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Abstract. We study the problem of model selection with nuisance parameters present
only under the alternative. The common approach for testing in this case is to determine
the true model through the use of some functionals over the nuisance parameters space.
Since in such cases the distribution of these statistics is not known, critical values had to be
approximated usually through computationally intensive simulations. Furthermore, the
computed critical values are data and model dependent and hence cannot be tabulated. We
address this problem by using the penalized likelihood method to choose the correct
model. We start by viewing the likelihood ratio as a function of the unidentiﬁed
parameters. By using the empirical process theory and the uniform law of the iterated
logarithm (LIL) together with suﬃcient conditions on the penalty term, we derive the
consistency properties of this method. Our approach generates a simple and consistent
procedure for model selection. This methodology is presented in the context of switching
regression models. We also provide some Monte Carlo simulations to analyze the ﬁnite
sample performance of our procedure.
Keywords. Model selection; switching regression models; penalized likelihood method;
law of the iterated logarithm.
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1.

INTRODUCTION

Hypothesis testing plays a crucial rule in any statistical analysis. A diﬃculty arises
when the nuisance parameters are present only under the null hypothesis. This
occurs, among others, in tests for threshold type nonlinearities, tests for structural
breaks and in testing for the number of states in switching regression models. In
such cases, regular statistical testing methods fail due to the ﬂatness of the
likelihood function rendering the standard chi-square tests inapplicable.
Davies (1977, 1987) was one of the ﬁrst to analyze the problem of unidentiﬁed
nuisance parameters. His work suggests viewing the test statistic as a function of
the unidentiﬁed parameters, so as to apply the empirical process theory. The
weakness of Davies test is that he did not derive the exact asymptotic distribution
of his test statistic but used bounds, which may have a very low power in actual
testing. Hansen (1996a) proposed a similar approach in the context of testing
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nonlinear terms in regression models. His test statistic converges to a function of a
chi-square process. The critical values of his statistic are not known and have to
be approximated by computationally intensive simulations with complexity
increasing in the dimension of the unidentiﬁed parameter set. Furthermore, the
distribution of the test statistic depends on the covariance function of a chi-square
process, as well as the domain of the unidentiﬁed parameters and the functional
form of the statistic. Hence, the distribution is data and model dependent, which
makes general tabulation impossible. Other aspects related to this testing problem
concern the choice of the functional over the nuisance parameter space in order to
obtain locally more powerful tests (see e.g. Andrews and Ploberger, 1994). The
distributions of these tests are not known and have to be derived in the same
manner as discussed above.
Another approach is to use the Monte Carlo method to simulate the
distribution of the likelihood ratio. The idea is that given a sequence of
observed data, we obtain the likelihood ratio by estimating the model under the
null and the alternative hypotheses. We use our estimates of the model parameters
under the null hypothesis, to generate independent samples and obtain the
likelihood ratio empirical distribution by ﬁtting the models, assumed under both
hypotheses, to the simulated samples. The original likelihood ratio is compared to
quantiles from the empirical distribution. Such methods were used by Feng and
McCulloch (1996) for mixture models and by Lam (1990) for Markov switching
models.
There are, however, a few drawbacks to the use of this method. First, as
mentioned by Hansen (1992), there is no reason to assume that the ﬁnite sample
distribution of the likelihood ratio will be invariant to the unidentiﬁed parameters
under the null hypothesis. Second, Hansen (1992) and Hamilton (1990) claim that
when the data are generated under the null hypothesis, the likelihood function is
ill-behaved with many local maxima. This can lead to underestimation of the
likelihood ratio, and the larger the parameter set, the more likely that the
tabulated likelihood ratio distribution will be a lower bound for the true
distribution. Third, the Monte Carlo simulations are a time consuming procedure
and when one needs to compare a set of models, it becomes less and less appealing
to use this method.
In this paper, we generalize the approach discussed in Nishii (1988) and Sin and
White (1996) and use the penalized likelihood method for selecting the correct
model among several competing models. In this approach to model selection, a
term that acts to penalize for model complexity is added to the likelihood function
used to estimate the parameters of the model. We then select the model that
maximizes the penalized likelihood function. As pointed out in Granger et al.
(1995), this method avoids some problems of traditional hypothesis testing, such
as the direction of the hypothesis1 and the arbitrary choice of signiﬁcance levels.
They also noted that the penalized likelihood method amounts to testing each
model against all other models by means of the standard likelihood ratio test and
selecting that model which is accepted against all other models, with the critical
values determined by the penalty term.
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While the method we use resolves the model selection problem in a variety of
cases where the nuisance parameters are not identiﬁed under the null hypothesis,
we choose, without loss of generality, to present it within the context of switching
regression models. An important hypothesis that we will address in this paper is
the validity of the model latent structure i.e. the number of states the state variable
can assume.
Determining the number of states in a switching regression model is a diﬃcult
problem. One can perform a formal test of the null hypothesis in which a process
with N ) 1 states generates the data against the alternative that it came from an
N-states model. Unfortunately, this hypothesis cannot be tested using the
likelihood ratio test, with an asymptotic chi-square distribution, since under the
null hypothesis the nuisance parameters that describe the Nth state are
unidentiﬁed. That is, the likelihood function under the null hypothesis is
nonquadratic and ﬂat with respect to the nuisance parameter at the optimum,
therefore the score function is identically zero at extreme points of the likelihood
function and the information matrix is singular.
However, the diﬃculty associated with testing in these models is not just the
problem of unidentiﬁed nuisance parameters under the null. The diﬃculty, as was
pointed out by Andrews (1993), is that for mixture models or more generally
switching regression models with constant probabilities, the singularity problem
exists even if we ﬁx the unidentiﬁed parameters. Jeﬀries (1998) showed that having
the state probabilities random and change over time is suﬃcient in order to
overcome the singularity problem, which validates the usage of the empirical
process theory for testing. Therefore, we analyze in this paper switching regression
models with time varying probabilities.
We specify general conditions under which the use of the penalized likelihood
method will lead to selecting the correct model with probability one (strong
consistency of selection), or with probability approaching one (weak consistency
of selection) as the sample size increases. Thus, our conditions will guarantee that
the correct number of states will be chosen.
This paper is organized as follows: in Section 2 we describe the general set-up
and deﬁne the penalized likelihood statistic used for model selection. In Sections 3
and 4 we address the consistency issue. Weak consistency is established using the
empirical process theory and strong consistency is established using the uniform
law of the iterated logarithm (ULIL). To illustrate the small sample performance
of our statistic, the ﬁndings of Monte Carlo simulations are reported in Section 5.
Section 6 oﬀers concluding remarks.

2.

BASIC FRAMEWORK

We describe the general set-up and deﬁne the penalized likelihood statistic used
for model selection. More speciﬁcally, the observed data is a realization of a
stochastic process fZt : X ! Rv, t ¼ 1, 2, . . .g on a complete probability space
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v
(X, `, P0), where X ¼ 1
t¼1 R and ` is the Borel r-ﬁeld generated by measurable
ﬁnite dimensional product cylinders, and p0 is the probability measure governing
the behaviour of the data.

Assumption 1. The random vectors fZtgt2N are strictly stationary and ergodic
and the true model is in the class of models being investigated.
Let `t be the r-ﬁeld generated by current and past Zt, i.e. `t ¼ r(. . ., Zt)1, Zt),
where `t)1  `t Æ Æ Æ  `. The vector Zt is partitioned into Zt ¼ (Yt, Xt) where Yt
is the dependent variable and Xt is the 1  ‘ dimensional vector of
explanatory variables with v ¼ 1 þ ‘. We are interested in a parametric family
of conditional probability distributions indexed by w 2 W, a compact set and
conditioned on =t1  rðZts ; . . . ; Zt1 ; Xt Þ; s < 1, which is given by

Ptw ðyt j=t1 ; wÞ; w 2 W; =t1  =t . These measures exist by Jirina’s theorem
(Bauer, 1972, p. 319) and our parametric models include explicitly a ﬁnite number
of lags. We also assume that these conditional distributions have Radon–
Nikodym densities with respect to the usual Lebesgue measure that is
f~ ðyt jwt ; wÞ  dPtw ðyt jwt ; wÞ=dt, where wt denotes the variables that the analyst
has chosen to explain or forecast yt (these might include Xt and lagged values of
the dependent variables).
We assume that the true data generating process (DGP) is an autoregressive
switching regression (SR) model. In this model, in each period, there exists a
model selection procedure, which picks a speciﬁc parametric model. More
speciﬁcally, in each point in time the unobserved selection process picks a
parameter vector from the set fw1, . . . , wkg. The selection is random and
dependent on the realization of a latent state variable, st, which can assume only
an integer value f1, . . . , kg. The state (variable) probabilities are not constant and
are denoted by Prðst ¼ ij~zt ; cÞ, where the vector ~zt contains explanatory variables
that aﬀect the state probabilities and are made up of known measurable functions
of wt. c 2 C is the parameter vector, where the set C is compact and restricted to
allow only time varying probabilities and these functions satisfy standard
measurability and continuity requirements2 on ~zt  C.
The conditional density of yt can be described by
f ðyt jwt ; hÞ ¼

k
X

Prðst ¼ ij~zt ; cÞ  f~ ðyt jwt ; wi Þ

ð1Þ

i¼1

h ¼ (w1, . . . , wk, c) 2 H  RL is the vector of the model parameters. We deﬁne
the likelihood function of the sample as
LT ðhÞ ¼

