ets along the x direction is due to the

fact that the last gradient pulse is pro-

duced by current in the copper Z wire,

which is not exactly above the axis of

our longitudinal interferometer. Grav-

ity points down in this figure.

fall time of ∼ 200µs. We then apply a long magnetic field gradient pulse from the Z-wire

which spatially separates the two spin states so that we may easily measure their relative

population. After another time-of-flight of 6 ms we use the standard technique of absorption

imaging. An example of such an observable is presented in Fig. (4.2). To this output we fit

two Gaussian functions, one for each atomic cloud, and calculate the atomic number in each

of the states. We can then calculate the the normalized populations P1 and P2 of the states

|1〉 and |2〉.

The interferometric scheme realized during the second dark time consists of four magnetic

field gradient pulses produced by current-carrying wires on the atom chip. The first gradient

pulse, applied for a duration T1, creates a state in which the center-of-mass of each of the

wave-packets takes a separate trajectory, as depicted by the green (for the atom in state

|1〉) and purple (state |2〉) curves in Fig. (4.1). Indeed, the wave-packets experience different

forces ∇(µiB) where B(r) is the position-dependent magnetic field, and µi ≡ 〈i|µ|i〉 is the

mean value of the magnetic dipole moment of the state |i〉 with i = 1, 2. In this way, the first

gradient pulse creates a superposition of two distinct momentum states for the wave-packets’
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center-of-mass motion, similar to the original Stern-Gerlach experiment [11]. After a delay

time, Td1 = Td, which is limited by the speed of our electronic circuits, we apply back-to-back

a second and third pulse of identical duration, T2 = T3 = T1. This combined pulse, having

opposite polarity (the direction of the magnetic field gradient) to the first pulse, thereby

applying a force in the opposite direction, first compensates for the momentum difference

between the two wave-packets, and then reverses the direction of their relative motion. A

fourth pulse applied after another delay time, Td2 = Td, for a duration T4 = T1, with the same

polarity as the first pulse, leaves the interferometer closed both in momentum and position.

4.2.2 Magnetic Field Gradient

In our setup, the magnetic field gradient pulses are generated by a current of I = 0.4 A in

three parallel gold wires along the x-axis located on the chip surface at y = 0,± 100µm,

as can be seen in Fig. (3.4). The currents running through them in alternating directions

are identical and create a two-dimensional quadrupole field in the yz plane with its center

(zero) at z = 98µm below the chip surface (where z = 0 is defined as the center of the 2µm

thick wires). The magnetic field component in the y direction, generated by three wires each

carrying a current I in alternating directions (neglecting their finite widths) is

By = B0 −
µ0I

2π

(
1

z
− 2z

z2 + z2
0

)
, (4.1)

where z0 is the quadrupole center location. In the infinitesimal-wire approximation z0 is equal

to the distance between the wires. As a result, the gradient is the same in both the z and y

directions, and close to the quadrupole center the total magnetic field can be approximated

to a superposition of the strong bias field B0ey and weak magnetic field zB′ey + yB′ez, with

the orthonormal unit vectors ey and ez along the y- and z-axis, such that

B(r) ≈ [B0 + (z − z0)B′] ey + yB′ez. (4.2)

In practice, the BEC is carefully positioned such that y = 0 and the magnetic field is along

the y-axis, and the gradient is purely along the z-axis. With the strong bias magnetic field

B0ey, the projection of the atomic magnetic moment along the magnetic field is conserved

in time due to the adiabaticity condition (the Larmor frequency being larger than the rate

of change of the field direction), such that µi = µiey, and the state-dependent homogeneous

force Fi ≡ −∇(µi ·B) = −µiB′ez acting on the atom is along the z-axis.
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Figure 4.3: Momentum transfer measurement. The separation between the two wave-packets is

presented as a function of the magnetic field gradient pulse duration. We repeat the measurement

for a momentum kick in both the downward direction (blue triangles) and the upward direction (red

circles). We fit the results (solid lines) to the equation ∆z = TtofaBT , where aB is the only fitting

parameter and Ttof = 26 ms. From these fits we get that aup
B = 248±2 m/s2 and adown

B = 249±2 m/s2

with R2 > 0.99.

We measure the momentum transfer by the magnetic field gradient to the atomic wave-

packets with an independent measurement. After release from the trap the BEC is transferred

to a superposition (|1〉+ |2〉)/
√

2 as described above. We then apply a single magnetic field

gradient, using a current of I = 0.4 A and duration T . After time-of-flight of Ttof = 26 ms

we image the atoms and measure the separation between the two wave-packets. We repeat

the measurement for both directions of the current to affirm that the momentum transfer is

identical for all magnetic field gradient pulses. The results, plotted in Fig. (4.3), are fitted

to the equation ∆z = TtofaBT , where aB, the atomic wave-packet acceleration originating

from interaction with the magnetic field gradient, is the only fitting parameter. From these

fits we get that aup
B = 248 ± 2 m/s2 and adown

B = 249 ± 2 m/s2 and so we conclude that the

acceleration is equal in both directions to within the experimental uncertainty. We note that

these values corresponds to the differential acceleration between the two wave-packets such

that

aup
B ≈ adown

B = a2 − a1 = a1, (4.3)

where ai is the acceleration of the wave-packet in state |i〉.
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4.3 Interferometric Phase in a Time-Dependent Linear

Potential

In this section we derive an analytical expression for the differential phase accumulated

in an SGI. We then use this result for the specific case of the T 3-SGI. This derivation is

based on the representation-free description of atom interferometers in time-dependent linear

potentials presented in [67]. Our interferometer is a longitudinal interferometer, and hence

it is sufficient to limit this derivation to the simple case of 1D where all forces are along the

z-axis.

Equation (2.13) states that the phase accumulated by an atom in the internal energy

state |i〉 moving along path zi(t) is given by an integral over the non-relativistic Lagrangian

φi = −1

h̄

∫ tf

0

Li dt = −1

h̄

∫ tf

0

[
p2
i (t)

2m
− Vi(zi, t)

]
dt, (4.4)

where pi(t) is the momentum of the atom, and Vi(zi, t) = −Fi(t) · zi(t) is the time-dependent

linear potential with Fi(t) being the state-dependent force acting on the atom. The integra-

tion limits t ∈ [0, tf ] represents the time the atom spends in the interferometer between the

first splitting pulse until recombination such that tf ≡ 4T1 + 2Td.

