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We study tangling clustering instability of inertial particles in a temperature stratified
turbulence with small finite correlation time. It is shown that the tangling mechanism
in the temperature stratified turbulence strongly increases the degree of compress-
ibility of particle velocity field. This results in the strong decrease of the threshold
for the excitation of the tangling clustering instability even for small particles. The
tangling clustering instability in the temperature stratified turbulence is essentially
different from the inertial clustering instability that occurs in non-stratified isotropic
and homogeneous turbulence. While the inertial clustering instability is caused by the
centrifugal effect of the turbulent eddies, the mechanism of the tangling clustering
instability is related to the temperature fluctuations generated by the tangling of the
mean temperature gradient by the velocity fluctuations. Temperature fluctuations pro-
duce pressure fluctuations and cause particle accumulations in regions with increased
instantaneous pressure. It is shown that the growth rate of the tangling clustering
instability is by

√
Re (�0/LT )2/(3Ma)4 times larger than that of the inertial clustering

instability, where Re is the Reynolds number, Ma is the Mach number, �0 is the
integral turbulence scale, and LT is the characteristic scale of the mean temperature
variations. It is found that depending on the parameters of the turbulence and the mean
temperature gradient there is a preferential particle size at which the particle cluster-
ing due to the tangling clustering instability is more effective. The particle number
density inside the cluster after the saturation of this instability can be by several orders
of magnitude larger than the mean particle number density. It is also demonstrated
that the evaporation of droplets drastically changes the tangling clustering instability,
e.g., it increases the instability threshold in the droplet radius. The tangling clustering
instability is of a great importance, e.g., in atmospheric turbulence with temperature
inversions. C© 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816643]

I. INTRODUCTION

Formation of spatial inhomogeneities in the number density distribution of small inertial par-
ticles in a turbulent flow (also called particle clustering or preferential concentration) has attracted
considerable attention in the past decades.1–5 The enhanced number density of particles inside the
cluster may affect the particle interactions, their dynamics, and collisions. The dynamics of particle
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collisions is relevant to many phenomena in nature such as the raindrop formation and atmospheric
aerosols dynamics,6–9 as well as to numerous industrial processes involving, e.g., sprays in diesel
and jet engines.10 Formation of clusters with enhanced number density of particles may increase
the rate of particle collisions and coalescence.6, 8 This can significantly modify the size and velocity
distributions of the droplets in the spray and affect the combustor performance.

Clustering of inertial particles in a turbulent flow is caused by the centrifugal effect, which
implies that the inertial particles are locally accumulated in regions between the turbulent eddies.
These regions have a low vorticity, high strain rate, and maximum fluid pressure. Therefore, turbulent
vortices act as small centrifuges that push heavy particles to the boundary regions between the eddies
by the inertial forces creating concentration inhomogeneities. This effect is known as the inertia-
induced particle clustering.11 The inertial particle clustering in a turbulent flow has been studied
analytically,12–20 numerically,21–28 and experimentally.2, 29–33

In these study we distinguish between two types of particle clustering. The first type is source
clustering related to the source term in the equation for fluctuations of the particle number density.
Most of analytical studies of preferential concentration are related to the source inertial clustering.
Another type of particle clustering is associated with a spontaneous breakdown of their homogeneous
spatial distribution due to the clustering instability.15, 17 The clustering instability can be of great
importance in different practical applications involving particle mixing and transport.

In the temperature stratified turbulence the particle clustering is affected by turbulent thermal
diffusion.34, 35 This phenomenon causes accumulation of the inertial particles in the vicinity of the
mean temperature minimum and results in the formation of inhomogeneous mean particle number
density distributions. Turbulent thermal diffusion is a purely collective phenomenon occurring in
temperature stratified turbulence and resulting in the appearance of a non-zero mean effective
velocity of particles in the direction opposite to the mean temperature gradient. A competition
between the turbulent thermal diffusion and turbulent diffusion determines the conditions for the
formation of large-scale particle concentrations in the vicinity of the mean temperature minimum.
The phenomenon of turbulent thermal diffusion has been studied analytically,34–40 investigated by
means of direct numerical simulations,41 and detected in the laboratory experiments in stably and
unstably stratified turbulent flows,42, 43 and also observed in atmospheric turbulence.40

Particle clustering in the temperature stratified turbulence can be much more effective than the
inertial particle clustering in isothermal turbulence.44 The reason for this is that the mean temperature
gradient in turbulent flow is a strong source of the temperature fluctuations which are correlated
with the fluctuations of fluid velocity and pressure. The pressure fluctuations increase fluctuations
of the particles number density and enhance the rate of formation of the particle clusters. Moreover,
tangling of the mean gradient of particle number density (formed by the turbulent thermal diffusion)
generates additional fluctuations of particle concentrations and contributes to the particle clustering.

The steady-state regime of the tangling clustering (i.e., the source tangling clustering) in temper-
ature stratified turbulence without excitation of instability has been recently studied experimentally
and theoretically in Ref. 44. It was demonstrated that in the laboratory stratified turbulence the source
tangling clustering is much more effective than a pure inertial clustering that has been observed in
isothermal turbulence. In particular, in the experiments in oscillating grid isothermal turbulence in
air without imposed mean temperature gradient, the inertial clustering is very weak for solid particles
with the diameter ≈10 μm and Reynolds numbers based on turbulent length scale and rms velocity,
Re = 250. In the experiments44 the correlation function for the inertial clustering in isothermal
turbulence is significantly less localized than that for the tangling clustering in non-isothermal tur-
bulence. The source tangling clustering was studied in Ref. 44 for inertial particles with small Stokes
numbers and with the material density that is much larger than the fluid density.

The goal of the present paper is to investigate theoretically another regime of the tangling
clustering, i.e., to study the tangling clustering instability in the temperature stratified turbulence.
In this paper we show that the tangling mechanism in the temperature stratified turbulence strongly
increases the degree of compressibility of particle velocity field and considerably enhances the growth
rate of the tangling clustering instability. For small particles the tangling clustering instability may
result in the formation of small-scale particle clusters with the number density of particles exceeding
the ambient average particle number density by several orders of magnitude.
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The paper is organized as follows. The large-scale effects in particle transport in temperature
stratified turbulence are discussed in Sec. II. The governing equations for analysis of instability
are given in Sec. III. Solutions for the tangling clustering instability without the source term in the
equation for the second moment of particle number density and with the source term are analyzed in
Secs. IV and V, respectively. The instability growth rate and saturated value of the particle number
density inside a cluster are determined in Secs. IV and V. In Sec. VI we take into account an effect
of droplet evaporation on tangling clustering instability. Finally, in Sec. VII we draw conclusions
and discuss the implications of the tangling clustering instability.

