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1. Introduction

The occupation time distributions for continuous-time Markov processes that live on countable state space was a subject
of intense research in the 60s, 70s and early 80s. We would like to refer the reader to Darroch (1966), Darroch and Morris
(1968), Kovaleva (1970), Pedler (1971), Hsia (1971) and Bondesson (1981) for some of the results in the field. With the
exception of Bondesson (1981), the main instrument was the multidimensional Laplace transform. More recently, a general
expression in infinite sums of the occupation distributions for finite-state Markov processes was produced in Sericola (2000)
and Bladt et al. (2002) using essentially randomization and order statistics. The occupation times for one-dimensional
nearest-neighbor processes were studied by Karlin and McGregor with orthogonal polynomials in Karlin and McGregor
(1962) following the paper of Darling and Kac (1957). Both papers considered occupation times for Markov processes when
t is taken to oo, while the present paper concerns with closed-form expressions for a given fixed time interval [0, t].

The questions addressed in this paper originate in the research done by Nir et al. (2006) in the field of single molecule
Fluorescence Resonance Energy Transfer (FRET) spectroscopy, where a single molecule fluctuates between multiple states,
and the experimental observable depends on a state’s occupation time distribution. While working on Nir et al. (2006),
the authors have noticed that the single-state occupation time densities, when computed via randomization technique
(i.e. multiple infinite sums) can often be represented via modified Bessel functions of the kind

> 1 7\ 2k+p
Ip(z)=27<*) forp > —1.
kM (k+p+ 1) \2

It was observed in Section II.7 of Feller (1971) that for a continuous-time random walk on Z, the first passage time T, is
distributed according to the Bessel density function v, (t) = e*‘%IT(t), wheret > 0,1 € Zis a state,and I_, = I;. As it was
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the case with the first passage times, the Bessel density functions for occupation times of a two-state Markov process can
be obtained as a Poisson randomization of Gamma densities. In this paper, we use spectral theory in an attempt to find an
analytic explanation for the relationship between occupation times and Bessel density functions. We will show a connection
between a spectral measure of a generator and a Laplace transform of a single-state occupation time distribution taken with
respect to a time variable ¢.

2. Approach and results

In this section we will state the results that relate occupation times to the spectral measure of a generator, we will present
a closed-form solution for a one-dimensional symmetric random walk in Theorem 2.2, and discuss the connection between
occupation time distributions and modified Bessel functions.

2.1. Spectral representation and occupation times

Consider an irreducible continuous-time Markov process with generator Q over the discrete countable state space
£2 =1{0,1,...}. Let {4;}i je denote the rates. For a given time interval [0, t], the random variable representing the time
spent at the site O is called an occupation time at 0. Let fi (t, x) denote the probability density for the occupation time at state 0
if the continuous-time process commences at state k. We will use the standard notation for the basis vectorsey = (1,0, ...)T
ande; = (0,...,0,1,0,..)%

Our first result characterizes the single-state occupation time density fo (¢, x) as follows.

Theorem 2.1. The Laplace transform of fo(t, X) w.r.t. time variable t can be written as

1 X
b, (s, %) = %exp {_h(s)} fors >0,

where h(s) = — ((Q — sI)"eg, e).

The domain of h(s) is the resolvent set of Q. It was observed that if Q is a bounded reversible Markov process then —h(s)
is a Herglotz function, i.e. it maps C,. into C.. As all such functions h can be represented uniquely as

d
hs) = — / LD sy 2 0), (1)
(—00,0] X—S

where . is a probability measure with compact support in (—oo, 0]. See Gorbachuk and Gorbachuk (1997), Karlin and
McGregor (1957a,b), Deift (2000), Kovchegov (2009), and references therein.

