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Abstract We advance our prior energy- and ux-budget (EFB) turbulence closure model
for stably strati ed atmospheric ow and extend it to account for an additional vertical ux of
momentum and additional productions of turbulent kinetic energy (TKE), turbulent potential
energy (TPE) and turbulent ux of potential temperature due to large-scale internal gravity
waves (IGW). For the stationary, homogeneous regime, the rst version of the EFB model
disregarding large-scale IGW yielded universal dependencies of the ux Richardson number,
turbulent Prandtl number, energy ratios, and normalised vertical uxes of momentum and
heat on the gradient Richardson numi&rDue to the large-scale IGW, these dependencies
lose their universality. The maximal value of the ux Richardson number (universal constant
~0.2-0.25 in the no-IGW regime) becomes strongly variable. In the vertically homogeneous
strati cation, it increases with increasing wave energy and can even exceed 1. For hetero-
geneous strati cation, when internal gravity waves propagate towards stronger strati cation,
the maximal ux Richardson number decreases with increasing wave energy, reaches zero
and then becomes negative. In other words, the vertical ux of potential temperature becomes
counter-gradient. Internal gravity waves also reduce the anisotropy of turbulence: in contrast
to the mean wind shear, which generates only horizontal TKE, internal gravity waves gener-
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140 S. S. Zilitinkevich et al.

ate both horizontal and vertical TKE. Internal gravity waves also increase the share of TPE in
the turbulent total energy (TTE = TKE + TPE). A well-known effect of internal gravity waves

is their direct contribution to the vertical transport of momentum. Depending on the direction
(downward or upward), internal gravity waves either strengthen or weaken the total vertical
ux of momentum. Predictions from the proposed model are consistent with available data
from atmospheric and laboratory experiments, direct numerical simulations and large-eddy
simulations.

Keywords Internal gravity waves Stable strati cation Turbulence closure
Turbulent energiesVertical turbulent uxes Wave-induced transports

List of Symbols
A;=E;/Ek
E=Ex+Ep
Ex = 3 (uju;)

Ratio of the vertical turbulent kinetic energy,, to TKE, Ex
Total turbulent energy (TTE)
Turbulent kinetic energy (TKE)

E; Vertical (i = z) and horizontali = x, y) components of TKE

Eg = 3(6?) “Energy” of potential temperature uctuations

Ep Turbulent potential energy (TPE) given by R§.

Ew IGW kinetic energy given by E4.6

E, Dimensionless vertical TKE given by EZp

e Vertical unit vector

ew (K) Energy spectrum of the ensemble of internal gravity
waves (IGW) given by EdL7

F = (u; 9) Potential-temperature ux

F, Vertical component of the potential-temperature ux

FiW Instantaneous potential-temperature ux caused by
the IGW-turbulence interaction given by BEQ

Fl.WW Potential-temperature ux caused by IGW averaged over the period

of IGW, given by Eq21

F(,W Scale of the IGW contribution turbulent ux of potential
temperature given by E§7

E. Dimensionless vertical TKE given by EZp

f =2Qsing  Coriolis parameter

G “Wave-energy parameter” proportional to the normalized
IGW kinetic energyEw, given by Eq50

g Acceleration due to gravity

H External height scale

Ky Eddy viscosity given by EJ.9

Ky Eddy conductivity given by EQO

k Wave vector

ke = (kx,ky)  Horizontal wave vector with; = £, /k2 + k2

k=,/k2+k? Total wavenumber

L Obukhov length scale given by Eg.

Ly Minimal wave length of the large-scale IGW

I, Vertical turbulent length scale

N Mean- ow Brunt-\Vaisala frequency
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EFB Turbulence Closure Model for Stably Strati ed Flows 141

P Pressure

Py Reference value aof

PV Pressure variation caused by IGW

p Pressure uctuation caused by turbulence

Pr=v/k Prandtl number

Prr Turbulent Prandtl number given by E3.

0 Dimensionless lapse rate given by E4.

Qij Correlations between the pressure and the velocity-shear
uctuations, given by Eqs34 and63

r Radius-vector of the centre of the wave packet

Ri Gradient Richardson number, Hg.

Riy Flux Richardson number, E4.

RiF Limiting value of Ri s in the ow without IGW
(universal constant in the homogeneous sheared ow)

Ri’}‘ax Limiting value of Ri s in the presence of

‘ IGW (depends on th& and Q)

S =0U/az| Vertical shear of the horizontal mean wind

T Absolute temperature

To Reference value of the absolute temperature

tr = le;M Turbulent dissipation time scale

tr Effective dissipation time scale

vV = (v, v} v¥)  IGW velocity given by Eqs9-10

VgV (k) IGW amplitude

U = (U1, Up, U3) Mean wind velocity

u Turbulent velocity

Zo Height of the IGW source

B=g/To Buoyancy parameter

Y =cp/cy Ratio of speci ¢ heats

€K, €9, el.(F)ande,.(;) Dissipation rates foEk, Eg, Fl.(F)andrl-j

eq3eff) (@ =1, 2) Effective dissipation rates of the vertical
turbulent uxes of momentum

K Temperature conductivity

n Exponent of the energy spectrum of the ensemble of IGW

v Kinematic viscosity

Pk, Py andd g Third-order moments representing turbulent uxes of
Ex, Ep andF;

1) Latitude

nv IGW production of TKE given by Egl9

HlW IGW production of the verticali = z) and horizontal
(i = x, y) components of TKE given by E¢s2-53

mny IGW production ofE, given by Eq56

ny =n" + ) a2N=2 IGW production of TTE

ny IGW production of the ux of
potential temperature given by Ex8

nv IGW production of the non-diagonal components of the
Reynolds stresses,3, given by Eq61

Tij Reynolds stresses characterising the turbulent ux of
momentum
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1,3( = 1,2) Components of the Reynolds stresses characterising vertical turbulent ux
of momentum

T Modulus of (13, 123)

ri‘;V Instantaneous Reynolds stresses caused by
IGW, given by Eq41

Ti‘;_vw Reynolds stresses caused by IGW averaged over the
period of IGW given by Eq21 and43

00 Density

® Potential temperature

oWV IGW potential temperature given by Ed.

0 Turbulent uctuation of potential temperature

Q; Earth’s rotation vector parallel to the polar axis

1) Frequency of IGW

1 Introduction

Internal gravity waves (IGW) in relation to atmospheric and oceanic turbulence have
been a subject of intense research [e.g., monogrdpder (1974, Gossard and Hooke
(1979, Baines(1995, Nappo(2002); and review paperssarrett and Munk1979, Fritts

and Alexande2003, Thorpe(2004, Staquet and Sommer{2002)]. In the atmosphere,

IGW are present at scales ranging from metres to kilometres, and are measured by direct
probing or remote sensing using radars and lid@sifhonas 1999Fritts and Alexander

2003.

The sources of IGW are: strong wind shear, ows over topography, convective and other
local-scale motions underlying the stably strati ed lay@vurtele et al. 1996Fritts and
Alexander 2008 geostrophic adjustment of unbalanced ows in the vicinity of jet streams
and frontal systems, and wave—wave interacti@®taquet and Sommeria 2Q0ritts and
Alexander 2008 The IGW propagation is complicated by variable wind speed and density
pro les causing refraction, re ection, focusing, and ducting.

