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Abstract—Singular points associated with the linear theories of steady-state heat transfer and
elasticity are discussed. Exact solutions for a set of benchmark problems consisting of crack tips,
wedge corners of different angles and matenials and internal multi-material interfaces in isotropic
as well as anisotropic materials are provided and described in detail. Both the generalized flux/stress
intensity factors (GFIFs/GSIFs) and the eigenfunctions are explicitly presented. The efficiency,
robustness and accuracy of new numerical methods based on the p-version of the finite element
method are demonstrated on the basis of the benchmark problems. Copyright © 1996 Elsevier
Science Ltd.

I. INTRODUCTION

The solutions of linear elastostatic and steady-state heat transfer problems in the vicinity
of crack tips were an intensive subject of research during the last 30 years. Although an
exact solution can be obtained for cracks in bodies of simple geometries, for most cases
involving complex geometries, anisotropic materials, and cracks at bi-material interfaces,
only a numerical approximated solution can be obtained. Some typical singular points in
an electronic device, for example, where failure initiation commonly occurs, are illustrated
in Fig. 1. The solution in the vicinity of singular points is of considerable engineering
interest (especially for general domains containing multi-material interfaces, and aniso-
tropic materials) because it is directly or indirectly related to failure initiation in composite
materials and electronic devices.

The exact solution for linear elastostatic problems in two dimensions, for example, in
the vicinity of any singular point can be expressed in the following form (Williams 1952,
Dempsey and Sinclair 1979, Gregory 1979, Dempsey 1995) :

Encapsulant

,Substrate/Printed Circuit Boarad

® = Singular points.

Fig. 1. Typica! sites of singular points in an electronic device.

t Research performed while the author served as a visiting assistant professor at the Center for Com-
putational Mechanics, Washington University, Campus Box 1129, St Louis, MO 63130, U.S.A.
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where r, 0 are the coordinates of a cylindrical coordinate system located in the singular
point and C,, are the coefficients of the asymptotic expansion (called the generalized stress
intensity factors—GSIFs). The eigenvalues «; and the eigenfunctions f,,,(6) are associated
pairs (eigenpairs) which depend on the material properties, the geometry, and the boundary
conditions in the vicinity of the singular point only. The conditions for power-logarithmic
stress singularity to appear (M # 0) are discussed in Dempsey (1995). Similarly, the solution
for problems in linear steady state heat-transfer, in the neighborhood of singular points is
as (1), only that the equation is in a scalar form and the coefficients are called generalized
flux intensity factors—GFIFs. For general singular points the exact solution u,, is generally
not known explicitly, i.e., neither the exact eigenpairs nor the exact GFIFs/GSIFs are
known, therefore a numerical approximation is usually sought. The validity and efficiency
of any such numerical method is measured according to the following criteria:

(i) How fast does the numerical approximation converge to the exact value as the
number of degrees of freedom (DOF) is increased?

(i) The robustness of the method. Does the method perform satisfactorily for a large
set of very different singular points and input data?

This paper addresses two main topics: first, we propose a set of benchmark test
problems for which exact (analytic) solutions are known. The problems have been designed
to be representative of the types of singularities present in practical engineering problems
associated with linear steady state heat transfer and elastostatic models, and are described
in detail to allow their reproduction. Singular points which give rise to complex eigenpairs,
as well as logarithmic type singularities (M # 0 in (1)) are presented. The intended purpose
of the proposed problems is to help users and developers of numerical methods to ascertain
the accuracy and robustness of the numerical codes used. Thermoelastic problems and
cases where non-homogeneous terms are involved (i.e., body forces and non-zero tem-
perature/displacement or flux/traction in the vicinity of the singularities) are not discussed.