Example (Two-state Markov Processes). Consider a two-state Markov process with the generator Q = (;x x_ M). There

Q—-sH 1= ﬁlu)s (“:5 Ais) and Theorem 2.1 implies

b, (5, %) = e XoHeshi 4 o G
S+ u
Now, Eq. (29.3.81) in Abramowitz and Stegun (1972) contains the following Laplace transforms
1 a 1 a
/ Io(2+/at)e™P'dt = —er and / 711 zf) e Pldt = (eﬁ - 1) ,
0 p ﬁ
which can be rewritten as e“”‘le% = j;oo Io(24/a(t — x))e P'dt and

e PXe §— aPx + [/
Plugging ina = Aux and p = s + u, we obtain
1

ZX o]
EELERPC LN / Iy (2 ux(t — x)) e~ TWiqe
S+ u x

= (2 alt — ))e””dt.

and

Iy (24/Apx(t — )
—><(s+u)es+M —e (5+#)X+m/ e~ G+mtge.
JVE—X
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Thus

Aux
fo(t, x) = e 8,(x) + e e HE=N ] (2 aux(t — x)) + ./ ; s L (2 Aux(t — x)) e MemHt=0
—X

forO0 <x <t.
The above equation was originally derived in Pedler (1971) via two-dimensional Laplace transforms. One can also derive
it via randomization, where the infinite sums are easily recognized to be the corresponding modified Bessel functions.

2.2. Occupation times for simple random walks and other reversible processes

Surprisingly the one-state occupation time density for a one-dimensional simple nearest-neighbor random walk has a
closed-form expression in Bessel density functions. For our next result, we consider

—-r T 0 0

Q= ,  wherer > 0.

Theorem 2.2. The zero-state occupation time density for a simple nearest-neighbor random walk with the above infinitesimal
generator can be expressed via modified Bessel functions as follows:

fot x) = e85, (x) + re@ D=2y (zJ(r 0+ (r— 1)x))
1t

+ JE=x)(C+ T = Dx)

eC-nr-at (2\/@ —X)(t+ (- 1)"))

for x € [0, t].

Observe that r = 1 represents the case of a simple continuous-time random walk on Z, while the zero-state occupation
time for r = 2 corresponds to the case of a simple random walk on Z.

Now, suppose Q is a bounded reversible Markov process such as the above random walk. Then h can be represented
uniquely as in (1). The (spectral) probability measure w has bounded support, say supp(u) C [—K, 0]. Let mg, mq, ...
denote the moments of the spectral measure pu, i.e.

m; = / (—xYdu(x).
(—00,0]

Then, for any z € C \ (—o0, 0] such that |z| > 2K,
1 z
h(iz)  1—mz7 ' 4+myz2 —

- =z+my — (mp - m3z '+ ¢z Nz

Recall Theorem 2.1. We will consider the inverse Laplace transform of a function Fy (¢, x), whose Laplace transform, (s, x) =

%exp {—% } There fo(t, x) = —%Fo(t, x). Take a > 2K and 0 < x < t, then the inverse Laplace transform
1 a+ioo
Fo(t, x) = —exp {z(t —x) — mix + (my —mxz~" —xp(z "z} dz
0 2mi z P ! 2 1
—ioo

Expanding e *¢ 77? — 1 + > i, vk(x)z 7, we obtain

Fo(t, x) = e ™*], (2\/(m2 m)(t — x)x) + e~ M Z V(%) (ﬁ) I (2\/(m2 m3)(t — x)x)
2

by (29.3.81) in Abramowitz and Stegun (1972). However, even in the case of a simple random walk, it is not obvious that
the above expansion in Bessel functions using the moments of u can be simplified to that of Theorem 2.2. In general,
the following question is still to be fully explored: what properties of © would allow for a closed-form expression of the
occupation time via Bessel density functions? It seems possible to exploit the connection between spectral probability
measure u and the occupation time densities for a wider class of time reversible stochastic processes. Another interesting
direction is to learn more about reinforced processes (see Kovchegov (2008) and references therein) as they can be
interpreted as occupation time driven processes.
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Next we would like to discuss the limit behavior of fy(t, x) ast — oo. Givent > 0, let Z(t) denote the occupation time
variable governed by the distribution fy(t, x) as derived in Theorem 2.2. As we will see in the proof of the theorem (Eq. (4)),

2 1
h(s) = =s%L <7> ,
(2 —r)s+r4/s2+4s s
where @ = 1/2 and L(1/s) is a “slowly varying” function (see Karlin and McGregor (1962) and Darling and Kac (1957)) that

converges to 1/r ass — 0-+. Hence, as it was the case in Karlin and McGregor (1962), this h(s) satisfies the main assumption
for the following limit theorem in Darling and Kac (1957):

. ( Z(t) )
lim P <u| = Gy(u),
t—o0  \ h(1/t)

where G, (u) denotes the Mittag-Leffler distribution,

1 u -1 n—1
Gy (u) = —/ Z =D I'(an + Dy" !sin(nra)dy.
o Jo =1 n!