IGW contribute to the energy and momentum transport, the turbulence production and
eventually enhance mixing. The dual nature of uctuations representing both turbulence and
waves in strati ed ows has been recognised, e.g.Jagobitz et a2005. The role of waves
and the need for their inclusion in turbulence closure models has been discussedtsl.

(2003 andBaumert and Petef2004 2009. Baumert and Pete(2004) included an addi-

tional negative term in the TKE budget equation: the rate of transfer of TKE into potential
energy of wave-like motions (highly irregular short internal waves coexisting with turbulent
eddies), and postulated that with increasing stability these motions dominate random veloc-
ity and buoyancy uctuations and suppress vertical mixing (see @dfatauf and Burchard
2005. The parameterization of mixing in the deep ocean due to short IGW was considered by
Polzin(20044b). Finnigan and Einaudil981), Einaudi et al(1984), Finnigan et al(1984),
Finnigan(1988 1999, Einaudi and Finniga(l993 analyzed the budgets of the wave kinetic
energy and the wave temperature variance, and found significant buoyant production of the
wave energy despite the strong static stability and energy transfer from waves to turbulence.

In the present paper we focus on the wave-induced vertical ux of momentum and the
generation of turbulent kinetic energy (TKE), turbulent potential energy (TPE) and turbulent
ux of potential temperature due to large-scale IGW in the context of an energetically con-
sistent “energy- and ux-budget” (EFB) turbulence closure model for stably stratied ow
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EFB Turbulence Closure Model for Stably Strati ed Flows 143

(zilitinkevich et al. 2007 2008. The model is designed for typical stably strati ed atmo-
spheric ows, characterised by the vertical sh§ae |dU/dz| of the horizontal mean wind

U = (Ui, Uz, 0), and is based on the budget equations for the key second moments: TKE,
TPE, and the vertical turbulent uxes of the momentum and the buoyancy (proportional to
the potential temperature). It takes into account the non-gradient correction to the down-gra-
dient formulation for the vertical turbulent ux of buoyancy, and employs the concept of total
turbulent energy (TTE = TKE + TPE). It is a model without a critical Richardson number
permitting sustenance of turbulence by shear at any gradient Richardson number

Ri = N?/S?, 1)

where,N is the Brunt-Vaisala frequency de ned ¢ = 90 /dz, © is the mean potential
temperatureg = g/ To is the buoyancy parameterjs the acceleration of gravity, arf@ is
the reference value of the absolute temperafur€or the turbulent Prandtl number, de ned
as

Prr =Ky /Ky, 2

whereKj, and Ky are the eddy viscosity and eddy conductivity, the EFB model predicts
the asymptotically linear dependence:

Pry o Ri atRi >> 1. 3)

In terms of the ux Richardson numbeR; ¢, and the Obukhov length scale, de ned as

. —pF.
Rip = =%, (4)
£3/2

whereF, is the vertical turbulent ux of potential temperature, anés the modulus of the
vertical turbulent ux of momentum, E@® yields the following asymptotic relation
I o e

szzs—L—>sz at Ri — oo, (6)
whereRi% is the maximal ux Richardson number. In the EFB closuRe?° is a universal
constant Ri%° < 1) to be determined empirically. The model reveals a transitional interval,
0.1 < Ri < 1, separating the two turbulent regimes of essentially different nature: strong
turbulence atRi << 1 and weak turbulence that transports momentum but is much less
ef cient in transporting heat aki > 1.

Alternative new closure models with mi-critical also employ the TTE-budget equation
but avoid the direct use of the budget equations for turbulent uxes suggestddunytsen
etal.(2007), and modi cation of their prior second-order turbulence closur€baputo et al.
(2008. L'vov et al. (2008 andL'vov and Rudenkdq2008 have performed detailed analyses
of the budget equations for the Reynolds stresses in the turbulent boundary layer (relevant
to the strong turbulence regime) taking into consideration the dissipative effect of the hori-
zontal heat ux explicitly, in contrast to th2ilitinkevich et al.(2007) “effective-dissipation
approximation”. All three budget equations for TKE, TPE and TTE were considered earlier
by Canuto and Minott{1993, Elperin et al (2002 andCheng et al(2002. The third-order
vertical transports of TKE and TPE caused by IGW in the two-layer system, comprising the
turbulence-dominated atmospheric boundary layer and the IGW-dominated free atmosphere,
was included in a simple turbulence closure modeZinkevich (2002.
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144 S. S. Zilitinkevich et al.

2 Large-Scale IGW in Stably Stratified Sheared Flows

In the present study we focus on the effect of large-scale IGW on stably strati ed turbulence
and do not discuss small-scale IGW. Accordingly, we consider the IGW wavelength/periods
much larger than the turbulence spatial/time scales. This allows us to treat the large-scale
IGW with respect to turbulence as a kind of mean ow with random phases, and to neglect
molecular dissipation of IGW. We also neglect the feedback effect of turbulence on IGW. At
the low frequency part of the IGW spectra, we limit our analysis to frequencies essentially
exceeding the Coriolis frequency, so that the IGW under consideration are not affected by
the Coriolis parameter;, = 2Q sing, where; is the Earth’s rotation vector parallel to the
polar axis (2| = Q@ = 0.76 x 10*s™1), andy is the latitude.

The large-scale IGW are characterized by the wave- eld velogity,= (V¥ v}V, v;"),
and potential temperatur®", which satisfy the following equations (in the Boussinesq
approximation for incompressible uid):

w w
%Z—(U-V)VW —V(};—O) +pe%e — (VW-V)VW, (7)
w
%=—(U-V)®W—%(Vw-e)NZ—(VW-V)@)W, ®)

and the conditions of incompressibility: d#V = 0 and divJ = 0. Here,U is the mean

ow velocity, 8 = g/Tp is the buoyancy parameter,= 9.81m s1 is the acceleration due

to gravity, P¥ is the pressure caused by IG®Is the vertical unit vectorpg is the density

of uid, N is the Brunt-\Vaiséla frequency? = 90 /dz, O is the potential temperature

de ned as® = T(Py/P)}Y7, T is the absolute temperatur; is its reference value,

P is the pressurely is its reference value, and= c,/c, = 1.41 is the ratio of the speci c
heats. We do not consider nonlinear wave—wave interactions. Consequently, we neglect in
Egs.7 and8 the nonlinear termgv" - v) V¥ and (V" - V) ®", and apply to Eq the

‘curl’ operator to exclude the pressurB¥) term. The solution of the linearised equations

(7) and @) in Fourier space reads:

vV = —kzlzcz V¥ (k) coswr — Kk - 1), 9)
h
for « =1, 2,
vy’ =" = V' (k) coswr —k - 1), (10)
Nk
O = ——— v (k) sin(wr —k - 1) (11)
Bkn

