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דוגמא 2.2.9
מסה. חסר מוט של לאורכו חיכוך ללא להחליק חופשי מסה בעל חלקיק

של ,R המרחק ,θ̇ = ω המוט של הזוויתית המהירות נתונה ההתחלתי במצב
את לחשב דרוש .v0 למוט, המסה בין היחסית והמהירות הסיבוב, מציר החלקיק
של הערכים ואת החלקיק יגיע אליו המוט של הסיבוב מציר המינימלי המרחק

זה. במצב r̈, θ̈ , ṙ, θ̇

־ 31 ־
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A B
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∆ttBCωωωω

∆t∆t
R RC Bt t t t( ) ( )+ − +∆ ∆R RC Bt t( ) ( )−
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˙ ˙r r R 0C A C= + × =ωω
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=

⊥

A C

A A C

A C C

A

ωω

ωω

ωω ωω

CR
ωωωω

A
Cωωωω
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= + ×
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ωω =

= +

ω

α α α

I

R I K

,

cos sin cos ,OC l l2

v J JC Cv nl= = 2 2π αcos

C

2 0 02

2

π α ω

α α α

ω α α

nl

l l

l

cos

cos sin cos

, sin cos

J

I J K

J

=

= −

ω π α

π α

= −

−

2

2

n

n

cot ,

. cotωω == I

D

v v R

I I K

J

D O OD

n l l

nl

= + ×

= − × +

=

ωω

( cot ) ( cos sin )

, cos

2 2 2

4 2

π α α α

π α

R I KOD l l= +cos sin2 2α α
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A

R RB AB=B

v v RB A AB= + ×ωω

ωωωω

v v RB A AB− = ×ωω
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ωωωωRABRAB

AB
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B  Bv
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v v RB A AB− = ×ωω

ωωωω
BBv

© Reuven Segev, 2002

v vB A−ABR



ABR

( )v v RB A AB− ⋅ = 0
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.
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B B

B
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= −
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= − − + − + +
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=
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Nωωωω N
ωωωωuN

huNωωωωh

ωω⋅ =h 0

h uN
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N

N R u
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N i k
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= −
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.

4

h

h N u

i k j
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,
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ω ω
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0
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=
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=

+

−

+

.

,

ω ω

ω ω

ω ω
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A
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C
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C
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C
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= + ×
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v v R

v

i j k
D B BD

B x y z

= + ×
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=

=

=
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ωωωω

N

k

u

BDR

N i j= − −0 2 0 6. .

− − =0 2 0 6 0. .ω ωx y

ωωωω

ωω = − + −36 12 6i j k rad/s
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z
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XU (t)

U Y
(t)

 U
Z (t )

˙ ˙ ˙ ˙ ˙ ˙ ˙

˙ ˙ ˙

, ˙ ˙ ˙ ( )

U I I J J K K

I J K I J K

I J K I J K

= + + + + +

= + + + × + × + ×

= + + + × + +

U U U U U U

U U U U U U

U U U U U U

X X Y Y Z Z

X Y Z X Y Z
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ωω ωω ωω

ωω

ωωωω
U

U
U
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˙ ˙ ˙ ˙U I J KXYZ X Y ZU U U= + +

X,Y,Z 
UXYZ
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˙ ˙U U U= + ×XYZ ωω

ΩΩΩΩ′ ′ ′X Y Z, ,′ ′ ′I J K, ,

˙ ˙U U U= + ×′ ′ ′X Y Z ΩΩ
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© Reuven Segev, 2002

owner
Rectangle

owner
Text Box
עם



A
AIx, yωωωω
'K', I'I

x, yωωωωROC
˙

' 'U 0X Y Z =

Ṙ ROC OC= ×ΩΩ

ω̇ωωωωωωωωω
ωω == −2π αncot IωωωωI

Aωωωω
OCω̇ω

ωωωω
ωωωω    ω̇ωXYZ

ωωωω

ωω == −2π αncot 'I

˙
' ' 'ωωX Y Z = 0

ωωωωI J K' , ' , '

˙ ˙U U U= + ×′ ′ ′X Y Z ΩΩ

ωωωωI J K' , ' , 'ΩΩΩΩ'K

˙ ˙

.
' ' 'ωω ωω ΩΩ ωω

ΩΩ ωω
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X Y Z

ΩΩΩΩθ̇ π= 2 n rad/sΩΩ = 2πnK' rad/s
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ωω

