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Abstract

In this work, we propose new lower bounds on the error probability in coded communication
when using a maximum likelihood decoder. The bounds are derived by improving on a
recent lower bound on the probability of a union of events by de Caen, and applying it to
this problem. The derived bound on the probability of a union includes a function to be
optimized in order to achieve the tightest bound. Moreover, since the optimal choice of this
function is known, though usually, mathematically intractable to use as is when bounds on
the decoding error probability are considered, we may identify several approximations for
it, each in the spirit of the relevant channel model and the type of the code. Thus, each
approximation yields a new lower bound on the error probability. Furthermore, the new
bound on the probability of a union includes de Caen’s bound as a special case, thus the
bounds derived from it can be made at least as good as de Caen-based bounds, as long as
the optimization process is carried out over a properly chosen family of functions.

In the first part of the work, we apply the new bound to derive lower bounds on the
decoding error probability on the Additive White Gaussian Noise (AWGN) channel. The
bounds are further specialized for the case where Binary Phase Shift Keying (BPSK) mod-
ulation of a linear code is used. In this case, the only knowledge on the code used is its
distance distribution. The second part of the work includes analogous derivations for the
Binary Symmetric Channel (BSC). In both the AWGN channel and the BSC, the optimal
choice of the optimization function and its behavior are stated. Several approximations for

this function are proposed. The usage of these approximations is shown to yield tighter



bounds than the de Caen-base bounds. Namely, the resulting bounds improve on latest
bounds appearing in the current literature such as Seguin’s bound for linear codes over the
AWGN channel and Keren and Litsyn’s bound for linear codes over the BSC.

In the third part of the work, bounds on the error exponents of the BSC and AWGN
channel, resulting from the new bounds on the error probability, are discussed. It is shown

that these bounds may be tighter than the bounds resulting from the de Caen bound.
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Chapter 1

Introduction

1.1 Overview

Consider the classical case of transmitting one of M equally likely signals over a communi-
cation channel. The error probability of the maximum likelihood decoder, which is optimal
for this case, is often complicated to evaluate. Thus, to estimate the performance of a given
code, lower and upper bound on the decoding error probability are required.

Numerous bounds on the error probability of maximum likelihood decoding can be found
in the current literature. The bounds are based on a wide variety of techniques, and are
mostly specialized for given channel types and code structures. We include only a brief
survey of the relevant bounds in this introduction. A more detailed survey, preceding each
chapter, includes a description of the closely related works.

In Chapter 2, where bounds on the probability of a union are discussed, we mainly refer
to de Caen’s lower bound [1], Kuai, Alajaji and Takahara’s lower bound [2], and Kounias’
lower bound [3]. The new bound on the probability of a union, derived in this work, is
an improvement of de Caen’s bound. In Chapters 3 and 4, where bounds on the error
probability in the AWGN channel and BSC are derived, we mainly refer to the de-Caen

based bounds appearing in the current literature, i.e, Seguin’s bound [4] for the AWGN



channel and Keren and Litsyn’s bound [5] for the BSC. The bounds are compared to the
best known upper and lower bounds, namely, the upper bounds by Poltyrev [6] and the lower
bounds by Shannon [7]. When bounds on the error exponent are discussed, we mainly refer
to the well known lower bounds by Gallager in [8], and the upper bounds by Shannon,
Gallager and Berlekamp in [9], McEliece and Omura’s upper bound [10], Litsyn’s upper

bound [11], and Burnashev’s upper bound [12].

1.2 Research Goals

The main goal of this work was to apply a new lower bound on the probability of a union
of events, derived herein, to the problem of lower bounding the error probability in coded
communication. In [4], Seguin used de Caen’s bounds to derive lower bounds on the error
probability for linear codes in the AWGN channel. In [5], Keren and Litsyn used the same
bound as a basis to derive a bound on the error probability for linear codes in the BSC. Since
the bound on the probability of a union, presented here, is an improvement of de Caen’s
bound, we were interested in comparing the performance of the de Caen-based bounds with
the new bounds derived herein. If the new bounds perform better than Seguin’s bound
for the AWGN channel and Keren and Litsyn’s bound for the BSC, as it turns out to be,
we may conclude that the new bound on the probability of a union is indeed useful and
efficient as a basic structure for deriving tight bounds on the error probability. Finally,
we were interested to see whether the new bounds can be exponentially tighter than de

Caen-based bounds.

1.3 Outline and Main Results

In Chapter 2, the new bound on the probability of a union is derived. The bound is analyzed

and discussed while comparing it to related bounds in the current literature.



In Chapter 3, the bound is applied to the case of uniform signaling! over the AWGN
channel. The resulting bounds are specialized for BPSK modulation and linear codes. In
this case, the only knowledge on the code required is its distance distribution. Numerical
analysis results show significant enhancement in performance compared to known bounds
in the literature. To the author’s knowledge, for medium and high values of the Signal to
Noise Ratio (SNR) the bounds are shown to yield the tightest results currently available.
Chapter 3 also includes a derivation of a new bound based on Kounias’ [3] lower bound on
the probability of a union. The resulting bound is very simple and performs well for every
SNR (superior to Seguin’s bound).

