
PHYSICS OF FLUIDS VOLUME 15, NUMBER 7 JULY 2003
Phase shift ellipses for pulsating flows
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A pulsating laminar flow of a viscous, incompressible fluid through a pipe with an orifice has been
studied at relatively low Reynolds numbers. The motion is caused by an imposed sinusoidally
varying pressure difference,Dp(t). The induced flow rate,Q(t), has a phase shift,fQ , with respect
to the imposed pressure oscillations. We have used that a phase (x,y)-plane instantaneous state plot
of two phase-shifted trajectories:x(t)5sin(vt1fx) and y(t)5sin(vl1fy), is an ellipse. The
ellipses of the instantaneous statesQ(t) vs Dp(t) during a cycle allow readily computing the phase
shift, fQ . © 2003 American Institute of Physics.@DOI: 10.1063/1.1580123#
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An incompressible viscous fluid, which is forced
move under a pulsating pressure difference, has a numb
characteristic properties. One of the features of such a fl
that an oscillating fluid has a phase shift,f, with respect to
the imposed pressure. In the present study we consid
pulsating laminar flow of a viscous, incompressible fluid in
pipe with an orifice. The Wormersley number, W
5r 0(v/n)1/2, is a measure of oscillating effects in a flow
There are fundamental differences between a pulsating
induced by low- or high-frequency pressure gradient osci
tions. It follows for slow oscillations that there is no pha
shift between the induced fluid motion and the imposed v
slow pressure oscillations. In the fast oscillations case,
mean velocity oscillates with a phase shift of 90° with r
spect to the imposed pressure oscillations.

The first limiting case of low-frequency oscillation
~Ws!1! means that the velocity varies very slowly wi
time, and the acceleration term]u/]t in the governing equa
tion of motion can, therefore, be neglected. Thus, the visc
term in the governing equation is balanced by the impo
pressure gradient term. Consequently, in this limiting ca
the velocity varies periodically in the same phase as the p
sure gradient. In the opposite case of high-frequency osc
tions, where the Wormersley number, Ws, is large, the
cous term can be neglected everywhere except in the
narrow layers near the walls. The width of these layers is
the order of magnitude of the depth of penetration of
viscous wave,d}(n/v)1/2. This case is typical for boundar
layers when at a certain distance from the wall the fl
moves as if it was frictionless. This implies that in this ca
~Ws@1! the unsteady term]u/]t in the governing equation
is balanced~except in the narrowd-layer! by the imposed
oscillating pressure gradient term: i.e., the termsr]u/]t and
2]p/]z are of the same order of magnitude. Therefore, a
large distance from the wall the fluid is forced to move w
a phase shift of 90° with respect to the exciting press
gradient. We consider an incompressible fluid forced b
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pulsating pressure difference to move through a pipe w
periodically distributed orifices. A schematic drawing of th
pipe is presented in Fig. 1, where the computational dom
is marked by dashed lines. The governing Navier–Sto
equations are

]V

]t
5

Dp

rL
ez2¹P2~V•¹!V1n¹2V, ~1!

subjected to the incompressibility constrain

¹•V50. ~2!

~We consider an axisymmetric two-dimensional flo
namely: The velocity fieldV5@u(r ,z,t),0,w(r ,z,t)#, ¹
5(]/]r ,0,]/]z), ¹25]2/]r 21(1/r )]/]r 1]2/]z2, ez

5(0,0,1). For ther-component of Eq.~1!, the Laplacian
operator¹2 should be replaced by¹221/r 2.) In ~1!, we split
the pressure gradient into two terms, when the pressure
ference,Dp(t), is prescribed by

Dp~ t !5Dp0@11gp sin~vt !#, ~3!

wherep0(z)5Dp0z/L is a periodic inz-direction function;
Dp0 is a prescribed pressure difference across a comp
tional domain. The computational domain length,L, has been
set large enough to exclude the influence of the periodi
conditions. In all computations, the fully developed Po
seuille velocity profile has been established at the outlet~de-
tails of the computations will be published elsewhere!. Tak-
ing divergence of ~1!, P is computed to impose an
incompressibility:¹2P52div@(V•¹)V#. P is assumed to
be periodic inz-direction, which means that it does not co
tribute to the pressure difference,Dp(t). In Eq. ~3!, gp and
v are the amplitude and the frequency of the pressure dif
ence oscillations, respectively.

The pulsating flow in a pipe without an orifice is wel
known since Sexl’s paper1 published in 1930. In this case,
flow is fully developed:V5(0,0,w); nonlinear term in~1!
vanishes;P[0, and the solution forw(r ,t) reads2

w~r ,t !5
Dp0

4mL
~r 0

22r 2!1Real@ŵ~r !e2 ivt#, ~4!il:
1 © 2003 American Institute of Physics
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FIG. 1. Schematic of a pipe with an orifice.

FIG. 2. fQ vs v.

FIG. 3. fQ vs Ws.

TABLE I. Phase shift,fQ , for different constriction ratios,d/D.