ωω

= × −

= −

2 2

4 2 2

π π α

π α

n n

n

K I

J
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X Y Z0 0 0, ,R

R I J K= + +X Y Z

˙ ˙R R R= + ×XYZ ωω

˙ ˙ ˙r r R= +A

˙ ˙ ˙r r R R= + + ×A XYZ ωω

ṘXYZ

˙ ˙ωω == ωω ωω ωωXYZ + ×

ωωωω

˙ ˙ωω == ωωXYZ

ωωωω

ωωωωω̇ωXYZ

˙ cot ' cotωωXYZ n n= − = −4 42 2 2 2π α π αJ J
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V 

˙ ˙̇ ˙V R V V= = + ×XYZ ωω

˙ ˙R V R R= = + ×XYZ ωω
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, ˙̇ ˙ ˙

V R R

R R R

XYZ XYZ XYZ

XYZ XYZ XYZ

d

dt
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= + × + ×

ωω

ωω ωω

˙̇RXYZ

R
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˙ ˙ωω ωωXYZ =

˙ ˙̇ ˙ ˙V R R RXYZ XYZ XYZ= + × + ×ωω ωω
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˙̇ ˙̇ ˙ ˙ ( ˙ )

. ˙̇ ˙ ˙ ( )
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R R R R
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XYZ XYZ XYZ

XYZ XYZ
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A
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˙̇RXYZ
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r ˙̇θ
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ω̇ωωωωω
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© Reuven Segev, 2002



ωω ωω× × = −( )R Rω 2

− ˙ ˆθ 2rr
R

 zA

x

y

z

A

CO

 l

 α

 D

I

K

J

ωωωω

 vC

d

y

x

z

A

CO

 l

 α

 D

I

K

J

ωωωω

 vC

d

OD 
Dd

e
d

© Reuven Segev, 2002

D



A

˙̇ ˙̇ ˙̇ ˙ ˙ ( )r r R R R R= + + × + × + × ×A XYZ XYZωω ωω ωω ωω2
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ωω == −2π αncot I
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A

R I R 0 R 0= = =l XYZ XYZ, ˙ , ˙̇
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˙̇ ( cot )
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r K
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4

4
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A
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I I K

I I I K

= − − + − × + +
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+ − × − × +

e e n l l

n d d
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2 2 2 2
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2 2α α π α α α
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π α π α α α
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a
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2 2
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l

d

l
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α
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α
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C
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( cot ) ( cos sin ) ( cot ) ( )
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+ − × − × +
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l

d

l
n l l n d
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3

 B(−0.2,0,0)
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y

z
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C
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180 5
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© Reuven Segev, 2002

Cωωωω



a a R R R R
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D C CD XYZ C CD C CD XYZ C C CD

C

C C
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a a R R R R

a R R
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ωω ωω ωω ωω

ωω ωω ωω

2

Daω̇ω
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D
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x
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−
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.

(

(

(
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ωω

ω ω

ω ω

ω 00 2. ˙

)

)
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k
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D
D
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ω̇ω
C
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−
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=

=

=
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−

. ˙
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ω

ω
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ω ω
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[ ˙ ( ) ( )]ωω ωω ωω ωω ωωC CD C C CD B BD BD× + × × − − × × ⋅ =R R a R R 0

BDR

0 180 0 2 8069 0 06 0 6 5832 0 08 0 3= + − + − − −( )( . ) ( . ˙ )( . ) ( . ˙ )( . )ω ωC C

˙ , /ωC = 552 250 rad s2

Da

a j kD = − −25935 49580 m/s2

180

25066

50012

0 3 0 6
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−

−

=

=

=

− −

+

−.

. ˙ . ˙

. ˙ . ˙

. ˙ . ˙

ω ω

ω ω

ω ω

y z

x z
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ωω ωω⋅ = ⋅ × × =N k k R( ( ))BD 0
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kN

Ṙ RBD BD= ×ωω

0 0 2 0 6

36 12 6 36 12 6 0 2 0 6 0 3

= + + ⋅ − + +

+ − + − ⋅ × × − + − × + −

( ˙ ˙ ˙ ) ( . . )

( ) { [ (( ) ( . . . ))]}

.