(see, e.g.Turner 1973 Miropolsky 1981 Nappo 2002 Here,k is the wave vectork, =
(ky, ky) is the horizontal wave vector, so thgt = + /k§ + kg; andw is the frequency of
IGW:

k
w:fNJrk-u, (12)
wherek = /k? +kf is the total wavenumber. The second term in Bjis caused by

the Doppler shift due to the sheared mean wind velddity). Equation®-10 satisfy the
condition of incompressibility of the wave velocity eld.
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EFB Turbulence Closure Model for Stably Strati ed Flows 145

Propagation of IGW in a stably strati ed sheared ow in the approximation of geometrical
optics is determined by the following equations in the Hamiltonian form:

ar dw

3 =K (13)
ok dw
o 14
Jat ar (14)

wherer is the radius vector of the centre of the wave packet kaisdthe characteristic wave
vector (see, e.g\Weinberg 1962 Since the Brunt—\Vaisala frequend¥(z) and the mean
velocity U(z) are functions only of the vertical coordinatg,i.e., the only non-zero spatial
derivative in Eql4isdw/dz, Eqsl2andl4yield k;, =constant. For the Hamiltonian system
of Eqs.13-14, dw/dt = 0, and Eql2yields

k k
—N(2) +k - (U) — U(Z0) = 7N (Zo). (15)
k(z) ko

where Zj is the height of the IGW sourcéy = k(z = Zp), andk,(z) = ki (Zp). We
assume that the only source of the IGW is localised-atZy and neglect the generation and
dissipation of waves during their propagation in the atmosphere.

EquatioriL5 determining the:-dependence of(z) = ,/k?(z) + kf implies that the IGW
vertical wavenumberg, (z), change when the IGW propagate through the stably strati ed

sheared ow. ForZg = 0 (the IGW source is located at the surfade)z) = ,/k%(z) — kf,
and forZg = H (the IGW source is located at the upper boundary of the layer under consid-

eration) k. (z) = —\/m-

The IGW kinetic energy,
1 1
Ew = E/(v%v(k))wazk = z,/[VOW(k)]de’ (16)

is related to the energy spectrum (k) of the ensemble of IGWEy = [ [ew(k)/anZ]dk,
and(...)y denotes time average over a IGW period. Here, integratidnspace over the
angled between the axis and the vectok is performed:

e from O tosr/2 when the IGW source is located at the surface, and
e from —x/2 to 0, when the IGW source is located at the upper boundary of the layer.

Equations9, 10 and 16 yield the expression for the wave amplitudé’o”[(k)]zz (Zkf/
mkMew (K). We assume that the energy spectrum of the ensemble of IGW generated at the
point Zg is isotropic and has the power-law form:

ew (ko) = (u — D EwH " HDgg", 17

where Ey = f[ew(ko)/ang]dko = [ew(ko)dko. Observations give different values
of the exponenix from 1 to 4 Fofonoff 1969 Pochapsky 1972Garrett and Munk 1979
Miropolsky 1981 Nappo 2002Fritts and Alexander 20Q3The wave vectokg varies from
H1to L;‘,l, whereLy is the minimal wave length of the large-scale IGW. It is assumed
that Ly is much larger than the turbulence length scale but much smaller than the depth of
uid, H.

For simplicity we consider the power-law form, Hg, of the energy spectrum of
the ensemble of IGW. This standard assumption is supported by many experiments (e.g.,
Nappo 2002Fritts and Alexander 200&nd references therein). Other forms of the energy
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146 S. S. Zilitinkevich et al.

spectrum would cause only minor changes in coef cients in the theoretical dependencies
obtained below (in Sectg—6) but would not change their form. The exponents a free
parameter, which must exceed unity and be less than Nappo 2002Fritts and Alexan-

der 2003 and references therein). Variationsginchange only the coef cient on the r.h.s.

of Eq.43 for the IGW transport of momentum (see Sebji.and only weakly affect other
theoretical dependencies.

3 Basic Equationsfor Turbulent Flows Accounting for Large-Scale |GW

We consider the large-scale IGW whose periods and wavelengths are much larger than the
turbulent time and length scales. Therefore, although the IGW have random phases, the wave
eld interacts with small-scale turbulence in same way as the mean ow. We represent the
total velocity as the sum of the mean- ow velocltl(z), the wave- eld velocity,V", and

the turbulent velocityu, and neglect the wave—wave interactions at large scales but take
into account the turbulence—wave interactions. We limit our analysis to ows in which the
vertical variations [along thes (or z) axis] of the mean wind velocity = (Uz, Uz, Us)

and potential temperatuf@ are much larger than the horizontal variations [al@pgx, (or

x, y) axes], so that the terms associated with the horizontal gradients in the budget equations
for turbulent statistics can be neglected.

For typical atmospheric ows, the vertical scales (limited to the height scale of the atmo-
sphere orthe oceaft ~ 10* m) are much smaller than the horizontal scales, so that the mean
vertical velocity is much smaller than the horizontal velocity. To close the Reynolds equations
in these conditions, we need only the vertical componEntpf the potential temperature

ux and the two components of the vertical turbulent ux of momentum that comprise the
turbulent contributions;13 andtz3, and the direct contributions of the large-scale IGW,W
andzy’ V.

The mean- ow momentum equations and thermodynamic energy equation accounting for

the large-scale IGW can be written as follows:

DU 19P 9 ar v
bt YA B A I (18)
Dt po 0x 0z ox;
ww
DU> 19P 913 07y
e L Bt AR (19)
Dt 0o Ay az 0x;
DO aF, oFMV
— == 4, (20)
Dt 0z 0x;

whereD /Dt =0/dt + Uxd/dxi; tij = (ujuj); Fi = (u; 0); t is the time;pg is the mean
density;J is the heating/cooling rate/ (= 0 in adiabatic processed;is the mean pressure;

u = (u1, uz, uz) = (u, v, w) ando are the velocity and potential-temperature uctuations,
respectively. The angle brackéts.) denote the ensemble average over turbulent uctuations.
Besides the ensemble averaging, H§s20 are averaged in time over the IGW period. This
procedure is denoted Ry. .)y . Itimplies that(coSwr — K - 1))y = (Sin(wt — K - 1))y =0
and(cos (ot —k - 1)), = 1/2.