II. PARTICLES IN TEMPERATURE STRATIFIED TURBULENCE

A. Governing equations

Advection-diffusion equation for the number density n p(t, x) of inertial particles in a turbulent
flow reads45, 46

∂n p

∂t
+ ∇·(n p v p) = Dm �n p, (1)

where Dm is the coefficient of molecular (Brownian) diffusion and v p(t, x) is the instantaneous
particle velocity field. We use a mean field approach in which the particle number density and
velocity, the fluid temperature, density, and pressure are decomposed into the mean and fluctuating
parts, where the fluctuating parts have zero mean values. Averaging Eq. (1) over an ensemble of
turbulent velocity fields we obtain an equation for the mean number density of particles

∂ N

∂t
+ ∇· (N V p + 〈n v〉) = Dm �N , (2)

where N = 〈np〉 is the mean particle number density, the angular brackets imply ensemble averaging,
〈n v〉 is the turbulent flux of particles, v(t, x) are the fluctuations of the particle velocity field, and
V p is the particle mean velocity. To obtain a closed mean-field equation one needs to determine
the turbulent flux of particles. The equation for fluctuations of the particle number density, n(t, x)
= n p(t, x) − N (t, x), then reads

∂n

∂t
+ ∇·(n v − 〈n v〉) − Dm �n = −(v·∇)N − N ∇· v. (3)

B. Turbulent thermal diffusion

Turbulent thermal diffusion results in formation of a nonzero gradient of the mean particle
number density ∇N in temperature stratified turbulence.34, 35 The physical mechanism of turbulent
thermal diffusion is as follows. For the particles with the material density ρm � ρ, their velocity is
determined by

dv

dt
= u − v

τs
+ g, (4)

where u is the fluid velocity field, g is the acceleration of gravity, τ s = mp/6πρ νap is the Stokes
time for the small spherical particles of the radius ap and mass mp, ν is the kinematic viscosity, and
ρ is the mean fluid density. For small Stokes numbers, St = τ s/τ η � 1, solution of Eq. (4) has the
following form (see, e.g., Ref. 11):

v = u − τs

[
∂u
∂t

+ (u·∇)u − g
]

+ O(τ 2
s ), (5)

or introducing the dimensionless units, it can be written in the dimensionless form

v = u − St

[
∂u
∂t

+ (u·∇)u − τ 2
η g

�η

]
+ O(St2), (6)
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where the distance is measured in the Kolmogorov viscous scale units, �η = �0/Re3/4, and the time
is measured in the Kolmogorov time scale units, τ η = τ 0/Re1/2. Here Re = �0 u0/ν is the fluid
Reynolds numbers, u0 is the characteristic turbulent velocity at the integral scale �0 of turbulent
motions and τ 0 = �0/u0. The terms in squared brackets in Eq. (5) describe the difference between
the local fluid velocity and particle velocity arising due to the small but finite inertia of the particle.
For the turbulent flow with low Mach numbers: ∇· u ≈ −ρ−1 (u·∇)ρ 	= 0. The equation for ∇· v

can be easily obtained from Eq. (5) and the Navier-Stokes equation

∇· v = ∇· u − τs ∇·
(

du
dt

)
+ O(τ 2

s ) = − 1

ρ
(u·∇)ρ + τs

ρ
∇2 p + O(τ 2

s ), (7)

where p are the fluid pressure fluctuations. Due to inertia, particles inside the turbulent eddies drift
out to the boundary regions between the eddies. These are regions with small velocity fluctuations
and maximum pressure fluctuations. Consequently, particles are accumulated in the regions with
the maximum pressure fluctuations of the turbulent fluid, i.e., ∇· v ∝ (τs/ρ) ∇2 p 	= 0 even for the
incompressible fluid. For large Peclet numbers, when the molecular diffusion of particles in Eq. (1)
can be neglected, we can estimate ∇· v ∝ −dn p/dt . Therefore, inertial particles are accumulated
(i.e., dn p/dt ∝ −(τs/ρ) ∇2 p > 0) in regions with maximum pressure of turbulent fluid, where
∇2 p < 0. Similarly, there is an outflow of inertial particles from the regions with the minimum
pressure of fluid. In case of homogeneous and isotropic turbulence a drift from regions with increased
(decreased) concentration of particles by a turbulent flow of fluid is equiprobable in all directions.

On the contrary, in a temperature stratified turbulence, the turbulent heat flux 〈u θ〉 does not
vanish. This implies that the fluctuations of fluid temperature, θ , and velocity are correlated, and,
therefore, fluctuations of pressure are correlated with the fluctuations of velocity due to a non-zero
turbulent heat flux, 〈u θ〉 	= 0. The increased pressure of the surrounding fluid is accompanied by the
particles accumulation, and the direction of the mean flux of particles coincides with the direction
of the heat flux towards the minimum of the mean temperature.34, 44

Equation for the mean number density N of particles reads

∂ N

∂t
+ ∇· [N (V + W g) + F(n)] = Dm�N , (8)

where V p = V + W g is the mean particle velocity, V is the mean fluid velocity, W g = τs g is the
terminal fall velocity of particles, Dm = kBT/6πρνap is the coefficient of molecular (Brownian)
diffusion, kB is the Boltzman constant, and T and ρ are the fluid mean temperature and density,
respectively. Hereafter for simplicity we consider the case of a zero mean fluid velocity, V = 0. The
turbulent flux of particles, F(n) = 〈n v〉, includes contributions of turbulent thermal diffusion and
turbulent diffusion, i.e.,

F(n) = V eff N − DT ∇N . (9)

Here DT ≈ �0 u0 is the coefficient of turbulent diffusion, V eff is the effective pumping velocity
caused by the turbulent thermal diffusion

V eff = −τ 〈v (∇· v)〉, (10)

where τ is the turbulent correlation time. Equation (10) for the effective velocity has been derived
using different methods in Refs. 34 and 36–40. The expression (10) can be obtained in a simple way
using the dimensional consideration. Estimating the left-hand side of Eq. (3) as

∂n

∂t
+ ∇· (n v − 〈n v〉) − Dm∇2n ≈ n

τ
, (11)

we obtain an expression for the turbulent component n of the particle number density

n ≈ −τ ∇· (N v) = −τ [N (∇· v) + (v·∇)N ]. (12)

Therefore, the turbulent flux of particles F (n)
i = 〈vi n〉 is given by the following expression:

F (n)
i = −N τ 〈vi (∇· v)〉 − τ 〈viv j 〉∇ j N , (13)
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where the first term in the right-hand side of Eq. (13) determines the turbulent flux of particles due
to the turbulent thermal diffusion: −N τ 〈vi (∇· v)〉 = V eff

i N , and the second term in the right-hand
side of Eq. (13) describes the contribution of turbulent diffusion: τ 〈viv j 〉∇ j N = DT ∇i N .

