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Abstract

This work deals with the characterization of the mechanical response of the arte-

rial wall. The emphasis is on the anisotropic behavior and functional adaptation

of the tissue which is dominated by the interplay between the external loads, the

underlining morphology, and the interaction between the collagen fibers and the

extracellular matrix. The entire work is developed within the framework of finite

deformation elasticity. Conceptually, the work is composed of three complementing

parts. In the first part a systematic, physically motivated method for implementing

anisotropic constitutive and live tissue adaptation models in complicated geometries

is introduced and implemented in a simple model. The second part is dedicated to

the application of the proposed model in a complicated finite element model of the

human carotid bifurcation, and analysis of its mechanical response. In the last part,

seeds of a micromechanics based model are developed in terms of an exact solution

for the out-of-plane shear problem in a soft tissue reinforced with a single family of

fibers.

Thus initially, a stress-driven model for the relation between the collagen mor-

phology and the loading conditions in arterial walls is proposed. We assume that the

two families of collagen fibers in the arterial walls are aligned along preferred direc-

tions, located between the directions of the two maximal principal stresses. As an

example the remodeling of a section of a human common carotid artery is simulated.

The determination of the collagen fibers’ directions is carried out with the aid of an

iterative finite element based procedure. We find that the predicted fiber morphology

correlates well with experimental observations. Interesting outcomes of the model

including local shear minimization and the possibility of axial compressions due to

high blood pressure are revealed and discussed.

The aforementioned stress-driven remodeling model is also implemented for simu-

lating the overall structure and mechanical behavior of a human carotid bifurcation.

By means of an iterative finite element based procedure collagen fibers directions and

maximal principal stresses are computed. We find that the predicted fibers’ archi-

tecture at the cylindrical branches and at the apex of the bifurcation correlates well



with histological observations. Some insights concerning the mechanical response of

the sinus bulb and the bifurcation apex are revealed and discussed. The results are

compared with other, isotropic and orthotropic models available in the literature.

Finally, the response of a neo-Hookean fiber composite undergoing finite out-of-

plane shear deformation is examined. To this end an explicit close form solution for

the out-of-plane shear response of a cylindrical composite element is introduced. We

find that the overall response of the cylindrical composite element can be charac-

terized by a fictitious homogeneous neo-Hookean material. Accordingly, this macro-

scopic response is identical to the response of a composite cylinder assemblage. The

expression for the effective shear modulus of the composite cylinder assemblage is

identical to the corresponding expression in the limit of small deformation elasticity,

and hence also to the expression for the Hashin-Shtrikman bounds on the out-of-

plane shear modulus.

keywords: Soft biological tissues, Carotid artery bifurcation, Finite element method,

Remodeling, Mechanical stress, Collagen fibers, Micromechanics, Hyperelastic com-

posite
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Chapter 1

General Introduction

1.1 Motivation

Among the important issues in the study of the mechanics of arterial tissues (or any

other soft biological tissue) is the formulation of an accurate constitutive description.

In recent years there is a growth in the interest in the mechanical behavior of the

arterial wall. This study is motivated by the hypothesis that mechanical factors

may be important in the formation of atherosclerosis, a disease in which a fatty

layer (called plaque) is attached to the inner surface of the artery (Humphrey 2002).

This disease is the major cause of human mortality in western countries (Holzapfel

et al. 2000a). The understanding of these mechanical factors requires a reliable

constitutive model for the artery. Moreover, clinical treatments like percutaneous

transluminal angioplasty (Block 1984) can be studied in detail only if a reliable

constitutive model for the arterial wall is available.

As pointed out by Humphrey (2002), atherosclerotic plaque (which consists mainly

of fatty substances and calcium) is often found, in clinical practice, at arterial bifur-

cations. Likewise, intracranial saccular aneurysms (local dilatations of the arterial

wall, sometimes until rupture) often occur at bifurcations. It is important then, that

constitutive models and stress analyses will be addressed to sites of complex geom-

etry, and not only to straight segments. Unfortunately, there are only a few such

studies reported in the literature. Thus, the motivation for the research of bifurca-

tions is best summarized by Humphrey and Na (2002): ”...the complex geometry

6



Figure 1.1: The location of the carotid bifurcation.

and time-dependent traction boundary conditions within the bifurcation prohibit

an analytical solution, thus forcing one to resort to complex finite element models.

Collection of the requisite data and developing appropriate computational models of

stresses in normal and diseased bifurcations are thus critical unresolved problems”.

Among many bifurcation sites along the arterial tree, the carotid artery bifurca-

tion is very important, mainly because of the proximity to the brain (see Fig. 1.1).

If the artery is narrowed more than 70% the chance of a stroke is about 26% over two

years. Additionally, an increase of the artery stenosis (narrowing) may also result

in a temporary loss of vision in one eye and a temporary neurologic deficit such as

weakness, numbness or difficulty in speaking (from Mayo Clinic web site). The most

comprehensive analysis of stresses in a carotid bifurcation, up to date, was carried

but by Delfino et al. (1997). Despite a few limitations this study is a landmark for

finite element analyses in vascular mechanics (Humphrey 2002).

The objectives of this study are to introduce a novel methodology for collagen

fiber remodeling in soft tissue, and to find a way to implement this approach in
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complicated geometries throughout the vascular tree. Additionally, an initial step

toward a complete micro-to-macro constitutive formulation for multi-component soft

biological tissue is introduced. In the following a new isotropic constitutive model

is introduced and discussed. This model will be used as a starting point for our

structurally based approach and also will be used for comparison reasons. Next,

a stress-driven remodeling model will be introduced. The proposed model was re-

cently published in the journal of Biomechanics and Modeling in Mechanobiology.

This model will be used to simulate the response of a human carotid bifurcation in

the subsequent chapter. These results were recently published in the Journal of The-

oretical Biology. The micromechanical problem will be formulated and solved, for a

specific geometry and loading conditions, in the final chapter. This chapter was also

recently summarized in a paper published in Physics Letters A. An enhancement of

the proposed micromechanical approach was recently carried out and published in

the Journal of the Mechanics and Physics of Solids.

1.2 Arterial histology

Generally, arteries are subdivided into elastic and muscular types. Elastic arteries

are located close to the heart and have relatively large diameters (for example, the

aorta and the carotid arteries). Muscular arteries are located at the periphery and

have smaller diameter (femoral and cerebral arteries for example). However, some

arteries have the morphological structure of both types. The arterial walls of elastic

arteries are composed of three layers; intima, media and adventitia. Fig. 1.2 is an

illustration of a healthy elastic arterial segment. A detailed review on blood vessels

architecture can be found in Rhodin (1980).

The innermost layer is the intima. It consists of a single layer of endothelial

cells lying on top of a thin basal lamina. There exists a subendothelial layer whose

thickness varies with topography, age and disease, but in healthy arteries it can

hardly be found. The intima, in healthy young individuals, has no contribution to

the mechanical properties of the arterial wall. Nevertheless, it is emphasized that

the intima gets thicker and stiffer with age (arteriosclerosis) so that its contribution

to the overall stiffness may become significant. Moreover, atherosclerosis, which is
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basically a build-up of plaque attached to the intima, is associated with significant

alterations of the mechanical properties of the arterial wall.

The media (central layer) is a complex three-dimensional network of smooth

muscle cells, and elastin and collagen fibrils. The media is subdivided, by elastic

laminae, into concentrically fiber-reinforced medial layers. Toward the periphery the

number of the elastic laminae decreases. Internal and external elastic lamina separate

the media from the intima and adventitia, respectively. The overall components give

the media a small-pitch helix structure and reinforcement in the circumferential and

longitudinal directions. The media is the most significant layer from the mechanical

point of view.

The adventitia is the outermost layer, which consists mainly of ground substance,

fibrous tissue (made out of thick bundles of collagen) and cells that produce collagen

and elastin (fibroblast and fibrocytes). A connective tissue surrounds the adventitia.

The thickness of the adventitia strongly depends on the topography, the physiolog-

ical function of the vessel and the type of the vessel. In cerebral blood vessels, for

example, there is no adventitia. The collagen fibrils are helically arranged and rein-

force the wall. Those fibrils contribute significantly to the stability and strength of

the arterial wall. At low pressures the media is stiffer than the adventitia. However,

at high pressures the adventitia stiffens significantly and prevent the artery from

overstretch and rupture (Holzapfel et al. 2000a).

1.3 Mechanical behavior

Arteries are inelastic, inhomogeneous, anisotropic and nonlinear materials. When

subjected to cyclic loading they show hysteresis. Under constant strain they show

relaxation and under constant stress they show creep (Fung et al. 1979). In view

of experimental results arteries are incompressible within the physiological range

(Carew et al. 1968), probably due to large volume fraction of water in biological

tissues (Humphrey 2003). There are residual stresses in arteries. When removed

from the body they shrink and when cut radially they spring open (Chuong and

Fung 1986, Fung 1990). For some additional general aspects concerning biomechanics

of soft biological tissues the reader may refer to Humphrey (2002), Weiss (1994)

9
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Figure 1.2: The components of a healthy elastic artery as described in Holzapfel et

al. (2000a).

and Holzapfel (2000a) among others. As mentioned, the composition of arteries

is not constant and therefore the mechanical behavior of the vessel depends on its

anatomical site. Nevertheless, the general mechanical characteristics of arteries are

the same.

This work is concerned with the in vitro passive behavior of arteries. Therefore,

in vivo effects such as nerve control, vasa vasorum and perivascular support are not

accounted for. The typical passive stress-strain response of a circumferential medial

strip subjected to uniaxial cyclic loading is shown schematically in Fig. 1.3. This

figure is taken from Holzapfel et al. (2000a), where the mechanical behavior of arterial

wall is discussed. It is seen in the figure that after a few loading cycles the cyclic

behavior becomes nearly repeatable. The stress softening at the first few cycles is

called ’preconditioning’. After the tissue is preconditioned the arterial behavior can

be regarded as pseudoelastic (Fung et al. 1979) (refer to the repeatable pattern up

to point I in Fig. 1.3). The pseudoelastic approach is very useful because we can use

the theory of finite elasticity to separately describe the ”loading” and ”unloading”

behaviors of arteries under cyclic loading conditions. The material actual response
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Figure 1.3: A typical one dimensional passive stress-strain response for circumfer-

ential strips taken from the media under cyclic loading condition (from Holzapfel et

al. 2000a).

is denoted by the regular solid lines while the bold solid lines are the approximated

engineering response. Inelastic effects (elastoplastic and/or damage mechanisms),

up to the points denoted by II and III in Fig. 1.3, are beyond the scope of this

work and hence will not be discussed. Details concerning this region can be found

in Gasser and Holzapfel (2002). The typical exponential stiffening effect (in healthy

arteries, at high pressure due to the collagen reinforcement) is clearly seen in the

elastic domain (note the engineering response up to point I). Additionally, note that

the range of physiological loading is within the elastic part of the arterial behavior.

1.4 Continuum-mechanics background

In vivo the artery is a pre-stretched material under an internal pressure load which

exhibits large deformations. We emphasize, after Humphrey (2003), that ”constitu-

tive relations describe the behavior of a material under conditions of interest, not the
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material itself”. Under particular conditions and from a practical stand point it is

sufficient to model tissues’ behavior within the context of finite elasticity or finite vis-

coelasticity. Moreover, Cox (1975) concluded that the inelastic effects are moderate

in large arteries whose deformations do not exceed the physiological deformations by

much, and under a passive state of vascular smooth muscle. We proceed then, with

the theoretical framework of finite elasticity to describe the continuum biomechanics

of arterial tissue.

Although Roy (1880) concluded that ”with animal tissues (excepting bone) this

[Hooke’s] law does not hold good”, it was not until after World War II that the foun-

dations of the nonlinear continuum mechanics were coined, and a proper nonlinear

elasticity could be employed to explore soft tissues. An extensive description of this

discipline can be found in Truesdell and Noll (1992), Malvern (1969) and Green and

Adkins (1970) among others. In the next paragraphs we summarize some basic topics

in the theory of nonlinear continuum mechanics that will be employed subsequently

in the description of soft arterial tissue and in latter stages of this research.

Consider a reference configuration Ω0 of a continuum body. Let χ : Ω0 → R
3

denote the deformation which transforms a material point X ∈ Ω0 to a position

x = χ(X) in the deformed configuration Ω. Further, let

F(X) = ∂χ(X)/∂X (1.1)

be the deformation gradient such that J(X) = detF > 0 is the volume ratio. The

right and left Cauchy-Green strain tensors (Truesdell and Noll 1992) are, respectively,

C = FTF, B = FFT . (1.2)

An elastic material (independent of the deformation history) is said to be hyperelastic

if there exists a stored or strain energy function of the form,

Ψ̃(F) = Ψ̂(B) = Ψ(C), (1.3)

from which the stress can be derived directly by means of the Clausius-Planck form

of the second law of thermodynamics (Coleman and Noll 1963). If the hyperelastic

material is isotropic then the requirement

Ψ(C) = Ψ(QCQT ) (1.4)

12



must be satisfied for all symmetric tensors C and orthogonal tensors Q. If the

isotropic condition (1.4) is satisfied the strain-energy function (SEF) can be expressed

in terms of the principle isotropic invariants of its argument (Truesdell and Noll 1992),

such that

Ψ = Ψ(I1(C), I2(C), I3(C)), (1.5)

where the three principal invariants of the right Cauchy-Green strain are given by

I1(C) = trC,

I2(C) =
1

2
[(trC)2 − tr(C2)],

I3(C) = detC = J2.

(1.6)

For hyperelastic materials the second Piola-Kirchhoff stress is given by

S = 2
∂Ψ(C)

∂C
. (1.7)

By means of the chain rule and (1.5) the second Piola-Kirchhoff stress can be written

as

S = 2
3∑

α=1

∂Ψ

∂Iα

∂Iα
∂C

. (1.8)

The terms ∂Iα/∂C can be derived from (1.6) to be

∂I1
∂C

= I,

∂I2
∂C

= I1I −C,

∂I3
∂C

= I3C
−1,

(1.9)

where I is the second-order identity tensor. Substituting (1.8) and (1.9) into con-

stitutive equation (1.7) gives a general stress relation in terms of the three strain

invariants for isotropic, compressible hyperelastic materials (Ogden 1997), i.e.

S = 2[(Ψ1 + I1Ψ2)I − Ψ2C + I3Ψ3C
−1]. (1.10)

Here, the notation Ψα = ∂Ψ/∂Iα (α = 1, 2, 3) has been introduced. The Cauchy

stress σ follows from the second Piola-Kirchhoff stress S by the Piola transformation

σ = J−1FSFT . With some tensor manipulations we deduce from (1.10) and the

Piola transformation that

σ = 2J−1[I3Ψ3I + (Ψ1 + I1Ψ2)B− Ψ2B
2]. (1.11)
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If the material is incompressible, an appropriate assumption for soft biological

tissues, the volume ratio is constrained such that J2 = I3 = 1. The SEF is then

Ψ = Ψ′(I1, I2) − 1

2
p(I3 − 1), (1.12)

where p is an indeterminate Lagrange multiplier arising as a workless reaction to

the kinematic constraint on the deformation field. The scalar p can be identified as

a hydrostatic pressure and may only be determined from the equilibrium equations

and the boundary conditions. It is important to note that the reaction to the in-

compressibility constraint is arbitrary and not the entire pressure. This is because

dilational stress might arise from shear deformations. Following steps analogous to

those led to (1.10) and (1.11), together with the constraint I3 = 1, we find that

S = 2(Ψ1 + I1Ψ2)I − 2Ψ2C − pC−1, (1.13)

and

σ = 2(Ψ1 + I1Ψ2)B − 2Ψ2B
2 − pI. (1.14)

The SEF Ψ must satisfy the consistency or normalization conditions at the ref-

erence configuration (Ogden 1982, Holzapfel 2000b), that is

Ψ(C) = 0,
∂Ψ

∂C
= 0 at C = I. (1.15)

These conditions require that the strain-energy and the stress vanish at the reference

configuration. The requirement of a stress-free reference configuration (the second

of (1.15)) together with (1.7), (1.10) and the fact that at reference configuration

I1 = I2 = 3 and I3 = 1, yields the condition

Ψ1 + 2Ψ2 + Ψ3 = 0 at C = I. (1.16)

As mentioned, under the incompressibility assumption the stresses are determined

only up to an arbitrary pressure p. Hence, the reference configuration can support a

pressure-like stress equal to the Lagrange multiplier p. In view of (1.13), condition

(1.16) reduces to

Ψ1 + 2Ψ2 = 0 at F = I. (1.17)

The combination of incompressibility and large deformations presents extreme

difficulties for a displacement-based finite element method. This is because the con-

straint J = detF = 1 on the deformation field is a highly nonlinear one. Further,
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the reaction to the incompressibility constraint is not the whole hydrostatic pres-

sure (as in the linear isotropic case) because additional component of the hydrostatic

stress may arise from shear deformation. Hence, a displacement-based finite element

scheme can not handle properly problems of incompressible and nonlinear soft bio-

logical tissues. To overcome these difficulties the dilatational and deviatoric parts of

the deformation gradient should be decoupled, so that separate numerical treatments

can be applied to each part. The difficulties associated with the implementation of

displacement-based finite element methods for nonlinear hyperelasticity are discussed

by Weiss (1994).