ω ω ωx y zi j k i j

i j k k k i j k i j k
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X Y Z, ,
a vXYZ XYZ,A

ZCAX

R I J

v I J

a I J

= +

= +
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d d
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a a
XYZ
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cos sin

. cos sin

φ φ

φ φ
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0 0
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A XYZ XYZ

ωω
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′ ′ ′
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v d v d
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0 02
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2
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x y z, ,
′ ′ ′X Y Z, ,ωω1

X Y Z, ,
ωω21′ ′ ′X Y Z, ,
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x y z, ,

ωω2
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ωω ωω ωω ωω

ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω ωω ωω

2 2 2 2

1 21 1 21 2

1 1 21 1 1 21 21 21 2

2XYZ XYZ

© Reuven Segev, 2002



ωω ωω ωω ωω ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω ωω
1 1 21 1 1 21 21 21 2

1 1 1 21 21 21 1 212

× × + × × + × × + × × + × =

= × × + × + × × + × + × ×

( ) ( ) ( ) ( ) ˙

, ( ) ˙ ( ) ˙ ( )
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= ⋅ − ⋅

= × ×

= × ×

( ) ( ) ( ) ( ) [( ) ( ) ]

( ) ( )

( )

. ( )

R R R R R R

R R

R

R

˙ ˙ ˙ ( )

. ˙ [ ˙ ˙ ( )]
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1ωωωωNk
ωω3 0⋅ =N
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Σ i im( )∫ ( )m dm

r
r

c

m
dm

m
=
∫

m c
˙̇r F= ΣΣ

FΣΣΣΣ

H r v= ×∫ dm
m

H r v r vc
m m

dm dm= ′ × ′ = ′ ×∫ ∫
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2

2
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−
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XYdm X Z dm YZdm
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b
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IXX = 1
12 m (a2 + c2 )
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Z
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Y

Z

h
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H I J K= − − +1 15 1 15 3 34. . . / kgm s2
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Ḣ
ΣΣ ΣΣ ΣΣM H M H M HX X Y Y Z Z= = =˙ , ˙ , ˙

  

ΣΣ

ΣΣ

ΣΣ

M

M

M

X XX X ZZ YY Y Z

Y YY Y XX ZZ X Z

Z ZZ Z YY XX X Y

= + −

= + −

= + −

I I I

I I I

I I I

˙ ( )

˙ ( )

, ˙ ( )

ω ω ω

ω ω ω

ω ω ω

Theoria motus corporum solidorum seu regidorum

© Reuven Segev, 2002



0ω

0M
A, BB

X

Y

Z

b c

m
 ω 0

A

B
 l

X, Y, Z
ωω ωω= =ω ωI I, ˙ ˙

  

[ ]

( )

, { }I =

−

−

+

















= −

















mc mbc

mbc mb

m b c

H

mc

mbc

2

2

2 2

0
2

0

0

0

0 0 0

ω

ω

  

[ ]{ ˙}

( )

˙ ˙

˙I ω

ω ω

ω=

−

−

+

































= −

















mc mbc

mbc mb

m b c

mc

mbc

2

2

2 2

20

0

0 0

0

0 0

ωω × = × − = −H I I J Kω ω ω ω0 0
2

0 0
2( )mc mbc mbc

  
˙ ˙ )H H= + ×I(ωω ωω

˙ ˙ , ˙ ˙ , ˙H mc H mbc H mbcX Y Z= = − = −ω ω ω2
0
2

© Reuven Segev, 2002



ΣΣ ==M Ḣ
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˙ ˙ cos sin ( ˙ sin ˙ cos cos ˙ ˙) ( ˙̇ ˙ cos sin )ωω = − + − + + +ψω λ ψ ω φ λ ω ψ λ ψ ψφ ψ ω φ λ ψ0 0 0 0I J K

Z
X

Y

Z
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  ΣΣMZ ZZ Z YY XX X Y= = + −0 I I I˙ ( )ω ω ω



  I I IZZ YY XXmR mR= = =1
4

2 1
2

2,

0 2 0 0
2 2= + +˙̇ ˙ cos sin cos cos sinψ ω φ λ ψ ω λ ψ ψ

ψ
˙̇ ˙ cos sin cos cos sinψ ω φ λ ψ ω λ ψ ψ= − −2 0 0

2 2

ψ
ψψ˙̇ψ

ψψ

ψ 

˙̇ ˙ cosψ ω φ λψ+ =2 00

ψc2
02= ω φ λ˙ cos

˙̇ψ ψ+ =c2 0

c 
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