A detailed analysis,34, 44 using equation of state for an ideal gas and applying the identity
τs = ρ Wg L P/P , yields the effective velocity in the following form:

V eff = −α DT
∇T

T
, (14)

where α is

α = 1 + St ln(Re)√
Re Ma2

. (15)

Here L−1
P = |∇P|/P , Ma = u0/cs is the Mach number, and cs is the sound speed. For gases and

non-inertial particles α = 1. A steady-state solution of Eq. (8) is given by the following formula:

N (z)

N0
=

[
T (z)

T0

]− αDT
Dm +DT

exp

[
−

∫ z

z0

Wg

Dm + DT
dz′

]
, (16)

where N0 = N(z = z0) and T0 = T(z = z0) are the mean number density of particles and the mean
fluid temperature, respectively, calculated at the boundary z = z0. If there is a gradient of temperature
in a vertical z direction, Eq. (16) implies that small particles are accumulated in the vicinity of the
mean temperature minimum. This causes formation of large-scale inhomogeneous distributions of
the mean particle number density.

III. GOVERNING EQUATIONS FOR ANALYSIS OF INSTABILITY

Let us study fluctuations of the particle number density. The methodology and approach used for
investigation of the tangling clustering instability are similar to the methodology and approach used
for study of the inertial clustering instability.15, 17 We apply the path-integral approach for random
compressible flow with the small yet finite correlation time for the derivation of the equation for the
correlation function of the particle number density. This approach is described comprehensively in
Refs. 36 and 37. The equation for the two-point second-order correlation function of the particle
number density fluctuations,

�(t, R) = 〈n(t, x)n(t, x + R)〉,
is given by

∂�

∂t
= [B(R) + 2U (A)(R) · ∇ + D̂i j (R)∇i∇ j ] �(t, R) + I (R), (17)

where U (A)(R) = (1/2) [U(R) − U(−R)],

D̂i j = 2Dmδi j + DT
i j (0) − DT

i j (R), (18)

DT
i j (R) ≈ 2

∫ ∞

0
〈vi [0, ξ (t, x|0)] v j [τ, ξ (t, x + R|τ )]〉 dτ, (19)

B(R) ≈ 2
∫ ∞

0
〈b[0, ξ (t, x|0)] b[τ, ξ (t, x + R|τ )]〉 dτ, (20)

Ui (R) ≈ −2
∫ ∞

0
〈vi [0, ξ (t, x|0)] b[τ, ξ (t, x + R|τ )]〉 dτ (21)

(for details of derivations, see Ref. 15). Here b = div v, DT
i j (R) is the scale-dependent turbulent

diffusion tensor, δij is the Kronecker tensor, I (R) is the source of particle number density fluctuations,
and 〈. . . 〉 denotes averaging over the statistics of turbulent velocity field and the Wiener process
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w(t). The Wiener trajectory ξ (t, x|s) in the expressions for the turbulent diffusion tensor DT
i j (R)

and other transport coefficients is defined as follows:

ξ (t, x|s) = x −
∫ t

s
v[τ, ξ (t, x|τ )] dτ +

√
2Dm w(t − s), (22)

where w(t) is the Wiener random process which describes the Brownian motion (molecular diffusion)
and has the following properties: 〈w(t)〉w = 0 , 〈wi (t + τ )w j (t)〉w = τδi j , and 〈. . .〉w denotes the
mathematical expectation over the statistics of the Wiener process. The velocity vi [τ, ξ (t, x|τ )]
describes the Eulerian velocity calculated at the Wiener trajectory.

To simplify the averaging procedure in derivation of Eq. (17) we used a model of random
velocity field which fully looses memory at random instants. The velocity fields before and after
renewal are assumed to be statistically independent. Between the renewals the velocity field can
be random with its intrinsic statistics. To obtain a statistically stationary random velocity field we
assumed that the velocity fields between renewals have the same statistics. The random renewal
instants destroy stationarity of the velocity field. On the other hand, between the random renewal
instants the velocity field is stationary in statistical sense. To perform calculations in the closed form
we assumed that the random renewal times are determined by a Poisson process. We also considered
a model of a random velocity field where Lagrangian trajectories, i.e., the integrals

∫
v(μ, ξ ) dμ and∫

b(μ, ξ ) dμ have Gaussian statistics.
This model employs three random processes: (i) the Wiener random process which describes

Brownian motions, i.e., the molecular diffusion; (ii) Poisson process for random renewal times; and
(iii) the random velocity field between the renewals. This model reproduces important features of
some real turbulent flows. For example, the interstellar turbulence which is driven by supernovae
explosions, loses memory in the instants of explosions (see, e.g., Ref. 47). Such flows also can be
reproduced in direct numerical simulations.

Equation (17) with I (R) = 0 and for a delta-correlated in time random incompressible
(b = 0) velocity field was derived by Kraichnan.48 In this case: B(R) = ∇i∇ j D̂i j (R) and
U (A)

i (R) = ∇ j D̂i j (R), and Eq. (17) is reduced to ∂�/∂t = ∇i∇ j [D̂i j (R)�(t, R)]. For a turbulent
compressible flow with a finite correlation time Eq. (17) was derived using a stochastic calculus.15

In particular, Wiener path integral representation of the solution of the Cauchy problem for Eq. (1),
the Feynman-Kac formula, and Cameron-Martin-Girsanov theorem were used for the derivation of
Eq. (17).36, 37, 49

The source function I (R) in Eq. (17) is related to the two source terms −(v·∇)N − N ∇· v in
the right-hand side of Eq. (3), and the explicit expression for I (R) is as follows (see Ref. 44):

I (R) = B(R)N 2 + U (S)(R) · ∇N 2 + 3

4
DT

i j (R) (∇i N ) (∇ j N ), (23)

where U (S)(R) = (1/2) [U(R) + U(−R)] and ∇(x)
i ∇( y)

j N (t, x)N (t, y) = (3/4) (∇i N ) (∇ j N ), and

∇i ≡ ∇(R)
i .