Now, since we have obtained the closed-form solution in Theorem 2.2, we observe that here, the Darling—Kac limit theorem
can be derived as follows. Given u > 0,

P( Z(t) - u) _ /uf (t, h(1/t)y)h(1/t)dy
h(1/t) — 0 o .

Since h(1/t) = ¥£(1 4 o(1)),

fo(t, h(1/O)y)h(1/t) = /te@ MY =2[1,2t0) (14 0(1)) + [(2t@) (1 + o(1))],
where

2-r r? 2.2 .2 ~1
¢ =/ —hQ1/t)y/0)(1+ (= Dh(1/t)y/t) =1 — ?h(l/f)ﬂf - g[hﬂ/f)] Yo/t 4 o(t).

V4

Weuse I, (z) = JZ?

limP( A0 <u>—i/ue_y72d = Gyp(u)
o \h(y ~ ) T Um Sy YT

via the dominated convergence theorem.

(1 + o(1)) as in equation 9.7.1 of Abramowitz and Stegun (1972) to obtain the limit

3. Proofs

Proof (Theorem 2.1). Observe that the integral equations relating {f(t, x)}x=o,1.... can be produced via conditioning as
follows:

- 2 domt t = 3 hom)y
fo(t,x) = e mm#l Se(x) + Z / fult =y, x — Y ho e ™m0 dy,
k:k£0 ¥ 0
—( Z .)‘j.m)t t —( Z .)‘j.m)y .
fitt,x) =e mmA do(x) + Z/ fit =y, X)Aj e mmA dy forj=1,2,....
k:kz£j ¢ 0

We plug in { = t — y into the above equations, take the Fourier transform with respect to x, and simplify to get

(X rom—is2)t t (X Aom—is2)¥
e folt.s) =1+ / FeWr 52) k0 18 ™ dy,
k:ks£0 V0
(X mt, t, (X Hmv
e mmA f,-(r,sz)=1+2ffk(w,sz))\,-,kemrm# dy forj=1,2,....
ki /0

We differentiate w.r.t. variable t, and obtain

n 0 ~ n
( Z Aom — iSz)fo(f, S2) + 5fo(f,52) = Z Aokfi(t, s2),

m:m=#0 k:k#0

o 0 A ~
( Z )xj,m)f}(t, S7) + af}(f, Sy) = Z )\.j,kfk(f, ) ((=1,2,...).

m:m#j k:kj
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We observe that ﬁ(O, s,) = 1 for allj. Our next step is to take the Laplace transform w.r.t. variable t:

( Z Ao,m +S1 — isz) by (s1,52) =1+ Z Ao kks, (515 82),

m:m#0 k:k#0
( D Aim +s1) b (s1.52) = 14 ) dikky 51,5 G=1,2,..).
m:m#j k:k#j

The above system of equations can be rewritten via the spectral decomposition of the generator operator Q as follows. Let
iz (s1,52)
fo 1

L(s1,5) = b 6152 | and 1 = 1 . We proved the following spectral identity

ks, (51, 52)
0
Q —siDtp(s1,52) = —1 —isy 0 . (2)

Thus £(s1,52) = —(Q — 51071 —isp &, (51,52)(Q — s11) "'ep and

b, (51,52) = — ((Q —s1D)7'1, ) — isa k5, (51, 52) ((Q — 511) "o, €o) -

Therefore the Laplace-Fourier transform of fy can be represented as

—((Q =171, e)

E (51,82) = : . (3)
o 1+is2 ((Q — s11) e, €o)
Since %(Q — 511)1 = —1, the expression in (3) can be simplified to
1/51
b (51,82) = —7—,
o (1 52) 1 —isyh(sy)
where h(s) = — ((Q — s e, eo). The Fourier transform can be inverted via complex integration over a lower semi-circle

contour with the radius converging to infinity, thus giving us

1 X
o = s |

Proof (Theorem 2.2). In the case of a simple random walk, Eq. (2) translates as

1

Lz (51,82) = p — L2 (51,8
7o (51 52) r+s;—is; r+s;—is 7, (51.52)
G515 = s o b (515 + oo b (552)
£ (51,8) = —— + —— L (51, S —1; (51,8
A A e
1 1 1
L: (51,82) = +—% (51,8)+ —% (51,8 k=1,2,...
4.(51, 52) 245 2 fo,(51,52) s fera 51,52) ( )

where L, (s1, S2) again denotes the Laplace transform in the first variable t and the Fourier transform in the second variable
x of fi(t, x). The functions [y (s, s2) = tp (s1,82) — i satisfy the following recurrence relation

ly—1(s1, s
2+Slkl(l 2)+2+s1

l(s1,52) = liy1(s1,82) (k=1,2,...).

