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Abstract

A novel singular superelement (SSE) formulation has been developed to overcome the loss of accuracy encountered
when applying the standard finite element schemes to two-dimensional elliptic problems possessing a singularity on the
boundary arising from an abrupt change of boundary conditions or a reentrant corner. The SSE consists of an inner region
over which the known analytic form of the solution in the vicinity of the singular point is utilized, and a transition
region in which blending functions are used to provide a smooth transition to the usual linear or quadratic isoparametric
elements used over the remainder of the domain. Solution of the finite element equations yield directly the coefficients of
the asymptotic series, known as the flux/stress intensity factors in linear heat transfer or elasticity theories, respectively.
Numerical examples using the SSE for the Laplace equation and for computing the stress intensity factors in the linear
theory of elasticity are given, demonstrating that accurate results can be attained for a moderate computational effort.
© 1997 Elsevier Science B.V.

Keywords: Finite element methods; Singularities; Stress intensity factors; Laplace equation; Elasticity

1. Introduction

The finite element method based on the primal weak form [1, Chap. 4], referred to as the po-
tential energy formulation, or the the displacement formulation in elasticity, has become a leading
tool for the solution of boundary value problems involving elliptic equations of second order. In
many problems of practical importance, the solution possesses singularities at so-called singular
points on the boundary, due, for example, to a reentrant corner or an abrupt change in the boundary
conditions. The analytic form of the solution in the vicinity of a singular point is usually known
in the form of an asymptotic series with unknown coefficients [2, 3]. In the presence of such sin-
gularities, the standard finite element scheme, in both its 4- and p-variants, becomes very inaccurate,
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and reasonable engineering accuracy is often impossible, or at least very costly to obtain
[4,5, Chap. 8]. The standard finite element methods have been modified in various ways in or-
der to overcome this difficulty (see [6, 7] for surveys of the main ideas). The schemes suggested,
however, suffer from one or more of three principal disadvantages. Some employ a very fine mesh
in the vicinity of the singularities, requiring a large number of degrees of freedom, some need a kind
of “post processor” to determine the coefficients of the asymptotic series from the solution vector
(such as the effective auxiliary mapping method [8]), and some employ singular elements, which
are difficult or even impossible to incorporate into standard finite element programs.

In the following we show how, for any type of singular point in a two-dimensional domain, these
difficulties may be overcome in the A-scheme, provided only that the form of the asymptotic series
for the solution in the neighborhood of the singular point is known explicitly. We introduce a singu-
lar superelement (SSE) to replace the usual elements over a region surrounding the singular point.
This SSE is considerably different from, and much more general than the constrained superelement
presented in [9]. It is divided into two regions. Over the internal region the correct analytic form
of the solution is used explicitly for the trial functions. Over the transition region, blending func-
tions are employed to provide a smooth match between the trial functions in the internal region and
those used over the remainder of the domain. It has been designed so as to conform with linear
or quadratic elements, so that standard linear or quadratic isoparametric elements may be employed
over the remainder of the domain. The SSE can be a convex polygon of any shape, and may be
incorporated into the finite element mesh in the same way as any other element. For example, the
SSE described in [10] was incorporated successfully as a superelement into the popular commercial
finite element code MSC/NASTRAN,! see [11]. The SSE has been employed to determine stress
intensity factors for two-dimensional crack and V-notch problems in the linear theory of elasticity
[10], yielding results of high accuracy for a moderate computational effort. In the current paper,
we describe the method in detail, and present results for three “benchmark™ problems in order to
demonstrate its accuracy, efficiency and generality of application.

The method is outlined in Section 2. Details are given of the formulations for the case of the
Laplace equation (including the determination of the coefficients in the asymptotic series), and for
the calculation of the displacements and stress intensity factors for cracks under the assumptions
of linear elasticity. Numerical examples showing the accuracy and efficiency of the method are
presented in Section 3. The solution and series coefficients have been computed for the Laplace
equation over an L-shaped region and for the “Motz Problem” for this equation, and the “Mode 17
stress intensity factor has been computed for a rectangular cracked plate under tension. The results
of our computation are compared with those obtained by other methods. Our conclusions, together
with suggestions for future extensions of the SSE concept, are given in Section 4.

