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abstract
Unconventional myosins belong to a class of molecular motors that walk processively inside cellular
protrusions towards the tips, on top of actin filament. Surprisingly, in addition, they also form retrograde
moving self-organized aggregates. The qualitative properties of these aggregates are recapitulated by a
mass conserving reaction–diffusion–advection model and admit two distinct families of modes: traveling
waves and pulse trains. Unlike the traveling waves that are generated by a linear instability, pulses are
nonlinear structures that propagate on top of linearly stable uniform backgrounds. Asymptotic analysis
of isolated pulses via a simplified reaction–diffusion–advection variant on large periodic domains, allows
to draw qualitative trends for pulse properties, such as the amplitude, width, and propagation speed. The
results agree well with numerical integrations and are related to available empirical observations.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
Molecular motors facilitate a mean of transport within cells, and
are especially vital to chemical exchange in actin-based cellular
protrusions [1], such as filopodia [2] and stereocilia [3]. Unconventional myosins (UM), constitute arguably the most important family of processive motors, moving and transporting chemical cargos
to and from the plus-ends (growing tips) of actin-filaments; except
for myosin-VI which is a minus-end directed motor. Thus, dynamical properties of UM are central to cell functionalities, example of
which include migration, morphology, communication and morphogenesis [4,5].
Despite the tendency of UM to accumulate at the protrusion
tips, where the plus ends of the actin filaments are located, there
are many observations of retrograde motion of aggregates towards
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the protrusion base. These self-organized aggregates are common
to both filopodia and stereocilia and are associated with myosinX [6–9], myosin-XV [10], myosin-III [11] and myosin-Va [8]. The
qualitative mechanisms of these motor aggregates can be captured
through a continuum reaction–diffusion–advection model that
constitutes three basic types of motors [12]: freely diffusing, actinbound stalled motors advected by the retrograde flow of actin
towards the protrusion base, and actin-bound processive motors
that walk towards the tip. In particular, the model allows to
distinguish between two transport modes: traveling waves and
pulse trains.
Here we aim to develop a better understanding of isolated
pulses, by further simplification of the original model through
which only two motor types are considered: processive and stalled.
Using asymptotic analysis in a co-moving coordinate frame, we
derive trends for the amplitude, velocity and width of the pulses.
We show that these analytically derived forms agree well with direct numerical integrations and also with pulses obtained in the
original model, i.e., a model that includes also freely diffusing motors [12]. Finally, we confront the obtained results with experi-
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mentally observed features and make suggestions for future experiments.
2. Reaction–diffusion–advection
organization of molecular motors

framework

for

self-

Self-organization of molecular motors inside a cellular protrusion can be described by an effective one-dimensional projection
of the emergent dynamics since the protrusions are usually thin
compared to their length. The equations of motion then qualitatively incorporate continuum transport and interactions between
three forms of the molecular motors [12]:

• mf , motors which are not physically connected to actin
filaments and thus freely diffuse with diffusion coefficient D. If
the diffusion is very fast D ≫ vb h (where vb is the retrograde
speed of the actin and h is the length of the protrusion), or in an
unbounded volume, it acts to diminish and eventually abolish
the pulses [12].
• mb , stalled motors that are physically anchored to the actin
filaments and are transported towards the cell (protrusion base)
with roughly the treadmilling velocity of the actin filaments vb .
However even if stalled, these motors can still exhibit random
forward and backward steps [8] which result in a small effective
diffusion (Db ) along the actin filaments [13], i.e. Db /D ≪ 1.
Such stalled movements of motors could arise when motors
lose their cargo, or enter a self-inhibiting conformation [14,15].
• mw , processive motors that are only walking against the actin
polymerization towards the protrusion tip with velocity vw −
vb (|vb /vw | ≫ 1).
The equations of motion read as [12]:



∂ mf
∂ Jf
=−
+ Lf mf , mb , mw ,
∂t
∂z 



(1a)



∂ mb
∂ Jb
=−
+ Lb mf , mb , mw + N (mb , mw ) ,


∂t
∂z


 