Following Flory (1961), we split the deformation gradient F via the multiplicative

decomposition

F = (J1/3I)F̄, (1.18)

into dilatational (volume-changing) and distortional (volume-preserving) parts, re-

spectively. From (1.18) the strain tensors can be decoupled similarly in the form,

C = J2/3C̄, C̄ = F̄T F̄, (1.19)

B = J2/3B̄, B̄ = F̄F̄T . (1.20)

F̄, C̄ and B̄ are the modified deformation gradient and the modified right and left

Cauchy-Green strain tensors, respectively.

Next, we assume the decoupled form of the SEF for a slightly compressible ma-

terial (e.g., Simo et al. 1985, Holzapfel 2000b),

Ψ(C) = U(J) + Ψ̄(C̄), (1.21)

where U is purely volumetric (or dilatational) contribution and Ψ̄ is purely isochoric

(or distortional) contribution. In general volumetric and isochoric responses are

coupled. Therefore, this assumption is based mainly on mathematical convenience

and allows the elasticity tensor and the tangent stiffness used in the finite element

method to be expressed in a reduced form (e.g., Weiss 1994). Additionally, in such

a representation the hydrostatic pressure can be easily decoupled from the stresses.

Nonetheless, this assumption has been shown to provide a good approximation for

many slightly compressible hyperelastic materials (Weiss 1994). It is further noted
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that in the limit of fully incompressible behavior, the uncoupled and coupled SEFs

are equivalent, but the stresses may differ by an isotropic component, as will be

demonstrated in the following paragraphs (e.g., equation (1.14) versus (1.32)).

By means of the third of (1.6), the third of (1.9) and the chain rule we arrive at

∂J

∂C
=

1

2
JC−1. (1.22)

Using this result together with the inverse of the first of (1.19) and the chain rule

we obtain the fourth-order tensor

∂C̄

∂C
= J− 2

3 (I − 1

3
C ⊗ C−1), (1.23)

where, in index notation, IIJKL = (δIKδJL + δILδJK)/2, is the fourth-order identity

tensor which assign to any second-order tensor its symmetric part and δIJ is the

Kronecker delta. We use (1.7) and the above results to obtain, via some tensor

manipulations, the decoupled form of the second Piola-Kirchhoff stress (which is the

sum of the volumetric and isochoric contributions, respectively),

S = Svol + S̄ = p̃JC−1 + 2J− 2
3 Dev

(∂Ψ̄
∂C̄

)
. (1.24)

Here the hydrostatic pressure p̃ = dU/dJ is the entire dilational part of the stress

tensor. It is emphasized that in contrast with incompressible materials, the scalar

function p̃ is specified by a constitutive equation and is generally different from the in-

determinate Lagrange multiplier (p) introduced earlier. The operator Dev(•), which

extracts the deviatoric part of a second order tensor in the reference configuration

(Lagrangian description), is defined by

Dev(•) = (•) − 1

3
[(•) : C̄]C̄−1. (1.25)

By a push-forward operation (Piola transformation) of (1.24) the Cauchy stress

becomes

σ = σvol + σ̄ = p̃I + 2J−1dev
(
F̄
∂Ψ̄

∂C̄
F̄T

)
. (1.26)

where

dev(•) = (•) − 1

3
[(•) : I]I, (1.27)

is the deviatoric operator at the current configuration (Eulerian description).
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For an isotropic material the SEF (1.21) can be written in terms of the modified

invariants, i.e.

Ψ = U(J) + Ψ̄(Ī1(C̄), Ī2(C̄)), (1.28)

which defined, similarly to (1.6), as

Ī1 = trC̄ and Ī2 =
1

2
[(trC̄)2 − tr(C̄2)] (1.29)

From these definitions together with the first of (1.19) we deduce that

Ī1 = J− 2
3 I1, Ī2 = J− 4

3 I2 and Ī3 ≡ 1. (1.30)

Clearly, for an incompressible material, these invariants are equivalent to their coun-

terparts defined by (1.6).

Next, we express the derivatives of the modified invariants in a manner similar

to the followed in (1.9). The term ∂Ψ̄/∂C̄ may be evaluated by the chain rule as in

(1.8). Substituting this term via (1.25) into (1.24), the second Piola-Kirchhoff stress,

in terms of the modified invariants, is

S = p̃JC−1 + 2J− 2
3 [(Ψ̄1 + Ψ̄2Ī1)I− Ψ̄2C̄ − 1

3
(Ψ̄1Ī1 + 2Ψ̄2Ī2)C̄

−1]. (1.31)

From (1.26) the Cauchy stress becomes

σ = p̃I + 2J−1[(Ψ̄1 + Ψ̄2Ī1)B̄ − Ψ̄2B̄
2 − 1

3
(Ψ̄1Ī1 + 2Ψ̄2Ī2)I], (1.32)

where we have used the notation Ψ̄α = ∂Ψ̄/∂Īα (α = 1, 2). Note that in this uncou-

pled formulation, for an isotropic material, the condition for a stress-free reference

configuration automatically fulfilled (no analogous condition to (1.17) is needed).

1.5 Constitutive models in finite elasticity

Parallel to the developments in the field of continuum-mechanics after World War

II, extensive research in the field of rubbers and elastomers under finite strains was

conducted, due to technological needs and industrial applications. At room tem-

perature rubber or rubber-like materials are nearly incompressible. Experiments

show highly nonlinear behavior, slight hysteresis, large nearly-elastic deformations,
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and stiffening effect at high loads (Ogden 1982, Ogden 1986). Under cyclic loading

rubber shows preconditioning, known as the Mullins softening effect (Mullins and

Tobin 1957). Under many loading conditions elastomers show relaxation and creep

(Jones and Treloar 1975). Even the thermoelastic characteristics are reminiscent,

rubber and soft tissues shrink when heated (Humphrey 2002). Because of these sim-

ilarities between rubber and soft tissues, finite elasticity is a natural starting point

for studying the behavior of soft tissues. Moreover, because of the ever-increasing use

of elastomers in clinical medicine (fabrication of balloon catheters, artificial arteries,

intraaortic pumps, artificial heart, etc.), finite elasticity is the basic key for the devel-

opment of therapeutic tools and procedures in clinical medicine (Humphrey 2002).

Some classical forms of the SEFs for rubbers are still being used to describe the

non-collagenous matrix part of the artery, often assumed as an isotropic rubber-like

material (Holzapfel et al. 2000a).

Based on statistical mechanical models of long-chain molecular structures and

various idealizations, Treloar (1975) suggested the purely entropic model, known as

the neo-Hookean model,

Ψ = c1(I1 − 3),where c1 = nkT. (1.33)

In this (theoretically based) relation, n is the number of chains per unit volume,

k is Boltzman’s constant and T is the absolute temperature. Hence, the material

parameter c1 is constant for isothermal problems. The name ’neo-Hookean’ is used

because of the resulting linear relation between the Cauchy stress and the left Cauchy-

Green strain tensor (Humphrey 2002). Remarkably, this simple relation describes

the isothermal behavior of rubber up to stretches of about 30%. For comparison,

Hooke’s law, can describe the linearly elastic behavior of metals up to strains of only

0.2% (Humphrey 2002).

Mooney (1940) postulated the following form for Ψ, namely

Ψ = c1(I1 − 3) + c2(I2 − 3), (1.34)

where c1 and c2 are material parameters having the dimensions of stress but no

direct physical interpretation. Mooney’s goal was to determine a simple form of

Ψ that yields nonlinear stress-strain behavior in extension and a linear behavior in
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shear (based on observations). Over large range of strains the Mooney-Rivlin model

provides a better description of the behavior of elastomers than the neo-Hookean

model.

In a landmark paper, Rivlin and Saunders (1951) showed that specific forms of

the response functions Ψ1 and Ψ2 in equation (1.14) could be obtained directly from

an in-plane biaxial experiment. Thus, they introduced a method for experimentally-

based derivation of constitutive relations. It took another 25 years until Rivlin and

Sawyers (1976) suggested the specific form

Ψ = c1(I1 − 3) + c2(I2 − 3) + c3(I2 − 3)2, (1.35)

where c1, c2 and c3 are material parameters. Treloar (1975) and Ogden (1997) provide

detailed explanations about the derivation of relations (1.33), (1.34) and (1.35) for

rubber and other relations based on them.

Finally, Ogden (1997) postulated the following form for Ψ:

Ψ =

N∑
p=1

μp

αp
(λ

αp

1 + λ
αp

2 + λ
αp

3 − 3), (1.36)

where λi (i = 1, 2, 3) are the principle stretches (eigenvalues of the tensor C1/2) and

μp, αp are material parameters. Ogden’s approach is based on the Valanis and Landel

(1967) hypothesize that Ψ can be written as a separable function of the principle

stretches, namely

Ψ = f(λ1) + f(λ2) + f(λ3), (1.37)

where, due to the isotropy of rubber, the specific form of f(λi) is the same. It is

emphasized that Ogden’s model is a generalization, in the sense that the neo-Hookean

and the Mooney-Rivlin models can be obtained as special cases. In biomechanics

Bogen and McMahon (1979) employed the Ogden approach in a study of cardiac

mechanics.

In pioneering research on the mesentery tissue (a thin collagenous membrane

in the abdomen) Fung (1967) showed that if one plotted the uniaxial stiffness (i.e.

dP11/dλ1, where P11 is the uniaxial first Piola-Kirchhoff stress and λ1 the stretch

ratio along the tension direction) versus the stress itself, a nearly linear relationship

is obtained. This immediately suggests an exponential stress-stretch relation. In
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this work Fung also concluded that the behavior of the mesentery tissue is totaly

different from that of vulcanized rubber. Fung et al. (1979) also coined the term

pseudoelasticity to describe the typical mechanical response of soft biological tissues.

After some refinements of the exponential stress-strain theory Fung (1993) postulated

the three-dimensional (3D) pseudo-SEF

Ψ = c(eQ − 1), (1.38)

where Q is a function of the Green strain tensor E = (FTF − I)/2 and c is a

material parameter. The 3D generalization is important in order to account for the

trough-thickness stresses. In view of the first of (1.2) together with (1.7), the second

Piola-Kirchhoff stress can be written in terms of the Green strain, namely

S =
∂Ψ

∂E
= ceQ∂Q

∂E
. (1.39)

Fung (1993) also concluded that the best fit to experimental data is obtained if Q is

a quadratic function of E, in index notation

Q =
1

2
cIJKLEIJEKL. (1.40)

where cIJKL are material parameters. Fung aditionally showed that, of the 81 possi-

ble independent values of cIJKL, 9 are needed for orthotropy, 5 for transverse isotropy

and 2 for isotropy. The material parameters, as for any other constitutive model,

should be derived from a comparison between the functional form of the theoretical

stress-strain relation (i.e. (1.39)) and experimentally measured stress-strain curves.

Finally, for incompressible tissues we can write, as in (1.13),

S =
∂Ψ

∂E
= ceQ∂Q

∂E
− pC−1. (1.41)

There are two basic schools that use different expressions to characterize the

pseudoelasticity of arteries: one uses polynomials and the other uses exponential

functions (Fung et al. 1979). While most authors used different variations of Fung’s

exponential model (Gou 1970, Demiray 1972a, Ayorinde et al. 1975, Kas’yanov and

Rachev 1980, Chuong and Fung 1983, von Maltzahn et al. 1984, Demiray et al.

1988, Delfino et al. 1997, Holzapfel and Weizsäcker 1998), which can be employed for

almost any soft biological tissue, others use polynomial forms that were introduced by
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Vaishnav et al. (1972). For example, a two-dimensional formulation with 7 material

constants (ci, i = 1, 2, ...7) has the form

Ψ = c1E
2
ΘΘ + c2EΘΘEZZ + c3E

2
ZZ + c4E

3
ΘΘ + c5E

2
ΘΘEZZ + c6EΘΘE

2
ZZ + c7E

3
ZZ (1.42)

(Vaishnav et al. 1973), where EΘΘ and EZZ are the components of the Green strain

tensor in the circumferential and axial directions, respectively. Fung (1993) showed

that there is a lack of uniqueness of the material parameters in the constitutive model

(1.42), and concluded that the exponential approach is better (Fung et al. 1979).

Moreover, Holzapfel et al. (2000a) showed that under compressive strains model

(1.42) fails.

Another interesting approach is the logarithmic model of Takamizawa and Hayashi

(1987),

Ψ = −c ln(1 −Q), Q =
c1
2
E2

ΘΘ +
c2
2
E2

ZZ + c3EΘΘEZZ . (1.43)

Again, c and ci (i = 1, 2, 3) are material parameters and EΘΘ, EZZ are the Green

strain components. This function is only applicable for a limited range of defor-

mations because for Q > 1 the function is not defined and when Q = 1, Ψ gets

an infinite value (Holzapfel et al. 2000a). A detailed review summarizing a num-

ber of constitutive models describing the overall passive behavior of the artery is

provided in Humphrey (1995). In a comparison paper between the approaches of

von Maltzahn et al. (1984), Takamizawa and Hayashi (1987) and Chuong and Fung

(1986), Humphrey (1999) concluded that the exponential description, of the passive

behavior of arteries, due to Fung is ”the best available”.

The above mentioned SEFs ((1.38), (1.42), (1.43)) are not a priori convex. Al-

though seldom addressed, the convexity of the SEF is an important issue. In order to

preclude instabilities in the derivation of the stress field, convexity is a fundamental

physical requirement in hyperelasticity. Holzapfel et al. (2000a) discuses the reasons

for non-convexity and a detailed discussion on the convexity of different potentials

used in arterial mechanics. Convexity is also crucial for numerical convergence of

problems solved by the finite element method. A discussion about convexity and

the finite element method is carried out in Weiss (1994) and references therein. A

general discussion concerning the issue of convexity is given, for example, in Ogden

(1997).
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The vast majority of constitutive models used in the literature to describe the

passive behavior of arterial wall are phenomenological, i.e. they describe the artery

as a macroscopic system (as all the models described in the previous paragraphes).

Those models do not take into account the histological structure (or microstructure)

of the artery. Less frequently used are models which account for the specific morpho-

logical structure of arterial walls. Among the first attempts to suggest a constitutive

model based on the microstructure of the artery was the work of Demiray and Vito

(1991). They presented a two-layered cylindrical shell model. Based on a series of

bi-axial tests carried out on medial and adventitial strips from dog’s thoracic aorta,

they postulated an orthotropic symmetry for the media and isotropic symmetry for

the adventitia. Holzapfel and Weizsäcker (1998) suggested a decoupled strain energy

function in which the isotropic response of the elastin and the anisotropic response

of the collagen are taken into account. More recently, Holzapfel et al. (2000a) have

introduced a new orthotropic constitutive model for the description of the passive

response of the arterial tissue. The artery is modeled as a thick-walled nonlinearly

elastic cylinder consisting of two fiber-reinforced layers corresponding to the media

and adventitia. The in vitro residual stress is also accounted for in this model.