In the second part of the paper, the test problems are solved by new numerical methods
formulated in detail and analyzed mathematically in (Yosibash 1994, Yosibash and Szabd
1995b and Szabd and Yosibash 1996). Herein, only a short description of the methods,
limited to the most essential features, is provided. These methods are used for computing
the eigenpairs and the GFIFs/GSIFs numerically, thus demonstrating the efficiency, accu-
racy and robustness which can be achieved for different types of singularities. Importantly,
the numerical algorithm is general in the sense that it first computes the eigenpairs associated
with the singular point, which are subsequently used to extract the GFIFs/GSIFs (rom a p-
version finite element solution. New results on the performance of the numerical algorithms
applied to problems at multi-material internal interfaces, fixed-free corners and cases
involving power-logarithmic stress singularities are reported herein for the first time.

The outline of this paper is as follows. A brief background on related work is given in
the following. Sections 2 and 3 contain the set of benchmark test problems associated with
steady-state heat transfer and elastostatic models. The numerical methods, based on the p-
version of the finite element method, are briefly presented in Section 4 for the heat-transfer
problem only, limited to the most essential features. The results obtained are listed and
discussed in Section 5 and the conclusions summarized in Section 6. An example problem
in linear elasticity where power-logarithmic stress singularities are excited is provided in
Appendix A.

1.1. Related work

Most of the research performed in the past concentrated on problems corresponding
to isotropic materials. In this case, the eigenpairs can be computed analytically (Williams,
1952). For example, in Rice and Sih (1965) the eigenpairs for cracks along the interface
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of two dissimilar isotropic materials are explicitly given, and in Suo (1989) explicit eigen-
functions for a crack along the interface of anisotropic materials are provided as well. It
is easier to obtain explicit eigenvalues than eigenfunctions (see, for example, Ying (1986)
and Dempsey and Sinclair (1981) for cases of up to three sub-domains). For traction-free
crack tip singularities the first two coefficients of the asymptotic expansion, usually called
the stress intensity factors, can be computed analytically for simple geometries and loading
conditions (Murakami, 1987). or can be approximated numerically, usually by the finite
element method. See Whiteman and Akin (1979) and Atluri and Nakagaki (1986) for
surveys of the main ideas. Finite element methods based on the displacement formulation
(principle of minimum potential energy) used to compute the stress intensity factors in
isotropic materials can be found, for example, in Szabd and Babuska (1988), Yosibash and
Schiff (1993), and Banks-Sills and Sherman (1986). For numerical methods used to compute
the stress intensity factors associated with cracks in dissimilar materials we refer to Lin and
Mar (1976), Hong and Stern (1978) and Matos er al. (1989). Analytical methods for the
computation of eigenvalues associated with interface cracks in anisotropic composites can
be found in Ting (1986) and the references therein. These methods provide an understanding
on the nature of the eigenvalues, but they are complicated for general applications.

Most of the numerical methods, however, are applicable to flux-free crack tip singu-
larities in isotropic materials, do not provide any desired number of stress intensity factors,
and fail when the eigenpairs are complex. They are difficult or even impossible to incorporate
into standard finite element programs, and moreover, are restricted to a particular type of
singularity.

2. HEAT-TRANSFER PROBLEMS

Steady state linear heat-transfer problems (also called scalar problems) in the neigh-
borhood of singular points are considered in this section. Here u denotes the temperature
field in a domain. The governing equation is:

where g,; are constant coefficients in each sub-domain called coefficients of heat conduction.
a; = a; and a;; satisfy the elliptic restriction, i.e., a,a2 — 3> > 0 in each sub-domain. For
multi-material interfaces we assume that the materials are perfectly bonded together, i.e..:

u(r, 0, —0) = u(r,0,+0)
(@’ v, Qu)(r, 0, —0) = (aif "' v, Ea0) (r, 04+ 0) (3)
where du symbolizes Cu/dx,, v =(v|,v,) is the unit outward normal vector to the straight

line interface between materials k and k+ 1, and &' are coefficients of heat conduction in
each sub-domain. We define the ““energy™ in a domain Q by:

r ) 2 ) A, ] 2
. def Cu oy cu cu
(«S(u) = day N +2a12',5‘7 P +a22 ~ dQ,
JJal X CXy CXH CX»

and the energy norm by :

lull & /& ().