Any direct effects of IGW on the mean ow are determined by the second-order moments
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A <VaWVJW>W, (21a)
a=12,
FYY = (v e¥) . (21b)

which determine the wave-induced uxes of momentum and potential temperature. In the
linear theory, IGW do not transfer heat (so th@‘f’w = 0) but transfer momentum (e.g.,

Nappo 2002 Accordingly, we neglecF]WW but account forcof}f W (see Sect.2).
The budget equations for the turbulent kinetic energy (TKE),= % (uju;), the squared

potential temperature uctuationgy = %(02), and the potential-temperature u¥; =
(u; 0), accounting for large-scale IGW can be written as follows:

DEg 0Pk aU; WaViW W oW
= —gia—0t F. — — (" [/AC) . (22
Dt + 9z fis 9z TAE ek <t’-’ ax;j W+ﬁ< g >W (22)
DEy 3@ 30 3%
Dl 9% _ 29 (Y , (23)
Dt 9z 9z Pooxg [y
DF, 3 _(p a1 GIC) Wi ;) w00V
— @) =i (0%)+ — (OVip) —Tiz— — Fj— — &' — ("
Dt * ox; Y il >+/Oo< L 0z T ox; ‘i fii xj |y
avy
—(FV— (24)
J 3x]'
w
Recall thatEy is proportional to the turbulent potential energy (TPE):
ﬂZ
Ep = mE@, (25)

so that Eg23is equivalent to the budget equation #Bp .
As already mentioned, we are interested, rstofall, inthe vertical Bx= F, = (w6),
whose budget equation is

w
DFZ+%®F:ﬁ<02)+i<93p>—(wz)@ _ 8£p)_<tw3®' >
4 J W

Dt
avy
—<F,-W 3;.> : (26)
T lw

D‘L’l] 0 (1) 8UJ 8U, (1)
Di + @%k = —Tika - Tjk@ + B(Fjdiz+ Fidj3) + Qij — ¢
w w
ik 0Xg Jk Xy ’
w w

Hence, the budget equations for the non-diagagal and diagonak,, = 2E,, components
of the Reynolds stresses; = (u;u ), can be written as follows:
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148 S. S. Zilitinkevich et al.

Dte3 | 0 dUq © wovy WaVW
+ —0o = —(w? wt Qaz— ey3 — (10— ,
Dt 3z 3z “ o “oxj |, 3 0x; [y
(28)
DE d AU, avwW
@ pm = e raV]V. o« (29)
Dt 0z 0z 0x; W
DE 9 1 vy
Pl | 950 2 © [ woV;
Di + Py CDZ =pBF, + 2Q33 €33 <Tj3 8Xj >W s (30)

whereg; = Be;; e = (e1, e2, e3) isthe vertical unit vectorzyz = (u,W) (@ = 1, 2) are the
two components of the vertical turbulent ux of momentum, a@nd= (u,0) are the hori-
zontal uxes of potential temperature & 1, 2). In Eq.29 we do not apply the summation
convention for the double Greek indices.
Thetermsbg, &y in Eqs.22-23are the third-order moments determining turbulent uxes

of Ex andEy:

1 1,5 W

Px=—(pu)+= (u“u)+ ®g, (31a)
£0 2

whosez-component is

1 1
Pg=—(pw) + = (U>w)+ DY, (31b)

£0 2

1
® = 5 (02 u)+ ), (31c)
whosez-component is
1

®y =3 (6% w) + @, (31d)

where the terms marked with the superscrippt“denote the wave-driven turbulent uxes of
Eg andEg.

The termsd)Ef), Dp = by, d)f/f,z and®"in Eqs24-30 are the third-order moments
representing the uxes of uxes:

1
") (FW)
ol = o (P 0) 8ij + (miuj6) + ;" (32a)
1
L) = o = 2, (70) + (w?6) + o™, (32b)
1
<I>l(;,z = (uiujug) + 0 ((pui) Sjx + (puj)dic) + q)l(j]:/V)’ (33a)
1
" = 0fgh = ) + L (pu) + 97 (3ab)

where the terms marked with the superscriptj{ denote the wave-driven turbulent uxes
of uxes, andQ;; are correlations between the uctuations of the pressurand the velocity

shears:
1 au,‘ 8%,‘
= — : . 34
Qi £0 <p(3xj - 3Xi)> (34)
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The termsak,s[(;), g9 ande'" are determined by the following relations,
3I/li 314,'
=v({——), 35a
fR=V < Oxg Oxy > (352)
8141‘ ou;
g9 =—Kk (0 AB), (36a)
e = —ic ((ui AO) +Pr(0Au)), (36b)

wherev is the kinematic viscositys is the temperature diffusivity, anftr = v/« is the
Prandtl number.

The diagonal terms;\?), €55, 53, ex (the sum ok "), e, ande", representing the
dissipation rates foty, Ex, Eg andFl.(F ), respectively, are expressed usingkloémogorov
(1947 hypothesis:

Ex
= , 37a
K= i (37a)
() o Teo 37b
foa = o (37b)
Ey
= , 37c
0= Coir (37¢)
(Pt , (37d)
! Crtr

whererr is the turbulent dissipation time scatgg, C p andCr are dimensionless constants,
and the summation convention is not applied to the double Greek indices.

In the budget equations for the vertical turbulent uxes of momentym (e = 1, 2), the
terms;ssfs) dependent on the molecular viscosity are usually small, whereas the contributions
of the termsB F, and Q3 to dissipation are overwhelming. Followirdilitinkevich et al.
(2007, we introduce the Reynolds-stress “effective dissipation rates”:

8a3(eﬂ:) = ‘9;.[3) - /3F0l - Qot3a

(38)
fora = 1, 2, and, by analogy with E&.7, apply to them the closure hypothesis:
Ta3 Ta3
= - N 39
€43(eff) t'[ C. tr (39)

wheret, is the effective dissipation time scale, afigis a dimensionless coef cient account-
ing for the difference betweep andzr. The turbulent dissipation time scalg, is expressed

through the vertical turbulent length scalg,and the kinetic energy of the vertical velocity
uctuations:

L (40)
E

12"
4

Equationd8-20 and 22-30 are obtained by averaging over the ensemble of turbulent

uctuations and over the period of large-scale IGW. These equations in a general form with-

out the IGW terms can be found, e.g.,K@aimal and Fennigaii1994), Kurbatsky (2000,

It =
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Cheng et al(2002 andCanuto and Minott{1993. Equatior22is presented iftinaudi and
Finnigan(1993. Hereafter we restrict our analysis to the effects of IGW on the second-order
statistics and leave the IGW third-order moments (the uxes of energies and the uxes of
momentum and heat uxes) for further study.

The IGW terms in the above equations include the wave- eld velocity and temperature,
ViW and®W, speci ed by Eqs9-11; and the instantaneous Reynolds stresg?s,and tur-
bulent ux of potential temperaturel;"iw, caused by the IGW-turbulence interaction. We
determlneri‘j’V approximately—subtracting Eg7 from the ensemble-averaged equation for
7;; but not averaged over the IGW period, assuming éhat< 1 andel.(” = ri‘;V/(CfrT),
and omitting the terms quadratic in wave amplitude, which do not contribute to the correla-

tions(¥ (3, /ax;)) and(<¥ (90" jox;)) :

avl qvw
W o J
Tij ~ —CftT (‘Eikaxk + Tjk a)ék . (41)

Similarly, we determineFl.W also approximately—subtracting Ex from the ensemble-
averaged equation faF; but not averaged over the IGW period, assuming thrat <« 1
andei(F) = FiW/(CptT), and omitting the terms quadratic in wave amplitude, which do not

contribute to the correlatior(stW (d ‘/iW/an)>Wand<FJW (3®W/axj)>w:

RICK4 90 avW
FV~ _Crtr| ji— + ¥ — + F,— ). 42
i F T(Tz‘/ axj + t13 aZ + Jj 8)Cj ) ( )

Concrete effects of IGW on turbulence are considered in the following sections.