The meaning of the turbulent transport coefficients B(R) and U(R) is as follows. The function
B(R) is determined by the compressibility of the particle velocity field. The vector U(R) determines
a scale-dependent drift velocity which describes transport of fluctuations of particle number density
from smaller scales to larger scales, i.e., in the regions with larger turbulent diffusion. The scale-
dependent tensor of turbulent diffusion DT

i j (R) is equal to the tensor of the molecular (Brownian)
diffusion in very small scales, while in the vicinity of the maximum scale of turbulent motions it
coincides with the tensor of turbulent diffusion. It should be noticed also that if ∇N 	= 0 a nonzero
source term I (R) causes the production of the particle number density fluctuations due to the tangling
of the mean particle number density by the turbulent velocity field.

A. Degree of compressibility

If the turbulent velocity field is not delta-correlated in time (e.g., the correlation time is small
yet finite), the tensor of turbulent diffusion, DT

i j (R), is compressible, i.e., (∂/∂ Ri )DT
i j (R) 	= 0. The
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parameter σT that characterizes the degree of compressibility of the tensor of turbulent diffusion, is
defined as follows:

σT ≡ ∇i∇ j DT
i j (R)

∇i∇ j DT
mn(R)εimpε jnp

≈ 〈(∇·ξ̃ )2〉
〈(∇×ξ̃ )2〉 , (24)

where εijk is the fully antisymmetric Levi-Civita unit tensor, ξ̃ = ξ − x with |t − s| � τ 0. If the
turbulent velocity field is a delta-correlated in time random process, then ∇·ξ̃ = −(∇·v) (t − s) and
∇×ξ̃ = −(∇×v) (t − s), and, hence, the expression for σT reads

σT = 〈(∇·v)2〉
〈(∇×v)2〉 ≡ σv, (25)

where σv is the degree of compressibility of the particle velocity field. The parameter σv depends on
the Stokes number17

σv = (8/3)St2

1 + βSt2
, (26)

where the coefficient β ∼ 1.
For small finite correlation time of turbulent velocity field, i.e., for small Strouhal numbers,

Sr = τc

√
〈u2〉/� � 1, the parameter σT can be estimated using Eq. (C12) in Ref. 15 (see also

Ref. 44) as follows:

σT = σv + 2 Sr2

3

(
1 + 913 σ 2

v

12 (1 + σv)

)
+ O(Sr4) , (27)

where τ c is the correlation time of random velocity field. Here the condition Sr �1 is supposed to
be valid in the viscous range of scales.

The mechanism of coupling related to the tangling of the gradient of the mean temperature
gradient is quite robust. The properties of the tangling are not very sensitive to the exponent of the
energy spectrum of the background turbulence. Anisotropy effects do not introduce new physics
in the clustering process because the main contribution to the tangling clustering instability is
at the Kolmogorov (viscous) scale of turbulent motions, where turbulence can be considered as
nearly isotropic, while anisotropy effects can be essential in the vicinity of the maximum scales
of the turbulent motions. Using these arguments, we consider the tensor DT

i j (R) for isotropic and
homogeneous turbulent flow in the following form:

DT
i j (R) = DT

[
[F(R) + Fc(R)]δi j + RF ′

c

Ri R j

R2
+ RF ′

2

(
δi j − Ri R j

R2

)]
, (28)

where F(0) = 1 − Fc(0) and F′ = dF/dR. The function Fc(R) describes the compressible (potential)
component, whereas F(R) corresponds to vortical (incompressible) part of the turbulent diffusion
tensor.

B. Derivation of expression for the function B(R)

Taking into account the equation of state of an ideal gas we obtain p/P = �/ρ + θ /T + O(�θ /ρT).
For small Stokes numbers, ∇· v ≈ (τs/ρ) ∇2 p. This allows us to estimate B(R) as

B(R) ≈ 2τ 2
s

ρ2

〈
τ [∇2 p(x)] [∇2 p( y)]

〉 ≈ 2τ 2
s

ρ2

P2

T 2

〈
τ [∇2θ (x)] [∇2θ ( y)]

〉
, (29)

where ρ, T, P and �, θ , p are the mean and fluctuations of the fluid density, temperature, and pressure,
respectively, and ∇2 p(x) = [∇(x)]2 p(x). Hereafter we omit the argument t in the correlation function.
In k space the correlation function 〈τ [∇2θ (x)] [∇2θ ( y)]〉 reads

〈
τ [∇2θ (x)] [∇2θ ( y)]

〉 =
∫

τ̃ (k) k4 〈θ (k) θ (−k)〉 exp(i k·R) dk. (30)
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Taking into account that 〈θ (k) θ (−k)〉 = 〈θ2〉Ẽθ (k)/4πk2, and integrating in k space we arrive to
the following expressions for the functions B(R):

B(R) ≈ 2 St2 c4
s

3 τη u4
0

(
�0∇T

T

)2

Re1/2, (31)

where Ẽθ (k) = (2/3) k−1
0 (k/k0)−5/3 is the spectrum function of the temperature fluctuations for

k0 ≤ k ≤ �−1
η , with k0 = �−1

0 and τ̃ (k) = 2τ0 (k/k0)−2/3. To determine 〈θ2〉 we used the budget
equation for the temperature fluctuations Eθ = 〈θ2〉/2

DEθ

Dt
+ div �θ = −(F·∇)T − εθ , (32)

which for homogeneous turbulence in a steady state yields

〈θ2〉 = −2 τ0 (F·∇)T = 2

3
(�0∇T )2 , (33)

where Fi = 〈uiθ〉 = −D(θ)
T ∇i T is the turbulent heat flux, D(θ)

T = u0�0/3 is the coefficient of the
turbulent diffusion of the temperature fluctuations, and the dissipation rate of Eθ is εθ = 〈θ2〉/2τ 0

(see, e.g., Ref. 50).
On the other hand, the function B(R) at very small scales has a universal form