The momentum and position of the atoms are given by

ṗi(t) = Fi(t), (4.5)

żi(t) =
pi(t)

m
. (4.6)

Using these relations we can simplify Eq. (4.4) such that

φi = −1

h̄

∫ tf

0

[
p2
i

2m
+ Fi · zi

]
dt = − 1

2h̄

∫ tf

0

[pi · żi + ṗi · zi + Fi · zi] dt =

= − 1

2h̄

∫ tf

0

[
∂

∂t
(pi · zi) + Fi · zi

]
dt = − 1

2h̄
pi · zi

∣∣∣∣tf
0

− 1

2h̄

∫ tf

0

Fi · zi dt, (4.7)

where the explicit time dependence has been omitted for clarity.

The interferometer phase is given by

δφ = φ2 − φ1 =
1

2h̄
(p1 · z1 − p2 · z2)

∣∣∣∣tf
0

+
1

2h̄

∫ tf

0

(F1 · z1 − F2 · z2) dt. (4.8)

We define the mean and relative position as z̄ ≡ (z2 + z1)/2 and δz ≡ z2− z1 and the relative

momentum as δp ≡ p2 − p1. In the case where the interferometer is closed such that

δp(0) = δp(tf ) = 0 (4.9)
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and

δz(0) = δz(tf ) = 0, (4.10)

the first term in Eq. (4.8) vanishes. By adding and subtracting the term (F1 · z2 + F2 · z1) /2

to the integrand, we can write Eq. (4.8) as

δφ = − 1

2h̄

∫ tf

0

F̄ · δz dt− 1

2h̄

∫ tf

0

δF · z̄ dt, (4.11)

where F̄ ≡ (F2 + F1) /2 and δF ≡ F2(t)−F1(t) are the mean and relative forces. Integrating

by parts twice the second integral and using the closing conditions in Eqs. (4.9) and (4.10)

and the classical dynamical equation δF = m (d2δz/dt2) we obtain

1

2h̄

∫ tf

0

δF · z̄ dt =
m

4h̄

∫ tf

0

(z1 + z2)
d2δz

dt2
dt =

1

2h̄

∫ tf

0

F̄ · δz dt, (4.12)

and Eq. (4.11) can be re-written as

δφ = −1

h̄

∫ tf

0

F̄ (t) · δz(t) dt. (4.13)

From Eq. (4.13) we can deduce that in order to describe the phase evolution of the atom

moving in a time- and state-dependent linear potential, it is sufficient [67] to know the two

time-dependent forces acting on the atom along both branches of the interferometer shown

in Fig. (4.1). In our experiment

Fi(t) ≡ Fg + FiF(t) , (4.14)

is the sum of the gravitational force Fg ≡ mg and the force Fi ≡ mai induced by the magnetic

field gradient of time dependence

F(t) ≡ Θ(t)−Θ(t− T1)−Θ(t− T1 − Td) + Θ(t− 3T1 − Td)

+ Θ(t− 3T1 − 2Td)−Θ(t− 4T1 − 2Td), (4.15)

indicated in Fig. (4.1)(b) by the orange curve, with Θ(t) being the Heaviside step function.

The mass of the atom, the local gravitational acceleration and the magnetic field acceleration

are denoted by m, g and ai ≡ −µiB′/m, respectively. Here, µi = µB(gF )i(mF )i, is the

atomic magnetic moment, where µB, gF , and mF denote the Bohr magneton, the Landé

factor and the projection of the angular momentum on the quantization axis, that is the

y-axis, respectively.

From Eq. (4.14) we obtain F̄ (t) = Fg + 1
2
(F1 + F2)F(t) and δF (t) = (F2 − F1)F(t), and

upon substitution into Eq. (4.13) finally arrive at
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δφ =
mg (a1 − a2)

h̄

(
2T 3

1 + 3T 2
1 Td + T1T

2
d

)
− m (a2

1 − a2
2)

h̄

(
2

3
T 3

1 + T 2
1 Td

)
. (4.16)

The population P1 of atoms observed in the internal state |1〉 is given as an extension to

the output of the spin-echo sequence in Eq. (1.21)

P1 =
1

2
[1− V cos (δφ+ ϕ0)] , (4.17)

where ϕ0 is a constant phase arising from inaccuracies in the spin-echo sequence and V is the

visibility. Reduction in the visibility may arise from the HD effect, given by Eq. (2.58), as well

as other sources of environmental decoherence, like magnetic noise and photon scattering.

Reduction in visibility due to the HD effect indicates that the interferometer is not completely

closed and consequently one should also take into account the separation phase, given by

Eq. (2.37). However, by looking at Fig. (4.4) one can see that in our experiment the separation

phase is negligible. In this measurement a Gaussian envelope is evident, due to a reduction in

the visibility, but no oscillation in the output is noticeable. This indicates that the separation

phase accumulated over the range of parameters where the visibility is high is negligible.

To conclude our theoretical preface, we note that in this derivation we have made two

assumptions: (i) The magnetic field generated by the three-wire configuration is linear, and

(ii) the lengths of the four gradient pulses are identical, that is T2,3,4 = T1, and so are the

two delay times, Td1 = Td2 = Td. Assumption (i) holds true when the distance (∼ 1µm)

traveled by the atomic wave-packets is small compared to the distance (∼ 100µm) from the

chip. In our current apparatus, a violation of this constraint and the resulting magnetic

field non-linearity gives rise to a 3.5% change in the applied force. Future improvements of

the experiment will be required to address this issue. Regarding assumption (ii), we have

slightly adjusted the length of T4, in order to better optimize the visibility and account for

the non-linearity, up to a difference of 8% from T1 [see Fig. (4.4)].

4.4 Results

We plot the result of the normalized population P1 as a function of T1 in Fig. (4.5) where

the error bars are taken to be the standard error of the mean over 5 repetitions. A chirp in

the frequency is clearly visible, which is characteristic of a non-linear phase scaling. We fit
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Figure 4.4: To optimize the interferometric sequence we perform the experiment as described in

Fig. (4.1) while keeping the values of T1, T2 and T3 fixed (T1 = T2 = T3 = 40µs in this case).