(1b)



∂ Jw
∂ mw
=−
+ Lw mf , mb , mw − N (mb , mw ) ,


∂t
∂z


 

(1c)

linear reaction

nonlinear reaction

linear reaction

nonlinear reaction

linear reaction

where the respective linear operators correspond to on/off
transition rates between the free, stalled, processive motors and
due to mass conservation of the motors Lf + Lb + Lw = 0. The
nonlinear reactions are related only to motors that propagate along
the actin filaments since only these motors can create aggregates
bearing a similarity to formation of traffic jams [15]. The local
reaction terms in the three-state motor model and the fluxes in
(1) are respectively, given by:
f

f

Lf = − kn1 + kn2 mf + k1 mb + k2 mw ,







f



Lb = kn1 mf − k1 + kn3 mb ,
f
k2 mw

+ kn3 mb ,

f
N = k3 1 + kbw m2b mw ,

Lw = kn2 mf −



(2)
(3)
(4)
(5)

and

∂ mf
,
∂z
∂ mb
Jb = −Db
− m b vb ,
∂z
Jw = mw (vw − vb )

Jf = −D

(6a)
(6b)
(6c)
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where kbw is a nonlinear transition rate and k1 , k2 , k3 are first
order on/off transition rates, respectively. Briefly, the model (1)
describes an effective one-dimensional projection of the emergent
dynamics along the actin bundle comprising the core of the cellular
protrusion. Since the protrusions are usually thin compared to
their length, we ignore variations within the cross-section of
the protrusion. Furthermore, for simplicity we ignore dynamical
variations in the length h of the protrusion. This is reasonable since
many filopodia are observed to be stable on a time-scale that is
long compared to the frequency of formation of retrograde motor
aggregates [12], as filopodia are often stabilized by adhesion to
the external substrate. In addition, we treat the retrograde flow of
the actin filaments vb as constant. This flow is driven by the actin
polymerization at the protrusion tip, and by the pull of myosinII motors inside the cell cytoplasm. While the processive motors
inside the protrusion could also contribute to this flow, these
corrections are neglected in this model.
Eqs. (1) are supplemented with boundary conditions (BCs) that
reflect realistic properties of motors [12]:




• At the protrusion base z = 0, mf , Jb , Jw = m0f , −vb mb ,

(vw − vb )mw , where the concentration of free (and actinbound) motors is usually very low, i.e., m0f → 0;
• At the protrusion tip z = h, since the protrusion is closed there
must be an overall zero flux condition which imposes a conversion rate according to Jb = −β Jw , Jf = −(1 − β)Jw , where
0 ≤ β ≤ 1. Here β = 1 corresponds to pure transition between
the counter propagating subsets mw → mb (processive motors
stall at the tip, Fig. 1(b)), while β = 0 denotes a pure transition to freely diffusing mw → mf (processive motors fall-off
the actin bundle at the tip, Fig. 1(a)).
Unlike standard reaction–diffusion systems, mass conservation
in the bulk introduces multiplicity of uniform states for which
one of the fields, for example mf can be considered as an
additional control parameter. In a companion paper [12], we have
demonstrated that pattern selection to traveling waves and pulse
trains arise from BCs: for β → 0 (Fig. 1(a)), and for small
(realistic) values of mf , the uniform states are linearly stable but
the accumulation of motors at the tip arise in pulse trains, while the
emergence of traveling waves (β → 1) arise through a finite wavenumber instability (Fig. 1(b)), cf. [16]. The pulses are excitable
pulses (dissipative solitons) which correspond to homoclinic orbits
in the co-moving reference frame [17]. In this paper we focus on
their qualitative core properties.
3. Isolated pulses
For isolated pulses, we require linear stability of uniform states
by assuming mf → 0 and mf ≪ mb , mw , which also keeps
fidelity to biology of motors inside the protrusion, i.e., UM usually
have a high affinity to the actin filaments, so that the fraction of
motors in the freely diffusing state is relatively small [8]. Since
the equation of motion for mf is linear, it is therefore enslaved
to the nonlinear behavior of mb and mw . Moreover, the minimal
requirement for homoclinic orbits in reaction–diffusion systems
is a two variable system with differential advection and at least
a single diffusing term [17,18], i.e., the role played by the third
specie, the freely diffusing state, is negligible from the qualitative
point of view. It is therefore, useful to study a simpler version of
the model comprising only the processive and stalled species. In
what follows, we demonstrate that the simplified model contains
not only the ability to sustain propagating pulses, similar to the full
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Fig. 1. (a) Numerical solution at a given time showing a typical pulse train profile that emerges at the tip and propagates to the protrusion base [12]; Eqs. (1) were
numerically integrated using the boundary condition at the tip of processive motors becoming freely diffusing (β = 0) and with parameters m0f = 0.1, kbw = 0.05,
f