If a numerical method is used to compute wuy, it can be shown that the relative error
between uy,,, and wu,, measured in the energy norm can be computed by (Szab6 and
Babuska (1991) chapter 4):
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lle, | def lunvar—vex e |& (upn) — € (ugy)
E— T . = ‘ - I
' x|l e |6 (ttex )|

lle.ll £ 1s a natural measure of convergence of the global numerical solution to the exact
solution, frequently used in finite element computations. We will use this measure in the
sequel, omitting the subscript r.

2.1. Scalar problem 1: isotropic clamped-free crack

Let Q be the unit circle sht along the positive x axis, and denote by I, the upper face
of the slit, by I'; the lower face of the slit, and by ' the circular portion of the boundary
of Q. (See Fig. 2.) Consider the problem discussed in Babuska and Miller (1984):

Viu=0 inQ,
O ]
u=0 onTl,. ;—;=0 onT,, %lzy onT,. )

Then the solution to this problem, accurate up to the sixth significant digit, is given by
Babuska and Miller (1984) :

u(r,0) = —1.35812r" % sin (0/4) +0.970087r*"* sin (36/4)
+0.4527077%* sin (360/4) + O+ *).  (5)
and the exact “‘energy” is ' (u) = 4.52707.

2.2, Scalar problem 2 : anisotropic domain
Consider the heat transfer problem in an anisotropic material governed by the equa-
tion:

~+a’2 :07 ap, :4~, a22:]~ (6)

prescribed over 4 domain Q whose boundary consists of a reentrant corner of 90" generated
by two edges, I'; and I',. On the two edges I', and T',, which meet at the origin of the co-
ordinate system, flux free boundary conditions are applied :

xY

Fig. 2. Scalar isotropic clamped-tree crack problem.
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5
ij=

ou
;=
Y ox;

v,;=0 onl, T, (7

and u = 0 is specified at (0,0). The solution u can be written in the following form:

Es

s . . , 2
u= Y A2 (1 +3sin’ )" cos [; arctan(2 tan H)} (8)

e

where r and 0 are polar coordinates centered on the reentrant corner such that 6§ =0
coincides with the T'; boundary. The first term in the expansion (8) for Vi is unbounded as
r—0.

Let Q be the unit circle sector shown in Fig. 3. The circular boundary of the domain,
[, is loaded by flux boundary condition which corresponds to the first symmetric eigen-
function of the asymptotic expansion of u about the reentrant corner:

U o N o, 0 . 1 du
5‘1_—‘ q, = (a,, cos” 8+ a,, sin” 0)0—1: +%31n2{9(a22-a11)<r 69)

= A;r "[2(143sin 0)]** 3[(1+ 3 cos? 6)(1+ 3sin® §) —3 sin® 20]

*cos[; arctan(2 tan 6)] + 2 sin 20 sin [; arctan(2 tan 6)]}. (9)

On the other two boundaries flux-free boundary conditions are applied. The GFIF A4, is
arbitrarily selected to be 4, = 1, while the others are 4, =0, i =2, 3,...oc. The exact
solution to this problem is given by ug, = u'"(r, 0).

2.3. Scalar problem 3 : internal interfuce with two materials

Two-dimensional bodies consisting of two or more materials perfectly bonded along
all their common edges attracted scant attention in the past. Lately, with the growing
interest in electronic packaging, more attention is focused on the solution to these problems.

Fig. 3. Domain for the anisotropic flux-free scalar problem.
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Fig. 4. Internal interface with two materials.