We then measure the population P1 as a function of T4 and fit a Gaussian function to the results

(red line). Error bars are given as the standard error of the mean. We extract the location of the

Gaussian peak (Tmax4 = 38.8µs in this case), which corresponds to maximum visibility, and repeat

the measurement for different values of T1. From these measurements we extrapolate the optimal

duration of the last pulse as a function of the first pulse duration.

the data to the theory based on Eqs. (4.16) and (4.17) and present it as the solid red line in

Fig. (4.5). It is clear that the experimental data agree very well with the theory presented

in Sec. (4.3).

The dashed blue line is a fit based on Eq. (4.16) with Td = 0, leading to a pure cubic

scaling

δφ(T 3) ∼=
m (a1 − a2)

32h̄

(
g − a1 + a2

3

)
T 3 (4.18)

of the interferometer phase with the total time T ∼= 4T1. In our experiment Td = 2.6µs, with

T1 as large as 70µs, and so the approximation used in Eq. (4.18), Td � T1 holds for large

enough values of T1. This is clear in Fig. (4.5) where one can notice that above the value of

T1 ≈ 20µs both the dashed blue line and the solid red line agree very well with one another

and with the data, while for lower values of T1 there is a slight discrepancy between the two.

This interferometric technique allows us to measure the magnetic field acceleration, afitB =
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Figure 4.5: Measurement of the cubic phase with the T 3-SGI presented in Fig. (4.1). The solid

red line represents a fit, based on Eqs. (4.16) and (4.17), to the experimental data (dots). The

dashed blue line is a fit based on Eq. (4.16) with Td = 0, leading to a pure T 3 scaling of the

interferometer phase as seen in Eq. (4.18). The visibility drops from 65% to 32% over 70µs with

a decay time of 75µs, and the fit is allowed to account for this with an exponential drop factor

[see Appendix (A)]. This reduction results from inaccuracies in recombining the two interferometer

paths. The dashed gray horizontal lines depict the maximal and minimal values of the population

P1 measured independently without magnetic field gradients. Taken from [27].

246.97±0.09 m/s2. On the other hand, the magnetic field gradient ∇B was determined inde-

pendently by the time-of-flight (TOF) technique [Fig. (4.3)]. We obtain from this measure-

ment aTOFB = 249±2 m/s2. While both measurements agree with one another, the difference

in measurement errors clearly shows that our T 3-SGI provides a precise measurement of the

magnetic field gradient. These values for aTOFB and afitB are different from those presented in

[27] due to a different fitting procedure used there. A full analysis and the improved fitting

procedure are presented in Appendix (A).

The maximum visibility displayed by the gray lines is first measured independently by

performing only the spin-echo sequence, as described in Sec. (1.2.4), without the magnetic

field gradients. By changing the phase of the closing RF π/2-pulse we measure oscillation

in P1 as can be seen in Fig. (4.6). We fit a sine function to these results (red line) and

calculate the maximal visibility from the amplitude of this signal. As detailed in Sec. (3.4.1),

utilizing a spin-echo sequence allows us to cancel out the contribution to the interferometer

phase from fluctuations in the bias magnetic field, and thus to increase its phase stability

and coherence time.

The visibility of the T 3-SGI drops from 65% to 32% over 70µs with a decay time of
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Figure 4.6: Population in state |1〉 as a function of the second RF π/2-pulse phase. We perform a

spin-echo sequence as described in Sec. (1.2.4), without the magnetic field gradients while changing

the relative phase between the first and last RF π/2-pulse. The red line represents a fit to the

equation P1 = c1 sin(ωx + φ0) + c2, where the fitting parameters are c1, c2, ω and φ0. Using the

values of c1 = 33± 2 and c2 = 53± 2 we calculate the maximal visibility to be 63± 4% which is in

good agreement with the values calculated from the fit presented in Fig. (4.5).

75µs calculated by the fit in Fig. (4.5). The optimization procedure described in Fig. (4.4)

is performed at three values of T1 = 20, 30, 40µs. For all other values of T1 we extrapolate

the optimal value of T4 from these three optimization measurements. One may notice that

up to T1 = 40µs, almost no visibility reduction is noticeable, and the visibility drops only

for higher values of T1 where no optimization has been performed. We conclude from this

that the main reason for the decay in visibility comes from our extrapolation and lack of

optimization at higher values of T1 which leads to poor overlap of the two wave-packets as

discussed in Sec. (2.3). While other sources of environmental decoherence, like magnetic

noise and photon scattering, may also contribute to the reduction in visibility, we believe the

dominant contribution comes from the HD effect. Further quantitative studies will be done

in the near future.

Because of the stable current in the external coils, the fluctuations of the homogeneous

bias field are relatively small. The phase noise is mainly proportional to the amplitude of

the magnetic field of the gradient pulses originating from the chip currents [3]. Positioning

the atoms near the center of the magnetic field quadrupole, created solely by the three chip
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wires, reduces the phase noise considerably [4]. The fluctuations are further reduced due

to the fact that the chip wire current is driven by batteries which supply a stable voltage

(which we modulate using a home-made current shutter). Shot-to-shot charge fluctuations

are measured to be δQ/Q = 3.6 · 10−3 where Q is the total charge in a single pulse.

Next we consider the case when T1 � Td and keep the relative momentum δp0 ≡ m(a1−

a2)T1, between the two paths constant, that is, we take the magnetic field gradient pulses to

be a delta function. In this limit the interferometer phase following from Eq. (4.16)

δφ(T 2) ∼=
δp0

4h̄
gT 2 (4.19)

scales quadratically with the total time T ∼= 2Td, since we maintain a piecewise constant

momentum difference between the two arms. This is similar to the KC interferometer

[Sec. (2.1.2)]. However, in the case of the T 2-SGI the momentum transfer δp0 is provided by

the magnetic field gradient rather than the laser light pulse.

Finally, in Fig. (4.7) we compare the scaling of the interferometer phases δφ(T 3) (solid red

curve) and δφ(T 2) (dashed blue curve) given by Eqs. (4.18) and (4.19) and accumulated in

our T 3-SGI and T 2-SGI [4], respectively. We use the best performance of the T 2-SGI (green

dot), corresponding to T1 = 6µs, and magnetic field gradients which are larger by a factor

of 2.5 than those of the T 3-SGI presented in Fig. (4.5). Moreover, the T 2-SGI can currently

operate at total times T up to three times larger than the one of the T 3-SGI (green square).