T
X

log f ðyt jwt ; hÞ

ð2Þ

t¼1

Next, we deﬁne the true number of states by k0 2 f1, . . . , kmaxg. When k < k0
the true model is not nested in the alternative models and we minimize the
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Kullback–Leibler information criterion (KLIC) (see e.g. White, 1982, 1994;
Vuong, 1989). When k0 < k  kmax the true model is nested in the alternative
models and some of the model parameters are not identiﬁed. In this case, we
divide the set of parameters into two disjoint sets h(k) ¼
(h1(k), h2(k)) 2 H1(k)  H2(k) ¼ H(k). Let h1(k) 2 H1(k)  RL1 be the
parameters which are not identiﬁed, h2(k) 2 H2(k)  RL2 are the other
parameters (L1 þ L2 ¼ L), where H1(k), H2(k) are compact sets. We note that
in this case, the score function of these models is a martingale diﬀerence, since we
assume the true model belongs to the set of models being considered.
For example, suppose the true model is f1 ¼ f(yt|wt, b1), that is k ¼ 1, and we
estimate a simple mixture of two parametric models f1 ¼ f(yt|wt, b1) and f2 ¼
f(yt|wt, b2) with probability p and 1 ) p respectively, assuming that k ¼ 2. In this
case, some of the model parameters are not identiﬁable and this means that f1 has
diﬀerent representations with diﬀerent parameters:
p  f1 þ ð1  pÞ  f1 ¼ 1  f1 þ 0  f2 :

ð3Þ

We see that under the restriction of no mixture, p might converge to one in
which case b2 can assume any value or, in another scenario, b2 might converge to
b1 and the probability is not identiﬁable.
For a given k we consider a model with parameter space H(k) and quasilikelihood functions f f(yt|wt ; h(k)) : 1  k  kmax, h(k) 2 H(k), t ¼ 1, 2, . . .g.
The likelihood function is
LT ðhðkÞÞ ¼

T
X

log f ðyt jwt ; hðkÞÞ:

ð4Þ

t¼1

The maximum likelihood statistic is
QT ;k ¼ maxhðkÞ2HðkÞ LT ðhðkÞÞ ¼ LT ðh^T ðkÞÞ

ð5Þ

^
where hðkÞ
is the maximum likelihood estimator. The penalized likelihood
function is deﬁned by subtracting a penalty term from the maximum likelihood
statistic, yielding what is called information criteria:
ICT ðkÞ ¼ QT ;k  cT ;k :

ð6Þ

The penalized likelihood statistic ^k which estimates the true number of states k0
is the maximum of the penalized likelihood function:
^k ¼ arg maxk2f1;...;k g ðICT ðkÞÞ:
max

ð7Þ

This process of model selection is justiﬁed by the need to balance the increase in
ﬁt (more parameters yield a higher likelihood) obtained against the larger number
of parameters estimated for models with more state variables. Basically, such
criteria impose a penalty on the likelihood function that is related to the number
of parameters estimated. The usage of penalized likelihood statistics for model
selection was ﬁrst introduced by Akaike (1974), who deﬁned the Akaike
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information criterion (AIC) in which the penalty term is equal to twice the
number of additional parameters estimated in the bigger model. Another
popular criterion, which imposes an additional penalty related to sample size, is
the Bayesian information criterion (BIC), developed by Schwarz (1978). The
BIC is deﬁned as the maximized likelihood plus a penalty term, which is the
logarithm of the number of observations, multiplied by the number of
additional parameters.

3.

WEAK CONSISTENCY OF THE PENALIZED LIKELIHOOD STATISTIC

For what follows, we need the following assumptions.
Assumption 2. For all k 2 f1, . . . , kmaxg the functions f(yt|wt ; h(k)) are positive
and measurable r(yt, wt)  `t for every h(k) in H(k)  RL a compact set, and are
continuous on H(k) for each (yt, wt) a.s. p0 for all t.
Assumption 3. For all 1  k  k0, E(log f(yt|wt ; h(k))) has a unique maximum at
h (k) an interior point of H(k).
Assumption 4. For all k 2 f1, . . . , kmaxg, |log f(yt|wt ; h(k))|< m(yt, wt) for all
h(k) 2 H(k) and for each (yt, wt) a.s. p0, and E(m(yt, wt)) < D <1.
Assumption 5. The penalty
limT !1 cT ;k ¼ þ1; cT ;k ¼ oðT Þ.

term

satisﬁes

cT ;~k > cT ;k > 0

for

~k > k;

Assumptions 1–3 are needed to establish the existence of a measurable quasimaximum likelihood estimate, which is uniquely identiﬁable. Assumption 4
imposes a moment condition, by assuming the existence of a data-dependent
upper bound on log f(yt|wt, h(k)) that has a ﬁnite expectation and hence allows us
to apply the uniform strong law of large numbers (USLLN) for stationary and
ergodic processes (Rao, 1962). For the general case, this assumption can be
replaced by a high-level assumption that the likelihood function obeys the
USLLN.
In the SR models the true parameter set is not identiﬁable due to label
switching, i.e. the parameter set for which the likelihood function has the same
value, is not a singleton set. Therefore, in order to simplify the discussion as well
as the notations and the assumptions made in this work, we establish the existence
and consistency of the penalized likelihood statistic in the quotient topology. That
is, we merge all the parameter values which deﬁne the same (penalized) likelihood
function into a single equivalence class (see Leroux, 1992; and Redner, 1981 for
the case of mixture distributions) and by letting H be the set of such equivalence
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classes we ensure that h is identiﬁably unique. The topology over the parameter
values is translated into a topology over equivalence classes, known as the
quotient topology. We will not concern ourselves further with these details.
Lemma 1 establishes that asymptotically the estimator ^k does not underestimate
the number of states almost surely.
Lemma 1.
Proof.

Given Assumptions 1–5 ^k  k0 almost surely.

See Appendix.

u

Lemma 1 is also used to show strong consistency of selection in the next section.
However, so as to obtain the weak consistency of the penalized likelihood, it is
suﬃcient to show that ^k provides an upper bound in probability. Hence, we can
weaken Assumptions 4 and 5 and require that the likelihood function satisﬁes the
uniform weak law of large numbers (UWLLN) and that the penalty term satisﬁes
p
cT ;k ¼ op ðT Þ; cT ;k ! 1. When the observations are dependent and heterogeneous
and the likelihood function is suﬃciently smooth, we can establish the UWLLN
by using Andrews (1992) results. In addition, other standard results (Gallant and
White, 1988, Thm 3.18) allow us to establish the USLLN for the likelihood
function under this case.
In order to prove that ^k is weakly consistent, we will also have to establish that
it cannot overestimate the true number of states. Given Assumption 5, it is
suﬃcient to show that for any k > k0 the likelihood ratio (LR) has an asymptotic
distribution. Sin and White (1996) show this by relying on the assumption that the
score function satisﬁes pointwise the central limit theorem (CLT). However, when
k > k0 some of the model parameters are not identiﬁed and the general theory
developed by Sin and White (1996) does not apply. Therefore, we apply the
empirical process theory and provide a set of suﬃcient conditions which imply
that the score function converges uniformly over the set of unidentiﬁed
parameters to a Gaussian process and since the LR is a continuous functional
over this process, it has an asymptotic distribution. This approach was used by
Hansen (1992) to test the number of regimes in a Markov switching model
proposed by Hamilton (1989), see also Andrews (1994), for a description of the
econometric applications of empirical process theory.
3
Next, we need to introduce
PT more notations and assumptions.
Let LT ðh1 ðkÞ; h2 ðkÞÞ ¼
t¼1 log f ðyt jwt ; h1 ðkÞ; h2 ðkÞÞ denote the likelihood
function given the parameters h1(k), h2(k) where we assume that the likelihood
is twice continuously diﬀerentiable in h2(k) in the interior of H1(k)  H2(k), and
Dt (h1(k), h2(k)) denotes the L2-vector of partial derivatives of log f(yt|wt;h1(k),
h2(k)) with respect to h2(k), and D2t ðh1 ðkÞ; h2 ðkÞÞdenotes the L2  L2 matrix
of
with respect
PT second partial derivatives
PT to 2 h2(k). Let DT ðh1 ðkÞ; ^h2 ðkÞÞ ¼
2
D
ðh
ðkÞ;
h
ðkÞÞ;
D
ðh
ðkÞ;
h
ðkÞÞ
¼
t
1
2
1
2
T
t¼1
t¼1 Dt ðh1 ðkÞ; h2 ðkÞÞ and h2T ðk; h1 Þ
be the maximum likelihood estimator of h2(k) for a ﬁxed h1(k) 2 H1(k), i.e. the
estimator satisﬁes:
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LT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ ¼ suph2 ðkÞ2H2 ðkÞ LT ðh1 ðkÞ; h2 ðkÞÞ for

h1 ðkÞ 2 H1 ðkÞ:

ð8Þ

We denote by h2 ðkÞ the true value of h2(k) in which some of the model
parameters are not identiﬁed for k > k0, i.e. LT ðh1 ðkÞ; h2 ðkÞÞ ¼ LT ðh ðk0 ÞÞ for all
h1(k). Note that the likelihood function does not depend on the nuisance
parameters under the true number of states. Therefore, when k ¼ k0 Assumptions
30 and 8 are not relevant since H1(k) is empty and Assumptions 6 and 7 refer only
to h2(k) 2 H2(k)  H(k0).
The LR statistic is deﬁned as
LRT ¼ QT ;k  QT ;k0 ¼ suph1 ðkÞ2H1 ðkÞ LT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ  LT ðh^T ðk0 ÞÞ

ð9Þ

Assumption 30 .
 2 ðkÞ  H2 ðkÞ of h ðkÞ;
(a) For every neighbourhood H
2


limT !1 infh1 ðkÞ2H1 ðkÞ Eðlog f ðyt j wt ; h1 ðkÞ; h2 ðkÞ


 maxh2 2H2 ðkÞnH 2 ðkÞ E log f ðyt j wt ; h1 ðkÞ; h2 ðkÞÞ > 0
(b) h2 ðkÞ is an interior point of H2(k).

Assumption 6.
(a) LT(h1(k), h2(k)) is twice continuously partially diﬀerentiable in h2(k) for all
h2(k) 2 H2(k) and all h1(k) 2 H1(k).
(b) The elements of |Dt(h1(k), h2(k)) Æ Dt(h1(k), h2(k))0 | are dominated by
p0-integrable functions independent of h2(k) for all h1(k) 2 H1(k).
(c) For all h1(k) 2 H1(k) the elements of j@f ðyt jwt ; h1 ðkÞ; h2 ðkÞÞ=@h2 ðkÞj and
j@ 2 f ðyt jwt ; h1 ðkÞ; h2 ðkÞÞ @h2 ðkÞ  @h02 ðkÞj are dominated by p0-integrable
functions independent of h2(k).
Assumption 7.
 2

(a) T1 D2T ðh1 ðkÞ; h2 ðkÞÞ a:s:
! E Dt ðh1 ðkÞ; h2 ðkÞÞ , uniformly over h2(k) 2 H2(k)
and h1(k) 2 H1(k).

(b) The matrix E D2t ðh1 ðkÞ; h2 ðkÞÞ is invertible, positive deﬁnite and continuous
in (h1(k), h2(k)) uniformly over H1(k)  H2(k).
Assumption 8.
continuous.

p1ﬃﬃﬃ DT ðh1 ðkÞ;
T

h2 ðkÞÞ is asymptotically stochastically equi-

Assumption 30 modiﬁed Assumption 3 to allow for uniform identiﬁability on
h1(k) and enables us to show in Lemma 2 uniform strong consistency of h2(k) over
the set of the unidentiﬁed parameters. This result is useful in establishing that the
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likelihood ratio is uniformly bounded in probability. Assumptions 6 and 7 are
standard assumptions that impose moments and smoothness conditions that are
commonly used. Condition 6(c) allows us to change the order of the integration
and diﬀerentiation operator and to show that the gradient of the likelihood
function is a martingale diﬀerence (under dynamic model misspeciﬁcation this
assumption can be omitted). This result underlines Condition 6(b), which is
needed to apply the CLT for stationary, ergodic, martingale diﬀerence processes.
For the general case, Assumption 6 can be replaced by a high-level assumption
that p1ﬃﬃTﬃ DT ðh1 ðkÞ; h2 ðkÞÞ converges in distribution for all h1(k) 2 H1(k). Under
model dynamic misspeciﬁcation we will have to impose stronger conditions on the
memory of the process and strengthen our moment requirements. We can
consider processes near epoch dependent (NED) on a strong mixing process4 and
provide suﬃcient conditions based on the CLT of Wooldridge (1986). Kapetanios
(2001) and Davidson (2002) showed that under mild conditions the linear SR
models are NED of any size. Condition 7(a) can be veriﬁed by applying the
USLLN for stationary and ergodic sequences. However, this condition can be
weakened similar to Assumption 4 in order to show the weak consistency of
selection. Note that Assumption 7(b) does not hold even for a ﬁxed value of h1(k)
in switching regression models with constant probabilities as was mentioned
above. To establish Assumption 8, we can modify Theorem 5 of Hansen (1996b)
to hold under Assumption 1, see our example in Section 5. Hansen’s results are
particularly suited for Lipschitz smooth functions of the unidentiﬁed parameters,
h1(k). In a similar way this assumption can be veriﬁed for NED processes.
Further, the stochastic equicontinuity property is obtained under more general
types of functions see e.g. the empirical process theory developed by Andrews
(1993) and Andrews and Pollard (1994) and numerous references cited therein.
These assumptions are used to prove the following lemmata.
Lemma 2. Given Assumptions 1, 2, 30 and 4 for k > k0 ; h^2T ðk; h1 Þ ! h2 ðkÞ almost
surely, uniformly over H1(k).
Proof.

u

See Appendix.

We will use Lemma 2, a Taylor expansion of the likelihood function in the
neighbourhood of the identiﬁed parameters and the stochastic equicontinuity
property of the normalized score function to show that the likelihood ratio is
bounded in probability.
Lemma 3.
Proof.

Given Assumptions 1–8, for k > k0, LRT ¼ OP(1).

See Appendix.

u

Given the results of the lemmata above and the conditions on the penalty term
in Assumption 5, Theorem 1 establishes the weak consistency (convergence in
probability) of the penalized likelihood statistic. This assumption is similar to Sin
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and White’s (1996) conditions on the penalty term for strictly nested models and
ensures us that, given Lemma 3, when k > k0 the likelihood ratio will be
dominated by the penalty terms in probability and hence, we will pick the most
parsimonious model. For instance, we can choose cT,k ¼ 0.5 Æ dim(H(k)) Æ
(log(T ))b for some b > 0, note that for b ¼ 1, we use the Bayesian information
criterion.
Theorem 1.
probability.

Proof.

4.

Given Assumptions 1, 2, 30 , and 4–8, ^k converges to k0 in

u

See Appendix.

ALMOST SURE CONSISTENCY OF THE PENALIZED LIKELIHOOD STATISTIC

We prove the strong consistency of the penalized maximum likelihood statistic.
We start by discussing additional suﬃcient conditions which guarantee the
selection of the true number of states, with probability one. By Lemma 1 we know
that ^k does not asymptotically underestimate the value of k0. Therefore, it remains
to prove that ^k does not asymptotically overestimate this value. We will use the
ULIL when k > k0. The deﬁnition of the ULIL which will be used in this work is
as follows.
 U ! Rg is said to satisfy a ULIL on C
Definition. fut: X P
r2 ðcÞ ¼ limT !1 T1 varð Tt¼1 ut ðcÞÞ exists and is strictly positive and
T

P ðut ðcÞEðut ðcÞÞÞ 

 ¼ 1 almost surely for all c 2 C.
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(a) lim supT !1 

t¼1 rðcÞ


(b)

1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

T
P

2T log logðT Þ t¼1

U if

2T log logðT Þ

ut ðcÞ

is strongly stochastic equicontinuous on C.
t2N

In the context of model selection, the law of the iterated logarithm (LIL) was
ﬁrst applied by Nishii (1988). He showed that for nested but possibly misspeciﬁed
models of i.i.d. processes, the use of the penalized likelihood statistic leads to the
selection of the model with the lowest Kullback–Leibler (1951) divergence from
the true data generating process as the sample size increases. Sin and White (1996)
generalized Nishii’s (1988) results to dependent and heterogeneous processes. In
our case, we apply the ULIL on the score function in order to provide almost
surely bounds for the likelihood ratio on H1(k), e.g. over the set of parameters
which is not identiﬁed when k > k0, and use this result to obtain the strong
consistency of our statistic. Therefore, we add Assumptions 9 and 10.
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Assumption 9. For k > k0 and all h1(k) the elements of Dt ðh1 ðkÞ; h2 ðkÞÞ

satisfy the ULIL on H1(k) and for k ¼ k0 the elements of fDt(h (k))g satisfy the
LIL.
USING THE PENALIZED LIKELIHOOD METHOD

Assumption 10.