In Chapter 4, the bound is applied to the case of uniform signaling over the BSC. The
resulting bounds are, again, specialized for linear codes. Numerical analysis results show
enhancement in performance compared to Keren and Litsyn’s bound, though in this case the
improvement is milder. However, in Chapter 5 it is shown that the new bounds presented
in this work may be exponentially tighter than the de Caen-based bounds. A detailed
derivation of the upper bounds on the error exponent resulting from the lower bounds on
the error probability, as well as some examples, are given therein.

Chapter 6 includes a short discussion and suggestions for future work.

'T.e., equiprobable signals.



Chapter 2

A New Lower Bound on the

Probability of a Union of Events

In this chapter, we derive a new lower bound on the probability of a union of events.
We mainly follow the method used by de Caen in [1], however, the new bound includes a
function that can be optimized to yield tighter bounds. This bound will stand at the basis

of our analysis tools.

2.1 Introduction

Consider a family of events {4;};c7 in a probability space (€2, F, P). The probability of the
union P (UjezA;) rarely admits a simple form in terms of the events probabilities, P(A4;),
or pairwise probabilities, P(A; N A;), hence its evaluation requires an accurate profile of F.
However, knowledge of the event probabilities and the pairwise probabilities can be used to
derive lower or upper bounds on the probability of the union. The current literature includes
numerous bounds on the probability of a union of events. The bounds closely related to
this work are de Caen’s lower bound [1], derived using Cauchy-Schwarz inequality; Kuai,

Alajaji and Takahara’s lower bound [2], derived by solving a minimization problem with



linear constraints, following the methodology of Dawson and Sankoff in [13]; Kounias’ lower
bound [3], which uses the method of indicators and Hunter’s upper bound [14], which uses

a basic equality for the union of sets followed by methods in graph theory.

2.2 Analysis

In this section, we derive the new lower bound on the probability of a union. For conve-
nience, we follow de Caen’s notations as they appear in [1]. Let {A;};cz be any finite family

of events in a probability space (2, F, P). For each x € Q define
JANNIP
deg(z) =|{i € Z:z € A} (2.2.1)
The new lower bound is given by the following theorem.

Theorem 2.1 Let {A;}icr be any finite family of events in a probability space (Q, F,P).

The probability of the union P (U;c7A;) is lower bounded by

2
g <U Ai) > 2; > (Ecs loi(2) (2.2.2)

i€ jeT ExeAmAj p(z)m? (z)

where m;(x) > 0 is any real function on Q such that the sums on the right hand side (r.h.s.)

of (2.2.2) converge. Equality in (2.2.2) is achieved when

1
 deg(z)’

Vier. (2.2.3)

Proof . We first consider the case where (2 is finite. Using a simple counting argument, we

have

p(z)
ot (2.2.4)

r(Us)-T¥

1€T 1€ xEA;



Let m;(z) > 0 be any real function on . From the Cauchy-Schwarz inequality, it follows
that

pl) p(z)
xgl deg(x) Z p(J?)mzZ ($)deg(gj) > Igl \/;\/p(x)m? (x)deg(m)
2

2

TEA;

= [ 3 p@mita) | (2.2.5)

TEA;

provided that the sums in (2.2.5) converge. Therefore, from (2.2.4) and (2.2.5),

2
P <U Ai) (X sea, p(x)mi(z))
ie1

245 o ea pleym?(@)deg(2)
Note that m;(z) may be different for each 7 in the sum over all 7 € Z. However, in order to

AV

2

icT ZJEI ZmeAmAJ- p(x)m?(ﬁﬁ)

achieve equality in (2.2.5) (which results in a trivial bound) we should define

1
 deg(z)’

m; (:E) VieI- (2.2.7)

For a general probability space, as noted in [1] and [2], since there are only finitely many
A;’s, the number of Boolean atoms defined by the A;’s unions and intersections is also fi-
nite. By considering each atom as a point in a new probability space, with a probability

measurement inferred by P, the general space is reduced to a finite probability space. O

Definition 2.2 Denote the choice of m;(x) =1 as the trivial choice of m;(x).

By choosing the trivial choice for m;(z), we have

. P(4;)°
P <U Al> > ; S PN (2.2.8)

1€l

which is de Caen’s bound [1]. Thus, de Caen’s bound is a special case of the bound suggested

in Theorem 2.1.

10



Remark 2.3 Clearly, de Caen’s bound can be written as

P(A;)?
(UA) >ZP TS P A (2.2.9)

€T €T

The expression >, ,; P(A4; N A;) can be considered as a “second order fitting”, without
which, the well know union bound is obtained. Thus, when }.,; P(A4; N A;) is negligible
compared to P(A4;), de Caen’s bound is tight. This remark will be elaborated on in the

following chapters, where the limits of negligible channel noise level are discussed.