B(R) = 20 σv

τη (1 + σv)
≈ 20 σv

τη

≈ 160 St2eff

3τη

(34)

because at these scales the velocity field is smooth and nearly isotropic. Here we introduced the
effective Stokes number using Eqs. (31) and (33)

Steff = St �, �(Ma, Re, �0/LT ) =
[

1 + Re1/2

81 Ma4

(
�0∇T

T

)2
]1/2

, (35)

where LT is the characteristic scale of the mean temperature variations. The case of � = 1 corresponds
to the inertial clustering instability. To derive Eq. (34) we took into account that for a Gaussian
velocity field15

〈(∇·v)2〉 = 80

3 τ 2
η

St2eff, 〈(∇×v)2〉 = 10

τ 2
η

. (36)

Equation (36) yields

σv ≡ 〈(∇·v)2〉
〈(∇×v)2〉 = 8

3
St2eff � 1. (37)

Taking typical parameters for atmospheric turbulence Re = 107, u0 = 1 m/s, and �0 = 100 m within
the temperature inversion, such that the mean temperature gradient, |∇T |, is of the order of 1 K per
100 m, we obtain � ≈ 2.5 × 103, or for Re = 106, u0 = 0.3 m/s, and �0 = 30 m the parameter � is
� ≈ 5 × 103.

IV. SOLUTION FOR TANGLING CLUSTERING INSTABILITY WITH ZERO SOURCE
TERM (I = 0)

It is convenient to rewrite Eq. (17) for the two-point second-order correlation function �(R) in
a non-dimensional form with coordinate R measured in units of the Kolmogorov scale, �η, time in
units of the Kolmogorov time, τ η, and the function � in units of N2

∂�

∂t
= 1

M(R)

[
�′′ + 2

(
1

R
+ χ (R)

)
�′

]
+ 2Ũ R �′ + B(R) � + I (R), (38)
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where

1

M(R)
= 2

Sc
+ 2

3
[1 − F − (RFc)′] , χ (R) = − M(R)

3
(F − 2Fc)′ , (39)

I (R) = 4(α − 1)2

3

(
�0∇T

T

)2 (
1 − 3

2M(R)
− R χ (R)

M(R)

)
+ B(R), (40)

Sc = ν/Dm is the Schmidt number and U = Ũ (R) R. Typically, in many applications, e.g., in the
atmospheric turbulence, Sc � 1 for small inertial particles. The two-point correlation function �(R)
satisfies the following boundary conditions: �′(R = 0) = 0 and �(R → ∞) = 0. This function has
a global maximum at R = 0 and therefore it satisfies the conditions

�′′(R = 0) < 0 , �(R = 0) > |�(R > 0)| .

For a steady-state regime and in the absence of the tangling clustering instability the solution
of Eq. (38) was obtained in Ref. 44 for I (R) 	= 0. In this section we will consider solution of
Eq. (38) for the case of the tangling clustering instability and I(R) = 0. Since the Schmidt number,
Sc = ν/Dm � 1, the molecular diffusion scale is much less than the viscous Kolmogorov scale. A
general form of the turbulent diffusion tensor in the viscous range of scales is obtained taking into
account that F(R) = (1 − R2)/(1 + σT ) and Fc(R) = σT (1 − R2)/(1 + σT ), which yields

DT
i j (R) = C1 R2δi j + C2 Ri R j , (41)

C1 = 2(2 + σT )

3(1 + σT )
, C2 = 2(2σT − 1)

3(1 + σT )
, (42)

and the other functions in this range of scales are Ũ = 20 σv/3(1 + σv) and B = 20 σv/(1 + σv).
In the molecular diffusion range of scales, ap/�η ≤ R ≤ 1/

√
Sc, all terms ∝ R2 are small and

can be neglected. Note that we consider the case when the particle radius, ap, is the minimum scale
of the problem, so that ap ≤ �D, where �D = �0/Pe3/4 = �η/

√
Sc is the molecular diffusion scale,

and Pe = u0�0/Dm is the Peclet number. The solution of Eq. (38) in this range reads

�(R) =
(

1 − Sc(B − γ τη)

12
R2

)
exp(γ t), (43)

where B > γτη and γ is the growth rate of the tangling clustering instability.
In the turbulent diffusion region of scales, 1/

√
Sc � R � 1, the molecular diffusion term

∝ 1/Sc is negligible, and we seek for the solution of Eq. (38) in this region in the following form:

�(R) ∝ R−β exp(γ t). (44)

Using the Corrsin integral,
∫ ∞

0 R2�(R) d R = 0, we obtain that β = λ ± iκ is a complex number,
κ2 > 0, where

κ2 = 4(B − γ τη)(C1 + C2) − (C1 − C2 + 2Ũ )2

4(C1 + C2)2
, (45)

λ = C1 − C2 + 2Ũ

2(C1 + C2)
= 3 − σT

2(1 + 3σT )
+ 10σv

1 + σv

(
1 + σT

1 + 3σT

)
. (46)

Hence the real part of solution (44) is reduced to

�(R) = C R−λ cos (κ ln R + ϕ) exp(γ t), (47)

where C is the constant.
Since the correlation function �(R) has a global maximum in R = ap/�η � 1, the parameter

σ T ≤ 3. The function �(R) sharply decreases with the increase of R, for R � 1. The growth rate
of the second moment of particles number density and the constant C can be obtained by matching
the correlation function �(R) and its first derivative �′(R) at the boundaries of the above ranges,
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FIG. 1. The growth rate γ 1 of the tangling clustering instability (in units of 1/τη) of the first mode (m = 1) versus the particle
radius ap for different values of parameter �, and σT = 1, Sc = 106ap. The particle radius ap is given in μm. The dashed
line corresponds to the inertial clustering instability (� = 1).

i.e., in the points R = 1/
√

Sc and R = 1. The matching yields κ/2(C1 + C2) ≈ π m/ln Sc (where
m = 2k + 1), and the growth rate for the mth mode of the tangling clustering instability is given by
the following formula:

γm = 1

3(1 + 3σT )

[
200σv(σT − σv)

(1 + σv)2
− (3 − σT )2

2(1 + σT )
− 2π2m2(1 + 3σT )2

(1 + σT ) ln2 Sc

]
, (48)

where σv is given by Eq. (37), σT ≈ 1, and m = 1, 2, 3, . . . . The first mode (m = 1) has the minimum
threshold for the excitation of the tangling clustering instability.