2. The computational scheme
Let Q2 be a two-dimensional domain with a boundary ¢(Q2 consisting of analytic simple arc curves
called edges. These edges intersect at points called vertices. We shall be interested in cases where a

boundary point is singular, either because 0€2 has a reentrant corner there, or because the boundary
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conditions change abruptly as we pass through the point. We wish to solve the Laplace equa-
tion or the Navier equations of linear elasticity over 2. We will first introduce the appropriate
variational form for the problem in the form of the minimization of the total energy. We then
formulate the usual Galerkin finite element approximation to minimize the energy over a finite-
dimensional subspace. Finally, we modify the scheme by introducing SSE covering the region sur-
rounding the boundary singularity to counteract the loss of accuracy in the neighborhood of such a
point.

2.1. The scalar problem

Consider the strong formulation of the Laplace problem:

—Vzu(an’)=O, (xay)egs (1)
subject to the boundary conditions

u=g, (xy)erv, 2)

Ju

A N

on g2, (xs }’) € > (3)

where I'P and I'N are parts of 6Q of positive measure such that I'°UTI'N = 8Q, and g, =g, =0 in
the vicinity of any singular point of interest.

The variational principle associated with (1)—(3) can be stated as follows:

Seek u EFIB(Q), which minimizes

10) = 3aw0) - @02 5 [ [(70)- (Vo192 [ goas @

where Hg(Q) = {u=d+ ¢ |d € H'(Q)}, H'(Q) being the usual Sobolev space of functions which,
together with their first-order derivatives, are square-integrable over © and y is a fixed function
satisfying the non-homogeneous boundary conditions over I'°.

We will approximate u of (4) by u"(x, y) which minimizes /(v) over E(h), a finite-dimensional
subspace of Hp(2), and will take this subspace to be one of the usual A-version. Towards this end
we select a family of finite-dimensional subspaces E(h) of Hg(£), such that E(h) are the usual
h-version finite element spaces of low-order polynomials over a mesh of elements characterized by
the largest element size of length 4. In this case we have

lim o' (x, y) = u(x, y).

(See [5, Chap. 2] for details.)
We are thus using the equivalent of the Galerkin method, in which the spaces of the trial and test
functions coincide.

2.2. The elastostatic problem
The two-dimensional strong formulation for the elastostatic problem is given by the Navier equa-

tions (see [12, p. 73]). The corresponding variational principle, associated with the elastostatic prob-
lem, analogous to (4), is given as follows:
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Seek u € Hg(Q) x Hy(Q) such that

1 et 1
I(v) = ~a(v,0) — (t,0) < ~ //([D]v)T[E][D]de —/ o7 ds (5)
2 2 Q 60
is minimized, where [F] is the material matrix and [D] is a differential operator defined as follows:
- a -
" 0
0
D&} 0 —|,
D] P
9 9
[ dy Ox

u is the vector of displacements, and ¢ is the vector of the tractions applied over the boundary JQ.

2.3. The singular superelement

Notation. Let P denote the singular point. We construct a superelement in the form of a polygonal
domain €2,,, about P in the following manner. Let S; be a disc, center P, of radius R small enough
to be contained wholly in . £z is denoted by Sz N €2 and the circular part of the boundary of Qg
by Iz. Let ©, denote the part of €, between I; and I, the outer boundary of Q,,,. We will refer
to Q2 as the inner region of the superelement, and to €, as the transition region. The remaining
domain is defined as Qo = Q — €Q,,,. See Fig. 1.

We will now describe the choice of the trial functions over these two regions and the computation
of the corresponding stiffness matrices. Let u(x, y) be the solution of the scalar boundary value
problem over €. It is well known that in the neighborhood of the singular point P, u(x, y) may be
represented by an asymptotic series (see [2]):

u=§mﬁm&mx (6)

where f; are known functions, o, are real constants, A, are expansion coefficients, and (7, 8) are polar
coordinates with origin at the singular point.