Nevertheless, the T 3-SGI outperforms the T 2-SGI with respect to total phase accumulation.

4.5 T n Atom Interferometer

In an interferometer exposed to an external force, such as gravity, the nature of the time-

dependence of the distance between the two arms determines how the interferometer phase

scales with the duration T of its sequence. In the Ramsey-Bordé interferometer [8], the main

contribution to the phase shift originates from a constant position difference between two

paths and the interferometer phase scales linearly with T . In the Kasevich-Chu interferometer

[9, 10], it is caused by a piecewise constant momentum difference [see Fig. (2.2)]. The phase of

this type of an interferometer scales quadratically with T . A piecewise constant acceleration

difference between an interferometer’s two paths will result in a phase scaling as T 3, as

presented above.
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Figure 4.7: Comparison between the scalings of the interferometer phases δΦ(T 3) (solid red curve)

and δΦ(T 2) (dashed blue curve) given by Eq. (4.18) and Eq. (4.19), respectively. The squares are

data from Fig. (4.5), while the dots are from our T 2-SGI realization [4]. The green square represents

the largest accumulated phase of the T 3-SGI in its current configuration with Tmax = 285µs at the

point of ∼ 30% contrast. As a reference, the green dot indicates the largest accumulated phase

observed with a T 2-SGI also at ∼ 30% contrast. The latter is significantly smaller although the

magnetic field gradients and the maximal time Tmax = 924µs are larger than those of the T 3-SGI

by a factor of 2.5 and 3.2, respectively. Taken from [27].

One can generalize this idea to achieve any arbitrary power-law phase scaling δφ ∝ T n by

having a piecewise constant difference in the (n−1)th derivative of the position. We will now

look at the case of a single field gradient pulse of duration T1 included in the interferometer

sequence, with an arbitrary power-law time-dependence. The force, F (t), acting on the atoms

with mass m along the z direction is designed such that

Fi(t) = Fg + m
dn−1zi
dtn−1

∣∣∣∣
t=0

· tn−3 = Fg +Gi · tn−3, (4.20)

where n ≥ 3 is an integer and Gi is a state-dependent, time-independent constant and is the

only derivative of the position that does not vanish as t = 0. As before, we define the mean

and relative forces as F̄ (t) ≡ Fg + Ḡ · tn−3 and δF (t) ≡ δG · tn−3. By integrating Eqs. (4.5)

and (4.6) we obtain the differential position

δz(t) =
δG

m(n− 1)(n− 2)
· tn−1 +

δp(0)t

m
+ δz(0). (4.21)
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Plugging Eq. (4.21) into Eq. (4.13) we get the phase accumulated during a single pulse of

duration T1 to be

δφ =
−δG

h̄m(n− 1)(n− 2)

(
Fg
n
T n1 +

Ḡ

2n− 3
T 2n−3

1

)
. (4.22)

In this derivation we have assumed that this pulse is applied to a single wave-packet in a

superposition of two internal energy states. As such we have neglected the last two terms in

Eq. (4.21) since δp(0) = 0 and δz(0) = 0.

Calculating the phase of a full-loop interferometer is done by writing Eq. (4.20) with a

piecewise time-dependence, similar to Eq. (4.15), such that

Fi(t) = Fg +GiFn(t), (4.23)

where

Fn(t) = f(t)− f(t− T1)− f(t− 2T1) + f(t− 3T1). (4.24)

The four time-dependent functions, f , represent the four gradient pulses of equal duration,

T1, required in order to close the interferometer in both momentum and position. In one of

the simplest cases, f(t) can be defined as

f(t) ≡

 tn−3 0 ≤ t ≤ T1

0 else
. (4.25)

The interferometer phase can now be calculated by substituting Eq. (4.23) into Eq. (4.13)

and repeating the formalism described above, which gives

δφ(Tn) =
2δG · Fg
h̄m(n− 2)

T n1 −
2 (2n2 − 7n+ 7) δG · Ḡ

h̄m(n− 1)(2n− 3)(n− 2)2
T 2n−3

1 . (4.26)

In Eq. (4.26) we can see that the interferometer phase scales as T n1 as well as T 2n−3
1 . In

the special case of n = 3, both terms scale as the third power of the total interferometer

time T 3 where T = 4T1, and one retrieves the results presented in Eq. (4.18), where the T n1

and T 2n−3
1 terms can be viewed as the inertial [Eq. (2.41)] and kinetic [Eq. (2.38)] phases,

respectively. For all other values of n, one can choose the two states of the interferometer

such that G1 = −G2 (for example, the states |F = 2,mF = 1〉 and |F = 1,mF = 1〉 fulfill this

condition), for which the second (kinetic) term in Eq. (4.26) would cancel since δG · Ḡ = 0.

In that case one can get an interferometer with a pure T n scaling of the phase.

As a more specific example, one can consider a piecewise constant jerk, ji ≡ dai/dt,

between the two arms such that n = 4 and Gi = md3zi/dt
3 = mji. In an interferometer
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such as that, the force acting on the wave-packets will change in a linear fashion due to the

piecewise constant jerk. The time dependence, F4(t), will then have a triangular shape as

depicted by the solid yellow line in Fig. (4.8)(a). By defining δj and j̄ as the differential and

mean jerk one can calculate the interferometer phase, using Eq. (4.26), to be

δφ(T 4) =
mδj · g
h̄

T 4
1 −

11mδj · j̄
30h̄

T 5
1 , (4.27)

where g is the local gravitational acceleration. As mentioned above, such an interferometer

is closed in both position and momentum as can be seen in Fig. (4.8)(a).

-1

1

0
ℱ4(t)
δp(t)/δpmax
δz(t)/δzmax

Time

(a)

-1

1

0
ℱ(t)
δp(t)/δpmax
δz(t)/δzmax

Time

(b)

Figure 4.8: Possible configurations for a T 4-SGI using a piecewise constant jerk (j ≡ da/dt)

between the two arms. By linearly varying the current on the atom chip, one can create a time-

dependent force on the wave-packets. Both interferometers are closed in both momentum and

position. The total accumulated phase of these two configuration is identical and is given by

Eq. (4.27). (a) Modulating the magnetic gradient pulses as given by Eq. (4.23) will result in a

phase scaling of T 4 only for the limit of short delay time between the pulses. (b) A continuous

modulation of the current will result in a pure T 4-SGI even for short pulses.