Let Q= {(r.0):r <2,0 <0< 2n} and let Q, be the two sub-domains of Q occupying
the sectors 0 < 0 < n/Z and n/2 < 0 < 2=n. (See Fig. 4.)
Consider the following interface problem :

pVi=0 inQ, (10)

with the following boundary conditions:

-

‘;f’_p[,.; (O + s ()] onT = 8Qui=1,2. (11)
py =10 and p, =1
A= 0731691779 and 4, = 1.268308221 (12)
and

cos [(1 —a)f}+ ¢, sin [(1 —a)0)] 0<0<m/2, (13)

(lgos[ (1—a)0l+creqsin[(1—a)f] n/2<0<2n

(1 +a)0] - I +a)0 0<0<n2,
haiy = [t Fafl = csin[(+a)b] & (14)

e, cos[(14+a)f] —c,essin[(1+a)0) n/2 <0 < 2n,

¢, = 6.31818181818182, ¢, = —2.68181818181818, ¢y = 0.64757612580273 and
a = (0.26830822130025.

Then the unique solution (up to an additive constant) to this interface problem is given
by Oh and Babuska (1992):

u(r,0) = A, r h (0) + A7 2h, (0), (15)
where 4, = 4. = 1.

3. ELASTOSTATIC PROBLEMS

Linear elastostatic problems in the neighborhood of singular peints are considered in
this section. Here u £ (u,, u,)" denotes the displacement vector in the x, y directions and
6., @, T, are the stresses. For multi-material interfaces we assume continuity of dis-
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placements and tractions across boundary interfaces. We define the “strain energy’ in a
domain Q by:

The energy norm and its connection to the strain energy is equivalent to that presented in
the previous section, i.e.

Jull, = /&),

3.1. Elastostatic problem 1: traction-free isotropic L-shaped domain
Let us consider the L-shaped plane elastic body presented in Fig. 5, having re-entrant
edges of length 1. On the boundaries of the domain. tractions which correspond to the
following exact stress field :
o, = A " 2—0 (2, + )] cos(a, — 10— (2, — 1) cos(a, —3)0)
+ Ay, T[2— Qo (2 + )] sin (2, — 1)0— (o — 1) sin (o, —3)0]
o, = Ay 240 (%, + D] cos(ay; — 1)+ (2, — 1) cos(a, —3)6}
+Aso, 2405 (o 4+ D sin (o — 104 (2, — 1) sin (x, —3)0)
Too= Ay Ny —1)sin (o, —3)0+Q, (o, + 1) sin (2, — 1)6}

+ Asosr' i (an — 1) cos (2, — 30+ Q5 (s + 1) cos (o — 16} (16)

T

T —

1

Fig. 5. The L-shaped domain.
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are being applied where 4, and A, are constants analogous to the mode 1 and 2 stress
intensity factors in linear elastic fracture mechanics ; o, = 0.5444837368, O, = 0.543075597,
o, = 0.9085291898, O, = —0.218923236 are constants determined so that the solution
satisfies the equilibrium equations and the traction-free boundary conditions on the re-
entrant edges.

3.2, Elastostatic problem 2 traction-fee crack in an isotropic material

Let us consider the plane elastic body with a crack along the negative x-axis shown in
Fig. 6, which is isotropic with material constants £ = 1 and v = 0.3, presented in Szabo
and Babuska (1988). On the boundaries of the domain, tractions which correspond to the
exact stress field given by (16) are being applied where 4, and 4, are the mode | and 2
stress intensity factors in linear elastic fracture mechanics; o, = o, = 1/2, @, = 1/3 and
Q, = —1 are constants determined so that the solution satisfies the equilibrium equations
and the traction-free boundary conditions on the re-entrant edges. Furthermore, the dis-
placement vector at (0,0) is fixed and the y-components of the displacement vector at (1, 0)
is fixed.

