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Solving Linear Rational Expectation Models

with Lagged Expectations

1 The Model

These notes lay out a version of the solution method of Wang and Wen (2006) to linear

rational expectation models in the presence of lagged expectations.

Consider the following linear rational expectations model:

α0Et (Xt+1) + α1Xt + α2Xt−1 + βεt +
XN

i=1
γiEt−i (Xt) = 0 (1)

X−1 given

where X is an n× 1 vector of variables determined in date t or earlier, these include both

endogenous (state and jumping) and exogenous variables, and ε is an m × 1 vector of

innovations. The matrices α0, α1, α2, γ1,..., γN are n×n, and β is n×m. Note that under

flexible information all γ’s are zero matrices.

The solution to the model is given by:

Xt = An×nXt−1 +Bn×mN�t (2)
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where all eigenvalues of A must lie inside the unit circle, and:

�t ≡
£
ε0t ε0t−1 . . . ε0t−(N−1)

¤0
mN×1

�t = Θ�t−1 +

∙
Im

0m(N−1)×m

¸
εt

Θ ≡
∙
0m×m(N−1) 0m×m
Im(N−1) 0m(N−1)×m

¸
1.1 Transforming the model into a standard RE model without

past expectations

The AR structure of the solution suggests that it also has an MA (∞) representation:

Xt =
X∞

j=0
Φjεt−j

where the Φj’s are n×m undetermined matrices. Notice:

Et−i (Xt) = Xt − [Xt −Et−i (Xt)]

and:

Xt − Et−i (Xt) =
Xi−1

j=0
Φjεt−j (3)

Using these results the model can be rewritten as:

α0Et (Xt+1) +
³
α1 +

XN

i=1
γi

´
Xt + α2Xt−1 + βεt −

XN

i=1
γi
Xi−1

j=0
Φjεt−j = 0

Rearrange the last element:XN

i=1
γi
Xi−1

j=0
Φjεt−j =

³XN

i=1
γi

´
Φ0εt +

³XN

i=2
γi

´
Φ1εt−1 + . . .

+
³XN

i=N−1
γi

´
ΦN−2εt−(N−2) + γNΦN−1εt−(N−1)
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Define:

Ω ≡
£
Γ1 Γ2 . . . ΓN

¤
n×nN Γj =

XN

i=j
γi j = 1 . . . N

Ψ ≡

⎡⎢⎣ Φ0 0
. . .

0 ΦN−1

⎤⎥⎦
nN×mNeβ ≡

£
β 0n×m(N−1)

¤
n×mNeα1 ≡ α1 +

XN

i=1
γi

Therefore the model becomes:

α0Et (Xt+1) + eα1Xt + α2Xt−1 +
³eβ − ΩΨ

´
�t = 0 (4)

This equation has the standard linear rational expectation form except that the matrix Ψ

is constructed of undetermined coefficients (under flexible information Ω = 0, eα1 = α1).

1.2 Solving the model

Substitute (2) into (4):

α0Et (AXt +B�t+1) + eα1Xt + α2Xt−1 +
³eβ − ΩΨ

´
�t = 0

(α0A+ eα1)Xt + α2Xt−1 +
³
α0BΘ+ eβ − ΩΨ

´
�t = 0

Substitute again:

(α0A+ eα1) (AXt−1 +B�t) + α2Xt−1 +
³
α0BΘ+ eβ − ΩΨ

´
�t = 0

and rearrange:

¡
α0A

2 + eα1A+ α2
¢
Xt−1 +

h
(α0A+ eα1)B + α0BΘ+ eβ − ΩΨ

i
�t = 0

This must hold for any realization of �t, and in particular for �t = 0; similarly, it also must

hold for any state of the economy, Xt−1, and in particular for Xt−1 = 0. Therefore the
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matrices A and B must solve:

α0A
2 + eα1A+ α2 = 0 (5)

(α0A+ eα1)B + α0BΘ+ eβ − ΩΨ = 0 (6)

Notice that A is independent of undetermined matrices B and Ψ.

1.2.1 Solving for A

Method 1: Solving a quadratic matrix equation This method is straightforward to

understand but it does not always work since it depends on a rank condition which may

or may not hold even when the model is well specified and has a unique solution.

We need to solve the following quadratic matrix equation:

α0A
2 + eα1A+ α2 = 0 (7)

Define:

Ξ ≡
∙
−eα1 −α2
In 0n×n

¸
∆ ≡

∙
α0 0n×n0
0n×n In

¸
Consider the generalized eigenvalue problem:

Ξs = λ∆s

Write s as
£
s01 s02

¤0
where s1, s2 ∈ RN . If s is a generalized eigenvector that is associated

with the eigenvalue λ, then:∙
−eα1 −α2
In 0n×n

¸ ∙
s1
s2

¸
= λ

∙
α0 0n×n0
0n×n In

¸ ∙
s1
s2

¸
(8)

which by the lower block suggests:

s1 = λs2
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That is, any eigenvector has the following form:

s =

∙
λx
x

¸
Given this structure the upper block gives:

−eα1λx− α2x = λ2α0x

If there are n generalized eigenvalues λ1, . . . , λn together with n linearly independent eigen-

vectors s1 =
£
λ1x

0
1 x01

¤0
, . . . , sn =

£
λnx

0
n x0n

¤0
, then by stacking the upper block of (8)

we get:

−eα1 £ x1 . . . xn
¤⎡⎢⎣ λ1 0

. . .

0 λn

⎤⎥⎦−α2 £ x1 . . . xn
¤
= α0

£
x1 . . . xn

¤⎡⎢⎣ λ21 0
. . .