Ws d/D50.5 d/D50.75 d/D51

1 0.07 0.14 0.17
2.5 0.42 0.72 0.79
3.5 0.70 1.00 1.06
4.5 0.86 1.12 1.21
5.5 0.92 1.17 1.28
Downloaded 25 Feb 2004 to 132.72.138.1. Redistribution subject to AIP
where

ŵ~r !5
Dp0gp

rLv F J0~rAiv/n!

J0~r 0Aiv/n!
21G . ~5!

Numerical implementation of the expression~4!, which
includes a Bessel function with imaginary argument, is qu
cumbersome. However, it obviously shows that the flow r
Q(t)52p*0

r 0w(r ,t)rdr has a phase shift with respect to th
imposed oscillating pressure and, therefore, can be writte

Q~ t !5Q0@11gQ sin~vt1fQ!#. ~6!

A phase-shifting effect yields the following corollary:

FIG. 4. a(t)5(Dp(t)2Dp0)/gpDp0 vs b(t)5(Q(t)2Q0)/gQQ0 instan-
taneous states.

FIG. 5. Lb0 vs Ws.
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Phase Shift Ellipse. A phase(x,y)-plane plot of instan-
taneous states of two phase-shifted trajectories: x(t)
5sin(vt1fx), y(t)5sin(vt1fy), is an ellipse:

x82

a2
1

y82

b2
51, ~7!

where

a5A2 cosS fy2fx

2 D , b5A2 sinS fy2fx

2 D , ~7a!

and

x85a sinS vt1
fy2fx

2 D5
A2

2
~x1y!,

~7b!

y85b cosS vt1
fy2fx

2 D5
A2

2
~2x1y!.

For a flow through a pipe orifice, the velocity field is n
fully developed, butV5@u(r ,z,t),0,w(r ,z,t)#, and the con-
vective ~nonlinear! term in Eq.~1! is not equal to zero. The
latter means that a solution to~1! can not be written asV
5V0(r ,z)1V̂(r ,z)eivt, and, speaking generally, is no
phase-shifted with respect to the imposed pressure. Howe
for flows with relatively low Reynolds numbers, the nonli
ear term weakly contributes to the integral characterist
such as a flow rate. It means that one can expect that a
rate, Q(t), behaves likewise Eq.~6!. We have performed
simulations of flows through a pipe orifice at the Reyno
number, Rem5UmD/n, based on the mean velocity and th
pipe diameter, over the range of 1–40, and at the Worm
ley numbers, Ws5r 0(v/n)1/2, of 0.5–25. In Fig. 2 we

FIG. 6. Lb0 vs Rem .
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present the phase shiftfQ as a function ofv for different
Reynolds numbers at the constriction ratiod/D50.5. In
Table I we summarized the phase shifts for different orifi
sizes. One can see that for the constriction ratiod/D ap-
proaching to one the phase shifts reduce to those obtaine
Sexl1 for a smooth pipe (d/D51). In Fig. 3 the phase shif
is shown as the function of the Wormersley number, W
From Fig. 3, one can see that for Rem51–25 the data scat
tering is insufficient, which means that the phase shift
practically independent of the Reynolds number. In oth
words, for the considered range of the Reynolds numbers
nonlinear effects are negligible and in accordance to the
ollary, (Dp2Q) phase plane curve should be close to
ellipse. Using a proper nondimensionalizing,

a~ t !5
Dp~ t !2Dp0

gpDp0
, b~ t !5

Q~ t !2Q0

gQQ0
, ~8!

thea(t)2b(t) instantaneous states for Rem51–25 could be
described by a single phase shift ellipse

a~ t !5sin~vt !, b~ t !5sin~vt1fQ!, ~9!

with the principal axis defined by Eq.~7a! ~at fx50, fy

5fQ). It could be shown from Eqs.~9! that a phase shift,
fQ , can be computed from

cos~fQ!5ab1A~12a2!~12b2!. ~10!

In Fig. 4, in Ox8y8 axis, we present the phase shift e
lipses for different Ws: Ws51.2~curve 1!, 2.3~2!, 3.2~3!,
5.~4!. The high-frequency limiting case (fQ→p/2) corre-
sponds to a circlea5b51 ~curve 5!.

For a flow through a pipe with a ring-type constrictio
~an orifice!, a recirculating flow~a bubble! is developed be-
hind an orifice. The recirculation length (Lb) oscillates in
time, however, due to nonlinear effects, one cannot exp
that Lb(t) behaves likewise Eq.~6!. Our calculations show
that, for the range of the parameters considered in this st
Lb is of the form:Lb(t)5Lb0@11gLd(t)#, d(t) is a periodic
function. The averaged in time recirculating bubble length
independent of the Wormersley number, Ws:Lb0

5Lb0(Rem;d/D), as it is seen from Fig. 5. Our computation
show ~Fig. 6! that the length of this bubble,Lb0 , grows
linearly with the Reynolds number. At that, a small recirc
lating bubble exists for creeping flow~Re'0! also, which
agrees with previous calculations cited by White.2
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