3.3. Elastostatic problem 3 fixed-free 90° isotropic corner

Plane problems (or axisymmetric problems) with rigidly fixed end and traction free
lateral surface are of increasingly interest in contact mechanics, for example, when an elastic
body is compressed between rough rigid stamps, with the contact being without slip. A
representative case for these problems, where the stresses are singular, for which an analytic
solution is available is presented in Fig. 7. The origin of a polar coordinate system is placed
at the corner with § = 0 being the fixed edge:

u,(0=0)=0
1
{u_y(e =0)=0 a7
and a traction free edge is assumed at § = n/2:
T(B=m/2)=0
. 8
{T_.w ) =0 s

Consider a plane-strain situation for which x = 3 —4v, and material properties £ = 1 and

y
| r
1
\_* 0
— =x
IJ
Y. ‘
i 1 | 1 i
|

1 i
-t —————————————
1 [ 1

Fig. 6. Crack in an isotropic domain.
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T, & T,
are applied

T,=0
Ty=0 r=1
6
NNNNN
u,=0
uy=0

Fig. 7. Fixed-free 90° isotropic corner.

v = 0.3. The exact value of the strength of the singularity «,, at r — 0, can be obtained by
solving the implicit equation :

cos (M) = — — —=— . (19)

The first eigenvalue is real a, o = 0.71117293327.
Imposing the following traction field on the boundary r = 1,0 > 0 > 7/2:

T,(0) = 4,/2.8{[(3—a)cos(] —z)8— (1.8 —a) cos(1 +x)0]
—y[(3—a) sin (1 —x)0— (1.8 + &) sin (1 +2)0]},
T(60) = A,/2.8{[(1 —2) sin (1 —o)B+ (1.8 — =) sin (1 +a)8]

+9[(1 —a) cos(1 — )0+ (1.8 +a) cos (1 +x)6]}, (20)
where
_Snem 00075708 21
" k42x+cos(am)y ’

one obtains the exact stress field in the domain, see Stern and Soni (1976) :

o, = A r* " 2.8{[(3—2x)cos(1 —a)0— (1.8 —a) cos(1 +u)6]
—y[(3—2)sin (1 —o)f— (1.8 +u) sin (1 +a)0}},
oop = A, """ /2.8{[(1 +a) cos (1 —a)0+ (1.8 — ) cos(1 + )]
—7[(1+0o) sin (1 —o)f+ (1.8 + o) sin (1 +2)0]},
o =Ar""28{[(1 —a)sin (1 —a)0+ (1.8 —0a) sin (1 + )]
+7[(1 —a) cos(1 —2)0+ (1.8 + ) cos(1 +2)0]}. (22)
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Fig. & Crack at a bi-material interface example problem.

3.4. Elastostatic problem 4 traction-free crack at isotropic bi-material interface

A bi-material is a composite of two homogeneous materials, with continuity of trac-
tions and displacements across interfaces maintained. For two isotropic materials, an exact
solution for the stress tensor can be obtained using complex analysis. Consider a domain
presented in Fig. 8. and define:

I Ky [y +
o= — T - 23
¢ 2n1n (szﬁ-u: @3
where
3—4v for plane strain

[(3—v)/(14+v) forplane stress

and p 1s the shear modulus. This domain is loaded by normal and tangential tractions on
the circular boundary as follows :

| . ) N
= K [cos(eIn 1.5)a)s +sin(eln 1.5)57}]

T,(r=15.0) = —

\,/' Ry

+ K, [—sin(eln 1.5)6® +cos(eIn1.5)03]}  (24)

1 .
T.(r=15.0) = N 'K, [cos(eln 1.5)a}y +sin(eln 1.5)a3]
KL

+ K [—sin(eln 1.5)g) +cos(eln 1.5)ap]l.  (25)

where o, and o,, are given by (27), and K,, K,; are the so-called **stress intensity factors’ in
fracture mechanics. The crack faces are traction-free,
Following Suo (1989)F, the exact stress fields in material 1 can be put into the form:

T The cxpressions for the displacements in Suo (1989) are not continuous across the interface at 0 =0,
therefore could not possibly be valid.
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0, = ——— | K[ cos(eIn r)al) +sin(eInr)ay)]