Remark 2.4 One can show ([15]) that both de Caen’s bound and Kuai, Alajaji and Taka-
hara’s bound are derived by minimizing the expression Z;CVZI % p;(k), where p;(k) is a proba-
bility distribution on the positive integers k = 1,2,..., N. While the first bound is obtained
by applying Jensen’s inequality, the latter is obtained by a stronger method, which consid-
ers the fact that p;(k) is a probability distribution on the integers. In this way, however,
one can show that Kuai, Alajaji and Takahara’s bound improves on de Caen’s bound by at

most 9/8.

2.3 Discussion

The essence of the bound given in Theorem 2.1 is the ability to choose an appropriate
function m;(x). To define a proper strategy for choosing m; (), first note that any constant
multiplier of m;(z) factors out in equation (2.2.2). Hence, m;(z) should only define an
essence of behavior, and not necessarily exact values. When seeking such a behavior, we
remember that the optimal value of m;(z) is 1/deg(x). While the function deg(z) is com-
plex to evaluate, usually requires more than the available information on the sets {A;}icz,
and leads to a trivial identity in equation (2.2.2), its behavior possesses the guidelines for
choosing a competent family of approximations. By requiring that any such family of ap-
proximations includes the trivial choice for m;(z) and optimizing the bound over this family,
one can assure that the resulting bound is always at least as tight as de Caen’s. Addition-

ally, it is important to require that the chosen family of approximations is mathematically

11



endurable so the sums in (2.2.2) are feasible.

It is clear that bound given in Theorem 2.1 does not depend only on the P(4;)’s and
P(A; N Aj)’s. However, a proper choice of the function m;(z) may result in the same
computational complexity while improving on de Caen’s bound [1], achieved by choosing
m;(z) = 1. This technique is used in Chapter 3 when bounds for the AWGN channel are
discussed. When the computational complexity is of less importance, m;(z) may be chosen
to be constant on subsets of the P(A;)’s, yielding a more accurate result with only slightly
higher computational complexity. This technique is used in Chapter 4 when bounds for the

BSC are discussed.

12



Chapter 3

A Lower Bound on the Error
Probability for Signals in Additive

White Gaussian Noise

In this chapter, we apply the bound of Theorem 2.1 to derive new lower bounds on the
decoding error probability of the maximum likelihood decoder when uniform signaling over
an additive white Gaussian noise channel is used. The bounds are specialized for linear
codes and binary phase shift keying modulation. Several suggestions for the optimizing

function are discussed, each of which results in an new bound on the error probability.

3.1 Introduction

We consider the case of transmitting one of M equally likely signals sg, s1,...,S3/—1 over an
AWGN channel. For this case, numerous upper and lower bounds on the error probability
were derived. We mention here only several bounds closely related to this work.

In [7] Shannon derived lower and upper bounds on the error probability. We are mainly

interested in the lower bound, known as the “sphere packing” bound. Roughly speaking,

13



the sphere packing bound is derived by noting that the error probability of any code whose
codewords lie on a given sphere must be greater than the error probability of a code with
the same rate and whose codewords are uniformly distributed over that sphere. The sphere
packing bound is known to be exponentially tight for rates higher than a certain critical
rate, R.. For rates lower than R, several bounds were offered, among them are the min-
imum distance bound (Shannon, [7]), which considers the error caused by pairs of closest
codewords, bounds on the error exponent by Shannon, Gallager and Berlekamp [9] (which
will be discussed later in this work), and Swaszek lower bound, [16], derived by reducing
the complex decision regions to rectangular slabs. As for upper bounds, the tightest known
is due to Poltyrev ([6]). Poltyrev elaborates on previous techniques used by Hughes ([17])
and Berlekamp ([18]), and considers only a subset of the space in which the error probabil-
ity is relatively precisely evaluated, given this subset. Vectors in the rest of the space are
considered erroneous.

The preceding bounds mainly use geometrical arguments in order to evaluate the error
probability. An alternative approach is to define the probability of error as a probability of
a union of events, and use known bound on this probability. When this method is used, the
basic events, whose probabilities are to be evaluated directly, are usually the error events
when only two or three codewords are involved, hence their probability evaluation is simple.
A recent lower bound which uses this method is the bound given by Seguin [4]. Seguin uses
de Caen’s lower bound [1] on the probability of a union to derive a lower bound on the
error probability for signals transmitted across the AWGN channel. Seguin’s technique will
be discussed throughout later in this chapter. In [19], Kuai, Alajaji and Takahara drive
upper and lower bounds using the same method. Their work includes a bound by the same
authors on the probability of a union, [2], together with simple algorithms for Kounias’ and
Hunter’s bounds, [3] and [14], respectively. However, Kuai, Alajaji and Takahara consider
uncoded communication and nonuniform signaling.

In this work, we use the new bound on the probability of a union to derive lower bounds

14



on the error probability. We then specialize the bounds for binary linear codes and BPSK
modulation. As in Seguin’s work, the resulting bound’s dependance on the code is only
through its weight enumeration. Nevertheless, we show that the new bound is at least as

tight as Seguin’s bound for every value of Ey/Ny (SNR).

