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Solving Linear Rational Expectation Models

with Lagged Expectations

1 The Model

These notes lay out a version of the solution method of Wang and Wen (2006) to linear
rational expectation models in the presence of lagged expectations.

Consider the following linear rational expectations model:

N
a0 By (Xip1) + o Xy + ao Xy 1 + PBey + Z¢:1 YiE—i (Xy) =0 (1)

X_4 given

where X is an n x 1 vector of variables determined in date ¢ or earlier, these include both
endogenous (state and jumping) and exogenous variables, and ¢ is an m x 1 vector of
innovations. The matrices ay, a1, ag, V1,..., Y are n X n, and B is n x m. Note that under
flexible information all 7’s are zero matrices.

The solution to the model is given by:

Xt - AanXt—l + BnXmNGt (2)



where all eigenvalues of A must lie inside the unit circle, and:

!/
€& = [ 52 52,1 8:&—(N—1) }mel
L,

e = Omxm(Nfl) Omxm
- Iv—1y  Om(v=1)xm

1.1 Transforming the model into a standard RE model without
past expectations

The AR structure of the solution suggests that it also has an M A (c0) representation:

Xy = Zj:O Qe

where the ®;’s are n x m undetermined matrices. Notice:
Ey (Xt) =X;— [Xt — B (Xt)]

and:
i—1
Xi— B (X)) = ijo Djep; (3)

Using these results the model can be rewritten as:
N N i—1
ao By (Xiv1) + (041 + Zi:l %) Xi+ X1+ Per — Zi:l Vi ijo Pjerj =0
Rearrange the last element:

Zil Vi Z;;t) (I)jgt*j = (Zz]\il ’Yz> (I)Ogt + (Z@]\LQ 72) (I)lgtfl —+ ...

N
+ (Zi:N_l %) Oy ogi (N—2) T YINPN_18- (V1)



Define:

Q= [0, .. Ty] FJ_ZiN_j% j=1..N
By 0

v =
0 ON-1 | e

B = [B Oucmv-) |y

- N
a;p = Q-+ Zi:l Vi
Therefore the model becomes:
aoEt (Xt+1) + &lXt + OéQXt_l + (B - Q‘I’) € = 0 (4)

This equation has the standard linear rational expectation form except that the matrix ¥

is constructed of undetermined coefficients (under flexible information 2 =0, a3 = ay).
1.2 Solving the model
Substitute (2) into (4):

0E: (AX, + Berpr) + a1 Xy + aoXs1 + (B - Q\IJ) & = 0

(oA + 1) Xy + Xy 1 + (aOBG . m/) ¢ = 0
Substitute again:
(oA + 1) (AX,_1 + Be,) + anXyq + (aOB@ . Q\IJ) & =0
and rearrange:
(0A? + A+ as) Xyo1 + [(aoA + &) B+ aBO+ 53— Q\If} ¢ =0

This must hold for any realization of ¢;, and in particular for ¢, = 0; similarly, it also must

hold for any state of the economy, X; ;, and in particular for X; ; = 0. Therefore the



matrices A and B must solve:

Oé()A2 + &1A +ay = 0 (5)
(A +d1)B+ayBO+3—QU = 0 (6)
Notice that A is independent of undetermined matrices B and V.

1.2.1 Solving for A

Method 1: Solving a quadratic matrix equation This method is straightforward to
understand but it does not always work since it depends on a rank condition which may
or may not hold even when the model is well specified and has a unique solution.

We need to solve the following quadratic matrix equation:
Oé()A2 +atA+ay=0 (7)

Define:

(1]
|

_ —0p —ay
o In 07’L><TZ

_ (&% Onxno
s = Lo, 0]

nxn [n

Consider the generalized eigenvalue problem:
=s = AAs

Write s as [ sy sh ], where s1, so € RY. If s is a generalized eigenvector that is associated

with the eigenvalue A, then:

-0y —0y S1 | ag  0pxn0 S1
[ In Onxn‘| l821_A[Oan [n 1 [321 (8)

which by the lower block suggests:



That is, any eigenvector has the following form:

S =
x
Given this structure the upper block gives:

— T — s = N

If there are n generalized eigenvalues Ay, ..., A, together with n linearly independent eigen-
vectors sy = [ Az} @) }I oS = Azl ), }I, then by stacking the upper block of (8)
we get:

M 0 A 0
—&1[901 xn} —ag[xl a:n}:ao[xl a:n]

0 An 0 A2

Given (7) this suggests:

M 0
A:[xl xn} [xl xnrl

0 An

Solution is unique if there are exactly n A;’s inside the unit circle. Notice, however, that

this derivation depends on that the associated eigenvectors are linearly independent.