The tangling clustering instability depends on the ratio σT /σv. For the δ-correlated in time
random Gaussian compressible velocity field σT = σv (for details, see Refs. 15). In this case the
second moment �(t, R) can only decay, in spite of the compressibility of the velocity field. On the
contrary, for the finite correlation time of the turbulent velocity field σT 	= σv, and the correlation
function �(R) grows exponentially in time, i.e., the tangling clustering instability is excited.

Figures 1 and 2 show the growth rate [see Eq. (48)] of the tangling clustering instability of the
first mode (m = 1) versus the particle radius ap for different values of parameter �. One can see
from these figures that the characteristic time of the tangling clustering instability is of the order of
the Kolmogorov time scale (the growth rate γ 1 in Figs. 1 and 2 is measured in units of the inverse
Kolmogorov time). Remarkably, for every parameter �(Re, Ma) there is a rather sharp maximum
of the function γ 1(ap). This implies that depending on the parameters of the turbulence there is
a preferential particle size for which the particle clustering due to the excitation of the tangling
clustering instability is much faster than for other values of the particle size. Moreover, the growth
rate of the tangling clustering instability is much larger than that of the inertial clustering instability
(the growth rate for the inertial clustering instability in turbulence with a zero mean temperature
gradient is shown in Fig. 1 by the dashed line).

0 2 4 6
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2
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103104

FIG. 2. The growth rate γ 1 of the tangling clustering instability of the first mode (m = 1) versus the particle radius ap for
larger values of parameter �, and σT = 1, Sc = 106ap. The particle radius ap is given in μm.
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V. SOLUTION FOR TANGLING CLUSTERING INSTABILITY WITH NON-ZERO SOURCE
TERM (I �= 0)

In this section we obtain solution of Eq. (38) which includes both the tangling clustering
instability and the source term for the tangling clustering. This implies that we consider solution of
Eq. (38) in the vicinity of the thresholds of the excitation of the tangling clustering instability.

Let us consider the turbulent diffusion range of scales, 1/
√

Sc � R � 1 and introduce the
following function �(t, R) = �(t, R) R1+μ, where

μ = 1 + σT

1 + 3σT

(
1 − 2σT + 10σv

1 + σv

)
. (49)

Equation (38) is reduced to the Schrödinger type equation

∂�(t, R)

∂t
= 1

M(R)
� ′′ − U � + I (R), (50)

with the potential U and 1/M(R) in the form

U = −2

3

[
40σv

1 + σv

(
1 + 5σv

(1 + σv)

(1 + σT )

(1 + 3σT )

)
+ (2σT − 1)

(
1 − (2σT − 1)

1 + σT

1 + 3σT

)]
,

(51)

1

M(R)
= 2

3

(1 + 3σT )

(1 + σT )
R2, I (R) = B R1+μ, (52)

and B = 20σv/(1 + σv). Here we took into account that the main contribution to the source term
I(R) for large Reynolds numbers is due to the first term B(R)N 2 in Eq. (23). Other contributions are
negligible ∼10Re−3/2ln 2Re [see Eqs. (15) and (35)–(37)].

We choose the initial conditions which correspond to a turbulence without particle clusters: �(t
= 0, R) = 0. Now we seek a solution of Eq. (50) in the following form: �(t, R) = ∑∞

m=1 fm(t)�m(R)
and I (R) = B

∑∞
m=1 Am�m(R), where �m(R) are the eigenfunctions determined by the following

equation with I(R) = 0:

1

M(R)
� ′′

m − (U + γm) �m = 0. (53)

Consequently, the function fm(t) is determined by the following equation:

∂ fm

∂t
= γm fm + B Am . (54)

Taking into account the orthogonality of the eigenfunctions,∫ ∞
0 M(R)�m(R)�n(R) d R∫ ∞

0 M(R)�2
m(R) d R

= δmn, (55)

and solving Eq. (54) we obtain the expressions for the function fm(t) and Am

fm(t) = 20σv Am

(1 + σv) γm
[exp(γmt) − 1], (56)

Am =
∫ ∞

0 M(R)R1+μ�m(R) d R∫ ∞
0 M(R)�2

m(R) d R
. (57)

Taking into account that �m(R = ap) = [
�m(t, R) R−(1+μ)

]
R=ap

= 1 we obtain the correlation
function �(R = ap, t) in the form

�(R = ap, t) = 20σv

1 + σv

∞∑
m=1

Am

γm
[exp(γmt) − 1]. (58)
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When the tangling clustering instability is excited, it causes formation of a cluster with the particle
number density inside the cluster, which is much larger than the mean particle number density.

The solution for �(t, R) [see Eq. (47)], which satisfies the above conditions, has the following
dimensional form:

�(t, R) = N 2 20σv

1 + σv

∞∑
m=1

Am

γm

(
R

�D

)−λ

cos

[
κ ln

(
R

�D

)]
[exp(γmt) − 1]. (59)

Here the correlation function �(t, R) has the global maximum at R = �D/�η, i.e., we assumed that in
the molecular diffusion region the correlation function �(t, R) is nearly constant, �(t, R) ≈ 1 [see
Eq. (43)]. The first minimum of the correlation function �(t, R) for the mode m = 1 is located in
R = Rmin = exp (1/λ), and it is given by the following expression:

�min

N 2
= − B A1κ

e γ1 λ
Sc−λ/2 [exp(γ1t) − 1], (60)

where we took into account that cot [κ ln(Rmin/�D)] = −κ/λ. On the other hand, the maximum
value of the correlation function �(t, R) is

�max

N 2
= B A1

γ1
[exp(γ1t) − 1], (61)

where �max = �(R = ap, t) [see Eq. (58)]. Equations (60) and (61) yield

�min

�max
= − π

e λ

(
Sc−λ/2

ln Sc

)
. (62)

Since np = N + n ≥ 0, the function �(t, R) ≡ 〈n(t, x)n(t, y)〉 = 〈n p(t, x)n p(t, y)〉 − N 2 ≥ −N 2.
Therefore, the minimal possible value of the function �(t, R) is �min = −N2. This condition
together with Eq. (62) allow us to estimate the maximum number density of particles attained inside
the cluster during the tangling clustering instability

nmax
p

N
=

(
1 + e λ

π
Scλ/2 ln Sc

)1/2

. (63)

The maximum value of the particle number density inside the cluster, nmax/N, versus the particle
radius is shown in Fig. 3 for different values of parameter �. The discontinuity of the first derivative
of nmax/N which is seen in Fig. 3 is related to the transition from one mechanism of particle tangling
clustering due to the source term to another mechanism caused by the tangling clustering instability.
The exponential growth at the linear stage of the instability is saturated by the nonlinear effects. The
values of nmax/N in Fig. 3 are calculated using Eq. (63) that takes into account possible saturation of
the tangling clustering instability caused by the exhaustion of the particles in the region surrounding
the cluster. Inspection of Fig. 3 shows that the particle number density inside the cluster can increase
by a factor of 104 in comparison with the mean particle number density.