The penalty term also satisﬁes

j  ðdimðH2 ðkÞÞ  dimðHðk0 ÞÞÞ ¼

cT ;k  cT ;k0
;
log logðT Þ

j > 1:

Assumption 9 can be veriﬁed by ﬁrst providing bounds for the score
function via the LIL for stationary, ergodic, martingale diﬀerence sequences
for all h1(k) 2 H1(k). For example, we can use the results by Stout (1970)
and Assumptions 1 and 6 to show that for each value of the nuisance
parameters, the score function satisﬁes the LIL. Under model dynamic
misspeciﬁcation, we need to impose the additional condition that
fDt ðh1 ðkÞ; h2 ðkÞÞ; t ¼ 1; 2; . . .g is NED of size )1/2 on a mixing process of
appropriate size in order to ensure the same pointwise convergence. This
follows from Corollary AIII.3 of Sin and White (1992) and Theorem 17.5 of
Davidson (1994). The strong stochastic equicontinuity requirement will be met
if we assume that the score function is diﬀerentiable almost surely at each
point of H1(k), and that the gradient vector of the score function with respect
to h1(k) can be bounded uniformly over H1(k) by the LIL (see Andrews, 1992;
Altissimo and Corradi, 2002).
Lemma 4. Given Assumptions 1–3, 30 , 4, 6, 7 and 9, for k > k0,
T
lim supT !1 logLR
logðT Þ  dimðH2 ðkÞÞ  dimðHðk0 ÞÞ:
Proof.

See Appendix.

u

Theorem 2 follows from Lemmata 1 and 4 and suﬃcient conditions on the
penalty term. Assumption 10 ensures that for k > k0 the LR is dominated by
the penalty term with probability one and hence, guarantees that we will
choose the most parsimonious model (the model with k0 states). This
assumption relaxes Nishii’s (1988) conditions on cT,k by providing sharper
bounds on the penalty term and modiﬁes Sin and White’s (1996) conditions;
since the penalty term does not depend on the total number of the model
parameters, and takes into account only the dimension of the identiﬁed
parameter space.
Theorem 2.
surely.
Proof.

Given Assumptions 1–3, 30 , 4–7, 9 and 10, ^k converges to k0 almost

See Appendix.

u
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5.

SIMULATION STUDY

We consider an autoregressive SR model with two states and time varying state
probabilities, which we assume is the true data generating process. This model is
widely used for modelling nonlinear time series with non-Gaussian features such
as outliers, ﬂat stretches and change points (Li and Wong, 2001; Lanne and
Saikkonen, 2003). We verify that the key assumptions stated in Theorems 1 and 2
are satisﬁed in this case. We also examine the performance of the penalized
likelihood statistic in small samples and its sensitivity to diﬀerent penalty terms.
The SR model is
yt ¼ at þ bt yt1 þ et

ð10Þ

where et i.i.N(0, r2) and st 2 f1, 2g are unobserved independent state
variables, which determine the value of coeﬃcients at, bt. By this we mean:

f ðyt jyt1 ; a1 ; b1 Þ ¼ f1 ðÞ if st ¼ 1
:
ð11Þ
yt jyt1
f ðyt jyt1 ; a2 ; b2 Þ ¼ f2 ðÞ if st ¼ 2
1
expbðyt  at  bt yt1 Þ2 =2r2 c.
f ðyt jyt1 ; at ; bt Þ ¼ pﬃﬃﬃﬃ
2pr
The state probabilities are not constant over time and are given by a logistic
function.

p1 ðÞ ¼ Prðst ¼ 1jyt1 ; c1 ; c2 Þ ¼ KðHt1 Þ ¼

expðHt1 Þ
1 þ expðHt1 Þ

ð12Þ

where Ht)1 ¼ c1 þ c2yt)1 and [c1, c2] are unknown model parameters. For the
true model, k0 ¼ 2 and for the set of models being considered k 2 f1, 2, 3g. We
will apply the penalized likelihood method to estimate the true model from this
set. If k ¼ 1 the model is a linear regression model and for k ¼ 3 the model
parameters can assume one of three values given the realization of the state
variables. The state probabilities are given as follows:
p1 ðÞ ¼ Prðst ¼ 1jyt1 ; c1 ; c2 Þ ¼ KðHt1 Þ
p2 ðÞ ¼ Prðst ¼ 2jyt1 ; c1 ; c2 Þ ¼ Kðl þ Ht1 Þ  KðHt1 Þ;

i ¼ 1; 2 ; l > 0: ð13Þ

The density function is given by
gðyt jyt1 ; hð3ÞÞ ¼

3
X

Prðst ¼ ijyt1 ; c1 ; c2 ; lÞf ðÞi ¼

i¼1

3
X

pi ðÞfi ðÞ

ð14Þ

i¼1
2

bi yt1 Þ
1
exp  ðyt ai2r
where fi ðÞ ¼ pﬃﬃﬃﬃ
;
2
2pr

i ¼ 1; 2; 3:

We now proceed to show that the environment we analyze in this section
satisﬁes our key assumptions. We show that the SR process is strictly stationary
and ergodic, thus Assumption 1 is satisﬁed. In this model the normality of the
error term also implies that the SR process has ﬁnite moments of any order. Using
this result we derive Assumption 4 (for k  2) that the likelihood function is
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bounded by integrable function. Furthermore, based on Hansen’s (1996b) results
for martingale diﬀerence processes; we show that Assumption 8 can be veriﬁed.
Finally, applying Stout’s (1970) results, we show that the score function satisﬁes
the ULIL (Assumption 9). The other Assumptions are technical in nature and we
directly assume that they are valid in the switching regression setup.
To show the stationarity and ergodicity of fytg (Assumption 1) we use results
derived in the theory of continuous state Markov chains (Chan and Tong, 1985;
Tjostheim, 1990; Chan, 1993). Let fyt) be a time homogenous Markov chain on
(X, `) with transition kernel
Z
P ðyt 2 Ajyt1 ¼ xÞ ¼
gðyt jyt1 ¼ xÞ
ð15Þ
A

where x 2 <, A 2 ` and
!
2
1 X
ðyt  ai  bi yt1 Þ2
pi ðst ¼ ijyt1 ; c1 ; c2 Þ exp
:
gðyt jyt1 ; hð2ÞÞ ¼ pﬃﬃﬃﬃﬃﬃ
2r2
2pr i¼1

ð16Þ

We assume the true parameters h ð2Þ ¼ ½c1 ; c2 ; a1 ; a2 ; b1 ; b2 ; r , lie in a compact
space given by ai 2 [M1, M2], ci 2 [M2, M3], 0 < rmin < r < rmax <1 and
b1, b2 2 [)1 þ e, 1 ) e], where e denotes an arbitrary small positive number and
the Mjs are arbitrary constants. The normality of the error term implies that fytg
is k-irreducible (k is the Lebesgue measure) and aperiodic (Chan, 1993). Thus,
every nonnull set is reached in a ﬁnite number of steps with positive probability
and it is impossible for the chain to return to a given set only at speciﬁc time
points. In addition, we note that every k-nonnull compact set is small (Chan
and Tong, 1985, pp. 667–669). In order to derive geometric ergodicity we use
Theorem 3.
Theorem 3 (Tjostheim, 1990). Let fytg be a time homogenous Markov chain on
(X, `) which is irreducible, aperiodic and for which any compact set is small. If there
exists a drift function V: X ! [1, 1], a compact set C  X and constants
g 2 (0, 1), a > 0, such that E(V(ytþm)|yt)1 ¼ x)  g Æ V(x) þ a Æ 1C(x) for all
x 2 X and some m P 0. Then the process is geometrically ergodic and there exists
an invariant measure for the process. If yt is initiated at the invariant distribution,
then the Markov chain is stationary and ergodic, and E(V(yt)) < 1.
To apply Theorem 3 we show the existence of such a drift function. As
mentioned, yt is a Markov chain with a one-step transition density given in
Eqn (15). We consider the function V(x) ¼ 1 þ x2 and a compact set C ¼
fx 2 < | |x|  cg for some c < 1. Then we have
Eð1 þ yt2 jyt1 ¼ xÞ ¼ pi ðÞ  b21 x2 þ ð1  pi ðÞÞ  b22 x2 þ r2 þ Eða2t Þ
þ 1  gðHt1 Þx2 þ 1 þ r2 þ Eða2t Þ