An extensive comparison study between the proposed model and two- and three-

dimensional models available in the literature, is also carried out in this article. It’s

found that this model is the most accurate model from a structural point of view.

We note that the implementation of these models for complicated geometries, like

arterial bifurcation, is very difficult.

Inspired by Fung’s exponential formulation, Demiray (1972a) proposed a convex,

isotropic (rubber-like) three-dimensional potential for describing the behavior of gen-

eral soft biological tissues. Delfino et al. (1997) used this potential for investigating,

by means of finite element simulations, the influence of residual strains on stress

distribution in a human carotid bifurcation. This potential, unlike other isotropic

potentials (e.g., Hoppmann and Wan 1970), can represent the typical stiffening effect

in the high pressure domain. By using this potential the predicted response of the

human common carotid artery under extension, inflation and torsion is in good quali-

tative agreement with the experimentally observed data (Holzapfel et al. (2000a) and

references therein). This isotropic potential has the advantage of simplicity, which
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makes it suitable for implementation in a finite element code.
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Chapter 2

Isotropic strain-energy functions

The different layers of the arterial walls are anisotropic due to the arrangement of

the collagen fibers. However, many isotropic SEFs were proposed in the literature

and were used to characterize the mechanical behavior of arterial wall. Some of the

numerical results and the theoretical predictions obtained by using these isotropic

potentials are qualitatively (Holzapfel et al. 2000a) and quantitatively (Demiray et

al. 1988) in good agreement with experimental data.

2.1 An isotropic exponential model

As previously mentioned, the strain-energy potential introduced by Demiray (1972a)

and used recently by Delfino et al. (1997) to describe the human carotid bifurcation,

is isotropic and accounts for the typical stiffening effect at high pressure. This SEF

has the form (Delfino et al. 1997)

Ψ =
a

b

[
exp

( b
2
(I1 − 3)

) − 1
]
, (2.1)

where a > 0 is a stress-like material parameter, b > 0 is a non-dimensional material

parameter and I1 is the first invariant of the right Cauchy-Green strain defined in

(1.6). We note, however, that as was mentioned in (1.17), at the reference configu-

ration the stress must vanish. It can be easily verified that by making use of (2.1)

as a strain potential, at F = I (the reference configuration) we have

Ψ1 =
a

2
. (2.2)
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This violates the requirement for a stress free reference configuration. The material

parameters chosen by Delfino et al. (1997) are a = 44.2 kPa and b = 16.7. In view of

(1.13), we deduce that if this SEF is used the reference configuration is prestressed

with a pressure of 44.2 kPa.

To the best of the authors knowledge, this deficiency of the proposed potential

within the coupled representation has not been reported in the literature. To re-

solve this deficiency we propose the following potential with a quadratic term in the

exponent

Ψ =
a

b

[
exp

( b
2
(I1 − 3)2

) − 1
]
. (2.3)

Here the condition for the stress-free reference configuration (1.17) is satisfied. Po-

tential (2.3) is additionally analytically invertible, in the sense that a complementary

energy function can be obtained from an inversion of a SEF and therefore strain-

stress relationship can be driven directly from a complementary potential. This can

be deduced from the inversion procedure of Fung (1993), where it is shown that

the inversion can be accomplished if the strain-energy is an analytical function of

a polynomial of the strain components of the second degree. It is additionally em-

phasized that from their numerous investigation of different soft biological tissues,

including blood vessels, Fung et al. (1979) and Fung (1979) concluded that experi-

mental results are best described by an orthotropic, exponential SEF, in which the

strain components (in the exponent) are in quadratic form.

Another way to resolve this deficiency is by using the decoupled form of the

strain-energy as in (1.28). Thus, the potential (2.1) is representing only the isochoric

contribution to the strain energy, i.e.

Ψ̄ =
a

b

[
exp

( b
2
(Ī1 − 3)

) − 1
]
, (2.4)

where Ī1 is the first modified invariant of the modified right Cauchy-Green strain,

(1.29). As noted previously, in the decoupled formulation the requirement on a stress-

free reference configuration is automatically fulfilled. By uncoupling the energy and

the stress response a few initial boundary-value problems, with simple geometry,

were solved analytically by Holzapfel et al. (2000a). In this work the mechanical

response (of a human common carotid artery segment) to extension, inflation and

torsion was examined.
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Next, we examine the applicability of (2.4) from a computational view point. In

order to solve geometrically complicated initial boundary value problems we intend

to implement the potential in a mixed finite element code and to enforce incom-

pressibility via the penalty method (Zienkiewicz and Taylor 2000). To enforce in-

compressibility this way a decoupled representation must be used (Weiss 1994). The

main difficulty with the penalty method is that as the penalty number increases, the

stiffness matrix may become ill-conditioned. When modelling materials with expo-

nential constitutive behavior the volumetric terms initially represent a large part of

the constitutive response. The isochoric part of the material response is small. Thus,

a small penalty number should be used at the beginning of the analysis, and increased

as the analysis continues (which is quite inconvenient in practice). Namely, very soft

material response near the reference configuration is observed while implementing

an exponential strain energy function in a finite element code. In such a represen-

tation very small load steps should be applied near the reference configuration to

achieve quadratic convergence of the incremental-iterative solution techniques of the

Newton’s type. This may be quite inefficient from a computational viewpoint.

In view of the numerical benefits of uncoupling the strain energy to volumetric

and isochoric parts, and to overcome the need for an update of the penalty number

we propose the following modified isochoric SEF

Ψ̄ISO =
c

2
(Ī1 − 3) +

a

2b
{exp

[
b(Ī1 − 3)2

] − 1}, (2.5)

where c > 0, a > 0 (stress-like) and b > 0 (non-dimensional) are material parameters.

The neo-Hookean term inside the proposed potential stiffens the material response

near the reference configuration and we can begin the analysis with a sufficiently

large penalty number. Numerical convergence is achieved easily and with no need

for an update during the analysis.

2.2 Application to a common carotid artery

The human common carotid is treated as a single layer, thick-walled cylinder. The

inner radius and the thickness are 3.1 mm and 0.9 mm, respectively (Delfino et

al. 1997). The length is taken to be equal to the inner radius (Holzapfel et al. 2000a).
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The artery material is assumed to be incompressible, hyperelastic and isotropic, for

which the passive behavior is governed by the SEF (2.5). Although the effect of resid-

ual stress in arteries is well-known by now (e.g., Fung 1990), it is not accounted for

at the present, and the load-free configuration is assumed to be stress-free. Inelastic

effects are neglected too.

By means of the mixed finite element method we investigate the behavior of a

carotid artery segment during extension and inflation. It is noted that this problem

can be solved analytically within the decoupled representation. Holzapfel et al.

(2000a) made use of potential (2.4) to solve such a problem. Nevertheless, we proceed

with the finite element method bearing in mind an additional goal, of checking the

capabilities of the proposed potential (2.5) for investigation of more complicated

geometries later on (the carotid bifurcation), where analytical solution can not be

achieved.

A model of a quarter of a common carotid was constructed using FEAP version 7.4

commercial code (Taylor 2002). Four elements were used across the thickness of the

artery’s wall, and ten elements were used along the circumferential and longitudinal

directions. We have used the standard 8 node brick element with finite deformation

capability and mixed formulation. A user-defined material constitutive behavior was

implemented by using the SEF (2.5). The material parameters c, a and b from (2.5)

were calculated using a least-square algorithm to fit the curve obtained via (2.4)

within the range of variation of Ī1, based on the experimental data from Delfino

(1996). The fit is shown in Fig. 2.1. The constants providing the best fit are

c = 36.3 kPa, a = 306.5 kPa and b = 11.6. Standard symmetry boundary conditions

were applied and the model was loaded by an axial stretch and internal pressure.

In situ measurements prior to removal of the artery indicate that the in vivo axial

pre-stretch is λz = 1.1 (Delfino et al. 1997). The internal pressure pi is varied within

the range 0 ≤ pi ≤ 25 kPa. This loading is applied at fixed axial stretches of the

artery varying between λz = 1.0 and λz = 1.2. The incompressibility constraint was

enforced by the penalty method and simultaneously verified for all loading condi-

tions. The variations in the volume were found to be less than 0.32% for all loading

conditions. The reduced axial force F = N − πr2
i pi (where N is the axial force due

to the axial stress and ri is the inner radius) is precisely the force measured during
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Figure 2.1: A curve fit between potential (2.4) (black dots) and the modified potential

(2.5) (solid curve).

inflation tests on arteries and thus can be compared with experimental data directly

(Holzapfel et al. 2000a).

The mechanical response of the carotid artery during inflation and extension is

shown in Fig. 2.2. Fig. 2.2a shows the the internal pressure as a function of the inner

radius for different stretch ratios. In Fig. 2.2b the reduced axial force versus the inner

radius, for different stretches, is plotted. In both figures the FEM results obtained

via the proposed potential (2.5) are depicted by solid curves while the dashed curves

represent analytical results obtained by using potential (2.4) (Holzapfel et al. 2000a).

In both figures the approximate physiological state is depicted by the gray circle.

The predicted responses from both potentials are in good qualitative agreement

with the experimentally observed mechanical behavior of arteries (see corresponding

conclusions in Holzapfel et al. (2000a) and Humphrey (1995)). Fig. 2.2a indicates

that with both potentials the typical stiffening of the artery can be imitated. More-

over, the behavior of the artery as indicated by the finite element implementation

of potential (2.5), is remarkably close to the analytical results of Holzapfel et al.

(2000a). A comparison between the two curves reveals only slight differences. Softer
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response is obtained by using (2.5) for high-pressure regime (from about 14 to 25

kPa), in the sense that at a given inner pressure pi a larger radius ri is determined

(Fig. 2.2a). Interestingly, this result is quite similar to the softening effect due

to the incorporation of residual stresses in the load-free configuration (Holzapfel et

al. 2000a, Humphrey 1995). Another interesting result is the fact that with the pro-

posed potential the curve of the reduced axial force in the physiological pre-stretch

λz = 1.10 is slightly flatter. By using this potential the internal pressure pi has

smaller influence on the reduced axial force F (within the physiological range), see

Fig. 2.2b. It seems reasonable that while the inner pressure vary within the physio-

logically acceptable range, the reduced axial force should change only moderately.

Both potentials are suitable for the representation of the carotid artery. Never-

theless, for the purpose of studying the behavior of a carotid bifurcation by the finite

element method, the SEF (2.5) seems more convenient due to the computational

benefits outlined in the previous section.

Finally, it is known that arterial walls are not isotropic. Orthotropic models

are available in the literature and a new orthotropic constitutive model has been

recently proposed by Holzapfel et al. (2000a). By using this model simple cylindrical

geometries can be studied with a finite element code. However, the choice of the

right fiber orientations (within a numerical model) in complicated geometries such

as the carotid bifurcation is not clear. In these cases the proposed isotropic potential

(2.5) may be used to approximate the mechanical response.

29



0

5

10

15

20

25

30

2.8 3 3.2 3.4 3.6 3.8 4

In
te

rn
a
l 

p
re

ss
u

re
 p

i [
K

p
a
]

Inner radius r
i
 [mm]

z
=1.20

z
=1.15

z
=1.10

z
=1.05

z
=1.00

(a)

-0.5

0

0.5

1

1.5

2

2.5

2.8 3 3.2 3.4 3.6 3.8 4

(b)

R
ed

u
ce

d
 a

x
ia

l 
fo

rc
e 

F
 [

N
]

Inner radius r
i
 [mm]

z
=1.20

z
=1.15

z
=1.10

z
=1.05

z
=1.00

Figure 2.2: The response of a human carotid artery during inflation and extension

using constitutive models (2.5) (solid curves) and (2.4) (dashed curves). Dependence

of the inner pressure (a) and reduced axial force (b) on the inner radius. The gray

circles indicate the approximate physiological state.
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Chapter 3

Stress-driven collagen fiber

remodeling in arterial walls

3.1 Introduction

While the fundamental form of the biological tissue is encoded in the genes, its

final structure and functionality are optimized according to its mechanobiological

environment. In this functional adaptation of the biological tissue the mechanical

environment plays a key role. A known example is the loss of bone mass and muscles

atrophy due to weightlessness. Living tissues continuously change and adapt through

changes in mass and geometry (growth), rearrangement of the microstructure (re-

modeling) and shape (morphogenesis). Extensive discussions concerning these topics

are given in, e.g., Taber (1995) and Cowin (2000). Remodeling, in particular, involves

adaptive changes in material properties through alterations in its internal structure.

For example, under external loads bone and heart muscle change their internal struc-

tures via reorientation of trabeculae and muscle fibers, respectively. Adaptive growth

is thought of as a separate phenomenon (e.g., Taber 1995). Without including the

effect of the mechanical stimuli on the collagen remodeling process, Humphrey (1999)

examined the kinetics of collagen degradation and synthesis in cardiovascular and

other soft biological tissues remodeling.

Cowin (1984) and Huiskes et al. (2000) concluded that in bone mechanics strain

is the critical mechanical factor in growth and adaptation. With respect to soft con-
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nective tissue undergoing finite deformations those ideas were followed by Driessen et

al. (2003), who considered a stretch-based theory to model changes in collagen fiber

content and orientation. It is assumed, therein, that fibers reorient with respect to

principal stretches and collagen volume fraction is increased with mean fiber stretch.

An application of this theory to arteries accounting only for the reorientation effect

was carried out in Driessen et al. (2004). The collagen architecture predicted by this

model resembles the double-helix structure found in arteries. Strain-induced fiber

alignment in man-made tissues are also discussed by Barocas and Tranquillo (1997)

and Seliktar et al. (2003). Recently, Menzel (2005) studied the anisotropic growth

and remodeling of transversely isotropic materials. Based on arguments of stored

energy extremum the anisotropy variable was aligned with respect to the strain field.

Similar ideas were also considered by Kuhl et al. (2005).

A connection between the stresses developing in a tissue, its anisotropic growth

and the alignment of its underlined morphology was discussed by Taber and Humphrey

(2001). Growth models in arteries are based on the assumption that the artery re-

models its geometry to restore circumferential wall stresses (due to pressurization)

and wall shear stress (due to blood flow) to ‘normal’ levels. In this respect Taber and

Eggers (1996) proposed a local growth model and a global approach was introduced

by Rachev et al. (1996). Nonetheless, in both models stress is the biomechanical fac-

tor which drives growth. Naturally, fiber directions will evolve in vivo to optimize the

load bearing capacity while keeping the required compliance. Taber and Humphrey

(2001) further suggest that the properties of the vascular tissue vary across the arte-

rial wall. Since collagen fibers are the main load-bearing constituent in the arterial

wall, from the mechanical viewpoint, changes in the properties are mainly due to

variations in collagen content, orientation, type of fibers and fiber thickness. This

is in agreement with experimental findings indicating that the angle of the collagen

fibers network varies through the thickness of the artery (see, e.g., Holzapfel et al.

(2002b)). The importance of mechanically induced remodeling of collagen fibers was

realized in connection with tissue-engineered blood vessels in the study by Nerem

and Seliktar (2001).