f

kn3 = 0.2, kw = 0.02, vb = 0.02, vw = 0.35, Db = 2.5 · 10−4 , kn1 = 0.01, k1 = 0.01, kn2 = 0.3, k2 = 0.05. The local concentrations of the stalled, processive and
free motors (mb , mw , mf ) are denoted by the red, blue and green lines respectively, and the sum of the total concentration is in black. The horizontal dashed red line
denotes the concentration of stalled motors in the M U state. (b) Numerical solution at a given time of TWs that are forming for boundary conditions where at the tip of
processive motors are becoming stalled (β = 1). The inset shows the growth of the M U state (Eq. (9)) from the tip, before the unstable modes start to grow. Parameters:
f
f
m0f = 0.1, kbw = 0.05, kn3 = 0.2, kw = 0.02, vb = 0.02, vw = 0.35, Db = 2.5 · 10−4 , kn1 = 0.01, k1 = 0.01, kn2 = 0.3, k2 = 0.05. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. (a) Locus of uniform solutions (solid line, Eq. (8)) where arrows indicate the flows, along the diagonals that conserve total mass: mb + mw = const . (b) An isolated
pulse profile on a periodic domain, initiated using a Gaussian perturbation in the mb field. Red (blue) line describes the concentration of stalled mb (processive mw ) motors,
respectively. The bottom horizontal dashed lines (near zero concentrations) indicate the background initial states (mb , mw ) (using: mb = 0.35) and the top horizontal dashed
red line gives the value of mb at the M U state (Eqs. (9)). We denote the width of the pulse, λ, at the M U value while (1) in (b, c) denotes the value of mb at the peak of the pulse,
mb,peak . The parameters are the same as in Fig. 1: Db = 2.5 · 10−4 , kbw = 0.05, kb = 0.2, kw = 0.02, vb = 0.02, vw = 0.35, m∗b = 0.35. For comparison we also plot by the
dash–dot red line for a pulse profile obtained through integration of the equivalent 3-species model (1), using m0f = 0.55 to ensure that m∗b = 0.35 as in (b). (c) Trajectory
(solid line) of the pulse (b) plotted in the (mb , mw ) plane. The dashed line as in (a) while the dotted line corresponds to the zero-flux condition which by crossing the dashed
line marks the M U state. (d) Space–time plot showing the propagation of a pulse (b); the slope of this line gives the propagation velocity, which is always larger than the
treadmilling speed of the actin vb . The color heat-map gives the local concentration of mb , with light colors marking larger mb values. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

model (as expected), but also has the advantage of being amenable
to analytic analysis.
After exclusion of mf , the equations for stalled and processive
motors read as:



∂ mb
∂ mb
∂ mb
= Db
+ vb
− kb mb + kw 1 + kbw m2b mw
∂t
∂ z2
∂z


∂ mw
∂ mw
= −(vw − vb )
+ kb mb − kw 1 + kbw m2b mw
∂t
∂z
2

f

(7a)
(7b)

where kw ≡ k3 and kb ≡ kn3 . This form of the model bears similarity
to other autocatalytic models [19].