3.2 Preliminaries

In this section, we state the basic assumptions relevant to this chapter and introduce the
required notations. We mainly follow Seguin’s notations as they appear in [4]. For the sake
of easy reference, the main results of Seguin’s work [4] are also presented.

We consider the case of uniform signaling over an AWGN channel and maximum like-
lihood decoding. The transmitted signal is one of M equiprobable signals sg,S1,...,S1m—1
of length K. A discrete time channel is assumed since whether the signals are continuous
time signals of dimension K, or discrete time signals of length N and dimension K, the
Gram-Schmidt orthogonalization procedure can be used (see, for example, [20, Section 2.1]).
If s is transmitted, the received signal is r = sy + n, where n is a vector of K independent
Gaussian random variables' with zero mean and variance % (i.e., the noise double sided
spectral density is %) The maximum likelihood decoder, which is optimal for this case,

chooses the closest of the M signals to r, in the Euclidean sense. Thus, the probability of

error given that sg was sent is

P(elso) = P (Uizocoilso) , (3.2.1)
where
A
eoi = {r € R" :[|r —sil| < [Ir — sol} (3.2.2)
and || - || is the Euclidean norm. Note the strict inequality in (3.2.2), a consequence of

the assumption that ties are solved in favor of the correct signal. Generally speaking, this

! Again, this means that for continuous channel, only the noise projection on the signals space is consid-
ered. The reminder is irrelevant to the decision.

15



assumption is essential when lower bounds on the error probability are discussed. When a
continuous probability space is at hand it is of lesser importance.
To derive bounds on the error probability, we are interested in the following entities.

The pairwise error probability, given by

P(egilso) = P({r e RE : ||Ir — ;]| < ||r — so]|}[s0) = Q <%> , (3.2.3)

where
A 1 0 9
Qw2 = | eier?ray (3.2.4)
is the error function. The last equality in (3.2.3) is since we may consider only the noise

component in the direction of the line between sy and s;. The error probability for triplets

is given by ([4],[19])

P(eo; Neojlso,i # §) = P({r € R : [lr — s3]l < r —soll, r — sl < lIr = sol|}Is0)

Iso — sl llso — 51
— 0 ( pis, : : 3.2.5
(pw i, (3.2.5)

where
_ (si—s0,8j —s0)
Isi — solllls; — sol|

is the correlation between s; —sg and s; — s, (-,-) stands for the usual dot product and

i (3.2.6)

U(-,-,-) is the bivariate normal distribution

A 1 R e z? — 2pzy +9?
\I/(p’ x,’y,) = %\/T—IOQ /m, /y, exp {_W dl'dy (327)

All this said, one can apply de Caen’s lower bound (2.2.8) to (3.2.1). We set
T = {1,...,M—1}, (3.2.8)

A = e (3.2.9)

resulting in Seguin’s bound for any signal set

M—1 2 (llso—sill
Plelso)) > Y 2 (%)

M—1 . lso=sill llso—s;ll')’
=1 Z]:l \I]<IOZ]7 2Ny 2N,

0

(3.2.10)

where for p;; = 1 we have

U(l,z,z) = Q(x). (3.2.11)

16



3.3 Analysis

In this section, we derive the new lower bounds on the error probability for signals in the

AWGN channel.

3.3.1 New Lower Bounds for Any Signal Set

In order to use the bound in Theorem 2.1, remember that

p(r|sp) = (wNo)fg exp{—NLOHr—SOHQ}. (3.3.1)

Technically speaking, the essence of the computation of the bound is the evaluation of the

following integrals.

Definition 3.1 Denote the following two integrals

| plelsomiciso)ie (33.2)

€0i

[ wtelsom?alsoy, (3.3.3)
€0iMNEQ;

as the generalized pairwise error probability and the generalized triplets error probability

respectively.

Note that for the trivial choice of m(r|sy), i.e. m(r|sy) = 1, these are simply the pairwise
error probability and triplets error probability as defined in (3.2.3) and (3.2.5) respectively.

To derive a lower bound on the error probability, a proper m(r|sg) should be chosen.
Remember that the optimal value of m(r|sg) was given in Theorem 2.1,

. 1
m*(r|sg) = deg(tisg)’ (3.3.4)

where deg(r|sp) is the number of signals which are closer to r than sg, i.e.,
deg(r|sg) = |{i Z0: ||r —s;]| < ||lr —so|}]- (3.3.5)

However, the evaluation of deg(r|sp) is usually very complex and, in many practical cases,

infeasible when only the weight enumeration of the code is to be used. Moreover, m(r|sy)
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should be mathematically endurable so the integrals in (3.3.2) and (3.3.3) can be easily
computed?. Nevertheless, we will see that suitable approximations can be found.