ð17Þ
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b22 þb21

expðH

Þ

where gðHt1 Þ ¼ 1þexpðHt1t1
Þ . Since |b1|, |b2| < 1 there exists g < 1 and c large
enough, such that g(Ht)1) < g and E(V(yt)|yt)1 ¼ x)  gV(x) for x 2j C. In
addition, because the second and the third terms are bounded, we can choose
some a <1 such that E(V(yt)|yt)1 ¼ x)  gV(x) þ a Æ 1C(x)) for x 2 C.
Hence fytg is ergodic and asymptotically stationary. Assumption 1 is then
satisﬁed if fytg is started either with the invariant distribution or in the inﬁnite
past.
Corollary. Let fytg be a stationary switching regression process as described
above then Eðytd Þ < 1 , Eðedt Þ < 1 and for a Gaussian white noise the process is
d-integrable for all d <1.
Next, we show Assumption 4 for k ¼ 2. That is log g(yt|yt)1, h(2)) can be
bounded by an integrable function. Since 0 < rmin < r, the density function is
bounded from above and it is suﬃcient to check the integrability of
log (p1( Æ ) f1( Æ )) ¼ log p1(Æ) þ log f1(Æ). From Eqn (11), we see that
ðjyt j þ jyt1 j þ jamax jÞ2
þ C1
2rmin
j log p1 ðÞj ¼ j logðexpðc1 þ c2 yt1 ÞÞ  logð1 þ expðc1 þ c2 yt1 ÞÞj < 2jc1 þ c2 yt1 j
j log f1 ðÞj <

þ log 2 < 2  C2 þ log 2 þ 2  C2 jyt1 j
where C1, C2 are some positive constants, and the RHS is clearly integrable from
the corollary. For k ¼ 1 we obtain Assumption 4 in a similar way.
In the case k ¼ 3, the density function is given by Eqn (14) and we need to
verify a diﬀerent set of assumptions. In this case the estimated model is equivalent
to the true model for the following parameters:
h2 ð3Þ ¼ ½c1 ;c2 ; r ;a1 ;b1 ;a2 ; b2 ; a2 ;b2 2 H2 ð3Þ and h1 ð3Þ 2 H1 ð3Þ ¼ fl 2 <jl > 0g:
@ log gðy jy

;h ð3Þ;h ð3ÞÞ

t t1 1
2
be the j-element of the gradient of
Let Djt ðyt1 ;h1 ð3Þ;h2 ð3ÞÞ ¼
@h2j ð3Þ
the likelihood
function.
From
Assumption
1
and
because our model is correctly


speciﬁed, Djt ðyt1 ;h1 ð3Þ;h2 ð3ÞÞ t2N is a martingale diﬀerence, stationary and
ergodic sequence, hence we can use Theorem 4 to show that Assumption 8 is
satisﬁed.



Theorem 4 (Hansen, 1996b). Let Djt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞ : <  H1 ð3Þ ! < t2N
be a parametric class of random functions which satisfy for j ¼ 1, 2, . . . , 9 that
(1) jDjt ðyt1 ; h11 ð3Þ; h2 ð3ÞÞ  Djt ðyt1 ; h21 ð3Þ; h2 ð3ÞÞj  Bj ðyt1 Þ  kh11 ð3Þ  h21 ð3Þk
for some function Bj(Æ):< ! < and all h11 ð3Þ; h21 ð3Þ 2 H1 ð3Þ.
(2) ||Bj(yt)1)||2 <1 and kDt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞk2 < 1 for all h1(3) 2 H1(3).
(3) fDjt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞgt2N is a martingale diﬀerence, stationary and ergodic
sequence.
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Then, fp1ﬃﬃT t¼1 Dt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞgt2N
equicontinuous.

is

asymptotically

729
stochastically

To apply Theorem 4 we show ﬁrst that kDjt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞk2 < 1, though
there are several derivatives to check, we present detailed analysis for only one;
the others follow a similar pattern. For example we consider


 
@ log gðyt jyt1 ;h1 ð3Þ;h2 ð3ÞÞ p1 ðÞ  f1 ðÞ  e1t  yt1 
 < y 2 þ jyt yt1 j þ jamax j  jyt1 j:

¼
t1


 
@b1
gðÞ
ð18Þ
5

By the corollary the right hand side is clearly r dominated for all r. Since the
score function is almost surely diﬀerentiable on the set of unidentiﬁed parameters,
we can use the mean value theorem to showthat
it
 satisﬁes the Lipschitz condition
@Dj ðÞ
mentioned above for Bðyt1 Þ ¼ suphð3Þ2H1 ð3Þ  @lt . Also, we have that


@ log gðyt jyt1 ; h1 ð3Þ; h2 ð3ÞÞ

Bðyt1 Þ ¼ 

@b1 @l

 


p1 ðÞð1  p1 ðÞÞ  ðf1 ðÞ  f2 ðÞÞ p1 ðÞ  f1 ðÞ  e1t  yt1 
< 1  p1 ðÞ þ

 

gðÞ
gðÞ
2
 j2e1t  yt1 j  yt1
þ jyt yt1 j þ jamax j  jyt1 j

ð19Þ

where the RHS can be bounded in a similar manner, therefore kB(yt)1)k2 <1. As
the other derivatives are handled in the same way we see that Assumption 8 is
satisﬁed. Hence the penalized likelihood statistic in which the penalty term
satisﬁes Assumption 5 is weakly consistent by the ﬁrst theorem.
In order to show strong consistency of selection, we verify Assumption 9 (ULIL).
Since we veriﬁed Assumption 1 and demonstrated that kDjt ðyt1 ; h1 ð3Þ; h2 ð3ÞÞk2 < 1
the LIL of Stout (1970) can be applied to establish the pointwise convergence of the
score function over the non identiﬁable parameter set. Furthermore, using this and
some tedious algebra, we can obtain LIL bounds for the derivatives of the score
function with respect to h1(3). The strongly stochastic equicontinuouity is veriﬁed
following Altissimo and Corradi’s (2002) approach. That is, given the
diﬀerentiability of the score with respect to h1(3) it is suﬃcient that the derivatives
of the score function with respect to the nonidentiﬁable parameters are bounded
almost surely as discussed above. Given Assumption 9, the strong consistency
follows if the penalty term satisﬁes Assumptions 5 and 10.
We have shown that the penalized likelihood statistic converges in probability
(almost surely) for the SR model. An obvious question is how to decide which
information criterion to use. As suggested by Granger et al. (1995) we will
perform a simulation study where the data is generated by the true model (k0 ¼ 2)
and we choose among the set of models described above, that is ^k 2 f1; 2; 3g,
using the penalized likelihood method. The maximum likelihood estimates of each
model were obtained by the EM algorithm developed by Dempster et al. (1977).
This algorithm is known to increase the likelihood at each step and reach a local
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maximum of the likelihood function. Thus we start from a grid search of initial
values and it remains to calculate the maximum likelihood and subtract the
penalty term from it. Note that there is a wide range of penalty terms, which
satisfy Assumptions 5 and 10. We consider the following function as a penalty
term:
cT ;k ¼ 0:5  L  ðlogðT ÞÞb ; b ¼ 0:5; 1; 1:5

ð20Þ

where L is the number of parameters of the model concerned. Note that when
b ¼ 1, we use the common BIC as our statistic.
The performance of the penalized likelihood method has been assessed by
looking at several modiﬁcations of the model parameters, both due to changes of
the distance between the two components of the intercept and the slope, and due
to changes of the state probabilities. These modiﬁcations are based on the work
done by Mendell et al. (1991) and more recently by Lo et al. (2001) who examine
the empirical distribution of the likelihood ratio under a mixture distribution
assumption. Their results indicate that this distribution depends on the spacing
between the mixture components, sample size and the mixing proportions.
Therefore, we consider the following parameterizations: D1 ¼ [a1 ¼ 0.2, a2 ¼
0.6, b1 ¼ 0.5, b2 ¼ 0.7];
and
D2 ¼ [a1 ¼ 0.2, a2 ¼ 1.0, b1 ¼ 0.5, b2 ¼ 0.9];
where in D2 we see that the distance between the parameters under diﬀerent
states is much greater than the distances in D1. Under each parameterization we
will examine two conﬁgurations of the probabilities of the state variables. In the
ﬁrst conﬁguration, the logistic regression parameters are S1 ¼ [c1i ¼ )0.1, c2i ¼
0.1] which implies that 95% of the probabilities of state variables vary in the range
0.5 ± 0.034. In the second case, the logistic regression parameters are S2 ¼
[c1i ¼ )2.2, c2i ¼ 0.1] which implies that the range of these probabilities is
0.12 ± 0.015.
We examined samples of 250, 500 and 1000 observations and in each Monte
Carlo exercise we used 30 replications. The results are reported in the following
tables. For a given sample size, we estimated the number of times we chose each
model in the set f1, 2, 3g where the model selection procedure consisted of
calculating the penalized likelihood statistic given the value of b.
The results of Table I were calculated when the data was simulated under the
assumption that the probabilities of the state variables vary around half. The
ability of our statistic to detect the true number of states seems to be low for T ¼
250 and 500 in the case where the slope and the intercept are not well separated,
i.e. for the case of D1 and for T ¼ 1000 and b ¼ 0.5 the results are improving but
are not satisfactory. The results improve substantially for D2, when the model
parameters are further apart; the penalized likelihood statistic picks the correct
model almost perfectly even for small samples. The performance of the statistic is
sensitive to the choice of the penalty terms, with more signiﬁcant penalty terms
leading to more accurate estimation of the true value of states. In Table II, we
consider the case when the state probabilities are around 12%. We note that even
though these probabilities imply a low separation between the states, the results
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TABLE I
Simulation Results for the Case S1
D1