3.1. Uniform solutions and constrains
Uniform solutions to (7) are given by
m∗w =

kb

m∗b

kw 1 + kbw (m∗b )2

.

(8)

Since our interest is in isolated pulses, we consider periodic
domains that are large in comparison to the pulse width. The
pulses are being initiated by spatially localized large amplitude
perturbations above a stable uniform state (of low motor densities)
to which we refer as M L . This stable uniform state corresponds to
solutions of Eq. (8) with low values of mb , i.e., mb < 5 in Fig. 2(a).
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3.2. Analysis of isolated pulses on large domains
For analysis purposes, we define a co-moving coordinate in
which, the pulse solutions move in the direction of the actin
retrograde flow with a constant speed vb + c, i.e. mb,w (z , t ) =
mb,w (η), where η = z + (vb + c )t so that

∂
∂η ∂
∂
=
= (vb + c ) ,
∂t
∂ t ∂η
∂η

∂
∂η ∂
∂
=
=
.
∂z
∂ z ∂η
∂η

(10)

In this coordinate frame, system (7) becomes a set of ordinary
differential equations
c

dmb

− Db

dη

d2 m b

(c + vw )

dη2
dmw
dη

= −kb mb + kw (1 + kbw m2b )mw ,

(11a)

= kb mb − kw (1 + kbw m2b )mw .

(11b)

We start the analysis by combining Eqs. (11) and integrating on
an infinitely large domain and obtain a spatial relation between the
two fields
mw = −

c
c + vw

mb +

Db

dmb

c + vw dη

+

A
c + vw

.

(12)

Here A is the integration constant that is determined by the values
of the concentrations far from the exponentially decaying pulse
tails [mb (η → ±∞), mw (η → ±∞)] = [mb,∞ , mw,∞ ], namely
dmb /dη → 0 and thus A = (c +vw )mw,∞ + cmb,∞ . In this notation
[mb,∞ , mw,∞ ] are the background uniform states on top of which
the pulse is propagating. By using relation (8) we then obtain


A = mb,∞



kb (c + vw )
kw (1 + kbw m2b,∞ )

+c ,

(13)

and by combining (12) and (11a) to get an equation for mb only



kw Db

c−



c + vw

m′b − Db m′′b



kw kbw A 2
kw c
kw kbw c 3
− k b mb +
mb −
mb
= −
c + vw
c + vw
c + vw
Fig. 3. (a) Pulse amplitude mb,peak and (b) treadmilling velocity c, as a function of
the amplitude of the initial Gaussian perturbation applied to mb field with constant
width. The inset in (a), shows several pulses generated by distinct perturbations
at t = 2000 s. Asymptotically, both mb,peak and c reach saturation, indicated by
the horizontal dashed lines. To define the pulse width λ(c ), we use the smallest
amplitude that gives these saturation values (shaded region). Parameters as in Fig. 2.

+

kw kbw Db
c + vw

m2b m′b + kw


mub =

kb (vw − vb ) − kw vb
kw kbw vb

√ 
vb kb (vw − vb ) − kw vb
mw =
.
vw
kw kbw
u

(9a)

E≃

(9b)
C ≃

ckbw kw
2Db vw

B≃−

Notably, M U can be thought of as an attracting slow manifold
[20,21], whereby localized initial perturbations with an amplitude
much smaller than this state generally decay to the uniform state.

,

(14)

(15)

that contains the following properties: For small mb , far from the
peak of the pulse, the distribution decays exponentially, while
near the peak it is roughly behaving as a parabola. Substituting
Eq. (15) into (14) and neglecting high order terms (the contributions from m2b m′b to the terms proportional to m3b and m4b ), we extract the parameters E , B, C and the velocity c, by equating the two
sides of the equation. The resulting equations are non-polynomial,
e.g., involving square roots, and thus cannot be solved analytically.
However by considering only the dominant terms in each equation,
e.g., vw ≫ c and Db kw /c vw ≪ 1, the resulting expressions read:


,

c + vw

where primes denote derivatives with respect to η.
Next, we introduce an ansatz
m′b = Em2b + Bmb + C ,