There are also other mechanisms leading to the nonlinear saturation of the tangling clustering
instability discussed in detail in Ref. 15. However, as follows from our analysis the main significant

0 1 2 3
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104 1033 × 103
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FIG. 3. The particle number density inside the cluster nmax/N versus the particle radius ap for different values of parameter
�, and σT = 1, Sc = 106ap. The particle radius ap is given in μm.
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FIG. 4. The exponent λ versus the particle radius ap for different values of parameter � and σT = 1. The particle radius ap

is given in μm.

mechanism of saturation of the growth of the tangling clustering instability for small particles is
exhaustion of the particles in the surrounding area. Indeed, the tangling clustering instability causes
strong redistribution of particles so that inside the clusters the particle number density strongly
increases at some instant, while in the surrounding regions it decreases. With the decrease of the
number density of particles the hydrodynamic description becomes inapplicable. It should be noted
that we consider situation when there is only the redistribution of the particles without their creation
or annihilation. This implies that particles from the cluster vicinity are concentrated in the central
part of it, which can be expressed using the Corrsin integral of the correlation function of the
particle number density fluctuations:

∫ ∞
0 �(t, R)R2 d R = 0. This condition implies that the tail of

the correlation function �(t, R) must be negative [i.e., there is the anti-correlation tail of the function
�(t, R)]. The transition from central positive part �(t, R) > 0 to the negative tail of �(t, R) occurs
at the distance that is of the order of several Kolmogorov scales. Note, that in contrast to the inertial
clustering, the tangling clustering instability accumulates particles into the cluster from the scales
which are much larger than the Kolmogorov length scale. The reason is that the tangling mechanism
generates fluctuations of the particle number density in all scales of inertial range in turbulence with
imposed mean temperature gradient. Consequently, the concentration of particles inside the cluster
increases due to the tangling clustering instability by several orders of magnitude.

The value nmax depends strongly on the Schmidt number Sc and on the exponent λ [see
Eq. (63)]. The exponent λ depends on the degree of compressibility of the particle velocity field,
σv ∝ St2 �(Ma, Re, �0/LT ) [see Eq. (35)]. The calculated values of exponent λ versus the particle
radius for different values of parameter � are shown in Fig. 4, that explains strong dependence
of the maximum particle number density inside the cluster nmax on the particle radius and the
parameter �.

In general, other nonlinear mechanisms may limit the growth of the tangling clustering instability
in the nonlinear stage of its evolution, and therefore they limit the maximum attainable value of the
particle number density, nmax

p , inside the cluster. For example, a momentum coupling of particles
and turbulent fluid becomes essential when the mass loading parameter ς = mpnmax/ρ is of the order
of unity.1 Introducing a mean particle mass density ρ p = m p N (e.g., in cloud physics it is a liquid
water content measured in g/cm3), we obtain the following constraint: nmax

p /N ≤ ςρ/ρ p. Using
ρ = 1.3 × 10−3 g/cm3 and ρ p = 10−6 g/cm3 we arrive at nmax

p /N ≤ 1300 for ς = 1. This limiting
effect should be taken into account together with the saturation mechanism caused by the exhaustion
of the particles in the vicinity of the cluster.

Figure 5 shows the temporal evolution of the number density of particles inside the cluster
during the excitation of the tangling clustering instability for particles of different radii. Figure 5
reveals several interesting features pertinent to the instability which deserve to be mentioned. The
tangling clustering instability is less effective for very small particles, ap ≤ 0.5 μm. The reason is
that this instability is saturated by the exhaustion of the particles in the vicinity of the cluster for
very low value of nmax/N ≈ 13.2 [see Eq. (63) and Fig. 4]. For larger particles (ap > 0.6 μm), the
concentration inside the cluster can increase due to the tangling clustering instability by several
orders of magnitude. On the other hand, as follows from Fig. 2 the growth rate of the tangling
clustering instability is the same for particles with ap = 0.565 μm and for all particles with
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FIG. 5. The particle number density inside the cluster nmax/N as a function of time for different values of the particle radius
ap and � = 104, σT = 1, Sc = 106ap. The particle radius ap is given in μm. The dashed line is for ap ≥ 3 μm.

ap ≥ 3 μm. However, contrary to the case ap ≥ 3 μm, the saturated value of the particle num-
ber density enhancement due to the instability for ap = 0.565 μm is very low, nmax/N ≈ 27.2.

VI. EFFECT OF DROPLET EVAPORATION ON TANGLING CLUSTERING INSTABILITY

Let us study the effect of droplet evaporation on tangling clustering instability in stably stratified
turbulence. The equation for the instantaneous number density np(t, x) of droplets of the radius ap

reads

∂n p

∂t
+ ∇·(n p v) = Dm �n p − n p

τev
+ I0, (64)

where the second term in the right-hand part of Eq. (64) takes into account the droplet evaporation
with the characteristic time τ ev, and the last term, I0, describes source of droplets due to condensation,
which for simplicity is assumed to be constant. The equation for fluctuations of the droplet number
density, n(t, x) = np(t, x) − N(t, x), reads

∂n

∂t
+ ∇·(n v − 〈n v〉) = Dm �n − (v·∇)N − N ∇· v − n

τev
. (65)

The last term in Eq. (65) describes the droplet evaporation. Using Eq. (65) we derive equation
for the evolution of the two-point second-order correlation function of the droplet number density,
�(t, R), see Eq. (17), in which