A first approximation is derived directly from equation (3.3.5). Since deg(r|sp) is the
number of signals in the interior of a sphere of radius ||r — sy|| centered at r, one might
suggest that the larger the volume of the sphere, the higher deg(r|sy) is. Namely, deg(r|sg)

is monotonically increasing in ||r — sg||. Thus, m(r|sy) might be chosen as
m(r|sy) = exp {—al|so — r||*}, (3.3.6)

where a > 0 is a parameter to be optimized in order to achieve the tightest bound. An
exponential behavior was chosen to facilitate the computation of (3.3.2) and (3.3.3). A
drawback of this approximation however, is that it is implicitly based on the infeasible
assumption that the signals are uniformly distributed in R . Nevertheless, this choice does
improve on the trivial choice of m(r|sy) (corresponding to a = 0) in terms of performance,
as we will see in Section 3.4.

Fortunately, for equal-energy signals, a more realistic approximation can be derived in

a similar fashion. Since for all i, ||s;|| = [|so|| = V'E, we have
deg(r|sp) = |{i #0: (s;,r) > (so,r)} = [{1 # 0 : 0p; < Oro}|. (3.3.7)
where
0o 2 cos ! { (5i, r) } . 0<6y <. (3.3.8)
Isillllll

Assuming the signals are uniformly distributed on the surface of a sphere of radius VE

centered at the origin, equation (3.3.7) implies that deg(r|sy) is monotonically increasing

with respect to the absolute value of the angle between r and sg. Thus, m(r|sy) might be
chosen as

m(r|so) = exp {a(so,r)}, (3.3.9)

2For example, the pairwise error probability, i.e., when m(r|so) = 1, can be computed by a one dimen-

sional integral, regardless of the signal set’s dimension. Fortunately, as we will soon see, there exist non
trivial choices of m(r|sg) with the same property.
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where, again, a > 0 is a parameter to be optimized. Clearly, when BPSK modulation
of a binary code is used, which is the case drawing our main attention, the signals are
of equal energy. However, equal-energy signals are worth considering anyhow. It is well
known (see, for example, [7]) that the requirement for equal-energy signals does not cause
any degradation in performance, in terms of the error exponent, compared to an equivalent
(a sphere of the same radius) peak-energy requirement3. An average-energy constraint,
however, results in a slightly altered lower bound on the error probability. The assumption
that the signals are uniformly distributed on the surface of the sphere cannot, of course,
be justified in general. However, it is important to note that since this assumption is at
the basis of the sphere packing bound [7, Section 3], which is asymptotically tight for rates
higher than R., we know that good codes of high rate do have approximately uniform
distribution of codewords on the surface of the sphere. Thus, we expect (3.3.9) to be useful
for long codes and rates higher than R,.

Both suggestions for m(r|sy), defined in (3.3.6) and (3.3.9), are members of a wider

family, characterized by three parameters a,b and c,
m(r|sy) = exp {— (a|r||* + b{r,s0) + c||so||?) }. (3.3.10)

Although more suggestions for m(r|sy) can be given, we choose to focus on (3.3.10) only.
The following proposition introduces the new bound on the error probability for any signal

set, using this suggestion. The simpler suggestions discussed earlier easily follow.

Proposition 3.2 Let sy, S1,...,8ym—1 be a set of M signals of dimension K for the AWGN

3This is easily explained ([7]) by adding a coordinate to the code with the required value to achieve
equal-energy signals.
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channel with spectral density % The conditional probability of error of a maximum likeli-

hood decoder is lower bounded by

K
Plelso) > exp{(§' — 26)lsol*) (%)
0

asp—s;||?—(a—1)2||so||?
. % <| 0=54(/°~(a=1)?]Jso]

v/ 2N{|[so—s;]|

iml YM Ly () lefsomsilPo(@ =122 Jlafso—s; P (o’ _1)]jsol
7=l P VeNgllso-sill T /2N llso sl

(3.3.11)

where
Ng NO
Nl e NII - v
07 1+ aN 07 1+ 2aN,

1 _b S
o= No 2 o = No
a—i—NLO 2a+NL0

1

— 5Ny b, and ¢ are arbitrary constants.

and where a >

Proof . We apply the lower bound on the probability of a union given in (2.2.2), using
equations (3.2.8), (3.2.9), (3.3.1) and (3.3.10). Equation (3.3.11) easily follows after com-
puting the integrals (3.3.2) and (3.3.3). Since the computation of these integrals is rather
cumbersome, it is included in Appendix A. O
Clearly, choosing ¢ = b = ¢ = 0 results in Seguin’s bound (3.2.10), hence the bound in
(3.3.11) is at least as tight as Seguin’s. To restrict ourselves to simpler bounds, when only
one parameter can be optimized, we may choose a = ¢ = a/, b = —2ad’, which results in the
norm bound (i.e., using (3.3.6)), or a = ¢ = 0, b = —a’, which results in the dot product

bound (i.e., using (3.3.9)).
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3.3.2 New Lower Bounds for Linear Codes

The bound given in Proposition 3.2 requires two nested summations over the entire signal
set. Thus, the bound is of very little use for large codes. In this section, we specialize
the bound given in Proposition 3.2 for linear codes and BPSK modulation. In this case, a
bound depending on the code only through its weight enumeration is achieved, hence the
nested summations are only over the code length, V.