Explicit expressions for f; are provided in the following sections. For the elastostatic case, an
analogous expression for m exists, except that f; is a vector function f;, and the » may also be
complex. Usually, f; has an r-dependence of * and thus if the real part of «; is less than 1, the
value of Vf; becomes unbounded as » approaches zero, and the point P is referred to as being
a singular point. O;,, the minimum value of o;, characterizes the strength of the singularity, so
that the most singular term in the expansion for the first derivative of the solution will have an r-
dependence of r*~! as r tends to zero. It is known [4] that the solution u belongs to the fractional
Sobolev space (for details see [3], Chap. 1) H'**=(Q), and if the usual finite element scheme is
used without modification, the rates of convergence for the s-version and for the p-version are A*r

and (1/p)**n, respectively, where the errors are measured in the energy norm, ||v|g d Va(v,v),
see [4, 5] (if omin is a positive integer, then one might need to adjust these rates with logarithmic
factors, e.g. (1/p)** log p).
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Fig. 1. Domain and notation.

We construct a conforming SSE over the domain €., by choosing the trial functions as follows.
Over g, surrounding the singular point, the asymptotic expansion for the exact solution, suitably
truncated, is used as the trial function. Over €, the transition region of the SSE, blending functions
are employed to provide a smooth match between the asymptotic expansion used over 2 and the
piecewise polynomials used as trial functions over g, the remainder of Q.

As a consequence, the bilincar forms in (4) and (5) will be split into three bilinear forms,
a(v,v) = ag(v,v) + a,(v,v) + ao(v,v), over g, 2, and o, respectively.

We now outline the computation for the region Q. Over this region, the trial function space
is taken to be a linear combination of the known functions fi(r,0, ;) presented in (6), so that the
approximation over Qg is upg = Z?:(,Ai fi(r,0,2;). The (i, j) term in the stiffness matrix corresponding
to agr(u,u) is then given by

_Rerrefiof, | 10f9f L
[ak]ij—/o /—‘nﬂ/z [Egr—-!-r—z%a—e}rdrdﬂ, iLj=1,..,N. (7)

Note that the unknowns associated with [az] are the first N coefficients of the asymptotic expansion
in (6). The integrals in (7) were evaluated using 8 x 8 point tensor-product Gaussian quadrature. In
view of the fact that in some cases the leading f; (apart from the constant term) and its derivatives
are singular at » = 0, some of the calculations were repeated using adaptive quadrature (NAG



320 Z. Yosibash, B. Schiff/ Finite Elements in Analysis and Design 26 (1997) 315-335

Fig. 2. Elements in Q,.

subroutine DO1AJF) in the r-direction in order to check that the integrals had indeed been evaluated
to sufficient accuracy.

We now deal with the transition region €2,. As we wish to develop a conforming finite element
scheme, we have to ensure that £, will be covered by some kind of elements in such a way that on
I; the trial functions go over continuously to function (6), whilst on the polygon I, they should be
polynomials compatible with the trial functions adopted over €2,. This is achieved by covering €,
with a single row of elements, each possessing three straight edges and one edge in the form of a
circular arc lying on I (see Fig. 2). The elements in €, are constructed as “transfinite elements” [13]
and are mapped onto the standard element in the (&, #) plane by the bilinear blending transformation

T(En) < (&), 0(¢,n))T of the form

TEn=1-OTO,n)+ LT, + A =nT(0)+1T1)
—[(1 = &(A =mT(0,0) + (1 = HnT(0,1) + &(1 — m)T(1,0) + EnT(1,1)]. (&)
The expression T(&,0), for example, describes the mapping of side AB of the standard element onto
the side ab in the (x, y) plane (see Fig. 3). Substituting for the mappings for each of the sides and

vertices into (8), we obtain the following explicit expression for the bilinear blending transformation
in polar coordinates:

{R2 + E[RE + R} — 2R4R5 cos(B, — P1)] + 2ER4[Rs cos(fy — B1) — Ral}'?