Fig. 2(b)–(d) shows, a typical profile of a propagating pulse. Such a
pulse reaches a steady-state shape, characterized by its amplitude
mb ≡ mb,peak (marked as (1) in Fig. 2(b), (c)), width λ, and constant
propagation velocity. It is both expected and verified here that the
propagation velocity is always larger than the speed of the actin
flow vb , since it is increased by a finite treadmilling velocity of the
motors inside the aggregate.
The upper limiting state M U satisfies the zero total flux
condition, i.e., m∗b /m∗w = vb /(vw − vb ), for which we obtain
(Fig. 2(c)):

A

kb

c
Akw
c vw


c≃

A

,

(16)

,

(17)

,

(18)

2 2Db kbw kw

vw

1/3

.

(19)
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Fig. 4. Dependences of c, mb,peak and λ obtained from direct numerical integrations of Eq. (7) on (a–c) the stalled motors diffusion coefficient Db = 2.5 · 10−3 , 2.5 · 10−4 , 2.5 ·
10−5 (µm2 /s) (marked circles) and on (d–e) the processive motors velocity vw = 0.03, 0.35, 1 (µm/s) (marked circles). The straight lines are the respective power-law
dependences corresponding to Eqs. (23), (25) and (26), namely (a) 1/2, (b) −1/4, (c) 1/2, (d) 0, (e) 1/2, (f) 0. Other parameters as in Fig. 2.

We proceed by evaluating the last unknown mb,∞ . We note
that since on periodic domains the system conserves mass, any
changes in the pulse profile modify (decrease) the initial uniform
state. mb,∞ is obtained by substituting first the expressions for c
into the expression for A and expanding in powers of mb,∞ :
A≃

kb vw mb,∞
kw


+

2Db kbw kb 2 vw m5b,∞
kw 4

1/3
(kb − kw ) ,

(20)

where c in terms of mb,∞ is given by



2Db kbw kb 2 vw m2b,∞

c≃

1/3
.

kw

(21)

Finally, by substituting (21) and (20) into Eq. (15) we solve for
m′b → 0 (far from the pulse) to obtain


mb,∞ ≃

2Db

1/4 

kw
kbw vw

kb

.

3.2.2. Pulse width and amplitude
Under approximations used in (16)–(22), the pulse width
follows

λ≃

1

|B|

∝

c
kb


∝

Db
kb

.

(25)

Intuitively, this result can be interpreted as following: a walking
motor that hits the pulse and stalls, gets reactivated after a typical
time 1/kb . If at that time it also re-emerges from the other side of
the pulse, then the pulse width is simply given by: λ ∝ c /kb .
The pulse (24) is embedded on an unspecified background, yet,
the relative pulse amplitude (the peak) which is our prime interest
obeys:
mb,peak = 4CB

1
q2 − B2

≃

kb vw
Akw kbw


∝

kb
Db

1/4 

vw
kw kbw

.

(26)

(22)
3.3. Numerical validation

3.2.1. Pulse speed
By inserting (22) in (21), we find that to the lowest order, the
myosin treadmilling velocity c is independent of the motor velocity
vw , and obeys
c∝



kb Db ,

(23)

where proportionality refers solely to numerical constant and not
to model parameters. After evaluating the speed, we can obtain the
pulse solution:
mb (η) = 4CB

tanh2 (qη/2)
q2 − B2 tanh2 (qη/2)

√

,

(24)

where q = | 4EC − B2 | effectively determines the width of the
pulse (Fig. 2(c)), λ = q−1 ; here we used the trigonometric identity
arctan α ± arctan β = (α ± β)/(1 ∓ αβ).