Analogously to Seguin’s work [4], we assume a binary (N, K) linear code C is used.
s; is obtained by replacing the zeroes and ones in ¢; with /Exy and —/E}y respectively*
(BPSK modulation). The energy per bit in this case is E, = N—I]”;N Denote by w(c) the
Hamming weight of the codeword ¢ and by B = {By, By, ..., By} the weight enumeration
of the code, i.e., B; is the number of codewords of Hamming weight i. Assuming ¢ is the

all-zero codeword, we have

Isoll> = NEu, (3.3.13)

(a —1)’NEy + 4aEyw(c;). (3.3.14)

lso — si|?

Hence,
laso —sill* — (@ = 1)*[[so]I? a*Eyw(c;)
Q =Q 3.3.15
V2NGlso i N2 (3:3.15)
and

\p< lfso = sill® = (@ = 1o ||C¥'So—sj||2—(a'—1)2||50||2>
7,

p]a 9
V2N{[|so — s V 2Ny |Iso — s

a’ZENw(ci) a’ZENw(cj)
=V 17 ) ) 3.1

w(c;c;)

w(ei)w(e;)

where

pij = (3.3.17)

“Referring to Section 3.2, note that the signals in this case are of length N and dimension K. Signals of
length K are achieved by the Gram-Schmidt procedure and the projection of the signals on the new base.
The computation of the signals’ energy and distance spectrum is, however, clearer when the original signals
are treated.
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The expressions in (3.3.15) and (3.3.16) can be substituted into (3.3.11) directly. However,
pij does not depend solely on the code’s weight enumeration. In [4], Seguin proved that
U(p, z,y) is monotonically increasing in p. Thus, to derive a bound which depends only on
the weight enumeration of the code, and is thus much easier to evaluate, p;; can be upper
bounded in terms of the weight enumeration alone. Denote by d the minimum distance of

the code, for s; # s;, an upper bound on p;;, derived in [4], is given by

pij < o(i,J) —mln{\/ \/ , 2\/#d} (3.3.18)
i)

which can be substituted into (3.3.16) to achieve the desired expression. All this said, the

following proposition introduces the new bound on the error probability for linear codes in

the AWGN channel.

Proposition 3.3 Let C be a binary (N, K) linear code used over the AWGN channel with
BPSK modulation. The probability of error of the mazimum likelihood decoder is lower

bounded by

K
NI
P(e) > ex "' _28)NE ——9
Z BiQ? ( a]ééE/]\2n>
’ /2E > /2E > 12E > /2E N /2E y
70 Q (o) + (B = 0¥ (o /55 /) + oo B (i /W55 )

(3.3.19)

gzg—mm{\[\/?“”_ } (3.3.20)

a,d, 3,6, Ny and N are as defined in (3.3.12), and a > ﬁ, b, and c are parameters

where

to be optimized in order to achieve the tightest bound.

Proof . Substitute expressions (3.3.15), (3.3.16) and (3.3.18) into (3.3.11). Since the result-

ing summands depend on the code only through the weight enumeration, the summation

22



can be carried out on the possible codewords weights. Finally, when linear codes are used
on a binary-input output-symmetric channel with maximum likelihood decoding, the prob-
ability of error is independent of the codeword sent (see [20, pp. 86]). Hence, we assume

the all-zero codeword was sent and P(e|sg) = P(e). O

Remark 3.4 Consider the limiting cases of }EV—’OV — oo and ETIX — 0. While non-trivial

values of the parameters a, b and c¢ yield strictly tighter bounds for intermediate values of

?V—J(\)’, it is not so in these cases. When ETIX — 00, Seguin’s bound is optimal ([4, Section

5]), in the sense that the ratio with the union bound tends to unity (referring to Remark
2.3, in this case the error probability for triplets is negligible compared to the pairwise
error probability). Therefore, no non-trivial values of the parameters a, b and ¢ yield
tighter results. Note that, however, the rate of convergence may be faster with non-trivial
parameters. When ET](‘)’ — 0, since the bound cannot be represented as a function of ET](‘)’,

unwieldy limit-computations are required. We will not include these computations in this

work, only mention the key steps. The first step is to note that in the denominator of the

o’?Eni
N7 /2

r.h.s. of (3.3.19), p;; is always smaller than unity, thus when — 00, U tends to

zero faster than () and hence is negligible. Continuing with the following bounds (]20, pp.

63])
1 1 e 8°/2 e=h%/2 1
< ,62> \/2716 < ( )< \/2716’ ~ ( h )

and straightforward computations it is easy to see that the optimal values for the parameters

in this case are the trivial ones.

3.3.3 Lower Bounds Depending Only on the Subcode C;

The bound given in Proposition 3.3 requires the weight enumeration of the entire code to
be evaluated. However, for large codes, this weight enumeration is rarely available. Clearly,
the error probability of a given code C, Pc(e), satisfies Pe(e) > Pe«(g), where C* is any

subset of the code C. Hence, any lower bound on Pc-(e) is a lower bound on Pg(e). This

23



technique is widely used when lower bounds for low rates are discussed (see, for example,
[20, pp. 174]). However, when the code C is linear, C* is not necessarily linear. Nevertheless,

we have

Pe(e) = Peleleg) > Pex(gleg) (3.3.22)
for any subcode C* of a linear code C. As in [5], we choose
C*=C:2 {ceC:wlc)=d}U{co) (3.3.23)
The resulting lower bound is given in the following proposition.