4 The Effects of Large-Scale IGW on the Turbulent Transportsand Energies
4.1 The IGW Transport of Momentum

For simplicity, we consider the stationary, homogeneous regime of turbulence, neglect the
effect of the Earths rotation, and assume that the mean wind velocity is directed along the
x-axis:U = (U, 0, 0). Using Egs9 and10 for the IGW velocity eld, Eq.17 for the IGW
energy spectrum, and assuming ffiétz) — U (Zo)| < Lw N (Zp), integration over the spec-
trum of the IGW vertical ux of momentumz 4" (ko) = —kqk (ko)ew (ko)/[wk3k?(ko)],

in k-space yields:

A VQWVZW>W :/rO%W(ko) dko

I'[U(Zo) — U(2)]
dEW[(QM)E(Q)—(Q+2)K(Q)] Ey, (43)

whereQ is the dimensionless lapse rate:

N(z) 17
= . 44
¢ [N(Zo)} 49
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The coef cientI" is expressed through the expongnin the power-law energy spectrum of
IGW, namely, for 1< u < 2:

2
nw—1(H ®
e 45
2_LL(Lw) , (452)
forpu =2:
H
len(—), (45b)
Lw
for 2 < u:
-1
r=£-- (45¢)
w—2

wherek (Q) = [7/?(1— 0~1si?6) 20 andE(Q) = [7/? (1 — 0~Lsi?6)"?d6 are

the complete elliptic integrals of the rst and the second types, respectively. Plus or minus
signsin Eq43correspond to the cases whenthe IGW sources are located at theZigweQ)
or upper £o = H) boundaries, respectively. The conditiofi,(z) — U (Zo)| < LwN(Zp),
is introduced to simplify further derivations and results, which otherwise become too cum-
bersome. This assumption is not principal and can be relaxed. At r¢fee integrals are
K(Q) = E(Q) =~ n/2 and Eg43reads:
ww ., % U@ —U(Zo)]

T3 ~Eg o v (46)
When the IGW sources are located at the lower boundégy= 0) and IGW are generated
by the interaction of the ow with mountains or hillsa”éw is negative so that IGW transport
momentum downward and increase the total downward momentuntgx: 75" (where
74" < 0 andrez < 0). This well-known mechanism is called “wave drag” (eNgappo
2002. When the IGW sources are located at the upper boundarye(H), e.g., when IGW
propagating in the free atmosphere are trapped by the stably strati ed atmospheric boundary
layer (ABL), IGW transport momentum upwardg§" > 0) becausé/(z) < U(Zo). Then
the vertical ux of the momentumc%Wis subtracted from the turbulent uxy3 < 0, and the
total vertical ux of momentum reduces. These effects can be parameterized usu#® Eq.

4.2 The IGW Production of Turbulent Energies and Turbulent Flux of Potential
Temperature

The IGW contribution to the production of TKE g, is

w
n" :—<rWaV" > :/HW(ko) dko, (47)
w

Y axj'

whereIT% (ko) is the production o g in k-space, caused by the diagonal components of
the tensorr j;:

ew (ko) ew (ko)
MY (ko) = Cetr ek jke 2y = 2Cotr (Eck2(ko) + Eok? + Eyk2) “22. (48)
kg kg
Integration ovek yields
4c 1
n" — T’Ezl/leSZG [A— +3(0 — 1)] , (49)
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whereA, = E,/Ek is ratio of the vertical kinetic energy to TKE; is a dimensionless
“wave-energy parameter” proportional to the normalized IGW kinetic endtgy,

E —1( H\**
— w kT () (50)
S2H23 - \ Ly
In further analysis we assume that the wavelengths are much shorter than the basic depth

scale:lL,, < H.
The IGW contribution to the production of the vertical component of TKE,is

nw =— rWaVZW = [ ¥ (ko) dk (51)
z = j3 9xs = z 0 0
7w

where I'IZW(ko) = I‘[W(ko)kﬁ/k2 is the production oft in k-space. Integration ovéx in
Eq.51yields

8C: EY?_52G 1
nY = 1.S°G |1+ — (A7t =3)|. 52
The IGW contribution to the productions of the longitudinal,, and the transversd;.,
components of TKE are

1 2 4
n'=nV = 7(nW—nZW) = % EY?, 526 [3Q—2+(A;1—3) (1——)}

y 2 5Q
(53)
The IGW contribution to the production @y = % (92) is
w
' =_<F/'Wa® > =/Hg/(ko) dKo, (54)
X ij W
where
N2
Y (ko) = 272 (E kZ(ko) + ExkZ + E k2) eW(kZO), (55)
p? kg

andCr is an empirical dimensionless constant. Here, we take into account that only diago-
nal components of the tensoy, contribute tol'[g"(ko) (similarly to the production oEg).
Integration in Eq54in k-space yields

N?
ny = g V@, (56)
B
whereFGW is the wave-induced turbulent ux of potential temperature:
4c
R =57 P EY?1,52G A1 +3(0 - D). (57)

Note that the vertical ux of potential temperature is negative (downward), which is the
reason for the negative production (see T8). The IGW contribution to the production of
Ey is affected byF)¥ , which in its turn is affected byzy.

In order to determine the direct effect of IGW af)”, we take into account that
(vie"),, =0, whlchy|elds< o/ 382 ) =0.Then, using EG2, thetern(FW VW/Bx])>
describing the production df, in Eq 26 can be written as follows:
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vy I, N?@2)
ny = <FJW > = —Crllfz—
/2
0x; w E; B
8CFCr 22 1 N2
=-——7—I75G — (A" =3) | —. 58
3 1+ ¢ Q( ) 5 (58)
The production of the non-diagonal components of the Reynolds stregsesaused by
IGW is
avy avy
nY = —<rof‘; axzj > —<r}‘§ o >W :/l‘[f‘;(ko) dKo, (59)
w
where

kik jkok ew (ko)
w
Y (ko) = —2C 177~ k2(k ) .

60
v (60)
Here we take into account that only diagonal components of the tems@ontribute to
Y (ko). Using Eq17 and integrating irk-space in EcG9yields:

8C, I, 4

Finally, the production of the total turbulent energy (TTEE}= Ex + Ep caused by IGW is
’32
nE_nW+HWN : (62)

Consequently, IGW contribute to the production of both TKE and TPE, in contrast to the
mean shear, which contributes only to the TKE production.

5 Turbulence Closures with and without IGW for the Steady-State Regime
5.1 The Background Energy- and Flux-Budget (EFB) Closure Model

In this section we present a re ned version of the EFB turbulence closure model
(Zilitinkevich et al. 2007. The latter employed the same equations as E380 but without

the IGW terms (marked in the present paper with the superscript “®ifi)inkevich et al.

(2007 assumed that the dissipation constants for the kinetic and potential energies were
equal Cp = Ck) and had to admit that the rat®, = ¢, /¢ty depends oRi. Our analysis of

the experimental data revealed that this assumption was not quite correct:

o the dissipation constants are differefifi /Cx = 0.72,
e accounting for this difference, the coef cient; turns into a universal (independent of
Ri) constant.