An experimental realization of such an interferometer can be achieved with minimal

alteration of the existing apparatus. At present, the current used on the atom chip to

create the state-dependent force is modulated by a current shutter which allows us to apply
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only square-shaped pulses. By replacing the current source to one that can apply pulses in a

more complex form, one may realize the interferometer described above in a straightforward

way by modulating the current to have a triangle form in time [proportional to F4(t) in

Fig. (4.8)(a)] thus achieving a T 4 scaling. Such a current source will need to have extremely

small noise in order not to introduce any phase noise into the interferometric sequence.

Another limitation in realizing such an interferometer is the non-continuous nature of

the current needed. Similarly to the T 3-SGI, the interferometer presented in Fig. (4.8)(a)

requires switching of the current direction between the magnetic gradient pulses. Since this

switching time is finite, Td 6= 0, one can expect some corrections to Eq. (4.27) which would

be negligible only at the limit of Td � T1.

Another option to overcome this limitation is to modify the piecewise time-dependence

F4(t) such that it does not contain any non-continuities, as presented in Fig. (4.8)(b). Even

though the trajectories of the two interferometers presented in Fig. (4.8) are different, their

total accumulated phases are identical and are given by Eq. (4.27). This method can be

applied to any value of n > 3 and allows pure T n phase scaling even for small values of T1.

Pushing this idea even further, one can look at the case where the force takes the form of

any real, integrable and infinitely differentiable function F (t) = Fg + f(t). Expanding this

function as a Taylor series

f(t) =
∞∑
n=0

dnf(t)

dtn

∣∣∣∣
t=0

tn

n!
, (4.28)

one can apply the same formalism presented above and realize a matter-wave interferometer

with any arbitrary phase scaling.
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Chapter 5

Summary and Outlook

In this thesis I have presented the results of the main project I have been working on during

my doctoral work [my secondary project is presented in Appendix (B)]. The novel matter-

wave interformeter presented in Chap. (4) is unique in the sense that its phase scales purely

as T 3, constituting the first interferometric measurement of the Kennard phase [12, 13, 66],

predicted in 1927. Although the gradient fields act on the atom continuously during its flight

through the interferometer, as in the Humpty-Dumpty configuration [25, 24, 26], we obtain

a remarkably high contrast. Future experiments should further study the HD effect and the

limits we have encountered in larger spatial splittings. (We have observed a strong contrast

decay above a splitting of 2µm [4].)

Unlike a light-based atom interferometer, which cannot operate close to the surface due

to light scattering from the nearby object, the SGI does not require any laser light in order

to control a coherent spatial superposition of two atomic wave-packets. In a “matter-wave

homodyne” type scheme, one wave-packet may be put in the vicinity of the surface while the

other acts as a reference. Such a scheme can turn the SGI into an interferometric surface

probe. Previous studies have probed short-distance phenomena such as Casimir-Polder forces

[20, 68], Johnson noise [19, 69], patch potentials [69, 21, 70], and exotic physics such as the

fifth force [71, 22]. Matter-wave interferometry near the surface can significantly increase

the sensitivity. In addition, as the accumulated phase is sensitive to magnetic fields, the SGI

may be used as a unique probe for magnetic surface properties, as well as for noise and order

parameters in electron transport such as squeezed currents [72]. High magnetic stability and

accuracy may also benefit technological applications such as large-momentum-transfer beam
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splitting for metrology with atom interferometry [73], as well as nuclear magnetic resonance

and compact accelerators [74].

This realization has also been suggested as an experimental test for Einstein’s equivalence

principle when extended to the quantum domain [23]. SG interferometry with mesoscopic

objects has been suggested as a compact detector for space-time metric and curvature [75],

possibly enabling detection of gravitational waves. It has also been suggested as a probe for

the quantum nature of gravity [76].

Another benefit of the SGI in comparison to a light-based atom interferometer is the

ability to manipulate the internal degrees of freedom (Zeeman energy sublevel) without af-

fecting the external degrees of freedom (momentum and position). Such an advantage allows

a more complex experimental sequence to be performed using the SGI. One such example is

the T n-SGI presented in Sec. (4.5). One can also think of expanding the framework of the

SGI to include more than two energy levels by reducing the magnitude of the uniform bias

magnetic field. An SGI such as this could, for example, have five distinct trajectories and

outputs taking advantage of the whole F = 2 ground state. As one uses more states, more

information is available as an output, and this may prove interesting for future experiments.

To conclude, it seems we have just started to explore the possibilities embedded in the

Stern-Gerlach Interferometer. I am hopeful that my work opens the door for a wide variety

of future experiments.
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Appendix A

Data Analysis in the T 3-SGI

This appendix describes in detail the procedure used to analyze the data acquired from the

T 3-SGI experiment presented in Fig. (4.5).

A.1 Population Measurement

In Fig. (4.2) a standard output of the interferometer is presented. Two distinct atomic

clouds are visible where the upper and lower clouds correspond to atoms in state |1〉 and |2〉,

respectively. Each of the clouds is independently fitted to a 2D Gaussian function, and, for

the purpose of this measurement the location of each peak is used in order to determine the

region of interest over which we sum over. We calculate the number of atoms in each state

using the relation

Ni =
A

σ0

∑
ri

OD(ri), (A.1)

where A = 2.3 × 2.3µm2 is the effective pixel area of the imaging system (real pixel size of

the CCD camera times the magnification), σ0 = 2.9 · 10−9 cm2 is the resonant absorption

cross section [28] and
∑

ri
OD(ri) is the sum over the optical density measured in all pixels

in the region of interest corresponding to each cloud. The relative population in state |1〉 is

then calculated to be

P1 =
N1

N1 +N2

. (A.2)

The measurement is repeated for each value of T1 in ascending order, this cycle is then

repeated 4 times as to average out long term drifts that may affect the output. The error

bars are taken to be the standard error of the mean (SEM).
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A.2 Fitting Procedure

The data are fitted to

P1(T1) = c1exp[−(T1/τ)4] cos (δφ(T1) + φ0) + c2, (A.3)

where c1, c2, τ, φ0 are fitting parameters and δφ(T1) has the form

δφ(T1) = 2.68 ·1010aT 3
1 +1.05 ·105aT 2

1 +9.07 ·10−2aT1−2.74 ·109a2T 3
1 −1.07 ·104a2T 2

1 , (A.4)

with a being another fitting parameter, defined below. Only the first three significant digits

of the numeric prefactors in Eq. (A.4) are presented, where in reality they are taken as their

exact value calculated from Eq. (4.16)