Proposition 3.5 Let C be a binary (N, K) linear code used over the AWGN channel with

BPSK modulation. The probability of error of a mazimum likelihood decoder is lower

bounded by

K
N} 2ENd
expl(8' - 20)NEw} (o) Ba? (/560
2ENnd 1 2 ENnd 2ENnd
Q (y/n?) + Ba— 1w (5. /555 \/*50%Y)

where o, o/, B, ', Nj and N§ are as defined in (3.3.12), and a > —ﬁ, b, and ¢ are param-

P(e) =

(3.3.24)

eters to be optimized in order to achieve the tightest bound.

Proof . Based on the preceding discussion, substitute B; = 0 for every i # d in (3.3.19).
The one-half appearing as the first argument of W results from the substitution of 1 = j = d

in (3.3.20). O

3.3.4 Kounias’ Bound

We apply Kounias’ lower bound [3] to derive a new lower bound, analogously to the pre-
ceding derivations in this chapter. Although Kounias’ bound was used by Kuai, Alajaji
and Takahara in [19] to derive a lower bound for the AWGN channel, their work included

bounds for non-uniform signaling, hence no specialization of the bound for linear codes was
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possible. In this section, in addition to the straightforward specialization for linear codes,
we further develop the bound by using only the subcode Cj. In this case, the customarily-
tedious optimization required in Kounias’ bound is direct and can be done analytically. The
resulting bound is very simple to evaluate and performs better than Seguin’s bound (yet,

inferior to (3.3.24)) for every value of Ej,/Nj.

Kounias Bound for Any Signal Set
Under the notations of Chapter 2, Kounias’ bound is given by
P (U AZ-) > max ZP(AZ-) - Z .P(Ai NAj) - (3.3.25)
1€ - €T 1,]€T <]
Refereing to our problem, utilization of this bound yields

[s0 — sl Iso —sill llso — sl
P 1o | > 3 - Y v (py , ,
Usolso | > max . Q( N P AN, 2N,

170 1eJ 1,J €T <]
(3.3.26)

where M = {0,1,..., M —1}. Note that the fact that Kounias’ bound allows us to use any
subset J C M \ {0} is insignificant since when lower bounds on the error probability are
considered, this step is straightforward (refer to Section 3.3.3). Hence, in this case Kounias’

bound is equivalent to the well known Bonferroni’s inclusion-exclusion lower bound ([21]).

Kounias Bound for Linear Codes

So far, the preceding derivations were identical to those of Kuai, Alajaji and Takahara in
[19]. To specialize the bound for linear codes, note that the r.h.s. of (3.3.26) is a decreasing
function of W, therefore, we can use p;; as in (3.3.19), resulting in a bound depending only
on the weight enumeration. Remember that B is the weight enumeration of the code, i.e.,
B; is the number of codewords of weight . However, Kounias’ bound allows us to use any
subset J C M \ {0} of the code (in this case, J is a subset of indices). Let J be any

such subset. We denote the weight enumeration of the corresponding subcode by B7, i.e.,
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BZJ < B; is the number of codewords of weight 7 in this subcode. Note, however, that this
is not the distance distribution of the subcode. Thus, when linear codes are considered,
the maximum is over all possible B7’s. Since several subcodes may have the same weight
enumeration, the optimization process is much faster than that of (3.3.26). The resulting

lower bound is

w2 uge] 3 (55

BY #0

S () (o) oo ) )

BY #0 BY #0,j

(3.3.27)

with the understanding, relevant throughout this document, that (Z) is0if k> n.
The bound in (3.3.27) is still tedious to evaluate for large codes, even when the stepwise
algorithm suggested in [19] is used. Thus, analogously to the derivations of Section 3.3.3,

we limit the search to weight enumerations of subsets of the subcode C;. Hence, we have

o o o )- Qo (TR}

Since the r.h.s. of (3.3.28) is a concave (N) function of b and its second derivative with

respect to b is constant, the maximum is achieved by comparing the first derivative to
zero and taking the closest integer value to the result, provided that it is in the range

{1,2,..., Bg}. Thus, the maximum is achieved with

[2End
-4 : , By (3.3.29)
2 g (l [2Exd /2ENd)
27 No No

where [z] is closest integer to z. Consequently, we have

p(a)zb*Q(@> <> ( \/2ENd, 2ENd>. (3.3.30)

b* = min
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3.4 Results

In this section, several examples with well known codes are given and the results of the

numerical analysis are shown.