Clearly, remodeling analyses require structurally-based constitutive models which

incorporate collagen fiber alignments for characterizing the mechanical behavior of
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soft connective tissues. Experimentally motivated constitutive models for soft tis-

sues incorporating a distinct number of fiber directions were proposed by Weiss et

al. (1996), Holzapfel et al. (2000a) and Eberlein et al. (2001) among others. Based

on the model by Holzapfel et al. (2000a), Zulliger et al. (2004) incorporated the

waviness of the collagen fibers and accounted for the relative amount of collagen

and elastin in the media. Recently, Driessen et al. (2005) and Gasser et al. (2006)

extended the constitutive formulation of Holzapfel et al. (2000a) by considering dis-

tributed collagen fibre orientations. Micromechanical constitutive models such as

the homogenized models presented in Ogden (1974), Ponte Castañeda and Tiberio

(2000), Lopez-Pamies and Ponte Castañeda (2004) and deBotton (2005) are needed

to gain further insight into the stress and strain fields of the different constituents

composing the artery, to understand the mechanical interactions between them and

to correctly account for variations in collagen content. Recently, deBotton et al.

(2006) determined a micro-to-macro constitutive model, which goes along with the

above mentioned experimentally motivated models.

Motivated by the conclusion of Taber and Humphrey (2001) that stress and

not strain correlates well with growth in arteries we propose a stress-modulated

remodeling model for the collagen fibers in soft connective tissues. Key to this

model is the assumption that local tensile principal stresses are the crucial mechanical

factors in the formation of the collagen fibers network. It is assumed that the collagen

fibers are aligned in the plane spanned by the two directions of the largest principal

stresses and that the angle with respect to the first principal direction is determined

by the magnitudes of the two maximal (tensile) principal stresses.

For characterizing the anisotropic behavior of the artery we pursue the constitu-

tive formulation introduced in Holzapfel et al. (2000a). Briefly, the arterial wall is

assumed to be an incompressible hyperelastic material for which the SEF is assumed

to be of the form of (1.21). Consequently, the Cauchy stress has the form of (1.26).

Recall that (1.27) is the deviatoric operator in the current configuration and the

scalar p̃ = dU/dJ serves as the hydrostatic pressure. In the incompressible limit the

volume ratio is J = detF → 1.

For large elastic arteries such as carotid arteries, the adventitia comprises about

10% of the wall thickness (Humphrey 2002), and the intima (the innermost layer) of
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healthy and young segments is not of (solid) mechanical interest. We, therefore, focus

attention on modeling the artery as a single-layer thick-walled tube, i.e. the media,

which is the mechanically relevant layer within the physiological loading domain. The

media is modeled as a hyperelastic material reinforced by two families of collagen

fibers aligned along two directions and form a double-helix structure of a collagen

network (Rhodin 1980). For this type of tissue, Holzapfel et al. (2000a) proposed a

SEF in the form

ΨHGO =
μ

2
(Ī1 − 3) +

∑
i=4,6

k1

2k2
{exp[k2(Īi − 1)2] − 1}, (3.1)

where the neo-Hookean term represents the isotropic response of the matrix mate-

rial (e.g., elastin, proteoglycans and cells) and the exponential term represents the

anisotropic stiffening due to the collagen fiber reinforcement. The invariants of C

appearing in (3.1) are

Ī1 = trC, Ī4 = â0 · C · â0, Ī6 = b̂0 · C · b̂0, (3.2)

where, again, Ī1 is the first modified isotropic invariant and Ī4 and Ī6 are modified

invariants representing the squares of the stretches along the two families of fibers

(for an incompressible material), and â0 and b̂0 are the unit vectors in the directions

of the two families of fibers at the reference state. We note that in this formulation

the collagen fibers do not carry compressive loads and, therefore, the second term in

(3.1) is activated only under tension, that is Ī4 > 1 or Ī6 > 1 or both (Holzapfel et

al. 2000a, Holzapfel et al. 2004). The material parameters μ, k1 (stress-like) and k2

(non-dimensional) are positive values.

By using (1.26) together with (3.1) the isochoric component of the stress tensor

is

σ = μdevB + 2ψ4dev(a ⊗ a) + 2ψ6dev(b ⊗ b). (3.3)

Here we have used the notation ψi = ∂ΨHGO/∂Īi, i = 4, 6, for the stress response

functions, a = Fâ0 and b = Fb̂0 are the fiber vectors in the current state and B is

the modified left Cauchy-Green tensor from (1.20).
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3.2 Methods

We consider a local stress-modulated remodeling model. For simplicity, throughout

this work the term remodeling is used only with regard to collagen fiber reorien-

tations. Type of collagen, its content, and its thickness are assumed to be con-

stant. Further, because the wall shear stress is assumed to govern the lumen radius

(Rachev 2003) and the role of vascular smooth muscle cells in the long-term adap-

tation of the artery is negligible (Fridez et al. 2001), we assume that these in vivo

factors play a negligible role in the process of collagen fiber remodeling. The perivas-

cular tethering, that may play a significant role in the in vivo mechanical response of

some arteries (Humphrey and Na 2002), is also neglected. We further assume that

the time scale for the fiber reorientation is a few orders of magnitude longer than

the time scale of the diastolic-systolic pressure cycle. For this reason, and since we

are essentially interested in determining the final morphology of the system, there is

no need to consider time-dependent effects and, consequently, an evolution equation

for the fiber directions. The optimization is carried out as a sequence of quasi-static

problems.

We consider a material point in which the Cauchy stress in a local coordinate

system is given by

σ = σ1ê1 ⊗ ê1 + σ2ê2 ⊗ ê2 + σ3ê3 ⊗ ê3, (3.4)

where σ is the Cauchy stress represented in a principal coordinate system such that

σi (i = 1, 2, 3) are the principal stresses with σ1 ≥ σ2 ≥ σ3, and the corresponding

principal directions are êi. We assume that the collagen fibers evolve in the artery in

order to carry high tensile stresses. Explicitly, the fibers will be situated in the plane

spanned by the vectors aligned with the two largest principal stresses. We further

assume that the collagen fibers are symmetrically aligned relative to ê1, the direction

of the maximal principal stress. In terms of γ, the angle of alignment between the

fiber direction and ê1, the unit vectors along the two families of collagen fibers in

the current configuration may be expressed as

â = cosγê1 + sinγê2, b̂ = cosγê1 − sinγê2. (3.5)

An illustration of the stress principal directions and the fiber alignment is shown in
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Figure 3.1: Principal stress directions, ê1 and ê2, and the alignment angle γ.

Fig. 3.1.

In accordance with our hypothesis that principal stresses modulate collagen fiber

alignment through the thickness, the angle of alignment depends on the ratio between

the magnitudes of the two principal stresses, i.e.,

tgγ = M(σ2

σ1

)
. (3.6)

Here, the modulation function M is a monotonically increasing function of the ratio

σ2/σ1. We note that additional, possibly non-mechanical factors such as biochemical

factors can be accounted for in (3.6). In this case a modulation function of a few

variables can be employed. Moreover, if remodeling of a few parameters such as fiber

thickness and content is considered, a vector-valued modulation function of a few

variables may be considered.

Note that since the fibers are carrying the tensile stresses in the deformed state

their alignment is defined in the current configuration. However, for determining

the stress according to the constitutive relation (3.3) the fiber directions must be

defined in the reference configuration. Thus, the vectors â and b̂ in (3.5) need to be
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‘pulled-back’ (Holzapfel 2000c) according to

â0 =
F−1â

|F−1â| , b̂0 =
F−1b̂

|F−1b̂| , (3.7)

where â0 and b̂0 are the unit vectors, as introduced in (3.2). The alignment angle

in the reference configuration is then determined via the relation

cos(2γ0) = â0 · b̂0. (3.8)

The implementation of the proposed model also follows our basic assumption that

the collagen fibers are oriented in an optimal configuration. This implies that, in

our mechanically motivated model, the optimal configuration depends solely on the

external loading acting upon the artery. Thus, it is assumed that given any initial

configuration of the fibers and fixed boundary conditions, the cells in the arterial

wall will remodel the extracellular matrix into the optimal configuration.

Following this notion, we implemented the model by application of an iterative

procedure starting with an arbitrary configuration of the fibers. More specifically,

in the initial configuration of the artery under consideration the directions â0 and

b̂0 are two randomly chosen unit vectors. The external loading is then applied to

the artery and the corresponding boundary-value problem is solved. The principal

stresses and directions are determined, and the resulting modified directions of the

fibers are deduced from (3.6), (3.5) and (3.7). The boundary-value problem is then

resolved for the artery with the modified directions of the fibers. The new principal

stresses and directions are determined and the corresponding next iteration for the

fibers’ directions is deduced. This process is repeated iteratively up to the point

where the stress fields determined in two consecutive computations are sufficiently

close.

We emphasize that due to the highly nonlinear nature of the problem it is not

clear whether there is an optimal configuration of the fibers or, in the case that

such a configuration exists, if this configuration is unique. Accordingly, the iterative

procedure that we utilize may not converge or may converge to a few different final

configurations depending on the geometry of the artery considered and the applied

loading. Nonetheless, next we consider a specific example, where, regardless of the
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chosen initial configuration, the proposed iterative procedure resulted in a single

distinct morphology of the fibers.

The specific numerical example we chose involves the remodeling of a section of

a human common carotid artery. The vessel is treated as a thick-walled cylinder.

The inner radius and the thickness are 3.1 mm and 0.9 mm, respectively (Delfino et

al. 1997). In situ measurements prior to removal of the artery indicate that the in

vivo axial stretch is 10% (Delfino et al. 1997). The internal pressure is taken as

the systolic blood pressure, which is assumed to be 16 kPa. It is further assumed

that in its reference configuration the cylindrical vessel is stress free. We emphasize

that residual stresses that may exist in the vessel are important and will influence

the stress distribution across the wall thickness. However, due to the nonlinear

nature of the problem it is impossible to predict this influence a priori, and thus in

this initiatory work we neglect these stresses in favor of simplifying the numerical

execution of the proposed remodeling procedure. The above assumptions furnish the

physiological boundary conditions applied on the arterial segment.

The boundary-value problem with the incompressibility constraint was solved

by means of the finite element (FE) method. A model of a quarter of a common

carotid was generated using Version 7.4 of the multi-purpose finite element analysis

program FEAP (Taylor 2002). Symmetry boundary conditions were used whenever

required. Standard 8 nodes brick elements with finite deformation capability were

used and a mixed formulation was employed. To capture the intramural collagen fiber

morphology, ten elements were used across the thickness of the artery. We found that

there is no need for more than ten elements through the thickness since the results

became insensitive to further mesh refinement. A user-defined subroutine was used

to implement the anisotropic SEF (3.1) into the FE code. Incompressibility was

enforced by the penalty method and simultaneously verified for all loading conditions.

We chose the simplest form for the modulation function, i.e. a linear form according

to

M(σ2

σ1

)
=
σ2

σ1

. (3.9)

An important question concerns the determination of the material parameters

of the SEF (3.1). To obtain numerical estimates for these parameters we followed

Holzapfel et al. (2004) and constructed a so-called ‘fixed-angle model’, where the two
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families of fibers are situated in the (θ, z)-plane and the alignment angle between the

fiber directions and the unit vector in the θ direction is fixed throughout. The pa-

rameters for the fixed-angle model are obtained by nonlinear regression fit of the

membrane solution to experimental data for common carotid artery, as documented

in Delfino (1996). The regression procedure resulted in the following material pa-

rameters: μ = 35.74 kPa, k1 = 13.9 kPa, k2 = 13.2, and a fixed alignment angle

γ0 = 39◦. We recall that the fundamental idea of the model approach is to relate the

mechanical response within the low loading domain with the non-collagenous ma-

trix material, which we assume to follow the (classical) isotropic neo-Hookean model

for each arterial layer, characterized by the single stress-like parameter μ. The resis-

tance to stretch in the high loading domain is then predominantly due to collagenous

fibers. This anisotropic mechanical response is, therefore, taken to be governed by

an exponential function through the invariants Ī4 and Ī6, and characterized by the

parameters k1 and k2 (for more details see Holzapfel et al. (2000a)). Accordingly, we

assume that the material parameters μ, k1 and k2 do not change during the remod-

eling process. Hence, with the exception of the alignment angle, the same material

parameters will be used in our remodeling model.

3.3 Results and discussion

The above iterative procedure was executed with a few different random configura-

tions of the fibers at the initial configurations. We emphasize that the initial fiber

directions were not limited to the (θ, z)-plane and various out-of-plane components

of â0 and b̂0 existed in the initial configuration. The iterative procedure always con-

verged to the same final configuration of fibers and clearly the same final mechanical

response was obtained. Geometrically, in this optimized state the inner and outer

radii of the artery are ri = 3.66 mm and ro = 4.4 mm, respectively. The alignment

angle varies from γ = 2.3◦ at the inner wall to γ = 39◦ at the outer wall. The

hoop stress, which is the maximal stress, is σθθ = 190kPa, and the axial stress is

σzz = 3.5kPa. Further results are shown in Figs 3.2 and 3.3.

The evolution of the first principal stress from the first iteration where the fibers

are randomly oriented till the final iteration where the fibers have the familiar double-
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Figure 3.2: The variations in the magnitudes of the first principal stress (kPa) at

different steps of the iterative remodeling process.

helix structure is illustrated in the sequence of plots in Fig. 3.2. Figure 3.3 illustrates

the evolution of the second principal stress. Note that only at the final configuration

the two maximal principal stresses are aligned with the circumferential and axial

directions. Six out of the ten iterations that were needed to achieve convergence are

illustrated in the figures.

Of course it is anticipated that in nature the remodeling process is a continuous

process of adaptation beginning from an initial configuration which is possibly not

random. To account for such a smoother variation we examined two specific initial

configurations. First, instead of using random fiber alignment one can align the fibers

in the (θ, z)-plane symmetrically with respect to the circumferential direction and

use a constant angle. If this angle is identical to the one in the fixed-angle model

(Holzapfel et al. 2004), i.e. γ0 = 39◦, only three iterations are needed for convergence.
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Figure 3.3: The variations in the magnitudes of the second principal stress (kPa) at

different steps of the iterative remodeling process.

The second case is motivated by the observation of Taber and Eggers (1996) who

noted that in vasculogenesis groups of cells hollow out to form tubes which later

evolve into arteries. It is possible that at this embryo state the local mechanical

behavior of these groups of cells is isotropic. To simulate remodeling beginning from

an isotropic state we used the isotropic SEF (2.5) for determining the stress field and

fiber directions in the first iteration.

We note that in a manner resembling the SEF proposed by Demiray (1972b),

in some approximate way ΨISO accounts for the stiffening of the arteries at high

pressure. However, the form in which ΨISO depends on Ī1 is different from the

one proposed in Demiray (1972b), and is motivated by the form of (3.1) for the

orthotropic SEF of Holzapfel et al. (2000a) (see the discussion in section 2.1). With

the choice (2.5) for the isotropic SEF only four iterations were needed for convergence.
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Figure 3.4: (a) Variation of the fiber alignment angle γ0 (degrees) versus radial

location R in the reference configuration. The continuous and dashed curves were

determined with FE meshes consisting of 10 and 20 elements across the arterial wall,

respectively. (b) The double-helix architecture of the collagen fibers at the inner,

mid and outer radii of a common carotid is reproduced.

We emphasize that regardless of the SEF chosen for determining the first iteration,

the final configuration was identical to the one determined with the initially random

configurations.

The remodeling iteration process resulted in a variation of the fiber alignment

angle γ0 through the wall thickness. Figure 3.4(a) illustrates the evolution of γ0 as a

function of the undeformed radial locationR. The continuous and dashed curves were

determined with FE meshes consisting of 10 and 20 elements across the thickness

of the arterial wall, respectively. The circle and the diamond marks correspond to

the fiber alignment angle at the center of each element in the two meshes. The two

curves in Fig. 3.4(a) are practically lying one on top of the other, suggesting that

a mesh with 10 elements across the wall is sufficiently fine. A visualization of the

fibers’ double-helical paths according to this distribution is shown in Fig. 3.4(b).