T ¼ 250
b ¼ 0.5
b¼1
b ¼ 1.5
T ¼ 500
b ¼ 0.5
b¼1
b ¼ 1.5
T ¼ 1000
b ¼ 0.5
b¼1
b ¼ 1.5

D2

k¼1

k¼2

k¼3

k¼1

k¼2

k¼3

21
27
29

8
1
0

1
2
1

0
0
0

27
30
30

3
0
0

18
29
30

10
0
0

2
1
0

0
0
0

28
30
30

2
0
0

8
26
30

21
4
0

1
0
0

0
0
0

25
30
30

5
0
0

TABLE II
Simulation Results for the Case S2
D1

T ¼ 250
b ¼ 0.5
b¼1
b ¼ 1.5
T ¼ 500
b ¼ 0.5
b¼1
b ¼ 1.5
T ¼ 1000
b ¼ 0.5
b¼1
b ¼ 1.5

D2

k¼1

k¼2

k¼3

k¼1

k¼2

k¼3

18
25
29

8
0
0

4
5
1

0
0
1

26
29
25

4
1
4

16
28
26

8
0
0

6
2
4

0
0
0

25
27
29

5
3
1

9
27
27

15
2
0

6
1
3

0
0
0

21
29
29

9
1
1

continue to improve substantially when we increase the distance between the
model parameters. In Tables I and II for D1, we observe that the use of the
common BIC (b ¼ 1) is not optimal, while the use of the penalty term when b ¼
0.5 is more adequate due to its robustness under diﬀerent cases and sample sizes.
Note that when comparing between a switching regression model with two
states and a linear regression (k ¼ 1), since k0 ¼ 2, the Monte Carlo results imply
the power of underlying likelihood ratio tests when the null hypothesis is k0 ¼ 1
(against the alternative k  2) and the critical values are determined by the
diﬀerence between the penalty terms. These values are equal to 2 Æ (log(T))b and
for b ¼ 0.5, 1 and 1.5, we get (4.7, 5.0, 5.3), (11.0, 12.4, 13.8) and (25.9, 31.0, 36.3)
respectively. The simulation results indicate a low power under D1 where the
implied LR tests tend to underestimate the true number of states. For D2, the
power of the test increases substantially and the implicit null hypothesis that
the true model is k ¼ 1 is always being rejected.
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6.

SUMMARY

This paper addresses the problem of selecting the correct number of states in
switching regression models. We use the penalized likelihood method and
derive conditions on the penalty term (with other regularity conditions), which
ensure the weak as well as the strong consistency of the penalized likelihood
statistic. We consider as an example the autoregressive switching regression
model and establish the consistency properties of the penalized likelihood
statistic for this model. The small sample behaviour of our statistic is analyzed
via Monte Carlo simulations. The simulation results suggest our estimator
converges to the true number of states as the sample grows, but the results are
dependent on our selection of model parameters and are less sensitive to the
range of the state variable probabilities, which are usually not known to the
analyst. The penalty term cT,k can be interpreted as a critical value in an
implicit test of the hypothesis about the choice of the model with the true
number of states. Therefore, the choice of the value for the penalty term may
play an important role in the performance of our statistic as was shown in our
simulation study.

APPENDIX A
Proof of Lemma 1. For all 1  k  k0, given Assumptions 2 and 4 we can deﬁne the
KLIC between the true model (k ¼ k0) and k < k0 for some h(k) as
IðhðkÞÞ ¼ Eðlog f ðyt jwt ; h ðk0 ÞÞ  Eðlog f ðyt jwt ; hðkÞÞ:
Deﬁne ~IðkÞ ¼ minhðkÞ2HðkÞ IðhðkÞÞ, Assumptions 2–4 ensure that ~IðkÞ attains its minimum
for the value h (k) for k < k0 and ~IðkÞ > 0 (see White, 1994, pp. 53–54). By deﬁnition of
the maximum likelihood, we have
1
1
QT ;k  Eðlog f ðyt jwt ; h ðk0 ÞÞ  LT ðh ðkÞÞ  Eðlog f ðyt jwt ; h ðk0 ÞÞ:
T
T

ðA:1Þ

We use Assumptions 1 and 4 to apply the strong law of large numbers, to get almost
surely:
1
lim infT !1 QT ;k  Eðlog f ðyt jwt ; h ðk0 ÞÞ  ~IðkÞ:
T

ðA:2Þ

Since the parameter set is compact, there exists a ﬁnite cover and we can divide H(k) into m
m
m
m
m
closed balls Hm
. . . ; hm
m ðkÞ will be an arbitrary
1 ðkÞ; H2 ðkÞ; . . . ; Hm ðkÞ, where h1 ðkÞ; h2 ðkÞ;
0
m
m
sequence such that hi ðkÞ 2 Hi ðkÞ \ HðkÞ. Let H(k, d, h ) be a closed ball around h0 (k)
where the distance between any two points in it does not exceed d > 0 and let

LðhðkÞÞ
¼ Eðlog f ðyt jwt ; hðkÞÞÞ. We see that
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1
  ðk0 ÞÞ  max1im suphðkÞ2H ðkÞ 1 LT ðhðkÞ  Lðh
  ðk0 ÞÞ
QT ;k  Lðh
i
T
T


1

 m

 ðkÞÞ  Lðh
 m ðkÞÞ þ max1im Lðh
  ðk0 ÞÞ
 max1im suphðkÞ2Hi ðkÞ  LT ðhðkÞÞ  Lðh
i
i

T


1

1

 max1im suphðkÞ2Hi ðkÞ  LT ðhðkÞÞ  LT ðhm
ðkÞÞ
i

T
T


1

m

ðkÞÞ

Lðh
ðkÞÞ
þ max1im  LT ðhm
i
i

T
 m

 ðkÞÞ  Lðh
  ðk0 ÞÞ
þ max1im Lðh
i


1

1
 suph0 ðkÞ2HðkÞ suphðkÞ2Hðk;d;h0 Þ  LT ðhðkÞÞ  LT ðh0 ðkÞÞ
T
T


1

 m

m
m


  ðk0 ÞÞ
 i ðkÞ  Lðh
þ max1im  LT ðhi ðkÞÞ  Lðhi ðkÞÞ þ max1im Lðh
T
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ðA:3Þ

Under Assumptions 1–4 we can apply the uniform strong law of large numbers,
and from Theorem 2 of Andrews (1992), we see that the likelihood function is strongly
stochastically equicontinuous on H(k) and the likelihood function converges almost
surely for all h(k) 2 H(k). Therefore, by taking lim sup from both sides of this
inequality and letting d approach zero, the ﬁrst two terms in the last inequality go to zero
and we get
1
  ðk0 ÞÞ  maxi ðIðhm ðkÞÞÞ
lim supT !1 QT ;k  Lðh
i
T
m
 mini ðIðhi ðkÞÞÞ  ~Iðk0 Þ

ðA:4Þ

  ðk0 ÞÞÞ converges a.s. T0 ~IðkÞ. Using the same arguments
which implies that T1 QT ;k  Lðh
and Assumptions 1–4 we can also show that T1 QT ;k0 converges almost surely to
  ðk0 ÞÞ. The rest of this proof is restricted to the event of probability one. According
Lðh
to Assumption 5 and the fact ~IðkÞ > 0, for all k < k0 we get
QT ;k  QT ;k0  cT ;k  cT ;k0 ) ICT ðkÞ  ICT ðk0 Þ:
We conclude that lim infT !1 ^k  k0 .