Observe that; (s1,0) = fo oo, S € "1fi(t, x)dxdt = i and

) . 1
L (51,5) = / / e SIHIRXE (f x)dxdt — / /e‘“”“z"éo(x)dxdt = — ask— oo.
g [0,400) /R [0,4+00) JR S1
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k
2+sl—./s%+451

> ) as s; > 0. Thus the top recurrence

1 2481 — /3 +4s1 1
(Lfo(susz) - *) +
$1

That is, I (s1, s2) — 0as k — oo and therefore [, (s1, s3) = ly(s1, S2) <

equation reads

1 r

— + -
r+s1 — 1S r+s4 — 1S

(2 —1)sy +1y/s? + 45,

2+ (2 —1)sy +ry/s? +4sy)

L (S1,82) =
fo(l 2) 2 st

and therefore

i
b (S1,82) = — -
fo(l 2) 251

Once again, using complex integration, we invert the Fourier transform

(2 —r)sy +1y/s% + 45, X
Lp (s1,%) = exp{—i <(2—r)s1+r,/sf—|—4s1)}.

251
Here the spectral measure will satisfy
/ dux) -2 (@)
(—00,0 X —S 2—r)s+rvs2 +4s

We will now invert the Laplace transform by decomposing t, (s, X) as follows

2t Loy b s,
p— r N
2 1 2 i i

’Lfo (Sla X) =

where

X x [
:P,:exp{—E(Z—r)s]}-exp —Er s1+4si¢p,

1 X X [
ﬂ:ziexp{—f(Z—r)ﬁ}-exp —=14/sT + 451
S+ 4sy 2 2

and
P =

1 X X N
7exp{—f(2—r)51]-exp ——=Ty/s1+4si¢.
/7 A+ 4s1 2 2

We will quote a Laplace transform formula (29.3.91) in Abramowitz and Stegun (1972):

o 1 1 e kvsG+a)
eSte 2% [ —ay/t2 — k2 |dt = ——, (k> 0).
/k ‘ <2 ) Jera =0

First we will find the inverse Laplace transform of #;. Taking s = s,a = 4and k = % in (29.3.91) of Abramowitz and
Stegun (1972), we get

(o) 2 7%«/51(51*‘*4)
/ e Site 2y [ 2,/t2 — (g) dt=S"""
5 2 NG

Multiplying both sides of the above equation by exp {— @51 } and changing the variableto t :=t + (Z_Tm obtain

(o]
Py = f e Site@ X2 (2\/(t —x)(t+ (r — 1)x)) dt. (5)
X
Therefore, the inverse of &y is

L7 ) = 2 (2 =0+ (T = DY) - Ty

We differentiate % and integrate by parts in (5):

- (8 (e 21y (21 =0+ (= 1) - 1{x§t}]) =y —e e

at
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Hence

L7 = e B(t =) — 262y (2/ =W+ T = DY) - Ty
2t— 2 —rn)x
+
VE=0)(+ = 1Dx)

In order for us to invert &, we will need (29.3.96) of Abramowitz and Stegun (1972), that states the following
o ak V-2
P ——— (a\/ 2 — k2) dt = e WS¢ a7k (k> 0).
/k V2 — k2 !

Herewelets =s; +2,a=2and k = % thus obtaining

2
L2 t2—(3> dt.
2

eC-nr-2r (2\/ (t =Xt +(r— 1)")) st

rxe 2t

Ve- ()

Once again changing the variableto t ;= t + (2;—”" get

o0
2—
Py =e e +/ =1+ 5%
™

P =e e SN 4 / T et ree® I I (2\/@ — X+ (r— 1)x)) dt
T ; VE—n0C+ T -1

and

rxe(Z—r)x72t

“1(p) =" _ — — .
L) = ot =) ey (V=0 + T =1%)  1uzg

We add up all three terms together, thus proving the theorem. 0O
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