DT
i j (R) ≈ 2

∫ ∞

0
G(τ )〈vi [0, ξ (t, x|0)] v j [τ, ξ (t, x + R|τ )]〉 dτ, (66)

B(R) ≈ 2
∫ ∞

0
G(τ )〈b[0, ξ (t, x|0)] b[τ, ξ (t, x + R|τ )]〉 dτ, (67)

Ui (R) ≈ −2
∫ ∞

0
G(τ )〈vi [0, ξ (t, x|0)] b[τ, ξ (t, x + R|τ )]〉 dτ, (68)

G(τ ) = exp ( − τ /τ ev), and other terms do not change in case of the droplet evaporation.
Equation for �(t, R) can be rewritten in the dimensionless form as follows:

∂�

∂t
= 1

M(R)

[
�′′ + 2

(
1

R
+ χ (R)

)
�′

]
+

[
B(R) − 2τD

τev

]
� + I (R), (69)

where distance R is measured in units of Kolmogorov scale �η and time t is measured in units of
τ 2
η /τ eff ≡ τD/3. Here the effective time τ eff is determined by the following expression:

τ eff = τητev

τη + τev
, (70)
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FIG. 6. The growth rate γ 1 of the tangling clustering instability (in units of 1/tη) of the first mode (m = 1) versus the particle
radius ap for different values of the relative humidity φ, and � = 104, σT = 1, Sc = 106ap. The particle radius ap is given in
μm.

and a modified turbulent diffusion time is determined as τD = �2
η/Deff

T , the effective turbulent
diffusion coefficient Deff

T in the Kolmogorov scale reads51

Deff
T = τ effu2

η

3
, (71)

and a modified function 1/M(R) is

1

M(R)
= 2

Sceff + 2

3
[1 − F − (RFc)′], (72)

where Sceff = Sc τ eff/τ η. Equation (69) shows that the evaporation decreases the term [B(R)
− 2τD/τev] which is responsible for the generation of fluctuations of the droplet number den-
sity. Equation (71) has a simple physical meaning. In the case when the droplet evaporation time is
much smaller than the turbulent correlation time, the turbulent diffusion coefficient is renormalized
as given by Eq. (71) (for details, see Ref. 51).

The analysis similar to that performed in Sec. IV yields the growth rate for the mode m of the
tangling clustering instability

γm = 1

3(1 + 3σT )

[
200σv(σT − σv)

(1 + σv)2
− (3 − σT )2

2(1 + σT )
− 2π2m2(1 + 3σT )2

(1 + σT ) ln2 Sceff

]
− 2τ 2

η

τ effτ ev
, (73)

where m = 1, 2, 3, . . . . This growth rate γ m of the second moment of particles number density
was obtained by matching the correlation function �(R) and its first derivative �′(R) at the points
R = 1/

√
Sceff and R = 1, which also yields: κ/2(C1 + C2) ≈ π m/ln Sceff. Therefore, the evapora-

tion of droplets causes decrease of the instability growth rate. Figure 6 shows the growth rate γ 1

of the tangling clustering instability for different values of the relative humidity φ versus the
particle radius. Here we used the following expression for the evaporation time of droplets
τ ev = 2.1 × 10−3a2

p/(1 − φ), where the droplet radius is in microns and time is in seconds (see, e.g.,
Ref. 52). Inspection of Fig. 6 shows that the evaporation of droplets strongly affects the tangling
clustering instability for small droplets, i.e., it increases the instability threshold in the droplet radius
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FIG. 7. The particle number density inside the cluster nmax/N as a function of time for different values of the particle radius
ap, and the relative humidity φ = 90%, � = 104, σT = 1, Sc = 106ap. The particle radius ap is given in μm.
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depending on the relative humidity φ. In addition, there is sharp maximum of the growth rate for 1
μm droplets if the relative humidity is close to the supersaturated values: 99.8% and 100%. For low
relative humidity the growth rate of the tangling clustering instability is less in comparison with the
supersaturated case.

Figure 7 shows the temporal evolution of the number density of particles inside the cluster during
the excitation of the tangling clustering instability for the relative humidity φ = 90% and different
droplet radius. This figure also demonstrates that the evaporation of droplets strongly affects the
tangling clustering instability.

VII. DISCUSSION AND CONCLUSIONS

The present study has been inspired by the previous work,44 where it was shown that the tangling
clustering of inertial particles in the temperature stratified turbulence holds the potential to promote
a strong clustering with the considerably enhanced particle concentration inside the cluster. In this
study based on the thorough theoretical analysis, it is demonstrated that the temperature fluctuations
strongly contribute to the tangling clustering instability. Temperature fluctuations caused by tangling
of the mean temperature gradient by the velocity fluctuations, produce pressure fluctuations and
considerably enhance particle clustering. The growth rate of the tangling clustering instability is by
a factor of

√
Re (�0/LT )2/(3Ma)4 larger than the growth rate of the inertial clustering instability. The

main reason why the tangling clustering instability for a low-Mach-number turbulent fluid flow is
much more effective than the inertial clustering instability is the following. In both cases the particle
clustering is determined by the two-point correlation function of the Laplacian of fluid pressure
fluctuations. In non-stratified turbulence the pressure fluctuations are of the order of ρu2. In the
temperature stratified turbulence there are also additional pressure fluctuations caused by temperature
fluctuations: p ∝ P(θ/T ) ∝ ρc2

s (θ/T ). Therefore, the ratio of the two-point correlation functions
of the Laplacian of fluid pressure fluctuations in stratified and non-stratified flows is proportional to
Ma−4 (θ /T)2, i.e., it is a large parameter when Ma is small.

The growth rate of the tangling clustering instability and the particle number density inside
the cluster after saturation of the instability on the nonlinear stage depends on the parameter
� ≈ (

Re1/4/9 Ma2
)

�0 |∇T | /T . We also found that depending on the parameters of turbulence
and the mean temperature gradient there is the preferential clustering of particles of a particular
size (the growth rate of the tangling clustering instability has a sharp maximum at this size). The
growth of the particle number density inside the cluster caused by the tangling clustering instability
is significantly larger (by several orders of magnitudes) than the increase of the particle number
density inside the cluster caused by the source tangling clustering.44

We demonstrated the strong effect of the droplet evaporation on this instability. The tangling
clustering instability in the temperature stratified turbulence may enhance significantly the collision
rate of small particles, which is of interest for atmospheric physics and many other practical ap-
plications. In particular this effect can substantially accelerate the coalescence of small droplets in
atmospheric turbulence with temperature gradients.
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