ðA:5Þ
u

Proof of Lemma 2. The existence of a measurable maximum likelihood estimator h^2T ðk; h1 Þ for each h1(k) 2 H1(k) follows from Assumptions 1 and 2 and
~ 1 ðkÞ; h2 ðkÞÞ ¼ Eðlogðyt jwt ; h1 ðkÞ; h2 ðkÞÞÞ,
Theorem 2.12 of White (1994, p. 16). Let Lðh
 2 ðkÞ of h ðkÞ, there exists an
using Assumption 30 (a) given any neighbourhood H
2

~ 1 ðkÞ; h ðkÞÞ  maxh 2H ðkÞnH ðkÞ Lðh
~ 1 ðeÞ; h2 ðkÞÞ 
e > 0 such that, limT !1 infh1 ðkÞ2H1 ðkÞ Lðh
2
2
2
2
e > 0.
Thus,

 Blackwell Publishing Ltd 2005

734

A. PREMINGER AND D. WETTSTEIN

 2 ðkÞ for some h1 ðkÞÞ
lim supT !1 Prðh^2T ðk; h1 Þ 2 H2 ðkÞnH
~ 1 ðkÞ; h2 ðkÞÞ
 limT !1 PrðlimT !1 infh1 ðkÞ2H1 ðkÞ jLðh
~ 1 ðkÞ; h^2T ðk; h1 ÞÞj  e for some h1 ðkÞÞ
 Lðh
~ 1 ðkÞ; h ðkÞÞ
 limT !1 PrðlimT !1 suph1 ðkÞ2H1 ðkÞ jLðh
2
~ 1 ðkÞ; h^2T ðk; h1 ÞÞj  e for some h1 ðkÞÞ
 Lðh
~ 1 ðkÞ; h ðkÞÞ
 limT !1 PrðlimT !1 suph1 ðkÞ jLðh
2
1
 ðLT ðh1 ðkÞ; h^2T ðk; h1 ÞÞj > e=2Þ
T
1
þ limT !1 PrðlimT !1 suph1 ðkÞ j Lðh1 ðkÞ; h^2T ðk; h1 ÞÞ
T
~T ðh1 ðkÞ; h^2T ðk; h1 ÞÞj > e=2Þ
L
~ 1 ðkÞ; h2 ðkÞÞ
 2  limT !1 PrðlimT !1 suph1 ðkÞ2H1 ðkÞ;h2 2H2 ðkÞ jLðh


1
LT ðh1 ðkÞ; h2 ðkÞÞj  e=2Þ ¼ 0:
T

ðA:6Þ

The last inequality follows from the strong uniform convergence of the likelihood function,
which is implied under Assumptions 1, 2 and 4, see, e.g. White (1994, Thm A.2.2).
u
Proof of Lemma 3. In order to show that LRT ¼ OP(1), note that the LR is equal to
LRT ¼ sup LT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ  LT ðh^T ðk0 ÞÞ
h1 ðkÞ2H1 ðkÞ

¼

sup
h1 ðkÞ2H1 ðkÞ

ðLT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞÞ

 ðLT ðh^T ðk0 ÞÞ  LT ðh ðk0 ÞÞÞ:

ðA:7Þ

For simplicity we write h^2T ðkÞ instead of h^2T ðk; h1 Þ. We ﬁrst try to ﬁnd the distribution
LT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh^T ðk0 ÞÞ for a given h1(k). From Assumptions 6(a) and 30 (b) we can
use the Taylor series expansion of T1 DT ðh1 ðkÞ; h^2 ðkÞÞ around h2 (k) to get
1
1
DT ðh1 ðkÞ; h2 ðkÞÞ þ D2T ðh1 ðkÞ; h2 ðkÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ0
T
T
1
¼ DT ðh1 ðkÞ; h2 ðkÞÞ þ EðD2t ðh1 ðkÞ; h2 ðkÞÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ0 þ nT
T

0¼

ðA:8Þ

where

nT ¼


1 2
DT ðh1 ðkÞ; h2 ðkÞÞ  EðD2t ðh1 ðkÞ; h2 ðkÞÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ0
T

and h2 ðkÞ lies on the chord between h^2T ðkÞ and h2 ðkÞ, Assumption 7 and Lemma 2 imply
that the nT term is o(1) uniformly over H1(k). Since
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supknT k
h1 ðkÞ



 1 2



2 ðkÞÞ  E D2 ðh1 ðkÞ; h ðkÞÞ  ðh^2T ðkÞ  h ðkÞÞ0 
D
ðh
ðkÞ;
h
¼ sup
1
2
2
t
 T T

h1 ðkÞ




1 2
 2

 ^
0




 sup
T DT ðh1 ðkÞ; h2 ðkÞÞ  E Dt ðh1 ðkÞ; h2 ðkÞÞ   supðh2T ðkÞ  h2 ðkÞÞ 
h1 ðkÞ
h1 ðkÞ




1 2
 2

 ^
0




 sup
T DT ðh1 ðkÞ; h2 ðkÞÞ  E Dt ðh1 ðkÞ; h2 ðkÞÞ   supðh2T ðkÞ  h2 ðkÞÞ 
h1 ðkÞ
h1 ðkÞ


  2


 2



þ supE Dt ðh1 ðkÞ; h2 ðkÞÞ  E Dt ðh1 ðkÞ; h2 ðkÞÞ   supðh^2T ðkÞ  h2 ðkÞÞ0 
h1 ðkÞ

h1 ðkÞ

¼ oð1Þ  oð1Þ þ oð1Þ  oð1Þ ¼ oð1Þ a.s.

ðA:9Þ

where jjÆjj denotes the matrix Euclidean norm. From Assumption 7(b) we see that
pﬃﬃﬃﬃ
 
1 1
pﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ:
T ðh^2T ðkÞ  h2 ðkÞÞ ¼  E D2t ðh1 ðkÞ; h2 ðkÞÞ
T

ðA:10Þ

From a Taylor expansion of LT ðh1 ðkÞ; h^2T ðkÞÞ around, h2 ðkÞ for a given h1(k), we obtain
LT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞ
¼ DT ðh1 ðkÞ; h2 ðkÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ0
1
þ ðh^2T ðkÞ  h2 ðkÞÞ0  D2T ðh1 ðkÞ; h2 ðkÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ
2
pﬃﬃﬃﬃ
1
¼ pﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ  T ðh^2T ðkÞ  h2 ðkÞÞ0
T

 pﬃﬃﬃﬃ
1pﬃﬃﬃﬃ ^
1
T ðh2T ðkÞ  h2 ðkÞÞ0  EðD2t ðh1 ðkÞ; h2 ðkÞÞ  T ðh^2T ðkÞ  h2 ðkÞÞ þ 1T
þ
2
2

ðA:11Þ

where
1T ¼



pﬃﬃﬃﬃ


1 2
T ðh^2T ðkÞ  h2 ðkÞÞ0 
DT ðh1 ðkÞ; h2 ðkÞÞ  E D2t ðh1 ðkÞ; h2 ðkÞÞ
T
pﬃﬃﬃﬃ

^
 T ðh2T ðkÞ  h2 ðkÞÞ:

Upon substituting
get

pﬃﬃﬃﬃ
T ðh^2T ðkÞ  h2 ðkÞÞ and letting WT ðh1 ðkÞÞ ¼ p1ﬃﬃTﬃ DT ðh1 ðkÞ; h2 ðkÞÞ, we

2  ðLT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞÞ ¼ #T þ 1T

ðA:12Þ

where
 
1
1T ¼ WT ðh1 ðkÞÞ E D2t ðh1 ðkÞ; h2 ðkÞÞ


 2

1 2



D ðh1 ðkÞ; h2 ðkÞÞ  E Dt ðh1 ðkÞ; h2 ðkÞÞ
T T
 
1
 E D2t ðh1 ðkÞ; h2 ðkÞÞ
WT ðh1 ðkÞÞ; #T


1
¼ WT ðh1 ðkÞÞ0 E D2t ðh1 ðkÞ; h2 ðkÞÞ
WT ðh1 ðkÞÞ:
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In order to show that the LR converges in distribution, we need to establish that the
empirical process WT(h1(k)) is uniformly bounded in probability. Assumptions 1, 2 and 6(c)
imply that Dt ðh1 ðkÞ; h2 ðkÞÞ is a stationary ergodic martingale diﬀerence, to which the
central limit theorem is applied pointwise given Assumption 6(b). Using this result, the
compactness of H1(k)and Assumption 8, we can conclude via the empirical processes
theory (Andrews, 1994) that WT converges weakly to a unique Gaussian process over
H1(k). The continuous mapping theorem and Lemma 4.5 of White (2001, p. 67) imply that
sup h1(k) 2 H1(k) WT(h1(k)) ¼ OP(1), this result and Assumption 7 imply that #T is Op(1)
uniformly on H1(k).
We demonstrate this as follows:


supk#T k  supkWT ðh1 ðkÞÞk  sup k½E D2t ðh1 ðkÞ; h2 ðkÞÞ 1 k  supkWT ðh1 ðkÞÞk

h1 ðkÞ

h1 ðkÞ

h1 ðkÞ

h1 ðkÞ

¼ Op ð1Þ  Oð1Þ  Op ð1Þ ¼ Op ð1Þ:

ðA:13Þ

In a similar way we can show that suph1(k) 2 H1(k)|1T| ¼ op(1), hence
sup
h1 ðkÞ2H1 ðkÞ

ðLT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðeÞ; h2 ðkÞÞÞ ¼ OP ð1Þ þ op ð1Þ:

ðA:14Þ

Under Assumptions 1–3, 6 and 7 (note h2 ðk0 Þ  h ðk0 Þ because for k ¼ k0 the model
parameters are identiﬁed), it is obvious that
LT ðh^T ðk0 ÞÞ  LT ðh ðk0 ÞÞ ¼ OP ð1Þ

ðA:15Þ

see e.g. White (1982, 1994). Therefore
LRT ¼ OP ð1Þ þ Op ð1Þ þ op ð1Þ ¼ OP ð1Þ:

ðA:16Þ
u

Proof of Theorem 1.