+ K[ —sin(eln el +cos(zlnrail} ij=r.0. (26)

where

o = [—sinhe(n—6) cos(30/2) +e """ cos(8/2) (1 + sin?(0/2) +esin (6))]/c

o) = [sinhe(n—0) cos(36/2)+e 7 cos(6)/2)(cos*(8/2) —esin (0))]/c

¢ = [sinh &(z — 0) sin (30/2) +e ™" " sin (6/2)(cos™ (8/2) —esin (0))]/c

o/ = [coshe(n—0)sin (30/2) —e™ ““~ " sin (6/2)(1 + cos?(0/2) —esin (0))]/¢

ofy = [—coshe(n—0) sin (36/2) —e """ sin (0/2)( sin®(6/2) +¢esinH))}/c

o7, = [coshe(n—0) cos(30/2) +e """ cos(0/2)( sin?(8/2) +e¢sin (8))]/c

¢ = coshen. 27

The stress fields in material 2 can be obtained by replacing = by —n everywhere in (27).
The first singular exponent ( first eigenvalue) for this crack problem is a complex number
given by 1/2+ie.

3.5. Elastostatic problem 5 : inclusion problem

The case of a composite body consisting of two dissimilar isotropic, homogeneous and
clastic wedges, perfectly bonded along their interfaces, is studied. The analytic (exact)
asymptotic series representing the stress field in the neighborhood of the singular point can
be derived explicitly for this problem, as shown by Chen (1994).

Consider the unit circle domain €, divided into two sectors: €; occupying the sector
—57/6 < 0 < 57/6 and Q, occupying the sector 57/6 < 0 < 7n/6, see Fig. 9. Plane strain
condition is assumed with v, = v, = 0.3 and E, = 10,000, £; = 1. The eigenvalues charac-
terizing the stress singularity in the vicinity of the point (x.y) = (0,0) for the modes I and
11 are given by o, = 0.512472160 and x, = 0.730975740. On the boundary of the domain
the following traction field is applied:

7
/ / /2///

i s

xr

,/,
7%,
7 )

7

Fig. 9. Domain configuration of the elasticity inclusion problem.
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—57/6 < 0 < 51/6

K /
T,(0) = —0.717604531 —={0.401735588 cos [(1 +,)0]

J2n
—1.561125474 cos [(a, —1)0]}
K
—1.023570729 /;L{—0.813]97463Sin[(1+a2)9]
\/ i

—1.619121416 sin [(x, — 1)6]}

K
T.(0) = 0.717604531—— {0.401735588 sin [(1 + ;6]

N
—0.305963261 sin [(o; —1)6]}
K
—1.023570729— = { —0.813197463 cos [(1 +,)6]
J2n

—0.813974463 cos [(x, — 1)6]}
57/6 < 0 < Tn/6

K
7,(0) = —0.000370516 —= {0.972611382 cos [(1 4o, )(n— 0)]

/27

N
—1.561125474 cos [(«, — 1) (n—0)]}

K
+0.000152306 —= { —1.240586478 sin [(1 + o, ) (1 — )]
J2n

—1.619121416sin [(or; — 1) (m — )]}

K
T,(6) = —0.000370516 —— {0.972611382sin [(1 +a,)(x —0)]

/

V2
—0.305963261 sin [(ot, — 1) (x—6)]}
K
—0.000152306 ;; {—1.240586478 cos [(1 +2) (x — )]
\VAm

—0.191969274 cos [(2, — 1)(m—0)]},

(28)

(29)

(30)

(3h

where K, and K, are chosen arbitrarily to be \/2'7t The exact stress field in the domain is

singular at » = 0, and can be written in the form:
o = PO+ fN0) i =r.0.10,
where f7,(0) and f}/(0) are the functions given by:

—57/6 < 0 < 51/6

F0(6) = —0.717604531 {0.401735588 cos [(1 o, )0] — 1.561125474 cos [(2, — 1)6]}

(32)

FUD(@) = —1.023570729 { —0.813197463 sin [(1 +2,)6] — 1619121416 sin [(2, — 1)6]}

FP(0) = 0.717604531 {0.401735588 cos [(1 +,)0] +0.949198951 cos [(2, — 1)¥]}
FE0(0) = 1.023570729 { —0.813197463 sin [(1 + a,)0] + 1.235182867 sin [(o, — 1)6]}