δφ(T1) =
mg (a1 − a2)

h̄

(
2T 3

1 + 3T 2
1 Td + T1T

2
d

)
− m (a2

1 − a2
2)

h̄

(
2

3
T 3

1 + T 2
1 Td

)
, (A.5)

where m = 1.443 × 10−25 kg is the atomic mass, g = 9.8 ms−2 is the local gravitational

acceleration, h̄ = 1.054 × 10−34 Js is the reduced Planck constant, Td = 2.6 × 10−6 s is the

delay time needed to flip the current polarity on the atom chip, and a2 = 2a1 = 2a is the

magnetic acceleration. The variable T1 is taken in units of seconds. We calculate the weights

of the data to be the square inverse of the error, w = 1/∆P 2
1 .

The visibility decay is phenomenologically taken to be an exponent of T 4
1 after yielding

better results than using an exponent of T 2
1 (a Gaussian function). The HD formula given

by Eq. (2.58)

V = exp

[
−σ

2

2
(∆P/h̄− ωzt∆z/2σ2)2 − ∆z2

8σ2

]
, (A.6)

predicts that the visibility decays as an exponent of ∆P 2 and ∆z2. Using classic kinematics,

we assume that ∆P ∝ aT1 and ∆z ∝ aT 2
1 and so we conclude that the decay in visibility

comes from inaccuracy in position rather than in momentum. We recall that no optimization

of the final overlap was done beyond T1 = 40µs, and the source of the visibility loss should

be re-examined with a more controlled optimization procedure in order to allow for a final

conclusion.

The results of the fit are given in Table (A.1).
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Parameter Estimate Standard Errors

c1 34.05 0.406

c2 52.21 0.18

τ 7.58·10−5 9.6 · 10−7

φ0 -0.82 0.016

a 246.969 0.091

Table A.1: Fit results for the data presented in Fig. (4.5)
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Appendix B

Continuous Non-Perturbing

Measurement

This appendix describes the work performed during the first two years of my studies. I was

unsuccessful in the experimental realization of this theory and as such no experimental results

are presented.

It is well known that a three-level system coupled to two coherent light fields with dif-

ferent frequencies gives rise to interesting phenomena such as coherent population trapping

(CPT) [77] and electromagnetic induced transparency (EIT) [78]. By studying a four-level

system coupled to a single light field, we expect to characterize and understand new coherent

mechanisms that can give rise to new possibilities for detection and manipulation of atomic

ensembles. In this chapter we present the theoretical background for our theory. As this

project was abandoned, the following text was not rigorously proof-read for English as well

as scientific mistakes.

B.1 Theory - Atomic Polarization

In this section we will derive the macroscopic atomic polarization of a four-level atomic

system in the interaction picture. The macroscopic polarization, P (r, t), for a medium with

N(r) oscillators per unit volume, is given by

P (r, t) = N(r)〈d(r, t)〉. (B.1)

We are considering the case of an alkali atom interacting with a monochromatic plane
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wave at a frequency near the D1 transition line. Assuming that the atom is in a superposition

of the two |F,mF = 0〉 states in the ground state and that the light beam has perfect circular

polarization such that only σ+ transitions are being excited, we can write the Hamiltonian

of the system as

H(t) = H0 +H1(t), (B.2)

where

H0 = h̄


ω1 0 0 0

0 ω2 0 0

0 0 ω3 0

0 0 0 ω4

 , (B.3)

is the unperturbed Hamiltonian and

H1(t) = h̄


0 0 Ω13e−iωt Ω14e−iωt

0 0 Ω23e−iωt Ω24e−iωt

Ω31eiωt Ω32eiωt 0 0

Ω41eiωt Ω42eiωt 0 0

 , (B.4)

is the perturbation Hamiltonian where we have already taken into account the rotating-wave

approximation (RWA). We define h̄ω1 and h̄ω2 to be the energy of the first and second ground

states, |1〉 ≡ |F = 1,mF = 0〉 and |2〉 ≡ |F = 2,mF = 0〉, and h̄ω3 and h̄ω4 to be the energy

of the two relevant excited states, |3〉 ≡ |F ′ = 1,mF = 1〉 and |4〉 ≡ |F ′ = 2,mF = 1〉 in

the D1 line of 87Rb. Ωij is the interaction strength for the |i〉 → |j〉 transition and ω is the

frequency of the incident light field.

We now seek a solution to the time-dependent Schrödinger equation

H(t)|Ψ(t)〉 = [H0 +H1(t)] |Ψ(t)〉 = ih̄
∂

∂t
|Ψ(t)〉, (B.5)

subject to an initial state |Ψ(0)〉 = a1|1〉 + a2|2〉. Using the interaction picture we define a

new state vector |Φ(t)〉 related to |Ψ(t)〉 by

|Ψ(t)〉 = e−iH0t/h̄|Φ(t)〉, (B.6)

where

e−iH0t/h̄ =


e−iω1t 0 0 0

0 e−iω2t 0 0

0 0 e−iω3t 0

0 0 0 e−iω4t

 . (B.7)
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Substituting Eq. (B.6) into Eq. (B.5) yields

[H0 +H1(t)] e−iH0t/h̄|Φ(t)〉 = H0e−iH0t/h̄|Φ(t)〉+ ih̄e−iH0t/h̄
∂

∂t
|Φ(t)〉 (B.8)

H1(t)e−iH0t/h̄|Φ(t)〉 = ih̄e−iH0t/h̄
∂

∂t
|Φ(t)〉 (B.9)

eiH0t/h̄H1(t)e−iH0t/h̄|Φ(t)〉 = ih̄
∂

∂t
|Φ(t)〉. (B.10)

One can now notice that the left-hand side of Eq. (B.10) is the interaction-picture represen-

tation of the perturbation Hamiltonian. We will denote this operator as

Hint = h̄


0 0 Ω13e−i∆13t Ω14e−i∆14t

0 0 Ω23e−i∆23t Ω24e−i∆24t

Ω31ei∆13t Ω32ei∆23t 0 0

Ω41ei∆14t Ω42ei∆24t 0 0

 , (B.11)

where ∆ij = ω − ωj + ωi. The time-dependent Schrödinger equation can be written as

Hint|Φ(t)〉 = ih̄
∂

∂t
|Φ(t)〉, (B.12)

and the initial state in the interaction picture is |Φ(0)〉 = |Ψ(0)〉 according to Eq. (B.6).