We next confront Eqs. (23), (25), (26) with direct numerical
integration of Eq. (7). First, we note that pulse properties are
sensitive to the initial perturbation form (inset of Fig. 3(a)).
Variation of the amplitude of the initial perturbation shows that
both the treadmilling velocity c and the pulse amplitude mb,peak
reach saturation (Fig. 3(a), (b)) along the slow manifold, see
Fig. 2(c). Therefore, the pulse width (λ) necessarily becomes
broader due to conservation of mass (Fig. 3(c)). To allow systematic
comparison, we used for λ, mb,peak and c, the values at which
the pulse first saturated (Fig. 3(c)). Consequently, the value of
the pulse width λ has the largest error and is most difficult to
define uniquely (see Figs. 4, 5). Nevertheless, from biological point
of view, protrusions are not closed objects and moreover, only
relatively narrow pulses are being observed which are thus, within
our range of validity.
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Fig. 5. Dependence of simulated (Eq. (7)) pulse characteristics, c, mb,peak and λ, on the different kinetic rates: (a–c) kb , (d–f) kw and (g–i) kbw (circles). The straight lines give
the predicted power-law dependences of Eqs. (23), (25) and (26), namely (a) 1/2, (b) 1/4, (c) −1/2, (d) 0, (e) −1/2, (f) 0, (g) 0, (h) −1/2, (i) 0. All the parameters which are
not varied are as in Fig. 2.

First, we examine the dependences of the pulse properties on
the diffusion coefficient Db (Eqs. (23), (25), (26)) which agrees with
direct numerical simulations, as shown in Fig. 4(a)–(c). Next, we
successfully confirm an agreement with the predicted dependence
on the processive motors velocity vw , as shown in Fig. 4(d)-(f). To
generalize, we also compared in Fig. 5, the dependences of c, mb,peak
and λ on the full expressions in Eqs. (23), (25), (26), with direct
numerical integrations of (7). The results are found in general to
agree well, although we have not explored the whole possible
parameter space. When the freely diffusing motors, mf in Eqs. (1) is
small as compared to the processive and stalled motors, the results
hold also for the 3-species (full) model (e.g., pulses in Fig. 2(b)).
Consequently, the derived approximate properties of the pulses
provide a simplified but yet sufficient guiding description for the
dependences of the pulse shape (amplitude and width) and their
treadmilling velocity on the kinematic parameters of the model
equations.
4. Conclusions
Chemical transport and exchange performed by molecular
motors in actin-based cellular protrusions is paramount to
many of the cell functionalities. We have attempted to advance
the understanding of spatially localized self-organized myosin
aggregates which are often observed in filopodia and stereocilia
[6–11]. The results have been obtained using asymptotic analysis of

a reaction–diffusion–advection model on large periodic domains.
Although the model is rather simplified it provides qualitative
trends for properties of isolated propagating pulses (molecular
motors aggregates) which can be both supported by experiments
and utilized for future empirical investigations:

• The amplitude of √
the pulses increases with the processive
motors velocity, ∝ vw (see Eq. (26)). This qualitative result
agrees with observations that indicate strong pulses for the
highly processive myosin-X and myosin-XV that are as bright as
the tip accumulation [8,10,22], as compared to weak pulses for
the less processive (slower) myosin-Va [8] and myosin-III [11].
• In our model the pulses propagate with the treadmilling flow
of the actin filaments in addition to an internal treadmilling of
the motors, cf. [15]: new processive motors hit the pulse and
are converted to stalled motors, and are thereby added to the
pulse from one side. At the same time stalled motors on the
other side of the pulse become processive again and leave the
aggregate. As a result, the pulse is propagating faster than the
actin treadmilling flow, i.e. c > 0 (Eq. (23)). This prediction
may be tested by high resolution experiments which allow
simultaneous measurements of the actin treadmilling flow and
the pulse propagation.
• The width of the pulses is suggested to increase with the ability
of stalled motors to perform diffusion on the actin bundle (see
Eq. (25)). This prediction may be tested in future experiments
by manipulating the processive motion of the motors, either
through mutations or by attachment to different cargos [23].
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Furthermore, while the motivation for this study was driven by
a particular biological system, the results are centered on global
bifurcations (homoclinic orbits) which can be utilized in a wide
variety of systems that incorporate counter propagating currents,
diffusion, non-linear conversion rates and mass conservation.
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