This leads to an essentially simplied EFB closure model—with # Ck but C; =
constant, and yields a very simple formula for the eddy visco&ity: = 2C; El/2 Note
that principally the same resuIKM(Ezl/ I.)~1 =constant, has been derived from a quite
rigorous analysis of the budget equations for the Reynolds streskespiace based on the
r-approximation Elperin et al. 200220086.

In order to better t the EFB model to the available observational data on the vertical
anisotropy/Zilitinkevich et al. (2007 proposed a modi ed formulation of theotta(1951)
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return-to-isotropy hypothesis. Considering the IGW-turbulence interaction, we now recog-
nise that the apparent deviations from the Rotta hypothesis are caused by the effect of IGW.
Therefore, itis only natural to retain the universally recognised classical formulation whereby
the sum of the term3_ Q;; = > ,00_1 (pou;/dx;) in Eqs.28-30is zero because of the con-
tinuity equation(z ou;/ox; = 0), so thatQ,, describe the energy transfer from the high
energy to the lower energy components:

Ouo = —%(3& — Ex), (63)
whereC, is a dimensionless constant accounting for the difference between the relaxation
(return to isotropy) and dissipation time scales.

The termsB (92) andpy * (99p/3z) in the budget equatior26) for the vertical turbulent
ux of potential temperature play a very important roKlitinkevich et al.(2007) showed
thatpy ! (99p/dz) is negative and scales A462), which yields:

B6%) + po* (00p/dz) = Cop (7). (64)

whereCy < 1 is an empirical constant. We retain this approximation in the present study.

On these grounds we afford different valuestgf andCk and essentially simplify the
original EFB model setting’; = constant and using the standard return-to isotropy formu-
lation, Eq63.

5.2 The EFB+IGW Closure Model

Now we generalise the re ned EFB closure model (SBct) considering the budget equa-
tions 22)—(30) with the IGW terms determined by Ed@, 52, 56-58. To demonstrate the
role of IGW, we compare the two versions of the closure—with and without |G)\V¢ke
steady-state regime of turbulence, when the left-hand sides (I.h.s.) of all budget equations are
zero, so that the model reduces to a system of algebraic equations. We focus on the turbulent
energies and uxes and leave the problem of determining the vertical turbulent length scale,
1., for a separate study. In further derivations we basically folfakitinkevich et al.(2007)
but introduce the changes indicated in Séct.and include the effects of IGW presented in
Sects3 and4.

In the steady state, the system of equati@B-{(23), (26), (28) and @0) reads:

- 8zi +BF. — Ci"tT +n% =o, (65)
—sz\j: - ey =0, (66)

2CyBEg — 2E, ]\;2 - Cith + 1y =0, (67)
_2E, 3;2& - nl =0 (68)

BF. — ?’Ccﬁ(:wZ — Eg) — sztT +m¥ =0, (69)

where the productiongI", ¥ 11,", 11} andI1),, are determined by Eq49, 52, 56, 58
and6l
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In the steady state, Eq5-69 specify the turbulent energies and the vertical turbulent

uxes as dependent on the turbulent length scialeand the following dimensionless exter-
nal parameters:

e gradient Richardson numbg, Eq.1,
e Wave-energy parametér, Eq.50,
o lapse rate parameté@, Eq.44, characterising the IGW refraction.

A remarkable feature of this system is tliadrops out from the equations specifying the
dimensionless parameters of turbulehaa that the latter are determined as universal func-
tions of Ri, G andQ, without any knowledge aboijt In particular, for the dimensionless ver-
tical TKE £, the vertical ux of potential temperatut€. and the energy ratia, de ned as

. E,
= - 70a
T (SL)? (702)
~ _ —PF;
ey (7o0)
E
A, ==, (70c)
K
the system reduces to the following three algebraic equations:
. 2CkC,C, 3\ £ 1 12
E,————1— 1+ — - G 1
2 M+m( (+a)xﬁ'Lm(+%&)
2 6
-1+ —({1-— — =0 71
te-ite ( 5Q)] ] (D
. . -1

E. F, 2G, ,
A, ———1- — (A 3(0-1 =0 72
: chc,( 2Cf+3(z+(Q ) , (72)

1 /2C; 6

G| — -C C:{1-—)—-3C(Q-1
[AZ(SQ )+ (2-gp) -3cte 4
3Ez i 1 CoCp

1-F, - - =0, 73
Tac, [ : (ZCFRl "E )] 79

whereC = CyCk. The system of algebraic equatiod)—(73) determines the three func-
tions:

E.=E.(Ri,G. Q). (74a)
F, = F,(Ri, G, ), (74b)
AZ = AZ(Rlv G’ Q)’ (74C)

1 This result is very favourable. It allows us to fully separate the problems of the energy and ux budgets
(considered in this paper) and the vertical turbulent length stal® be considered later).
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which can be found numerically. Other important dimensionless parameters of turbulence
are expressed through, F, andA,:

oot el
(E) - (5 B 5 (1 - 22 5 a3 - 1)))2
[esof-)]
s G [ peur o] e
B = ac.ey |1t g OU o))
x (1 — 212 + %G (A1 +30 - 1)))_1. (78)

In contrast with Eqs76-78, the vertical turbulent uxes of momentum and potential temper-
ature essentially depend 6n

Uy

rOlSZ_KM s (79a)
0z
2 -1
Ky =2CE;7l, |1+ — 1- — , 79b
" [ - = (79b)
00
F,=—Kp—, (803.)
0z
Ky Ri
Ky = M (80b)
Ri

whereRi ¢ is determined by E(5.
At Ri « 1, the above dimensionless parameters have precisely the same asymptotic limits

as in our new EFB closure without IGW:

C
Pry — Pr}o) = —°, (81)
Cr
C
A, > AQ = " 82
4 - Z 3(1+ Cr) ( )
2 0)
(5) - e (83)
Ex Ck
F2 20 AQ
z FAz i (84)

—
ExEg Cp

where the superscript “(0)” denoté&s — 0.
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6 Comparison of the EFB+1GW Model with Empirical Data

Zilitinkevich et al. (2007) assumed tha€p = Ck and determined the empirical coef -
cientsC,, Ck, Cr, C; (in op. cit. designated by ), andCy by comparison of results from
the model with data from eld and laboratory experiments, large-eddy simulations (LES)
and direct numerical simulations (DNS) related to the asymptotic regimgs & 1 and

Ri > 1. ForRi « 1 we employ, in particular, the following estimatefsgo) = 1/6 [after
laboratory experiments on wall-bounded turbulericeof et al. 200§ and DNS Moser et

al. 1999], (t/Ex)© = 0.26 and F2(Ex Eg)~2]® = 0.11 (after our comparative analyses
of different data). The superscript (0) in the above notations mearn& “&t 1”.

As already mentioned, we basically foll&ilitinkevich et al.(2007) but no longer assume
thatCp = Ck. Thenusing the well-established empirical values of the turbulent Prandtl num-
ber, Pr(TO) = 0.8 (Elperin et al. 1996Churchill 2002 Foken 200%, and the von Karman
constantk, = 0.4, in the wall lawdU /dz = tY/%(k,z) ! for the neutrally strati ed surface
layer (wherd ~ z), the four constants are immediately obtained:

C, =3401-340)"1 =1, (85)

Cx = k(A2 [e/E0®] =12, (86)
Cr = Cx AP («?/E%)© = 0.25, (87)
Cr=C, /(Fg)r =031, (88)

where we used Eg81-84. Note that these estimates employ only data for neutrally strati ed
ows and therefore are equally relevant to the EFB and the EFB+IGW models because the
IGW effects diminish aRi « 1.