T(é,?’]): R4 sin Bz +(R5 sinﬂ1 —R4 Sil‘lﬁz)é n
arctan (R4 cos fi; + (Rscos ff; — Ry cos [32)5)
(e — gz ) A= ©)
B+ (B — B2)E )

With this choice of T, the Cartesian coordinates x and y will be linear functions of ¢ along cd.
A typical element in €Q,, and the transformation from the standard plane is shown in Fig. 3.
The trial functions over €2, are linear or quadratic blending functions in such a way as to match



Z. Yosibash, B. Schiff! Finite Elements in Analysis and Design 26 (1997) 315-335 321

R .
n l} yA 4 d
T (En)
1
D C R,
a \\
! N
B \ -
2 II R
1 )
A B _ | N l31 R
1 & X

Fig. 3. A typical element in €, and the T transformation.

polynomials over I, and functions of the form (6) over I;. These “transfinite elements” thus ensure
C° continuity across I, and I; as well as between adjacent elements of £,. In the following, the
trial functions are derived for the elements in €, for the case in which Qo is covered by linear
isoparametric elements in the neighborhood of the singular point. As we wish to calculate the stiffness
matrix a,(v,v) in terms of the standard coordinates (&,#), we will express the trial function over an
element of €2, in terms of these coordinates. Referring to Fig. 3, the edge 4B (n = 0,0<¢<1) is
mapped onto the circular arc » = R, f; <0< f,, so that 6 is a function of £ only, and the function
fi(r,0,2;) becomes fi(R,0,x) = g(&, o), say.

Let us first consider bilinear elements over Q. Over the edges bc,cd,da we will take trial
functions that interpolate linearly between the values at the vertices over each of these three edges.
Since the bilinear blending transformation, and hence its inverse, will be linear over each of these
edges, the trial function over the edges BC,CD,DA will also be a linear interpolant between the
values at the vertices. Thus, if we denote by u;,, and 1, the nodal values of the trial functions at
C and D, respectively, we have

u(é,0>=§A,-gi(£, %),
u(&,Dy=uy + (1 — g,

N
u(0,n)=(1 - '7);/41-91-(0, %),
N
u(la rl) = (1 - ’7) ;Aig[(laaf),
and the linear blended trial function for a typical element in Q, becomes

wEm) = (1 - n)iAig,-(é,ai) + (1 = &)+ un &l (10)
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Fig. 4. Standard element corresponding to a quadratic element in €,.

If biquadratic elements are being used over o, we take the trial function to be quadratic in ¢
over the edge CD in the standard plane. As the intermediate node is at the mid-point of CD and
T is linear, the intermediate node on c¢d will also be at its midpoint, and C° conformity will be
maintained over cd, i.e. between Q, and . The nodal values for the trial function for the element
in the standard space (the quadratic case) are shown in Fig. 4. The quadratic blended trial function,
is defined by

(&) =28 — 1)(& — Du(0, 1) + 4401 — (0.5, 1) + £(2¢ — Du(1, 1)
+ (21— D)(n — Du(E, 0) + 4n(1 — n)u(,0.5) + n(2n — Du(c, 1)
—[(2¢ - D(E = 1)(27 — 1)(n — Du(0,0) +4(2¢ — 1)(& — Dn(1 — n)u(0,0.5)
+ (28 = (¢ — Dn(2n — Du(0, 1) + 45(1 — £)(2n — 1)(n — 1)u(0.5,0)
+ 16&(1 — Em(1 — n)u(0.5,0.5) +4L(1 — En(2n — 1Hu(0.5,1)
+ 828 — 1)(2n — D)(n — Du(1,0) +4£(1 = OHn(1 — mu(1,0.5)
+¢(2¢ — Dn(2n — Du(1,1)].

Taking u(£,0) = ZA g:i(E, o), 1(&,0.5) to be the unique quadratic function determined by the values
of u(0,0.5), u(OS 05) 1(1,0.5) and similarly for u(&,1), u(0,7), u(0.5,1) and u(1,n) we obtain

uy(En)= Q2 — 30+ 1)§A,-g.-(f, %)

+ [t005(2E — 3E+ 1) + ugsp5(—4E + 48) + 1195(28 — E(—41* + 4n)
+ [0 (2% — 3E 4+ 1) + ugs (—4E +48) + u (28 — O127* — n). (11)
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One could use a biquadratic blending transformation instead of a bilinear one. However, experiments
with a simple elastostatic problem (the first problem in [10]), showed that this results in only
a marginal improvement in the results, and is not worth the algebraic and computational effort
involved.