Consider the probability of ^k being greater than k0:

Prð^k > k0 Þ 

X

Prð^k ¼ kÞ 

k>k0

X

PrðICT ðkÞ >ICT ðk0 ÞÞ

ðA:17Þ

k>k0

where for all k > k0

PrðICT ðkÞ > ICT ðk0 ÞÞ ¼ Pr

LRT
cT ;k
>
1 :
cT ;k0 cT ;k0

ðA:18Þ

c

From Assumption 5 we know that cTT;k;k  1 > 0 and cT1;k ! 0 and by Lemma 3 we have
0
0
LRT ¼ OP(1). Therefore, for all k > k0 ; Prð^k ¼ kÞ ¼ 0 in probability and using Lemma 1,
we get that ^k converges to k0 in probability.
u
T
Proof of Lemma 4. In order to show that lim supT !1 logLR
logðT Þ dimðH2 ðkÞÞ  dimðHðk0 ÞÞ,
note that the LR is equal to
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LT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ  LT ðh^T ðk0 ÞÞ

h1 ðkÞ2H1 ðkÞ

¼

sup
h1 ðkÞ2H1 ðkÞ

ðLT ðh1 ðkÞ; h^2T ðk; h1 ÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞÞ

 ðLT ðh^T ðk0 ÞÞ  LT ðh ðk0 ÞÞÞ:

ðA:19Þ

From Assumptions 30 (b), 6(a) and a Taylor’s expansion of DT ðh1 ðkÞ; h^2 ðkÞÞ and
LT ðh1 ðkÞ; h^2T ðkÞÞ around h2 ðkÞ for a given h1(k), we get

1
ðh^2T ðkÞ  h2 ðkÞÞ ¼  D2T ðh1 ðkÞ; h2 ðkÞÞ DT ðh1 ðkÞ; h2 ðkÞÞ

ðA:20Þ

LT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞ
¼ ðh^2T ðkÞ  h2 ðkÞÞ0  DT ðh1 ðkÞ; h2 ðkÞÞ
1
þ ðh^2T ðkÞ  h2 ðkÞÞ0  D2T ðh1 ðkÞ; h2 ðkÞÞ  ðh^2T ðkÞ  h2 ðkÞÞ:
2

ðA:21Þ

Let V(h1(k)) be the variance covariance matrix of the score function. By substituting
(A.20) into (A.21) and using Assumptions 1, 2 and 6(c) to establish the information matrix equality (V ðh1 ðkÞÞ ¼ EðDt ðÞ  Dt ðÞ0 Þ ¼ EðD2t ðÞÞ), we see that for all
h1(k) 2 H1(k):
LT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞ

1
1
1 2
1
DT ðh1 ðkÞ; h2 ðkÞÞ pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ
¼ pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ0 
T
2T
2T
¼

1
pﬃﬃﬃﬃﬃﬃ V ðh1 ðkÞÞ1=2 DT ðh1 ðkÞ; h2 ðkÞÞ
2T

0

1
pﬃﬃﬃﬃﬃﬃ V ðh1 ðkÞÞ1=2 DT ðh1 ðkÞ; h2 ðkÞÞ
2T

1
þ pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ  ½EðD2t ðh1 ðkÞ; h2 ðkÞÞ1  EðD2t ðh1 ðkÞ; h2 ðkÞÞ1
2T
1
1
 pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ  pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ
2T
2T
1
1
 pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ  pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ
2T
2T


1 2
1
1
1
2


D ðh1 ðkÞ; h2 ðkÞÞ  EðDt ðh1 ðkÞ; h2 ðkÞÞ pﬃﬃﬃﬃﬃﬃ DT ðh1 ðkÞ; h2 ðkÞÞ:

T T
2T

ðA:22Þ

The compactness of H1(k) and Assumption 9 allow us to use Theorem 21.8 of Davidson
1
(1994) to show that lim supT !1 suph1 ðkÞ2H1 ðkÞ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DT ðh1 ðkÞ; h2 ðkÞÞ ¼ Oð1Þ almost
2T log logðT Þ

surely. This result, Assumption 7 and Lemma 2 imply that the last two terms of the RHS of
1
(A.22) are o( log log (T)). Let aT ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
, since H1(k) is compact there exists a ﬁnite
2T log logðT Þ
 j

cover Sðh1 ðkÞ; dÞ j ¼ 1; . . . ; MÞ , such that
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lim sup

1

sup

T !1 h1 ðkÞ2H1 ðkÞ log logðT Þ

ðLT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞÞ

 lim sup max fjaT V ðhj1 ðkÞÞ1=2 DT ðhj1 ðkÞ; h2 ðkÞÞ0 j
T !1 1jm

 jaT V ðhj1 ðkÞÞ1=2 DT ðhj1 ðkÞ; h2 ðkÞÞjg
þ lim sup max

sup

fkaT V ðh01 ðkÞÞ1=2 DT ðh01 ðkÞ; h2 ðkÞÞk

T !1 1im h0 ðkÞ2Sðhj ðkÞ;dÞ
1

1

 kaT V ðh01 ðkÞÞ1=2 DT ðh01 ðkÞ; h2 ðkÞÞj  jaT V ðhj1 ðkÞÞ1=2 DT ðhj1 ðkÞ; h2 ðkÞÞj
 jaT V ðhj1 ðkÞÞ1=2 DT ðhj1 ðkÞ; h2 ðkÞÞjg þ oð1Þ:

ðA:23Þ

Assumption 9 implies that the ﬁrst term on the RHS of the inequality obeys the
pointwise LIL and converges almost surely to dim(H2(k)), and the second term approaches
zero almost surely as d ! 0, hence
lim sup

LT ðh1 ðkÞ; h^2T ðkÞÞ  LT ðh1 ðkÞ; h2 ðkÞÞ  dimðH2 ðkÞÞ  log logðT Þ ðA:24Þ

sup

T !1 h1 ðkÞ2H1 ðkÞ

We can show in a similar way as in Sin and White (1996)) using Assumptions 1–3, 6, 7
and 9 (note h2 ðk0 Þ  h ðk0 Þ) that
lim sup LT ðh^T ðk0 ÞÞ  LT ðh ðk0 ÞÞ  dimðHðk0 ÞÞ  log logðT Þ

ðA:25Þ

T !1

hence, lim supT!1LRT  (dim(H2(k)) ) dim(H(k0)))Æ log log (T).

u

Proof of Theorem 2. Given Lemma 1 it remains to prove that ^k does not overestimate
k0 almost
surely. The event that ^k > k0 is given by X ¼ fx 2 Xj^kðxÞ >
S
k0 g 
fx 2 Xj^kðxÞ ¼ kÞg.
k>k0

The event

S

fx 2 Xj^kðxÞ ¼ kÞg implies

k>k0

k > k0 we see that
QT ;k  cT ;k > QT ;k0  cT ;k0 ,

S

fx 2 XjICT ðkÞ > ICT ðk0 ÞÞg, thus for any

k>k0

LRT
cT ;k  cT ;k0

> 0:
log logðT Þ log logðT Þ

ðA:26Þ

h
i
cT ;k cT ;k0
T

From Assumptions 5, 10 and Lemma 4, lim supT !1 logLR
logðT Þ
log logðT Þ tends almost
surely to a strictly negative term. Therefore, for k>k0, Pr(lim supT!1 ICT(k) >

ICT(k0)) ¼ 0, which implies that: PrfX g ¼ 0. We conclude that ^k converges to k0
almost surely.
u

 Blackwell Publishing Ltd 2005

USING THE PENALIZED LIKELIHOOD METHOD

739

ACKNOWLEDGEMENT

The authors thank Uri Ben-Zion, Ezra Einy, Niklas Wagner and an anonymous
referee for several insightful comments and suggestions and the seminar
participants of the FFM 2004 conference and the Technion – Israel Institute of
Technology for their comments, which improved this paper. Preminger gratefully
acknowledges research support from the Kreitman Foundation.

NOTES

1. We should note that in our case, the models considered are strictly nested, and
usually the more parsimonious model is selected as the null hypothesis. Hence
the order of the tests does not pose any problem in hypothesis testing.
2. The standard measurability and continuity requirements are deﬁned as in
Wooldridge (1994, p. 2726).
3. Our next assumptions will be assumed for all k  k0.
4. The stationary and ergodicity assumption may be too restrictive in certain time
series applications and the NED process can be used instead, allowing for some
degree of heterogeneity in the DGP.
5. r-domination is deﬁned as in Gallant and White (1988, p.35).
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