The radial locations, as described in this figure are the inner, mid and outer-wall,

respectively. Interestingly, the results suggest that the transmural pitch of the helix
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Figure 3.5: (a) Transmural circumferential and axial stress distribution. (b) Trans-

mural radial and circumferential stretch ratios. Solid lines represent results from the

remodeling model and dashed lines are for the fixed-angle model. Circles, squares

and triangles indicate the circumferential, axial and radial directions, respectively.

increases from the inner to the outer wall. Holzapfel et al. (2002b), e.g., documents

that the mean fiber alignment angles in a healthy human iliac artery are 5◦, 7◦ and

49◦ for the intima, media and adventitia, respectively, while Holzapfel et al. (2002a)

show a mean alignment angle in the human aortic media and adventitia to be 8.4◦

and 41.9◦, respectively. Recalling that the innermost layer of a healthy and young

artery, the intima, has a negligible thickness and that the outer layer, the adventitia,

comprises about 10% of the arterial thickness, the transmural fiber angle variation

resulted from the remodeling correlates well with theses experimental observations.

Comparisons between the transmural distributions of the stresses and the stretch

ratios determined for the fixed-angle model (Holzapfel et al. 2004), and the remodel-

ing model are illustrated in Fig. 3.5. Solid lines represent results from the remodeling

model whereas results from the fixed-angle model are depicted by dashed lines. The

superimposed circles are for the circumferential direction in both figures. Axial

stresses are depicted by squares in Fig. 3.5(a) and radial stretches are depicted by

triangles in Fig. 3.5(b). Figure 3.5(a) demonstrates the differences of the circumfer-

ential and the axial stresses with respect to the two models. Due to the pronounced
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Figure 3.6: Transmural distributions of the stress along the fiber direction σâ, and

the antiplane shear stress τâ. Solid lines represent results from the remodeling model

and dashed lines are for the fixed-angle model. Shear stresses are depicted by the

superimposed marked squares and the stress in the fiber direction is depicted by the

x-marks.

circumferential alignment of the fibers at the innermost portion of the wall according

to the remodeling model the circumferential stress is higher than the circumferential

stress computed with the fixed-angle model. Nonetheless, throughout most of the

wall thickness (about 3/4 of the wall) the circumferential stresses are lower when the

remodeling of the fibers is included.

More significantly, due to the remodeling, the axial stress is smaller through the

entire thickness. Whereas the stresses at the outer wall are quite close for both models

because the fiber angle at the outer wall in the remodeling model is similar to the

angle in the fixed-angle model, the stresses at the inner wall are markedly different.

Moreover, the trends of the axial stress distributions are opposite. Thus, the axial

stress at the inner wall is negligible when computed according to the remodeling

model in comparison with the one for the fixed-angle model.

Figure 3.5(b) clearly demonstrates that through the entire vessel wall the ab-
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Figure 3.7: (a) Transmural distribution of the stretch ratio λâ in the fiber direction.

(b) Transmural variation Δγ = γ0 − γ of the closing of the angle of alignment.

Solid lines represent results from the remodeling model and dashed lines are for the

fixed-angle model.

solute displacements are smaller when computed with the remodeling model. Recall

that due to the internal pressure the wall is compressed in the radial direction and

stretched in the circumferential direction. The remodeling process enhances the cir-

cumferential reinforcement of the wall thus reducing the circumferential stretch ratio

λθ. The incompressibility constraint λrλθλz = 1, together with the decrease in λθ

and the assumed constant axial stretch (λz = 1.1), implies that the radial stretch

ratio (λr) should increase with respect to the fixed-angle model, as can be seen in

the figure.

We define the tensile stretch and stress in the fiber direction as, respectively,

λâ = |a|, σâ = (σâ) · â. (3.10)

Recall, that these stretch and stress components are frequently denoted as ‘fiber

stretch’ and ‘fiber stress’ (e.g., Weiss et al. 1996, Driessen et al. 2004). If perfect

bonding between the fiber and the matrix is assumed, then the fiber stretch λâ is

indeed the stretch within the fiber. With respect to the stress σâ, however, this is

inaccurate since this stress is not the actual stress carried by the fiber. To accurately

calculate the stress within the distinct phases (matrix and fiber), a constitutive
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formulation which accounts for the interaction between the two phases should be

employed (e.g., deBotton et al. 2006). In a similar manner, the shear component of

the traction acting on the plane normal to the fibers is determined via the relation

τâ =
√

|σâ|2 − σ2
â. (3.11)

In the sequel we denote this shear component the antiplane shear and emphasize that

this is not the actual shear stress carried by the matrix phase. Regarding σâ and τâ,

as approximations for the stress in the fibers and the shear in the matrix, we examine

the influence of the remodeling procedure. Based on (3.10) and (3.11) in Fig. 3.6 we

compare the tensile stresses along the fiber and the antiplane shear stresses according

to the two aforementioned models. Computations carried out with remodeling are

depicted by solid lines while dashed lines represent the fixed-angle case (Holzapfel

et al. 2004). Shear stresses are delineated by marked squares whereas the x-marks

stand for the stresses in the fiber direction. In accordance with the hypothesis of

the stress-induced remodeling model we find that the stress along the fiber direction

at the inner part of the wall is higher when the remodeling model is employed and

lower at the outer portion of the wall. The antiplane shear stress at the inner wall

is about four times smaller when remodeling is accounted for. Moreover, across the

entire wall, the shear stress is almost uniform.

A comparison of the stretch ratio λâ along the fiber direction is carried out in

Fig. 3.7(a). In Fig. 3.7(b) the differences in the local shear deformations between the

two models are shown in terms of the variation Δγ = γ0 − γ in the alignment angle

from the reference to the current state. Again solid lines represent the remodeling

model and dashed lines are for the fixed-angle model. Clearly, when remodeling is

accounted for the stretch along the fiber direction and the local shear deformation

are smaller across the entire wall. Moreover, local shear deformations are almost

constant in the remodeling model (Fig. 3.7(b)). This is, of course, in agreement with

the results for the antiplane shear stresses shown in Fig. 3.6.

Whereas tensile stresses are mainly carried by the (stiff) collagen fibers, local

shear stresses (and deformations) are mostly carried by the soft materials comprised

by the rest of the extracellular matrix. We note that the postulated optimization pro-

cedure, which is based on the two principal tensile stresses, has resulted in a marked
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Figure 3.8: Pressure-radius curves for the response of the common carotid artery. The

solid and the dashed curves correspond to the predicted and the measured results,

respectively. Axial pre-stretch is 10%. The gray region represents the physiological

working range.

reduction of the local shear deformation and homogenization of its transmural dis-

tribution. Supraphysiological strain experiments of arterial tissue have shown that

an overstretched tissue responds with dissipation and non-recoverable deformation

before failure (see, e.g., Holzapfel et al. (2000b) and Fig. 2 therein). Experimental

data of Oktay et al. (1991) on the pressure/diameter response of balloon-inflated ca-

nine carotid arteries show also non-vanishing residual strains after unloading. Based

on these experimental observations, Gasser and Holzapfel (2002) suggested the pos-

sibility that such inelastic deformations are accumulated by a relative slip of the

collagen fibers, and hence that the matrix material is responsible for inelastic defor-

mations via a shearing mechanism. In addition, failure mechanisms such as breakage

of collagen cross-links could also occur due to shearing deformations (Gasser and

Holzapfel 2002). Consequently, we deduce that minimization of failure in arteries

may be related to minimization of shear stresses and strains in the arterial wall.
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Figure 3.9: Transmural circumferential and axial stress distributions through the

wall thickness. A comparison between elevated blood pressure (25 kPa), solid lines,

and normal blood pressure (16 kPa), dashed lines. Circles are for the circumferential

stresses and squares are for the axial stresses.

Recall that we assumed that the material parameters μ, k1 and k2 remain un-

changed during the remodeling process, although the angle of the fibers vary through

the thickness in the remodeling model. To examine the consequences of this assump-

tion we redetermine the global structural response of the common carotid segment.

Fig. 3.8 shows the internal pressure pi as a function of the deformed inner radius

ri. Experimental results for 10% axial stretch are taken from Delfino (1996) and

depicted by the dashed line, whereas the predicted response with the remodeling

model is depicted by the solid line. We find that, mainly in the physiological work-

ing range (the gray region in the figure), the predicted and the experimental results

are reasonably close.

Finally, we wish to explore how the intramural stress would change if the blood

pressure suddenly changes and the fiber configuration remains as at the load level

of 16 kPa. Thus, we use the model with the fiber orientation as determined for

the physiological state (e.g., Fig. 3.4) and determine the stresses that develop in
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the wall due to application of a blood pressure of 25 kPa. The comparison between

the stress distribution with elevated blood pressure (solid lines) and normal blood

pressure (dashed lines) is shown in Fig. 3.9. Again, we have used circles for the

circumferential stress and squares for the axial stress. As anticipated, when the blood

pressure rises the circumferential stress rises too. Significant elevation is observed in

the circumferential stress at the inner wall, while at the outer wall this effect is less

pronounced. The changes in the axial stress across most of the wall are negligible but

surprisingly the axial stress at the inner wall turns out to be compressive. Clearly,

this results from the anisotropy imposed on the artery due to the fiber reorientation

process. Accordingly, we note that the development of these compressive stresses

depend on the chosen remodeling function (3.9) and the assumptions we made such

as the absence of residual stresses and perivascular support. Nevertheless, the fact

that compressive axial stresses may develop under physiologically disordered loading

conditions of the artery (although small in comparison with tensile stresses) need to

be examined in more detail.

3.4 Concluding remarks

A mechanically motivated model for collagen fiber remodeling within a soft connec-

tive tissue is proposed. The main idea is that the collagen morphology within a

load-bearing tissue is stress-driven. We assume that local principal tensile stresses

at each material point modulate the collagen fiber orientations according to a specific

relation between the principal stress magnitudes. Thus, the underlying assumption

is that the final morphology is dictated by the external loads acting upon the artery.

According to this assumption, regardless of the specific initial configuration of the

fibers, there is a final optimal configuration in which the collagen fibers carry the

tensile stresses in the artery. In the specific example that we considered we find that

from any arbitrary chosen initial configuration, the iterative procedure we utilized

indeed converged to the same final fiber morphology. Clearly, further extensions of

the present work should incorporate in vivo factors such as the perivascular support,

and focus on residual stresses (see, e.g., Vaishnav and Vossoughi (1983), Chuong and

Fung (1986)), which have a strong influence on the global pressure/radius response
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of the artery and on the stress and strain distribution through the deformed arterial

wall. In addition, further extensions of the present work should also consider the me-

chanical properties of the individual arterial layers (see, e.g., Holzapfel et al. (2005)),

and possibly non-mechanical factors such as biochemical and thermal factors that

may also contribute to the remodeling of the collagen fibers. Additional analyses are

needed for studying the influence of variations in the long term pressure on the fiber

morphology. For example, to examine the influence of intrapopulation variations in

the systolic blood pressure.

As an illustrative example the proposed methodology was applied to compute

the stress and deformation state in a human common carotid arterial segment sub-

ject to an internal pressure and axial extension. Local stresses were determined

via the constitutive law proposed by Holzapfel et al. (2000a). With the proposed

stress-modulated remodeling procedure the well-known fiber double-helix morphol-

ogy was retrieved. Moreover, the pitch variations across the arterial wall were found

to be qualitatively in good agreement with experimental observations. The proposed

method can be easily applied to other collagen-reinforced soft tissues such as aortic

valves, ligaments and tendons.

Based on the results of the proposed remodeling model we recall a few findings.

First, in comparison with the fixed-angle model according to Holzapfel et al. (2004),

we find that local shear stresses and strains which may be viewed as a ‘scissor-like’

motion of the two families of collagen fibers during the applied inflation and extension

are minimized and becoming smoother. The postulate that inelastic deformations

and failure mechanism may be attributed to local shear deformations (Gasser and

Holzapfel 2002) suggests that shear deformations should indeed be minimized. An-

other interesting finding is that an abnormal increase in blood pressure results in a

two fold increase in the circumferential stress at the inner wall as well as in compres-

sive axial stresses at the same location (inner wall).

With regard to these findings we wish to highlight a few topics concerned with

the ‘leading cause of death in the developed world’, i.e. atherosclerosis. Numerous

studies have focused on the hemodynamics, particularly the wall shear stress as the

main biomechanical factor in its formation (see, e.g., the review by Steinman et al.

(2003) and references therein). Nonetheless, the etiology of atherosclerosis is yet
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poorly understood (Humphrey 2002). Thubrikar and Robicsek (1995) were among

the first to suggest that intramural stresses may play an equally important role.

Taber (1995), Taber and Eggers (1996) and Rachev (2003) among others concluded

that the increase in the circumferential stress as in hypertension, which is one of the

main risk factors for atherosclerosis, induce radial thickening of the intima/media

in order to restore the average wall stress to homeostatic levels. Matsumoto and

Hayashi (1994) further found that the inner layers grow more than the outer ones.

Finally, we examine our findings concerning the compressive stresses which, ac-

cording to our remodeling model, develop at the inner wall due to abnormal blood

pressure. Tozzi et al. (2001) found that even during the regular diastole-systole pres-

sure cycle there is an axial systolic shortening of the common pig carotid artery.

Thus, it is feasible then that in hypertension compressive stresses will develop in the

arterial wall. These stresses may result in atrophy (Taber and Eggers 1996) through

cell death or resorption (Taber 1995).

A few clues hinting at the possible role of compressive stresses in atherogenesis

can be found in the literature. It is observed that at the early stages of atherosclerosis

the endothelial cells loose their axially prolonged shape and become more polygonal

(Humphrey 2002). Although these local changes in endothelial shape were attributed

mainly to a low wall shear stress, axial compression can clearly result in a similar

effect. Schulze-Bauer et al. (2003) reported in situ axial stretches λis for aged hu-

man iliac arteries. They found that for several arteries λis was very small, and for

one artery λis was even 0.968, i.e. the artery was subject to axial compression. In a

remarkable clinical study Konta and Bett (2003) examined the relationship between

the pattern of coronary artery movement and atherosclerotic lesions severity. With

the aid of angiograms 673 arterial segments were tested. The movements were classi-

fied into three groups; bending–the artery flexes into a curve, compression–segmental

length is shorten and displacement–location shifts without length changes. Note that

the bending type of movement also results in compression at the inner portion of the

wall. They found that coronary segments with compression type of movement had

a significantly higher percent stenosis than those without it, and concluded that

this critical coronary artery movement may result in an important mechanical stress

which induces coronary atherosclerosis.
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A somewhat less direct observation of the possible role of axial compression in the

artery concerns intimal hyperplasia and restenosis which are often identified in the

region adjacent to the stent. Rachev et al. (2000) presented a mathematical model

that was tested against morphological findings for stress-induced local restenosis in

the vicinity of implanted stent. Under the assumption that stress plays a key role

in arterial growth and remodeling they argue that the stress concentration region

adjacent to the stent’s edge is the cause for the local thickening. A different response

of an artery to high stress concentration was detected by Finlay et al. (1998) who

found a medial gap at the apex region of cerebral arterial bifurcations. This region

is a clear stress concentration site. However, in this location there is a lack of medial

smooth muscles, the wall is thinner than in the nearby branches and the tissue has

a tendon-like highly collagenous morphology. This can be viewed as an alternative

way for the tissue to evolve in response to tensile stress concentration. Yet, we

wish to draw attention to a difference between the two types of stress concentration

regions. This is mainly related to the axial stress developing near the edge of the

stent which is compressive immediately after implantation and in the final adapted

state (see, e.g., Fig. 11 in Rachev et al. (2000)). Compressive axial stresses were also

determined in the comprehensive layer-specific 3D finite element simulation of stent

implantation by Holzapfel et al. (2002b).