The Jacobian of the transformation is

)
J“d“<a@nn>’ (12)

so that the derivatives of the trial functions can be computed in the standard space using (9) and
(12):

ou 1[61,1(39 0u69}

o J o&om  anoc
fu_ L[ duir | 13
00 J | oton  onerl (13)

Substituting (13) into the bilinear form of (4), we obtain the contribution to a,(v,v) from a single
element of Q,:

Vot fseuN [fo0N 1 sar ou\ [0y 1 sfory
LG GE) =G G (&) = (%)
Ll [0 150 ”

0Edn [0Eon  rOEon

The stiffness matrix for the whole domain €, is obtained once (10) (or (11) if quadratic elements
are used) and (12) are substituted into (14) and the contributions from all the elements of €,
summed up by the usual assembly procedure. The bilinear form q,(u,u) has as unknowns the N
coefficients of the asymptotic expansion (4;) as well as the nodal values on the polygon I, and other
internal nodal values (ugps, %0505, - - -)-

The SSE stiffness matrix will be obtained by combining the stiffness matrices corresponding to
ag(u,u) and a,(u,u), and hence will be based on two types of degrees of freedom: the nodal values
laying on I, which are common to the SSE and the outer domain o, and the coefficients of
the asymptotic expansion and some internal nodal values which are not common to €. As the
latter represent internal degrees of freedom, they can be eliminated by static condensation, leaving
a stiffness matrix for the SSE in terms of the nodal values laying on I, alone. We also store
an auxiliary matrix, which is used at the end of the calculation to recover the coefficients of the
asymptotic expansion (4;).

The formulation of the SSE bilinear form for the elastostatic problem is analogous to the scalar
elliptic problem, except for being more complicated due to existence of two displacement fields.
Explicit expressions for az(u,u) and a,(u,u) for the elastostatic problem are given in Appendix A.

Once the stiffness matrix is computed for the SSE, it can by assembled into the global stiffness
matrix for the outer domain Qy. In fact, for the scalar and elastostatic problems, the total stiffness
matrix dimension remains unchanged because the condensed SSE stiffness matrix contains nodal
values corresponding to the polygon I, only. The resulting global stiffness matrix remains symmetric,
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and only slightly more populated due to the connections between the degrees of freedom on the
polygon I,. The system of equations is solved by Gaussian elimination with pivotting.

3. Numerical examples

We illustrate the method on three problems for which previous results are available. Two of
them concern Laplace’s equation, the singularity being caused by an abrupt change in the specified
boundary conditions in the first case, and by a reentrant corner on the boundary in the second. The
third is an elastostatic problem, in which the presence of a crack results in a reentrant corner on
the domain boundary. These problems were chosen because, in each case, the domain has a simple
form which has enabled results of high accuracy to be obtained using a variety of methods which
are of less general applicability than the current scheme. We will, therefore, take these results as
benchmarks against which the accuracy of the current results may be assessed. The application of
the present scheme to more difficult geometries has been illustrated for the elastostatic case in [10],
some of the problems treated requiring superelements of more general shape than the rectangles used
herein.

3.1. The “Motz Problem” — Laplace’s equation
We consider the solution of Laplace’s equation over the region —1 <x <1, 0 < y < 1 shown in

Fig. 5 subject to the boundary conditions

{0 on —1<x<0, y=0,
“_{500 onx=1 0<y<l, (15)
du/on = 0 elsewhere on the boundary.

The discontinuity at the origin in the boundary conditions along the line y = 0 results in a singularity
at this point. The asymptotic expansion of the solution about the origin is of the form [14]

W= io car™ 2 cosf(n + 1)0]. (16)
du/On=0
Y
du/On=0| * u=500
P4
| | > |
i u=0 i Ou/On=0 |
| : i : |
- > -

Fig. 5. Domain and boundary conditions for the Motz problem.