The solution for Eq. (B.12) can be expressed in terms of a unitary propagator UI(t), the

interaction-picture propagator, which causes the initial state |Φ(0)〉 to evolve according to

|Φ(t)〉 = UI(t)|Φ(0)〉 = UI(t)|Ψ(0)〉. (B.13)

Substitution of Eq. (B.13) into Eq. (B.12) yields an evolution equation for the propagator

UI(t)

Hint(t)UI(t) = ih̄
∂

∂t
UI(t), (B.14)

with the initial condition that UI(0) = I. We can write the iterative solution for Eq. (B.14)

UI(t) = I − i

h̄

∫ t

0

Hint(τ)UI(τ)dτ, (B.15)

assuming that Hint(t) is a small perturbation, so that the solution can take the form of a

sum of powers of Hint(t). The 0th-order solution is defined as the unitary matrix

U
(0)
I = I. (B.16)

We can now substitute this solution back into Eq. (B.15) and get the first-order correction

U
(1)
I (t) = − i

h̄

∫ t

0

Hint(τ)dτ. (B.17)
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Performing the same process again will yield the second-order correction

U
(2)
I (t) = − 1

h̄2

∫ t

0

dτ

∫ τ

0

Hint(τ)Hint(τ
′)dτ ′. (B.18)

One can perform this iterative calculation for higher orders, but we will not go beyond

the first-order correction in this section. The interaction-picture propagator can now be

expressed, to first order, as the sum

UI(t) = U
(0)
I + U

(1)
I (t). (B.19)

Using this result and substituting Eq. (B.6) into Eq. (B.13) gives us the time evolution of

the initial state of the system

|Ψ(t)〉 = e−iH0t/h̄|Φ(t)〉 = e−iH0t/h̄UI(t)|Φ(0)〉 = e−iH0t/h̄UI(t)|Ψ(0)〉. (B.20)

The dipole moment operator is given by

d =


0 0 d13 d14

0 0 d23 d24

d31 d32 0 0

d41 d42 0 0

 (B.21)

and its expectation value is given by

〈d〉 = 〈Ψ(t)|d|Ψ(t)〉. (B.22)

Using Eq. (B.20), one can expand Eq. (B.22) such that

〈d〉 = 〈Ψ(0)|U †I · e
iH0t/h̄ · d · e−iH0t/h̄ · UI |Ψ(0)〉 = 〈Ψ(0)|U †I · dint · UI |Ψ(0)〉, (B.23)

where we define dint = eiH0t/h̄·d·e−iH0t/h̄ to be the interaction-picture dipole moment operator.

Substituting Eq. (B.19) into the above equation will allow us to simplify it such that

〈d〉 = 〈Ψ(0)|(U (0)†
I + U

(1)†
I ) · dint · (U (0)

I + U
(1)
I )|Ψ(0)〉. (B.24)

We can now write the solution for 〈d〉 as

〈d〉 =
1

h̄

∑
j,j′,k

d∗jkdj′kaj′a
∗
j

e−i∆j′kt

∆j′k
Eei(ωj−ωk)t + c.c., (B.25)

where the indices j and k refer to hyperfine and Zeeman sub-levels of the electronic ground

and excited states. The polarization is then

P (r, t) = ε0
∑
j,j′

χjj′(r)ei(ωj−ωj′ )tE(r)e−iωt + c.c. (B.26)

where

χjj′(r) =
N(r)

h̄ε0

∑
k

djkdj′k
∆j′k

a∗jaj′ . (B.27)

These results will be used in Sec. (B.3).
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B.2 Theory - AC Stark Shift

Here we derive the phase shift accumulated by an atom as a result of its interaction with an

electromagnetic radiation field.

Consider an atom with a multi-level ground state |g, j〉 and excited state |e, k〉 with

unperturbed energies h̄ωj and h̄ωk, respectively. A general state of the atomic system in the

interaction picture may be written as

|ψ〉 =
∑
j

aj(t)e
−iωjt|g, j〉+

∑
k

bk(t)e
−iωkt|e, k〉 . (B.28)

We assume that an optical field with frequency ω and polarization σ+ is applied to the atom.

The field creates transitions between the ground and excited sublevels. The strength of these

transitions is given in terms of the Rabi frequency Ωjk. Using the Schrödinger equation one

can obtain the time derivative of the amplitudes

∂aj
∂t

= −i
∑
k

Ωjke
−i∆jktbk , (B.29)

∂bk
∂t

= −i
∑
j

Ω∗jke
i∆jktaj . (B.30)

By directly integrating Eq. (B.30) we obtain

bk(t) = −i
∑
j

∫ t

0

dt′Ω∗jke
i∆jkt

′
aj(t

′) . (B.31)

For short times such that t � 1/Ωjk we can claim that aj(t) ≈ aj(0) and take it out of the

integral and obtain

bk(t) ≈
∑
j

Ω∗jkaj(t)
ei∆jkt

∆jk

, (B.32)

where we have assumed that the excited state is not initially populated, bk(0) = 0. By

plugging Eq. (B.32) into Eq. (B.29) we obtain

∂aj
∂t

= −i
∑
j′

e−i(ωj−ωj′ )t
∑
k

ΩjkΩ
∗
j′k

∆j′k
aj′(t) . (B.33)

Equation (B.33) can be written in the form

ih̄
∂

∂t
a(t) = Heffa(t) , (B.34)

where Heff is an operator in the Hilbert space of the interaction picture, where the bare

states evolve with U0(t) = e−iH0t/h̄. Let us now restrict ourselves to the specific example of
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the 4-level system with the two ground state levels and two excited state level such as

Heff = h̄

 Ω2
13

∆13
+

Ω2
14

∆14

(
Ω13Ω23

∆23
+ Ω14Ω24

∆24

)
eiδω12t(

Ω13Ω23

∆13
+ Ω14Ω24

∆14

)
e−iδω12t Ω2

23

∆23
+

Ω2
24

∆24

 . (B.35)

The diagonal terms (j = j′) of Heff are the AC Stark shifts of the two ground states, and the

off-diagonal terms are Raman transitions, which are negligible in our case where there is only

one beam with one frequency. These results are consistent with the one shown in section 1.5

of [79].