We conclude by noting that the results obtained by the proposed stress-induced

remodeling model may shed light on the above described observations. Thus, we find

that due to the remodeling of the collagen fibers at the homeostatic configuration,

under hypertension compressive axial stresses may evolve in addition to the high

tensile hoop stresses. Inevitably, for a conclusive assessment of the role of these

stresses in the formation of atherosclerosis a dedicated sequence of experiments must

be conducted.
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Chapter 4

Collagen fiber remodeling in a

human carotid bifurcation

4.1 Introduction

As mentioned previously, atherosclerotic plaques and intracranial saccular aneurysms

are often found in arterial bifurcations. It is important then that reliable biome-

chanical models are addressed to sites of complex geometry and not only to straight

segments. Unfortunately, only a few such studies have been reported in the litera-

ture. Developments of appropriate computational models for stresses and strains in

normal and diseased bifurcations, and the collections of the essential experimental

data are thus critical unresolved tasks (Humphrey 2002). Among many bifurcation

sites along the arterial tree, the carotid artery bifurcation is very important due to

its proximity to the brain. Accordingly, in this work we examine the influence of

the incorporation of collagen fibers remodeling on the response of the carotid artery.

Recall that throughout this work the term remodeling means reorientation of the

fibers only, i.e., growth is not considered (Taber 1995). This assumption is based

on experimental evidence that evolution of the microstructure, through reorientation

of collagen fibrils, occurs without growth processes of resorption and production of

collagen fibrils (Stopak and Harris 1982).

With respect to atherosclerosis in the carotid bifurcation many investigators have

addressed the hemodynamical features. In a landmark paper, Ku et al. (1985) showed
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that low and oscillating wall shear stress induced by the blood flow correlates well

with specific location of intimal thickening. Numerous authors followed similar ideas.

On the other hand, as noted in the previous chapter, the intramural stresses, induced

by intraluminal pressure and axial pre-stretch, probably play an equally important

role in atherosclerosis and wall thickening (Thubrikar et al. 1990, Thubrikar and

Robicsek 1995, Salzar et al. 1995). Those early works were limited by the assumption

of a thin wall with linear isotropic behavior of the tissue. A comprehensive nonlinear

analysis of stresses in a carotid bifurcation was carried out by Delfino et al. (1997).

Although limited due to the assumption of isotropic behavior of the tissue, this study

is a landmark for finite elements analyses in vascular mechanics (Humphrey 2002).

Up to date all phenomenological structurally-based (anisotropic) constitutive

models which incorporate collagen fibers alignment in blood vessels were imple-

mented in tube-like geometries. To name a few, Holzapfel et al. (2000a) introduced

a constitutive framework for arterial tissue based on a two-layered, fiber reinforced,

thick-walled tube. An extension of this approach to incorporate not only the wavy

nature of the collagen but also the fraction of both collagen and elastin contained

in the media, which can be determined by histology was introduced in Zulliger et

al. (2004). Gasser et al. (2006) and Driessen et al. (2005) further extended this

constitutive formulation to incorporate fiber distributions.

In nature, live tissue constantly adapt to its mechanical environment (Cowin

2000). More specifically, Taber and Humphrey (2001) suggested that the mechani-

cal properties of blood vessels change across the thickness, a feature which can be

accomplished by transmural variation of the collagen fibers directions. For that,

remodeling, growth and morphogenesis (Taber 1995) should be accounted for while

dealing with the mechanical response of a living tissue to external loads. Strain-

based remodeling of the collagen fibers was considered by Driessen et al. (2004),

Menzel (2005) and Kuhl et al. (2005). In these studies the fibers’ alignment is dic-

tated by the principal strain field. On the other hand, Hariton et al. (2005), Hariton

et al. (2006) and Garikipati et al. (2006) followed the assumption that stress is the

determinant mechanical factor in the formation of the collagen fibers architecture.

Whereas in the latter work a variational treatment was utilized, in the former works

it was assumed that the collagen fibers appropriately align with respect to the local
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largest (tensile) principal stresses. In this work we implement the former remodeling

approach to model the mechanical response of a human carotid bifurcation.

4.2 Methods

Following Holzapfel et al. (2000a), the slightly compressible behavior of a material

such an artery can be characterized by the decoupled form of the SEF (1.21). Con-

sequently, the Cauchy stress has the form (1.26) where again (1.27) is the deviatoric

operator in the current configuration and the scalar p̃ = dU/dJ serves as the hydro-

static pressure. Recall that in the incompressible limit, as assumed in this study, the

volume ratio is J → 1.

We assume a single-layered arterial wall throughout the entire bifurcation. The

tissue is modeled as a hyperelastic material reinforced by two families of collagen

fibers aligned along two directions. For this type of tissues, we will use an anisotropic

SEF (3.1). The transversely isotropic invariants of the modified right Cauchy-Green

strain tensor appearing in (3.1) are (3.2) and the isochoric component of the stress

tensor is (3.3).

The stress-driven remodeling methodology of the collagen fibers introduced in

Hariton et al. (2006) was summarized in the previous chapter. Recall that in any

material point the Cauchy stress, in a local coordinate system, can be written in the

form (3.4). When dealing with a complicated structure, such as a bifurcation, an

important question concerns the spatial alignment of the fibers. According to our

hypothesis, the two families of collagen fibers are embedded in the plane spanned

by the two principal directions associated with the two largest (tensile) principal

(Cauchy) stresses. The collagen fibers are symmetrically aligned with respect to the

principal direction belonging to the maximal principal stress (ê1). The unit vectors

along the two families of collagen fibers in the current configuration are expressed

as (3.5). An illustration of the stress principal directions and the fibers alignment

is shown in Fig. 3.1. In the case where the second and third principal stresses

are compressive, fibers are aligned solely in the direction of the maximal (tensile)

principal stress.

The angle of alignment depends on the ratio between the magnitudes of the two

55



principal stresses as in (3.6). In a manner similar to the one assumed in the previous

chapter the linear form (3.9) was assumed here too. The vectors â and b̂ in (3.5) are

again ‘pulled-back’ (Holzapfel 2000c) according to (3.7) where â0 and b̂0 are the unit

vectors, as introduced in (3.2). The alignment angle in the reference configuration

is then determined as in (3.8).

The implementation of the proposed (mechanically-based) remodeling model also

follows our basic assumption that the collagen fibers are oriented in an optimal

configuration, which depends solely on the external loading acting on the artery. The

motivation for this assumption is experimentally based. For example, with respect to

tendons, the pronounced orientation of the collagen network is mostly not presented

in embryonic state, and it is only upon loading that a directional strengthening

occurs due to the local reorientation of the collagen fibers (Calve et al. 2004, Kuhl et

al. 2005). This further suggests that at early embryonic state the tissue is isotropic.

With respect to arteries such early isotropic behavior was discussed by Taber and

Eggers (1996).

Thus, it is assumed that given an initial isotropic behavior of the tissue (e.g.,

initial embryo state) and fixed boundary conditions (applied external loading), the

cells in the arterial wall will firstly synthesize collagen fibers and then remodel the

extracellular matrix into an optimal configuration. This idea of reorientation of colla-

gen fibrils due to cell traction goes back to the pioneering work of Stopak and Harris

(1982) in gels. The concept that mutual interactions between local stresses in the

matrix, fibroblast alignment and stresses in the cells (actin network) are responsible

for the collagen fibers reorientation is becoming generally accepted (see, for example,

Garikipati et al. (2006) and references therein). This further emphasizes the need in

developing accurate, microstructural motivated, constitutive approaches from which

the stress fields in the individual components of the tissue can be obtained. First

steps in this direction, for fiber reinforced materials undergoing large deformations,

were recently reported by deBotton et al. (2006) and deBotton and Hariton (2006)

(some of these results are reported in the following chapter).

Following this notion, we implemented the model by application of an iterative

procedure starting with an isotropic material behavior in the initial configuration.

Specifically, we used the isotropic SEF (2.5) for determining the stress field and fiber
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directions in the first iteration. We further note that it has been recently shown

that if the SEF (3.1) is enhanced to incorporate fiber distribution, and the assumed

distribution of the fibers is isotropic, the isotropic SEF (2.5) is recovered (Gasser

et al. 2006). The external loadings are then applied to the artery and the corre-

sponding boundary-value problem is solved. The principal stresses and directions

are determined, and the resulting directions of the fibers are deduced from (3.6),

(3.5) and (3.7). The boundary-value problem is then resolved for the artery with

the anisotropic model (3.1) incorporating the aforementioned directions of the fibers.

The new principal stresses and directions are determined and the corresponding next

iteration for the fibers’ directions is deduced. This process is repeated iteratively up

to the point where the stress fields determined in two consecutive computations are

sufficiently close.

The specific numerical example we chose involves the remodeling of a human

carotid bifurcation. Geometrical data for the construction of the model is taken

from the studies of Bharadvaj et al. (1982) and Delfino et al. (1997). The resulting

representative bifurcation geometry is illustrated in Fig. 4.1. An important question

concerns the in vivo longitudinal residual stretches in the branches of the bifurcation.

Delfino (1996) reported that carotid arteries shortened by about 10%±2% after ex-

cision, where the markers in all three branches were placed with respect to the apex

and the specimens were from 30 to 42 years old. Kasyanov et al. (2003) studied

human common carotid arteries of subjects under 28 years old. They reported that

axial contraction was in the order of 25% − 35%. (Although not written explicitly

this can be deduced from the ”longitudinal undulation ratio” of 1.2 reported in their

paper and following personal communication regarding this publication). In order to

generalize our model to comply with larger variations in age we have introduced the

following displacements at the distal parts of the branches. The transverse surface of

the common carotid artery (CCA) was displaced 10% of its undeformed length and

the transverse surfaces of the internal carotid artery (ICA) and the external carotid

artery (ECA) were displaced 20% of their initial lengths. Clearly the accompanying

stretches in the different branches of the bifurcation are not homogenous. The pre-

scribed displacements resulted in about 15% axial stretch at the central regions of

the ICA, and 12% stretch at the centers of the ECA and CCA branches. The inter-
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Figure 4.1: An illustration of the carotid bifurcation representative geometry. R1

and R2 are the local radii of curvature at the apex.

nal pressure is taken as the systolic blood pressure, which is assumed to be 16 kPa

and introduced as a deformation-depended boundary loading. It is further assumed

that in its reference configuration the bifurcation is stress free. Thus, in this initia-

tory work we neglect the circumferential residual stresses in favor of simplifying the

numerical execution of the proposed remodeling procedure. The above assumptions

furnish the physiological boundary conditions applied on the bifurcation.

The boundary-value problem with the incompressibility constraint was solved

by means of the finite element (FE) method. A finite element model of a half of

the carotid bifurcation which accounts for the variations of the wall thickness at

different regions of the bifurcation was constructed. The final geometry was meshed
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by 28,656 nodes and 23,000 elements. The model was implemented in the Version 7.4

of the multi-purpose finite element analysis program FEAP (Taylor 2002). Symmetry

boundary conditions were used at the symmetry surface (longitudinal planer cut of

the bifurcation). Standard 8 node brick elements with finite deformation capability

were used and a mixed formulation was employed. Five elements were used across

the thickness of the artery. In order to estimate whether five elements across the

thickness are sufficient for accurately capturing the transmural collagen distribution

a cylindrical model was considered with the same boundary conditions as assumed

in the previous chapter (see also, Hariton et al. 2006), where it has been shown

that 10 elements across the thickness are sufficient. A comparison between the

results determined for the two models (the one with 5 elements and 10 elements

across the thickness) revealed that the alignment of the collagen fibers at the inner

portion of the artery is practically identical and the maximal difference in fiber

alignment is about 10% in the vicinity of the outermost surface of the cylinder.

Thus, proceeding with the bifurcation model with five elements across the thickness

we bear in mind that there might be slight inaccuracies in fiber alignment at the

outer surfaces of the bifurcation branches. User-defined subroutines were used to

implement the anisotropic SEF (3.1) and the isotropic SEF (2.5) into the FE code.

Incompressibility was enforced by the penalty method and simultaneously verified

for all loading conditions.

With respect to material parameters we followed Delfino et al. (1997) and assumed

that the material properties of the entire bifurcation are constant (i.e., the CCA, ICA

and ECA are characterized by the same material parameters, except for the alignment

angle which results from the remodeling process). This assumption is motivated by

the findings of Van Merode et al. (1996) who reported that carotid artery bifurcation

has a homogeneous distribution of wall distensibility of individuals under 38 years

old. In order to obtain numerical estimates for the material parameters of (3.1) a

cylindrical portion of the CCA was considered in Hariton et al. (2006). Briefly, a so-

called ’fixed-angle model’ was constructed where the alignment angle with respect to

the circumferential direction is fixed throughout. This phenomenological approach

can be found in, for example, Holzapfel et al. (2004) and references therein. From

section 3.2 we recall the following material parameters: μ = 35.74 kPa, k1 = 13.9 kPa,
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k2 = 13.2, and a fixed alignment angle γ0 = 39◦. With exception of the alignment

angle, it is reasonable to assume that the material parameters do not change during

the remodeling process. Hence, the same material parameters (μ, k1 and k2) will be

used in the remodeling model. The numerical values of the material parameters c, a

and b for the isotropic model (2.5) are given in section 2.2.

We note that in Hariton et al. (2005) the fixed-angle model (applied to the bifur-

cation) was implemented by aligning the fibers in the plane of the two largest prin-

cipal stresses symmetrically with respect to the first principal direction (γ0 = 39◦,

constant throughout). This approach introduced a method by which fibers could

be accounted for in a complicated geometry such as bifurcation. At the present we

utilize this approach only for comparison with the remodeling model.

4.3 Results and discussion

The evolution of the maximal (first) principal stress from the first iteration where

the material is isotropic till the final iteration where the fibers have a well aligned

morphology is illustrated in the sequence of plots in Fig. 4.2. Only four out of the

eight iterations that were needed to achieve convergence are illustrated in the figures.

The result with the isotropic configuration is the first in this sequence.

The collagen architecture in blood vessels is in the form of double-helix network

(Rhodin 1980). In the cylindrical portion of arteries, this double-helical structure

has a varying transmural pitch, i.e., near the lumen the fibers are oriented closer to

the circumferential direction whereas near the outer wall (adventitia) the fibers have

more pronounced axial alignment (see for example, Finlay et al. 1995, Holzapfel et

al. 2002a, Holzapfel et al. 2002b). It has been shown (e.g., Hariton et al. 2006) that

the proposed remodeling process results in a transmural variation of the collagen

fibers which qualitatively resembles the one found in experimental observations. In

an approximate manner the cylindrical portion of the CCA, distal to the bifurcation,

is subjected to axial extension and pressurization. In order to verify our results

for fibers distribution we compare the variation of the fibers throughout the wall

thickness in the distal CCA to the variation of the fibers in the cylindrical (tube-

like) model of the CCA reported in Hariton et al. (2006). Recall, that unlike in
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Figure 4.2: The variations in the magnitudes of the maximal principal stress (kPa)

at different steps of the iterative remodeling process.

the cylindrical model where the artery was axially extended by 10%, the CCA is

approximately 12% stretched. For that we followed the steps described in Hariton et

al. (2006) and constructed an additional (remodeling) model where the cylindrical

portion was axially extended by 15%. The results are summarized in Fig. 4.3. Solid

curve represents the transmural variation of the alignment angle γ0 in the distal

CCA. The dashed curve represents the results of Hariton et al. (2006) for cylindrical

artery with 10% axial stretch, and the dotted curve is for the result for a cylindrical

artery stretched by 15%. Note that ten elements were used across the thickness in

the cylindrical models and five in the bifurcation model. Bearing in mind that the

stretch throughout the CCA is not homogeneous, we note that the CCA transmural

fibers distribution in the bifurcation model assumes reasonable configuration and

lay well between the two cylindrical models with 10% and 15% axial stretches (see
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Figure 4.3: Variation of the fiber alignment angle γ0 (degrees) versus the normal-

ized thickness in the reference configuration. The continuous curve represents the

variation across the CCA in the bifurcation model, the dashed and dotted curves

represent the transmural variations of a cylindrical CCA longitudinally stretched by

10% and 15%, respectively.

Fig. 4.3).

Comparison between the maximal principal stress fields in the bifurcation com-

puted with the remodeling, fixed-angle and isotropic models is given in Fig. 4.4.