The maximal ux Richardson number for the ow without IGWRiS°, and the ratio
Cp/Ck can be roughly estimated using Edn Zilitinkevich et al.(2008, which is derived
from the budget equations for the kinetic and potential turbulent energies:

Ep (CP/CK)Rif

E 1+ (Cp/Ck —DRis’ (89)

Using the following values for the parametets” = 0.2 and(Ep/E)*° = 0.15 (see the
thick solid line in Fig.5 representing a medlan for different kinds of empirical data), and
Eq.89we determined that

Cp/Cg =0.72. (90)

Because of a lack of better data, we consider this valu€ofCk ,relevant to the regime
without IGW.

It remains to determine the constafyf in Eq.67. In the EFB closure without IGW, it
is expressed through the limiting values of the energy ratig,and the ux Richardson
number,Riy, at Ri — oo. Then, adopting reasonable valugé2® = 0.2 andAZ® = 0.056,
for the regime without IGW (solid lines in Fig2-5 based on the DNS, LES and laboratory
experiments presumably unaffected by IGW), we obtain

AOO
Cop =

i17) =031, (91)
f

where the superscripts “(0)” ands$” denote “atRi = 0” and “atRi — oo”, respectively.
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Typical atmospheric values of the wave-energy param@ie£q.50, and the lapse rate
parameterQ, Eq.44, determining the effects of IGW in our closure model, are estimated
as follows. The rst parametet;, is obviously non-negative and in the Earth’s troposphere
could vary from zero (in the absence of waves) to about 10 in layers with strong wave activ-
ity. In the stratospheré& could be much larger, and IGW could become the major source of
turbulence.

Since the IGW are trapped by the strongly strati ed layers, we congidey > N (Zo),
thatisQ > 1. Furthermore, the static stability of the troposphere varies only slightly around
typical value of the Brunt—Vaisala frequendy ~ 10~2s 1. Therefore, reasonable esti-
mates for the orographically generated IGW a¥dz) ~ N(Zg) ~ 102571, andQ =
[N(z)/N(Z)]? ~ 1. In the alternative case, when IGW propagating in the free troposphere
are trapped by the stronger strati ed long-lived stable planetary boundary layer, WRere
5(8F./t)%s 2(e.g. Zilitinkevich and Esau 2007 Q could be a few times larger. A reasonable
meteorological range of the lapse rate parameterds@ < 5.

In the EFB+IGW model the maximal ux Richardson numlgf®* = (limRi s atRi —

00) is no longer a universal constant. Its variations are controlled by the counteraction of the
direct and indirect mechanisms of generation of the turbulent ux of potential temperature
by IGW, namely, by the two terms on the right-hand side (r.h.s.) oREddirect” TT} =
—<F}v(aVZW/ax.,-)> and “indirect”, caused by the temperature uctuationy;3 (02) =

w
B(6%)+ 0t (0(3p/d2)) (where{p?) satis es EG23). As shown in Fig1, RiT™with increas-
ing G increases at ¥ Q < 1.02, and decreases &t > 1.03. Note that the maximal ux
Richardson numbeﬂ?i}nax at 0 > 1.03 reaches zero at some valug®b{dependent o).
For largerG the vertical ux of potential temperature becomes positive, that is counter-gra-
dient. This looks surprising, but in fact is only natural. Indeed, IGW generate the potential
temperature uctuations, which in turn generate the upward (positive) contribution to the ux
of potential temperature (cf. the above “indirect” mechanism). When the “indirect” share of
the ux becomes larger than the “direct” share, the resulting ux changes sign and becomes
positive in spite of the stable strati cation.

Figures2-5 show empirical data on thei dependences of the turbulent Prandtl num-
ber, Prr, ux Richardson numberRi s, energy— ux ratios Ex /7)? and(Ex Eg)/ F?2, and
energy ratiosA, and Ep/E together with theoretical curves plotted after the EFB model
(heavy solid lines) and the EFB+IGW model for differeiitand Q. Since atRi < 0.25,
large-scale IGW practically do not affect turbulence, the model predictions accounting for
IGW are plotted in Figs2-5 only for Ri > 0.25.

Fig.1 Maximal valuesRiTaX Rimax
f

(attainable aRi — oo) of the

ux Richardson number,

Rif = —BF.(r8$)7% as
functions of the wave energy
parameter(, Eq.50, for

different values of the lapse rate
parameterQ, Eq.44

@ Springer



EFB Turbulence Closure Model for Stably Strati ed Flows 159

Pr.
" 1)

10°

0.01 0.1 1 10 100

Ri
'
107}
1072 !
* :
10_3 L L ! L L ) Ri
0.01 0.1 1 10 100

Fig.2 Ridependences afturbulent Prandtl numbeRrr = Ky /Ky, andb ux Richardson numberRi ;.
Data points show meteorological observationgiting black triangles (Kondo et al. 1978 snowflakes (Bertin
et al. 1997; laboratory experimentsilack circles (Strang and Fernando 200%lanting crosses (Rehmann
and Koseff 2008 diamonds (Ohya 200}; LES: triangles (Zilitinkevich et al. 2008; and DNSfive-pointed
stars (Stretch et al. 2001 Curves are plotted after our model (witRi%° = 0.2): thick solid lines for the

no-IGW regime G = 0); thin dashed-dotted lines for Q = 1 andG = 5; dashed lines for Q = 1 andG = 1,
thick dashed-dotted lines for Q = 1 andG = 0.5; thin solid lines for Q = 1.5 andG = 0.3; dotted lines for
Q =15andG =0.2

Recall that we consider the simplest version of our closure model relevant to the
stationary homogeneous regime of turbulence (with no non-local sources turbulent ener-
gies or turbulent uxes). On the contrary, most available empirical data represent vertically
(and in some cases also horizontally) heterogeneous ows, controlled (be&idésand
Q) by additional, practically unavailable parameters. In this context, empRicpenden-
cies of Prr, Riy, (v/Ex)?, F?/(Ex Eg), A, and Ep Ex* demonstrated bjlauritsen and
Svenssorf2007) andZilitinkevich et al.(2007, 2008 are encouraging.