B.3 Theory - Time-Dependent Susceptibility

In this section we derive the effect of time-dependent polarization on an incident plane wave.

Maxwell’s equations are given by

∇×H = j +
∂D

∂t
, (B.36)

∇×E = −∂B
∂t

, (B.37)

∇ ·D = ρ , (B.38)

∇ ·B = 0 . (B.39)

The material equations accompanying Maxwell’s equations are

D = ε0E + P , (B.40)

B = µ0H +M . (B.41)

Here, E and B are the electric and magnetic field, D the displacement field, H the mag-

netizing field, j the current density of free carriers, ρ is the free charge density, P is the

polarization and M the magnetization. By taking the curl of Eq. (B.37) and considering

∇× (∇×E) = ∇ (∇ ·E)−∇2E, we obtain(
∇2 − 1

c2

∂2

∂t2

)
E = µ0

(
∂j

∂t
+
∂2

∂t2
P

)
+
∂

∂t
∇×M +∇ (∇ ·E) . (B.42)

For dielectric non-magnetic medium, with no free charges and currents, we write M = 0,

j = 0 and ρ = 0. In addition, for homogeneous medium we obtain ∇ ·E = 0 and Eq. (B.42)

greatly simplifies to (
∇2 − 1

c2

∂2

∂t2

)
E = µ0

∂2

∂t2
P . (B.43)
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We assume that the incident light field has a single polarization and there is no magnetic field

perpendicular to the axis of the laser beam. Thus, the polarization of the atoms is along the

same polarization vector as the incident field and we can consider only a single component of

the polarization (in our case σ+, i.e., E = (Ex − iEy)/
√

2). In general, the electromagnetic

field is given by a sum over many frequencies E(r, t) =
∫
dωẼ(r, ω)e−iωt. Substituting this

and Eq. (B.26) into the wave equation and taking the Fourier transform gives(
∇2 +

ω2

c2
ε(ω)

)
E(r, ω) = −

∑
j 6=j′

(ω + δωjj′)
2

c2
χjj′(ω + δωjj′)E(ω + δωjj′) , (B.44)

where δωjj′ = ωj − ωj′ and ε(ω) = 1 +
∑

j χjj includes the effect of the diagonal terms of

the susceptibility, while the off-diagonal terms, which are time-dependent, give rise to the

coupling between the electric field at different frequencies.

We now focus on our four-level system described above. We assume that the incident field

is monochromatic with frequency ω. We then expect that the solution is a sum of the form∑∞
n=−∞En(r, ωn)e−iωnt, where ωn = ω + nδω12. We assume that the atom-light interaction

is weak enough so that the infinite sum can be truncated at n = ±1. The electromagnetic

field then becomes

E(z, t) ≡ Ẽ0(z)ei(k0z−ωt) + Ẽ+(z)ei(k+z−ω+t) + Ẽ−(z)ei(k−z−ω−t) , (B.45)

where ω± = ω ± (ω2 − ω1), kn = ωn
√
ε(ωn)/c, and Ẽn is a slowly varying amplitude of

the field with frequency ωn. This slow variation relative to the faster spatial variation of

the exponent eiknz is ensured by the weakness of the atom-light interaction. While eiknz is

determined by the left-hand-side of Eq. (B.44), the slow variation of En(z) is determined by

the perturbation at the right-hand-side of the equation, and therefore it is slow. We have

also assumed here that the light propagates in the ẑ direction and that the atomic ensemble

has uniform density in the x− y plane. The left-hand side of the wave equation (Eq. (B.44))

can now be written as

lhs =

(
∂2

∂z2
Ẽn(z) + 2ikn

∂

∂z
Ẽn(z)− k2

nẼn(z, ω) +
ω2
n

c2
ε(ωn)Ẽn(z)

)
eiknz . (B.46)

As Ẽn(z) is expected to be slowly varying we can neglect the first term which is expected

to be much smaller than the second term. In addition, the third and forth term cancel by

definition of kn. The set of coupled differential equations is then

∂

∂z
Ẽ0(z) = 0 , (B.47)
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Figure B.1: (a) Amplitude of E+ and E− normalize to the amplitude of the carrier frequency E0

as a function of the atomic ensemble’s size z. The density of the atomic ensamble is assumed to be

uniformed such that N = 1017 m−3. For our relevant scale the two plots differ from one another

by a factor of 10−4. (b) φ+ and φ− as a function of the atomic ensemble’s size z. The average of

the two phases is φ++φ−
2 ≈ −π/2. In these graphs ω is assumed to be at the “magic” frequency

presented in [79].

∂

∂z
Ẽ+(z) =

iω2

2k+c2
χ−(ω)Ẽ0e−i(k+−k0)z , (B.48)

∂

∂z
Ẽ−(z) =

iω2

2k−c2
χ+(ω)Ẽ0e−i(k−−k0)z , (B.49)

where we have taken the correction up to the first order in the interaction. The general

solution is given in Eq. (B.45) and Ẽ± are given by

Ẽ+(z) =
ω2

2k+c2(k0 − k+)
χ−(ω)Ẽ0

(
e−i(k+−k0)z − 1

)
, (B.50)

Ẽ−(z) =
ω2

2k−c2(k0 − k−)
χ+(ω)Ẽ0

(
e−i(k−−k0)z − 1

)
. (B.51)

The solutions are presented in Fig. (B.1) where Ẽ±(z) = |Ẽ±(z)|eiφ±(z). We have shown

that an atomic ensemble prepared in a superposition of the two ground states will generate

two side-bands, E+ and E−, when interacting with a monochromatic light beam. These

side-bands frequencies are shifted from the carrier frequency by the ground state separation,

δω12 = 6.83 GHz.
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B.4 Conclusion

We have shown that a laser beam of frequency ω, after interaction with an atomic super-

position, will develop side-bands shifted in frequency by the frequency of the superposition

ω± δω12. By using an off-resonant laser beam tuned exactly to the “magic” wavelength pre-

sented in Sec. (B.2), we can probe the transition frequency of the superposition in a continues

way without collapsing it. This technique may be used to study the dynamics of a quantum

system as well as serving as a frequency standard without a local oscillator.
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