Regardless of the constitutive model, the severe stress concentration at the apex of

the bifurcation can be appreciated, yet the magnitudes of theses stress concentra-

tions are different depending on the specific constitutive model. An increase of the

stress at the apex is observed in the fixed-angle model with respect to the isotropic

model. This is due to the fiber reinforcement and hence stiffening of the apex region.

An additional elevation of the stress at the apex is occurring once the remodeling is
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Figure 4.4: Maximal principal stress fields for the remodeling, fixed-angle and

isotropic models, respectively.

introduced. This is due to the fibers realignment with respect to the highest stress

and hence additional stiffening in its direction.

With respect to the bifurcation branches, the maximal principal stress at the inner

surface of the wall is the highest at the ICA in comparison with the CCA and ECA.

This is anticipated in view of the behavior of a cylindrical thin wall vessel, where

reduction in the thickness and/or an increase in the diameter elevates the (mean)

hoop stress. Thus, as there is a slight increase in diameter in the transition from the

CCA to the ICA accompanied with a decrease in the thickness, the mean stresses are

higher in the ICA. Although there is no significant difference in the thickness between
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the ICA and ECA, the diameter of the ECA is significantly smaller than that of the

CCA, resulting in similar level of stresses at the distal parts of the ECA and CCA (see

Fig. 4.4). High stresses (albeit much smaller than at the apex) affecting the entire

inner surface of the ICA sinus. As mentioned, histological evidence suggest that in

the carotid bifurcation atherosclerotic lesions are often found at the curved transition

areas between the CCA and the ICA and ECA, at the apex and at the sinus of the

ICA (Thubrikar and Robicsek 1995, Salzar et al. 1995, Delfino et al. 1997). Thus,

our models comply with the hypothesis that local high wall stresses correlate well

with the location of atherosclerotic plaque in the carotid bifurcation.

The predictions of extremely elevated stresses at the apex according to all three

models and specifically the remodeling model, raise a key question concerning the

possibility of the existence of such stresses in the vascular tree. According to our

numerical results the stresses at the inner wall of the apex (the middle of the apical

ridge or flow divider) may rise to about 10 times the maximum stresses at the inner

walls of the nearby cylindrical portions of the bifurcation. To investigate this issue

analytically in an approximate manner we follow the ”modified Laplace’s law” for

thin vessel as suggested by Finlay et al. (1998). Consider a portion of the bifurcation

at the apical region (see Fig. 4.1). Wall tensions T1 and T2 are related to the local

radii of curvatures R1 and R2 via the relation P = T1/R1 + T2/R2, where P is the

internal pressure. The mean stress in each direction can be approximated by dividing

the tensions by the local thickness. Next, recall that R2 is negative and that in a

human carotid bifurcation geometry R1 can be an order of magnitude larger than R2

(see the detailed in vitro examinations in Salzar et al. 1995). In our case R1 ≈ 3R2.

The tension T2 can be approximated by assuming the longitudinal tension in two thin

and equal cylindrical branches (i.e., the ICA and ECA), T2 ≈ Pr/2, with r being

the approximate mean radius of the two cylindrical branches. This approximation is

mainly after Gleason et al. (2004) who reported that the homeostatic value of axial

mean stress in arteries is about half of the value of the mean hoop stress. Finally,

because R2 ≈ r/2 we have that T1/T2 ≈ 6. Although patient specific this analytical

approximation is in agreement with our numerical results. This is also in agreement

with the conclusion of Finlay et al. (1998) who found that in brain arterial bifurcation

T1 is substantially higher than T2, possibly by a factor of 10. Finlay et al. (1998) also
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found that the requirement for extra strength at the apex is satisfied by a tendon-

like structure of collagen along the apical ridge. In a subsequent study, by means

of polarizing microscopy and a known correlation between collagen birefringence

and its mechanical properties, Rowe et al. (2003) found that the strength along this

”apical tendon” is 10 times higher than the strength of nearby straight sections of the

bifurcation. These studies reveal the histological and mechanical backgrounds for the

existence of such high stresses at the apex. Finally, we note that this insight regarding

cerebral bifurcations is in agreement with the histological findings of Delfino (1996),

who reported that the apex of a human carotid bifurcation is essentially made out

of collagen fibers. The proportion of collagen at the apex ranged from 60% at the

inner wall to 80% at the external wall, whereas in the nearby cylindrical regions the

proportion of collagen and elastin is about 50% each.

Following Delfino et al. (1997) we next determine the uniformity factor (UF),

that is the ratio between the maximal principal stress at the inner wall and the

maximal principal stress at the outer wall. This is a useful measure for the amount

of transmural maximal stress homogeneity. The differences in the UFs determined

via the remodeling, fixed-angle and isotropic models at different locations in the

carotid bifurcation are summarized in Fig. 4.5. In the cylindrical portions of the

bifurcation, the CCA and ECA, the UF increases from about 1.5 in the isotropic

model to 2.3 in the fixed-angle model and to 3.3 in the remodeling model. This is in

accordance with the stiffening effect that the fibers introduce into the model, which

is more significant at the inner wall while remodeling is incorporated. These results

are in agreement with the straight segment model of Hariton et al. (2006), where

the circumferential stresses at the inner wall was found to be higher when computed

with the remodeling model (in comparison to the fixed-angle model). Yet we recall

that the circumferential stresses were smaller across most of the wall thickness, thus

resulting in a higher UF computed with the remodeling model.

Next, we plot and examine the collagen fibers alignment at the apical ridge. As

can be seen in Fig. 4.6 (illustrated in red in the figure), the two families of collagen

fibers are almost oriented along the direction of the apical ridge. We emphasize that

this finding can be observed only when remodeling is included into the constitutive

formulation. Interestingly, the alignment of the fibers at the apex which resulted as
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Figure 4.5: Uniformity factors for the remodeling, fixed angle and isotropic models

at different locations of the carotid bifurcation.

a consequence of our remodeling approach, is in agreement with the histological data

concerning the apex region in brain arteries reported in Finlay et al. (1998). Thus,

alignment of the two families along the apical ridge direction resembles a tendon-like

structure, where the fibers have practically only one preferred direction. Further

discussions regarding this interesting morphology at the apex of the cerebral bifur-

cation can be found in Finlay et al. (1998) and Rowe et al. (2003). We note that in

agreement with the stress levels predicted at the apex by the proposed model, the

resulting architecture of the fibers is also in agreement with corresponding experi-

mental findings.

In the mid-sinus location, which is the bulging part of the ICA, the UF (which

is evaluated at the lateral wall and shown in Fig. 4.5) is about 2 when computed

with the remodeling and fixed-angle models and 1.6 for the isotropic model. Ku et

al. (1985), among others, reported that wall atherosclerotic thickening of the carotid

sinus was observed mostly at the lateral (outer) wall and not at the inner wall. They
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Figure 4.6: Collagen fiber morphology at the apex (red line segments). Note the

pronounced alignment along the apical ridge. The black line segments represent the

local first principal direction.

suggested a hemodynamical explanation for this finding. Based on our remodeling

approach we wish to address this difference from a solid mechanics point of view. The

UF at the inner wall is 1.1 which is about two times smaller than the UF in the same

region but at the lateral wall. Thus, stresses are more homogeneously distributed

at the inner wall. In view of the hypothesis that wall thickening is occurring in

order to homogenize the stresses across the wall and to restore the mean stress to

some ”normal” level (Rachev 2003), together with the difference in the UFs, it seems

reasonable that wall thickening will be more significant at the lateral wall. We note

that this difference in the UFs between the lateral and the inner walls of the sinus

bulb is negligible when applying the isotropic or the fixed-angle models.

Finally, we wish to explore how the maximal principal stress would change if the

blood pressure suddenly changes and the fiber configuration remains as at the load

level of 16 kPa (i.e., fiber remodeling remains inactive). Thus, we use the model
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Figure 4.7: Comparison of the maximal principal stress fields of the normotensive

regime (16 kPa) and the hypertensive regime (25 kPa).

with the fiber orientation as determined for the physiological state and compute the

stress field that develops in the bifurcation due to application of a blood pressure of

25 kPa. The comparison between the stress fields with elevated blood pressure and

normal blood pressure is shown in Fig. 4.7. As anticipated, when the blood pressure

rises the maximal principal stress rises too. An elevation is observed at the apex,

where the maximal stress is 40% higher under hypertension. More significantly, the

stresses at the inner wall of the ICA, mostly at the sinus region, are two times higher

when blood pressure is elevated to 25 kPa. Pronounced elevation is also observed

at the curved transition region between the CCA and the ICA and ECA branches.
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Interestingly, this effect of the elevated pressure is less pronounced at the distal part

of the ICA. From the stress field pattern, it seems that the stress concentrations

at the apex and at the curved region of the proximal ICA have more significant

affect on the stresses in the carotid sinus under a hypertensive regime. Clearly, this

results from the anisotropy imposed on the artery due to the fiber reorientation

process and the absence of residual stresses and perivascular support. Nonetheless,

this observation may be related to the known fact that hypertension, which is a

dominant risk factor for atherosclerosis, results in thickening of the wall (Taber and

Eggers 1996, Rachev 2003) and that the inner layers grow more than the outer ones

(Matsumoto and Hayashi 1994).

4.4 Concluding remarks

In this study we implemented a new stress-based remodeling methodology proposed

by Hariton et al. (2006) to model a representative example of human carotid bifurca-

tion. The mechanical response computed with the remodeling model was compared

to two, commonly used, models; a fixed-angle model (e.g., Holzapfel et al. 2004)

and an isotropic model (e.g., Delfino et al. 1997, Hariton et al. 2005). Clearly,

future extensions of this work should incorporate residual stresses (e.g., Chuong

and Fung 1986) which can significantly influence stress distribution and magnitude,

perivascular tethering (e.g., Humphrey and Na 2002) which is an important in vivo

factor, individual properties of the different arterial layers (Holzapfel et al. 2005),

patient-specific geometry of the bifurcation which can have a significant influence

on stress concentration regions, and micromechanical formulations (e.g., deBotton et

al. 2006) which may be important for the analysis of the stresses in the individual

constituents and to gain further insight about their interactions. Notwithstanding,

to the best of the author’s knowledge, this is the first time that an anisotropic con-

stitutive model with collagen fiber remodeling was introduced into a computational

model of a bifurcation.

Based on the remodeling model, maximal principal stress fields were computed.

Due to the thinning of the wall and the proximity to the curved lateral transition and

the apex, the maximal stress at the inner wall of the ICA was found to be about 50%
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higher than the stresses at the inner wall of the CCA and the ECA. The maximal

principal stress at the apex was found to be an order of magnitude higher than

the stress in the distal cylindrical branches. These numerically computed values,

and more significantly trends, recovered analytically by application of the ”law of

Laplace” (Finlay et al. 1998). Similar characteristics of the stress fields were found

for the isotropic and the fixed-angle models. When remodeling was introduced into

the computation a significant difference between the lateral and the inner wall of the

sinus bulb was observed. The transmural stresses are much less uniformly distributed

at the lateral side. Thus, in view of our remodeling model an additional justification,

from solid mechanics perspective, is given for the increased susceptibility of the lateral

side of the carotid sinus to atherogenesis (Ku et al. 1985, Salzar et al. 1995). Further,

under a hypertensive regime the ICA seems to be affected most severely.

We have examined our predictions regarding fiber alignment at the apex in view

of the histological findings of Finlay et al. (1998) and Rowe et al. (2003). Although

these were observed in human brain arterial bifurcations, the findings regarding a

highly collagenous medial gap, where fibers are well aligned with the apical ridge

direction, are in reasonable agreement with our predicted fiber morphology at the

apex (e.g., Fig. 4.6). Regarding human carotid bifurcation region, data about fiber

directions and histology is scarce. One indication of a highly collagenous structure

can be found in Delfino (1996). Further, Canham and Finlay (2004) found that

the length and width of the medial gap decrease when bifurcation angle increases.

This may suggest a reduction in the stress concentration at the apex, and can be

mathematically verified by the modified ”law of Laplace”.

We conclude by noting that this remodeling methodology can be used to predict

the collagen morphology in other native load bearing soft biological tissues such as

aortic valves.
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Chapter 5

Out-of-plane shear deformation of

a neo-Hookean fiber composite

5.1 Introduction

The problem of characterizing the behavior of fiber reinforced solids undergoing large

deformations arises in many modern applications and in particularly in the field of

biomechanics. A desirable goal is to express the behavior of these materials in terms

of the properties and the volume fractions of the constituents composing the com-

posite. This will allow, for example, to account for variations in the volume fractions

of the phases and to obtain estimates for the stresses developing in the constituents.

Motivated by this goal, in this chapter we study the problem of characterizing the

behavior of fiber reinforced composites under out-of-plane shear loading. This type

of loading may occur in various practical situations, for instance shear loading along

the collagen fibers in a planar ligament tissue was studied by Weiss et al. (2002).

Another case of practical importance involves torsion of a cylinder made out of a

composite reinforced with circumferential fibers. Again in the field of biomechanics,

an artery can be viewed as a tube whose wall is reinforced with circumferential colla-

gen fibers (e.g., Veress et al. 2001). If the artery is twisted during a movement of the

organ, out-of-plane shear deformations along the circumferential fibers will develop

in the wall. We also note that substantial longitudinal shear deformations along

the fibers develop due to friction in tires, driving belts and other rubber-reinforced
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products (e.g., Wada and Uchiyama 2003).

Following the work of Hashin and Rosen (1964), who considered the analogous

problem in the limit of small deformation elasticity, we examine the problem of a

single cylindrical composite element (e.g., Hill 1964) subjected to shear loading in

the fiber direction. For the case of a composite element made out of two incom-

pressible neo-Hookean phases we provide a simple close form solution describing the

strains and the stresses in the two phases. These expressions correctly reduce to the

small deformation limit and are in agreement with the results of Hashin and Rosen

(1964). The solution can be easily extended to coated composite elements, that is

the case where the fibers are coated with a few concentric shells made out of different

materials.

We further demonstrate that, under this type of loading, the behavior of the com-

posite element is identical to that of a fictitious homogeneous neo-Hookean material.

An expression for the effective shear modulus of this fictitious material, in terms of

the properties and the volume fractions of the phases composing the composite ele-

ment, is determined. This expression is identical to the corresponding expression of

Hashin and Rosen (1964) for the out-of-plane shear modulus of a composite cylinder

assemblage in the small deformation limit. By following arguments similar to those

of Hashin and Rosen (1964), we also conclude that this shear modulus describes the

macroscopic behavior of a composite cylinder assemblage undergoing finite out-of-

plane shear deformations. Finally, we recall that in the limit of small deformation

elasticity the expression for the effective out-of-plane shear modulus is identical to

the expression for the Hashin-Shtrikman bounds of Hashin (1965) on the out-of-plane

shear modulus of two phase transversely isotropic composites.

5.2 Out-of-plane shear deformation of a cylindri-

cal composite element

We consider a cylindrical composite element made out of a fiber with a circular

cross section surrounded by a concentric shell of a different material. An illustration

of a quarter of the cylindrical composite element is shown in Fig. 5.1. The elastic
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behaviors of both phases are characterized by neo-Hookean strain energy-density

functions

W (s)(F) = 1
2
μ(s)Tr

(
FT F− I

)
, (5.1)

where herein we have used F as the deformation gradient and μ(s) are the shear

moduli with s = 1 for the fiber phase and s = 2 for the shell. The radius of the

fiber-shell interface is a, the outer radius of the shell is b, and we assume a perfect

bonding at the interface between the two phases. It is assumed that the diameter

of the cylindrical element is at least an order of magnitude smaller than its length.

We choose a coordinate system such that in the reference configuration the X3 axis

is aligned with the direction of the fiber. The composite element is subjected to a

simple out-of-plane shear deformation such that in the deformed configuration the

location of the points on the outer boundary of the shell is given by the mapping

x1 = X1, x2 = X2, x3 = X3 + γX1, (5.2)

where γ is the amount of shear (Ogden 1997). In a cylindrical coordinate system,

where the Z axis is aligned with the fiber direction and the ray Θ = 0 with the

positive direction of the X1 axis, the above mapping is expressed in the form

r = R, θ = Θ, z = Z + γR cos Θ, (5.3)

where (R,Θ, Z) and (r, θ, z) are the coordinates of the boundary points in the refer-

ence and the deformed configurations, respectively.