Method 2: Using Sims (2002) for solving linear RE models In absence of exoge-

nous shocks the matrix A characterizes a solution to the model in equation (4). We can

therefore use standard methods for solving linear RE models to solve for A. Here the model

is transformed in order to fit Sims’ method, although other methods can be applied as well.

Generally, Sims requires the model to be written in the following form:

Loyr = I'iye—1 + oy + Py

where 1, is a vector of endogenous variables that may include expectations of future vari-

ables, v; is a vector of expectational errors, and u; is a vector of exogenous shocks.
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Hence, in the absence of exogenous shocks, (4) can be written as:
Qp a1 Onxn —Q On><n OnXNm
= _ + (% + U
|: Onxn In :| v |: In Onxn :| Y-t |: In :| ! |: OnXNm :| !
where:

Y =

{ Ly ())étﬂ) ]

vy = Xy — By (Xt)

Sims’ code provides a solution to the model in the following form:
v = Grys_1 + impact - uy

Since by construction we shut down the effect of the exogenous shocks it follows that

tmpact = 0. Furthermore, the matrix GG; has the following structure:

lBB CC]

S

The matrix A that we look for is located at the bottom right n x n block of the matrix G.
One can also verify that A2 = BB - A+ CC.

1.2.2 Solving for B
Using (2) iterate backward to get:

Xt = AXt,1 + Bﬁt
= A2Xt_2 + ABEt_l + BEt
= A3Xt_3 + A2B€t_2 + ABEt_l + BEt
. i—1 .
— 4 . J .
A Xt—z + ijo A B(ft_j

Recall that Bisn x mN and ¢ = [ & €y ... &_(y_y }:anl. Now partition B to N

matrices, each size n X m:

B:[BO Bl BN,1:|
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Therefore:

. i—1 . N-1
Xt = Ath_z‘ + ijo A Zk:o Bkgt—j—k

Since A is a stable matrix and X, is stationary it follows that lim A°X,_; = 0, therefore:

1—00
x =¥ 43 “'p
= Ep_i_
t =0 =0 kct—j—k

Rearrange:

Xt = ijo Aj [B()Et,j + Blgt,jf1 + ...+ BN—lgt—j—(N—l)}
== AOBoEt + [AOBl + AlBo} 1+ ...+ [AOBN,1 + AlBN,Q + ...+ ANﬁlBo] €t,(N,1)
00 N-1 .
J—k )
+Zj:N (Zk:o 4 Bk) Fi=g

Recall that X; = Z?OO ®;e,_;, and that for the solution we only need to pin down ®;’s
j:
for j=0,1,..., N — 1. Therefore:

J - .
@:Zk:OAJ kB,  j=0,1,...,N—1

Now recall equation (6):

D 0
(OéoA—Fal) [ Bo Bl BN—l }—i—OzO [ BQ B1 BN—l ]@—Fﬁ—ﬂ
0 PNy
Substituting for the ®’s:
(OéoA—{—&l) [ BO B1 BN_1 } —|—Oé[) [ BO B1 BN_1 ]@—FE
[ A°B, 0 ]
I ik
-0 > ATB
| Nt N1k
| o Dy AT B




Om m — Om m
Recall that © = { [;(]\E]jl)l) Om(le)Xm ], and Q=[T; Ty ... Iy LLX”N, hence the

system can be rewritten as:

(aoA+&1)[BO Bl BN_l]‘i‘OéO[Bl BN—l 0nxm]+5

N-1
_ 0 1 0 } : N-1-k
= [PlABO PQ{ABO—FABl] PN k:OA Bk:|

This can be written as N linear matrix equations (after using the definition of AB)

((IOA + &1 — FlAO) BO + 04031 + 6 = 0
) —2 .
(aoA + b?l - FjAO) Bj—1 + Oéij - F]’ Z;:O AjilikBk ] =2...N—-1

(OéOA —+ al — FNAO) BN,1 = FN Z;V:_; ANflkak

The system has N unknown matrices: By, By,..., By_1.

Solution Method Although it is possible to find a closed form solution, it is easier to

solve the system numerically. First start with a guess (for NV — 2 matrices):
Bi=0 j=1...N-=-2
and then solve recursively:

By = (agA+a;—T1)"" (—aoB; — B)
j—2 .
Bj,1 = (OéoA + &1 — Fj)_l (—Oé[)Bj + Fj Zj@:ﬂ AjilikBk) j =2...N-1

By-1 = (aA+a —Ty) 'Ty) AYV'FB,

Continue until convergence.
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