Below we attempt to more accurately determine empirical constants of the model. For
this purpose, we rule out data suspicious because of strong heterogeneity, and limit our anal-
yses to meteorological data Kbndo et al.(1978, Bertin et al.(1997), Banta et al(2002),

Poulos et al(2002, Uttal et al. (2002 andMahrt and Vickerq2009; laboratory data of
Strang and Fernand@001), Rehmann and Kosef004 and Ohya(2001); LES data of
Esau(2004 andZzilitinkevich et al. 2008 and DNS data o$tretch et al(2007).
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Fig. 3 Same as in Fig2 but for the energy to ux ratiosa (Ex /7)2 andb (EKEg)/FZZ. Data points
show meteorological observationguares [CME = Carbon in the Mountains ExperimeMahrt and Vickers
(2009, circles [SHEBA = Surface Heat Budget of the Arctic Ocedlttal et al.(2002) ], overturned triangles
[CASES-99 = Cooperative Atmosphere—Surface Exchange SRaiyps et al(2002), Banta et al(2002)];
laboratory experimentsliamonds (Ohya 200); and LES:triangles (Zilitinkevich et al. 2008. Thick solid
lines show the no-IGW version of the model; (= 0). Other lines are in @): thin dashed-dotted lines for
Q = 1andG = 8,dashed lines for Q = 1 andG = 1, thick dashed-dotted lines for Q = 1 andG = 0.5, thin
solid lines for Q = 1.5 andG = 0.3, dotted lines for Q = 1.5 andG = 0.2; and in b): thick dashed lines for
Q = 1 andG = 0.4, thick dashed-dotted lines for Q = 1 andG = 0.1, thin dashed lines for Q = 1.5 and
G = 0.1, thin dashed-dotted lines for Q = 1.5 andG = 0.05

Empirical Ri dependencies of the turbulent Prandtl numldsry, and ux Richardson
number,Ri y, are shown in Fig2 together with the two kinds of theoretical curves: heavy
solid lines calculated neglecting IGW f&i%° = 0.2; and bunches of thin lines calculated
accounting for IGW (for differenG and Q) in the intervalRi > 0.25. The latter cover the
range of variability of presented data, which allows us to at least partially attribute the spread
of data to the IGW mechanisms. The same format is used to show the energy to ux ratios:
(Ex/7)? and(Eg Eg)/F2 in Fig. 3; the energy ratiosA, = E./Ex andEp/E in Figs.4
and>5.

With increasingG, the theory predicts the(tEK/r)2 and(Eg E@)/Fz2 increase andi,
decreases. This looks only natural: in contrast to the mean shear, generating only horizontal
velocity uctuations, IGW generate both horizontal and vertical uctuations and directly
contribute toA,. Similarly, the energy ratioE p/ E, increases with increasing due to the
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Fig. 4 Same as in Fig® and3 but for the energy ratio\; = E,/E with additional DNS data o§tretch
et al.(2001) shown byfive-pointed stars. The theoretical curve for the no-IGW regim@ & 0) is shown by
therhick solid line; other theoretical curves argin dashed-dotted, for Q = 1 andG = 5; thick dashed, for

Q = 1 andG = 1, thick dashed-dotted, for Q = 1 andG = 0.5; thin dotted, for 0 = 1 andG = 0.05;

thin dashed, for Q = 1 andG = 0.01; thin solid, for Q = 1.5 andG = 0.3; thick dotted, for Q = 1.5 and
G=02
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Fig.5 The ratio of the potential to total turbulent energiég,/ E, versus the gradient Richardson numizer,
Data points show meteorological observatiangrturned triangles [CASES-99= Cooperative Atmosphere—
Surface Exchange Studypulos et al(2002, Banta et al(2002]; laboratory experimentsliamonds (Ohya
2001); and LES:zriangles (Zilitinkevich et al. 2008. Curves are plotted after our model witﬁi;o =02:

thick solid line for the no IGW regime @ = 0); thin dashed-dotted line for Q = 1 andG = 5; thick dashed
line for Q = 1 andG = 1, thick dashed-dotted line for Q = 1 andG = 0.5; thin dashed line for Q = 1 and
G = 0.1; thin solid line for Q = 1.5 andG = 0.3; dotted line for Q = 1.5 andG = 0.2

direct generation of turbulent potential energy by IGW. It is worth mentioning that3big.
reveals the linear asymptotet E@)/FZ2 ~ Ri atRi > 1.

7 Concluding Remarks

In stably stratied atmospheric and oceanic ows, large-scale IGW directly perform

vertical transport of momentum and contribute to TKE and TPE generation. Further-
more, the mean squared potential temperature uctua{m%), proportional to the TPE,
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essentially controls the generation of the vertical turbulent ux of potential temperature,
which is why this ux is also affected by IGW. In contrast to the mean shear, which directly
generates only the horizontal component of TKE, large-scale IGW generate all three TKE
componentsE,, E, andE,, and therefore essentially reduce anisotropy, that is increase the
parametelA, = E,/Ek. This effect is especially pronounced in very stable strati cation
and quite probably represents the key source of a very large scatter in empirical plots of
A,VersusRi.

Furthermore, large-scale IGW generate both kinetic and potential turbulent energies and,
as a rule, increase the share of the potential energy. Consequently, the maximal ux Rich-
ardson numberKiT@ attainable atRi — oo) is no longer a universal constam®i(®) as
in the EFB model, but a variable parameter essentially dependent on both the IGW energy
parametet;, Eq.50, and the lapse rate parameferEqg.44. At different Q, this effect causes
larger as well as smaller vaIuest}“aX (see Figl). At Q < 1.03, the theory leaves room
for the values ofRi M@ exceeding 1 — obviously impossible in the stationary homogeneous
ows without IGW, but observed in some experiments. On the contrar@ at 1.03 and
suf ciently large values of the wave energy paramet&r,the maximal ux Richardson
number,Ri'?®, reaches zero and then becomes negative, which means that the vertical ux

of potential temperaturef,, becomes positive, in spite ¢©/dz = N2 > 0. The point

is that IGW directly produce potential temperature uctuations, which in turn produce the
upward contribution ta&,. When it exceeds the contribution due to the potential temperature
gradient, the resulting ux changes sign and becomes counter-gradient.

When the sources of IGW are located at the lower boundary of the air Hy=£ 0),
in particular, when IGW are generated by the ow interaction with mountains or hills, the
vertical ux of momentum caused by IGWD%W, is negative and contributes to the total
(turbulent + wave induced) uxz,s + rLfgW < 0. This well-known mechanism is called
“wave drag” (e.g.Nappo 2002

When the source of IGW is located at the upper boundary of a strongly strati ed atmo-
spheric boundary layer trapping the IGW from the free atmosplgrean be identi ed with
the boundary-layer height. Then the velocity differefibe) — U (Zo) is negative; and the
wave-induced vertical ux of momentumb‘féw, determined by E@i3is oriented upwards:
75V > 0. Itfollows thatr %" counteracts the ordinary vertical turbulent ux of momentum,

743 < 0, so that the total momentum ux and therefore the level of turbulence in the ABL
diminish.

To the best of our knowledge, the above mentioned IGW mechanism leading to the
counter-gradient heat transfer at large positive gradient Richardson numbers, as well as
the upward transfer of momentum and consequent weakening of the boundary-layer turbu-
lence by trapped IGW, have not been considered until present. The trapped-wave effect
could form the basis for dangerous air pollution events and is therefore of practical
interest.

It goes without saying that the above unexpected theoretical predictions call for empirical
veri cation. Empirical constants of our turbulence closure model, the mostimportant of which
is Ri;’?, also need to be more carefully determined from eld and laboratory experiments,
DNS and LES.
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