For the material points in the two phases we consider the following mappings

r(s) = R(s), θ(s) = Θ(s), z(s) = Z(s) + γf (s)(R(s)) cos Θ(s), (5.4)

where the functions f (s) are functions of R(s) only. The continuity condition across

the interface resulting from the third of (5.4) is

f (1)(a) = f (2)(a), (5.5)

and at the outer boundary of the shell the boundary condition results in the require-

ment

f (2)(b) = b. (5.6)
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In cylindrical coordinates the expressions for the deformation gradients in the

two phases are (e.g., Humphrey 2002),

F(s) =

⎛
⎜⎜⎝

1 0 0

0 1 0

γf
(s)
R cos Θ(s) − 1

R
γf (s) sin Θ(s) 1

⎞
⎟⎟⎠ (5.7)

where fR is the derivative of f with respect to its argument. We note that detF(s) =

1.

In terms of F(s), the nominal (or Piola-Kirchhoff) stresses in the two neo-Hookean

phases are

S(s) =

⎛
⎜⎜⎝

μ(s) − p(s) 0 γp(s)f
(s)
R cos Θ(s)

0 μ(s) − p(s) − 1
R
γp(s)f (s) sin Θ(s)

γμ(s)f
(s)
R cos Θ(s) − 1

R
γμ(s)f (s) sin Θ(s) μ(s) − p(s)

⎞
⎟⎟⎠ (5.8)

where p(s), (s = 1, 2) are the arbitrary pressure in the two phases. In accordance with

the assumption that the length of the cylindrical composite element is substantially

longer than its diameter, far from the bases the pressure is independent of the Z

coordinate, that is p(s) = p(s)(R,Θ). The traction continuity conditions across the

interface between the two phases are

μ(1) − p(1)(a,Θ) = μ(2) − p(2)(a,Θ),

μ(1)f
(1)
R (a) = μ(2)f

(2)
R (a),

(5.9)

and we note that the traction continuity condition for SRΘ is satisfied.

For convenience, we follow Ogden (1997) and express the equilibrium equations

in terms of the nominal stress. Assuming no body forces, in cylindrical coordinates

(e.g., Humphrey 2002) these equations lead to the following three equations, namely,

∂p(s)

∂R
= 0,

1

R

∂p(s)

∂Θ
= 0, − 1

R2
f (s) +

1

R

df (s)

dR
+

d2f (s)

dR2
= 0. (5.10)

From the equilibrium along the R and Θ directions it follows that the pressure in

each phase is constant, and from the equilibrium along the Z direction

f (s)(R) = C
(s)
1 R+

C
(s)
2

R
. (5.11)
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Figure 5.1: Finite element mesh of a quarter of a cylindrical composite element in the

reference configuration. The fiber and the shell elements are colored with light and

dark gray accents, respectively. The pair of outlined arrows indicates the direction

of the out-of-plane shear loading.

We complete the solution by noting that in the fiber phase we must choose C
(1)
2 =

0. The remaining three integration constants in (5.11) are determined from (5.5)),

(5.6) and the second of (5.9). Accordingly, in the fiber phase

z = Z + γ
2μ(2)

(1 − c(1))μ(1) + (1 + c(1))μ(2)
R cos Θ, (5.12)

and in the shell

z = Z + γ
(μ(1) + μ(2)) − c(1)( b

R
)2(μ(1) − μ(2))

(1 − c(1))μ(1) + (1 + c(1))μ(2)
R cos Θ, (5.13)

where c(1) = (a/b)2 is the volume fraction of the fiber phase in the composite element.

The jump in the pressure is determined from the first of (5.9). To determine the

absolute values of the pressure additional information concerning the stresses must

be specified. Finally, the explicit expressions for the stresses in the two phases can

be readily determined.

5.3 Comparison with a finite element simulation

We compare the analytic solution developed in the previous section with correspond-

ing numerical finite element simulation. Taking into account symmetry conditions,
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Figure 5.2: Out-of-plane displacements (a) and shear stresses (b) as functions of R

along the rays Θ = 0 and π/4. The continuous curves correspond to the analytic

solution and the marks to the finite element simulation.

a quarter of the cylindrical composite element (0 ≤ Θ ≤ π/2) was constructed and

meshed by application of the commercial finite element code ABAQUS. The ratio

of the length of the cylindrical composite element to its diameter was 5. A section

of the finite element mesh is shown in Fig. 5.1. The volume fraction of the fiber

was c(1) = 0.25 corresponding to a/b = 2. The nodes in the (R,Z)-plane containing

the ray Θ = 0 were constrained from moving in the Θ direction. The nodes in the

(R,Z)-plane containing the ray Θ = π/2 were constrained from moving in the Θ and

the Z directions. The boundary condition according to (5.2) for the circumferential

nodes were setup manually for γ = 0.4. This value of γ corresponds to a principal

stretch ratio λ = 1.22 (e.g., Ogden 1997). ABAQUS built in neo-Hookean constitu-

tive model was used and the ratio between the shear moduli of the fiber phase and

the shell was μ(1)/μ(2) = 10.

Shown in Fig. 5.2a are the out-of-plane displacements uz = z − Z as functions

of R along the rays Θ = 0 and π/4. In Fig. 5.2b the variations of the out-of-plane

components of the Cauchy stress σrz and σθz are shown as functions of R along

the same rays. In both figures the continuous curves correspond to the analytic
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solution and the marks to the numerical results determined at the nodes of the finite

element mesh. To minimize edge effects, the numerical results were extracted at

the central cross section of the model half way between its bases. For convenience,

the displacements are normalized by the out-of-plane displacement uz(b, 0) of the

circumferential point along the ray Θ = 0. The stresses are normalized by the

uniform stress component σ
(1)
rz (r, 0) developing in the fiber along the ray Θ = 0.

Clearly, there is a fine agreement between the results from the analytic solution

and those from the numerical simulation. In the numerical simulation results we

observe a small jump in the stress component σθz(r, 0) at the interface between the

fiber and the shell. We verified that this jump is mesh sensitive and diminishes as

the mesh becomes finer.

5.4 Applications to fiber reinforced composites

An important question concerns the ability to identify an effective homogeneous

medium whose behavior is identical to the behavior of the cylindrical composite ele-

ment. To examine this issue we follow Hashin and Rosen (1964) and determine the

traction developing at the circumferential boundary of the cylindrical composite ele-

ment under the deformation (5.4). From (5.8) for the nominal stress the components

of the traction on the boundary are

tR = μ(2) − p(2), tΘ = 0, tZ = γμ̃ cos Θ, (5.14)

where

μ̃ = μ(2) (1 + c(1))μ(1) + (1 − c(1))μ(2)

(1 − c(1))μ(1) + (1 + c(1))μ(2)
. (5.15)

Consider next a homogeneous cylinder made out of a neo-Hookean material with

shear modulus μ0. The cylinder is subjected to the same boundary conditions as given

in (5.3). The corresponding deformation gradient and the stress in the cylinder are

constants. It can be easily verified that the components of the traction developing

on the boundary of this cylinder are

tR = μ0 − p0, tΘ = 0, tZ = γμ0 cos Θ, (5.16)

where p0 is an arbitrary pressure.
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We note that if μ0 = μ̃, up to a constant arbitrary pressure, the overall out-

of-plane shear response of the composite cylinder and the homogeneous cylinder

are identical. Accordingly, the out-of-plane shear behavior of a composite cylinder

assemblage (Hashin and Rosen 1964) made out of a space filling assemblage of cylin-

drical composite elements with various radii but with fixed ratio of the inner to the

outer radii in each element will be identical to the shear response of a homogeneous

neo-Hookean material with shear modulus μ̃. For the idealized transversely isotropic

composite cylinder assemblage the above homogenized result for the out-of-plane

shear modulus is exact. For more realistic microstructures with overall transverse

isotropy (5.15) can be used as a straightforward and simple approximation for the

out-of-plane shear modulus.

5.5 Concluding remarks

Within the framework of finite deformation elasticity, we develop a close form solution

for the problem of a cylindrical composite element made out of two incompressible

neo-Hookean phases subjected to out-of-plane shear loads. We note that since the

shear problem is isochoric, if the behavior of one of the two phases in the cylindrical

composite element is neo-Hookean and the behavior of the second phase reduces to a

form identical to that of a neo-Hookean material under shear loads (even if, in general,

the second phase is compressible), the proposed solution will satisfy this problem

too. This is because under the imposed boundary conditions the deformation of

the second phase must be isochoric. We further note that the proposed solution is

in agreement with the corresponding solution of Hashin and Rosen (1964) for the

analogous problem in the limit of small deformation elasticity. We also demonstrate

that the results of a corresponding finite element simulation are in agreement with

the proposed solution.

In the context of fiber composites undergoing large deformations, we find that

the effective out-of-plane shear behavior of a composite cylinder assemblage (Hashin

and Rosen 1964) made out of two neo-Hookean phases is identical to that of a

homogeneous neo-Hookean material. An expression for the effective shear modulus

of the homogeneous neo-Hookean material in terms of the properties of the two
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phases and their volume fractions was determined. This expression is identical to

the expression obtained by Hashin and Rosen (1964) for the analogous problem in the

limit of small deformation elasticity. We also note that this expression is identical to

the expression obtained by Hashin (1965) for the bounds on the effective out-of-plane

shear modulus of transversely isotropic composites in the limit of small deformation

elasticity.

Finally, it is noted that this expression is also identical to an exact expression

that was recently obtained by deBotton (2005) for the effective shear modulus of

a special class of incompressible transversely isotropic composites undergoing finite

in-plane shear deformations. In the limit of small deformation elasticity, the mi-

crostructure considered by deBotton (2005) is an optimal microstructure attaining

the Hashin-Shtrikman bounds of Hashin (1965) on the in-plane shear modulus for

the class of incompressible transversely isotropic composites. Thus, we observe an

interesting analogy where in two works dealing with transversely isotropic compos-

ites undergoing finite in-plane and out-of-plane shear deformations, the expressions

for the effective shear moduli are identical to each other and to the ones previously

obtained in the limit of small deformation elasticity. Based on these results, deBot-

ton et al. (2006) determined a homogenized constitutive model that describes the

spatial behavior of transversely isotropic neo-Hookean composites undergoing finite

deformations.
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Chapter 6

Summary

This thesis touches two determinant issues of the recent discussions in the biomechan-

ical community; remodeling and micromechanics. Based on the idea that collagen

morphology within a load-bearing tissue is stress-driven, a mechanically motivated

model for collagen fiber remodeling within a soft connective tissue is proposed. Ac-

cording to this model, there is a final optimal configuration in which the collagen

fibers carry the tensile stresses in the artery. In the specific example that we con-

sidered we find that from any arbitrary chosen initial configuration, the iterative

procedure we utilized indeed converged to the same final fiber morphology.

This stress-driven remodeling model is also implemented for simulating the over-

all structure and mechanical behavior of a human carotid bifurcation. We find that

the predicted fibers’ architecture at the cylindrical branches and at the apex of the

bifurcation correlates well with histological observations. Additionally, the mechani-

cal response of the sinus bulb and the bifurcation apex are discussed. The results are

compared with other, isotropic and orthotropic models available in the literature.

Finally, within the framework of finite deformation elasticity, we develop a close

form solution for the problem of a cylindrical composite element made out of two

incompressible neo-Hookean phases subjected to out-of-plane shear loads. The re-

sulted expression for the effective shear modulus of the composite cylinder assemblage

is identical to the expression for the Hashin-Shtrikman bounds on the out-of-plane

shear modulus (in the limit of linear elasticity). Moreover, an enhancement of the re-

sults presented in this section of the work (deBotton et al. 2006) is in good agreement
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with phenomenological models proposed recently in the literature for the behavior

of soft tissues.

Future works may incorporate patient-specific geometries of different bifurcations,

individual properties of the different arterial layers, circumferential residual stresses,

perivascular support, and micromechanical or fiber distribution formulations. The

mechanisms behind the aforementioned remodeling model are also enigmatic and

might be an interesting direction for further investigations.
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הדגש הינו על ההתנהגות . העבודה עוסקת באפיו� ההתנהגות המכנית של דפנות עורקי�

כוחות החיצוניי� ההאנאיזוטרופית והשינויי� הפונקציונאליי� שרקמת עורק עוברת בהשפעת 

העבודה . האינטרקציה בי� סיבי הקולג� ברקמה והעומסי� החיצוניי�נידונה  , כ�. תנאי הסביבהו

העבודה מחולקת עקרונית . דפורמציות גדולותוחה תחת המסגרת של מכניקת הרצ� כולה פות

 ליישו� חוק חומר מודל פיסיקאלי הראשו� פותחבחלק .  זה את זהמשלימי�הלשלושה חלקי� 

מתאי� לגיאומטריות סבוכות מודל זה . אשר משתנה ע� שינוי העומסי� החיצוניי�אנאיזוטרופי 

 החלק השני של העבודה . במודל פשוט,כשלב ראשוני, ומיוש�) תכגו� התפצלויו(של כלי ד� 

מוקדש ליישו� המודל המוצע באנליזת אלמנט סופי לגיאומטריה מורכבת של התפצלות עורק 

המודל . מבנה של הרקמה�מבוסס על המיקרומוצגי� ניצני� של מודל ה, בחלק האחרו�.  התרדמה

 .מבוסס על פתרו� מדוייק של אלמנט רקמה מחוזקת בסיבי קולג� תחת דפורמציה מסויימת

תחילה מוצע מודל פיסיקאלי המקשר בי� המאמ  השורר ברקמה כתוצאה , לכ� 

אנו מניחי� שסיבי הקולג� . מהעומסי� החיצוניי� לבי� המורפולוגיה של סיבי הקולג� ברקמה

. פי� אשר נמצאי� בי� שני הכיווני� של המאמצי� הראשיי�ברקמה מסודרי� בשני כיווני� מועד

חיזוי המורפולוגיה של סיבי הקולג� .  סגמנט צילינדרי של עורק התרדמהנותחכדוגמה מייצגת 

תוצאות מעניינות נוספות העולות . יותיבעורק בעזרת המודל המוצע הינו בהתאמה לתצפיות ניסו

זירה המקומיי� והאפשרות ללחיצה צירית של העורק כגו� מינימיזציה של מאמצי הג, ממודל זה

 .תחת יתר לח  ד� מוצגי� ונדוני�

המודל לעיל מיוש� בשלב הבא לסימולציה של התפצלות עורק התרדמה במלואו תחת  

המורפולוגיה של סיבי הקולג� המתקבלת בסגמנטי� . ההעמסות פיזיולוגיות שפועלי� עליו

. ולי� בקנה אחד ע� תצפיות וניסויי� המדווחי� בספרותהצילינדריי� וכ� בהתפצלות עצמה ע

בשלב זה ג� בוצעה השוואה בי� תוצאות המודל המוצע לתוצאות של מספר מודלי� אחרי� 

 . המוצעי� בספרות

-neo(הוקיאני �לבסו� נדונה התגובה המכנית של חומר מחוזק סיבי� מסוג ניאו 

Hookean (תחת דפורמציות גזירה) לצור! זה מוצג פתרו� אנליטי של . למישור מחו  )גדולות

מצאנו כי מודול הגזירה האפקטיבי של . התגובה לגזירה מחו  למישור של אלמנט צילינדרי מרוכב

שטריקמ� �זהה לביטוי של חשי�, חומר מרוכב סיבי שנית� לייצוג כאוס� של אלמנטי� צילינדריי�

)Hashin-Shtrikman (ותח עבור דפורמציות קטנותשפ, למודול הגזירה מחו  למישור .  

 

 

 

 

 