0 λ2n

⎤⎥⎦
Given (7) this suggests:

A =
£
x1 . . . xn

¤⎡⎢⎣ λ1 0
. . .

0 λn

⎤⎥⎦ £ x1 . . . xn
¤−1

Solution is unique if there are exactly n λi’s inside the unit circle. Notice, however, that

this derivation depends on that the associated eigenvectors are linearly independent.

Method 2: Using Sims (2002) for solving linear RE models In absence of exoge-

nous shocks the matrix A characterizes a solution to the model in equation (4). We can

therefore use standard methods for solving linear RE models to solve for A. Here the model

is transformed in order to fit Sims’ method, although other methods can be applied as well.

Generally, Sims requires the model to be written in the following form:

Γ0yt = Γ1yt−1 +Πvt + Φut

where yt is a vector of endogenous variables that may include expectations of future vari-

ables, vt is a vector of expectational errors, and ut is a vector of exogenous shocks.
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Hence, in the absence of exogenous shocks, (4) can be written as:∙
α0 eα1
0n×n In

¸
yt =

∙
0n×n −α2
In 0n×n

¸
yt−1 +

∙
0n×n
In

¸
vt +

∙
0n×Nm

0n×Nm

¸
ut

where:

yt =

∙
Et (Xt+1)

Xt

¸
vt = Xt − Et−1 (Xt)

ut = �t

Sims’ code provides a solution to the model in the following form:

yt = G1yt−1 + impact · ut

Since by construction we shut down the effect of the exogenous shocks it follows that

impact = 0. Furthermore, the matrix G1 has the following structure:

G1 =

∙
BB CC
0n×n A

¸
The matrix A that we look for is located at the bottom right n×n block of the matrix G1.

One can also verify that A2 = BB ·A+ CC.

1.2.2 Solving for B

Using (2) iterate backward to get:

Xt = AXt−1 +B�t

= A2Xt−2 +AB�t−1 +B�t

= A3Xt−3 +A2B�t−2 +AB�t−1 +B�t

. . . = AiXt−i +
Xi−1

j=0
AjB�t−j

Recall that B is n×mN and �t ≡
£
ε0t ε0t−1 . . . ε0t−(N−1)

¤0
mN×1. Now partition B to N

matrices, each size n×m:

B =
£
B0 B1 . . . BN−1

¤
6



Therefore:

Xt = AiXt−i +
Xi−1

j=0
Aj
XN−1

k=0
Bkεt−j−k

Since A is a stable matrix and Xt is stationary it follows that lim
i→∞

AiXt−i = 0, therefore:

Xt =
X∞

j=0
Aj
XN−1

k=0
Bkεt−j−k

Rearrange:

Xt =
X∞

j=0
Aj
£
B0εt−j +B1εt−j−1 + . . .+BN−1εt−j−(N−1)

¤
= A0B0εt +

£
A0B1 +A1B0

¤
εt−1 + . . .+

£
A0BN−1 +A1BN−2 + . . .+AN−1B0

¤
εt−(N−1)

+
X∞

j=N

³XN−1

k=0
Aj−kBk

´
εt−j

Recall that Xt =
X∞

j=0
Φjεt−j, and that for the solution we only need to pin down Φj’s

for j = 0, 1, . . . , N − 1. Therefore:

Φj =
Xj

k=0
Aj−kBk j = 0, 1, . . . , N − 1

Now recall equation (6):

(α0A+ eα1) £ B0 B1 . . . BN−1
¤
+α0

£
B0 B1 . . . BN−1

¤
Θ+eβ−Ω

⎡⎢⎣ Φ0 0
. . .

0 ΦN−1

⎤⎥⎦ = 0
Substituting for the Φ’s:

(α0A+ eα1) £ B0 B1 . . . BN−1
¤
+ α0

£
B0 B1 . . . BN−1

¤
Θ+ eβ

= Ω

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A0B0 0
. . . Xj

k=0
Aj−kBk

. . .

0
XN−1

k=0
AN−1−kBk

⎤⎥⎥⎥⎥⎥⎥⎥⎦

7



Recall that Θ ≡
∙
0m×m(N−1) 0m×m
Im(N−1) 0m(N−1)×m

¸
, and Ω ≡

£
Γ1 Γ2 . . . ΓN

¤
n×nN , hence the

system can be rewritten as:

(α0A+ eα1) £ B0 B1 . . . BN−1
¤
+ α0

£
B1 . . . BN−1 0n×m

¤
+ eβ

=
h
Γ1A

0B0 Γ2 [A
1B0 +A0B1] . . . ΓN

XN−1

k=0
AN−1−kBk

i
This can be written as N linear matrix equations (after using the definition of eβ):

¡
α0A+ eα1 − Γ1A

0
¢
B0 + α0B1 + β = 0¡

α0A+ eα1 − ΓjA
0
¢
Bj−1 + α0Bj = Γj

Xj−2

k=0
Aj−1−kBk j = 2 . . . N − 1¡

α0A+ eα1 − ΓNA
0
¢
BN−1 = ΓN

XN−2

k=0
AN−1−kBk

The system has N unknown matrices: B0, B1,..., BN−1.

Solution Method Although it is possible to find a closed form solution, it is easier to

solve the system numerically. First start with a guess (for N − 2 matrices):

Bj = 0 j = 1 . . . N − 2

and then solve recursively:

B0 = (α0A+ eα1 − Γ1)
−1 (−α0B1 − β)

Bj−1 = (α0A+ eα1 − Γj)
−1
³
−α0Bj + Γj

Xj−2

k=0
Aj−1−kBk

´
j = 2 . . . N − 1

BN−1 = (α0A+ eα1 − ΓN)
−1 ΓN

XN−2

k=0
AN−1−kBk

Continue until convergence.
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