3.4.1 Implementation Notes

Before the numerical results for the lower bounds are introduced, we address several practical
issues. First, the definition of Q(-) as given in (3.2.4) requires an integration over an infinite

set. Instead, an alternative form by Craig® [23] was implemented®

1 w/2 1,2 ”
= — e > 0. 4.
Q(z) = — /0 exp ( 2Sin29> x>0 (3.4.1)

As for ¥(-,-,-), an expression given by Simon and Divsalar in [25] was used

m/2—tan" ! (y/x) _ 2 2 — pgi
1 / V1—p exp{ z* 1 — psin26 }dé‘
0

NG = —
(pﬂx?y) 1_p81n29

2 (1 — p?)sin?6
1 ‘/tan1 (y/z) 1 — ,02 { y2 1— psin 20
Y~ __exp
0

— —=—————3df. (3.4.2
21 1 — psin26 2 (1—p2)sin29} ( )

2

+

3.4.2 Examples and Numerical Analysis Results

We compare the new lower bounds for linear codes, presented in this chapter, with several
known bounds in the current literature. For the sake of simplicity, only three new bounds
are discussed. The first is the norm bound - whole code, i.e., the bound given in (3.3.19)

with a = ¢ = o’ and b = —24d'.

The second is the dot product bound - subcode Cj, i.e.,
the bound given in (3.3.24) with @ = ¢ = 0 and b = —a’. The norm bound using only
the subcode C; and the dot product bound using the whole code are not given since these
bounds do not further improve the results or give any different insight. The third bound

is Kounias’ lower bound as given in (3.3.30). The new bounds are compared to Seguin’s

lower bound [4], Shannon’s lower bound [7] and Poltyrev’s upper bound [6], all appearing

Palso appearing in [22], with a simpler proof.
A simple series for the computation of Q(-) by Beaulieu [24] was also implemented as a reference.
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also in [4, Section 6] as bounds for linear codes. Swaszek’s lower bound [16] is not given
since it appears to be inferior to Seguin’s ([4]). The results for the codes BCH(63,24) and
Golay(23,12) are given in Figures 3.1 and 3.2, respectively. For the sake of clarity, Figure
3.2 does not include Kounias’ bound. It is only slightly superior to Seguin’s.

It is clear that the new bounds perform better than Seguin’s for any value of Ej, /Ny (for
BCH(63,24), the improvement is up to 21dB where the bounds are inferior to Shannon’s
bound and up to 12dB where the bounds are superior). This can be seen both for the
bound using the whole code (as in Seguin’s bound) and for the bound using the subcode
C;. Referring to Remark 3.4, the fact that non trivial values of the parameters cannot
improve performance for very high values of Ej/Nj is clear. This behavior is repeated for
low values of Ej/Ny, although clear only for E,/Ny < —3dB, a range not included in the
presented graphs. To the author’s knowledge, for high values of Ej,/Ny, where the new
bounds are superior to Shannon’s lower bound, they establish the best know results in the
current literature. Furthermore, in Chapter 5, we calculate the upper bound on the error
exponent resulting from the dot product bound. It is shown therein that this upper bound
can be tighter than the de Caen-based bound, and the optimal value of the parameter a’ is

given.
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Figure 3.1: Bounds on the decoding error probability of BCH(63,24) code, AWGN channel.
The new lower bounds norm - whole code and dot product - subcode C; are shown, together
with Kounias’ version (C}) for linear codes (lower bound). For reference, Poltyrev’s upper
bound and Shannon’s and Seguin’s lower bounds are also plotted.
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Figure 3.2: Bounds on the decoding error probability of Golay(23,12) code, AWGN channel.
The new lower bounds norm - whole code and dot product - subcode C); are shown. For
reference, Poltyrev’s upper bound and Shannon’s and Seguin’s lower bounds are also plotted.
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Chapter 4

A Lower Bound on the Error
Probability for the Binary

Symmetric Channel

Analogously to the previous chapter, in this chapter, we apply the bound in Theorem 2.1 to
derive new lower bounds for uniform signaling and maximum likelihood decoding over the
BSC. In a similar fashion, the bounds are specialized for linear codes and several suggestions

for the optimizing function are discussed.

4.1 Introduction

In this section, we briefly introduce the channel model and several related works.

We consider the case of uniform signaling over a BSC channel and maximum likelihood
decoding. The transmitted codeword is one of M = 2% equiprobable binary codewords
Co,C1,-..,cpr—1 of length N. Denote by p the channel crossover probability, i.e., the prob-
ability that the channel’s output bit is different from the channel’s input bit. Let x be the

received word. The optimal decoder, namely, the maximum likelihood decoder, chooses the
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closest of the M codewords to x in the Hamming sense, i.e., 2 = arg min; dg(c;,x). Thus,

the probability of error given that ¢y was sent is

P(elco) = P (Uirocoilco) , (4.1.1)
where in this case
coi = {x€GFQ2)N :dy(x,¢;) <dp(x,co)}
= {xeGFQ)" :w(x+c¢) <wkx)}, (4.1.2)

assuming cg is the all-zero codeword.

Our goal is to lower bound the error probability given in (4.1.1). Again, when the
code used is a binary (N, K) linear code C, we wish to express the bound in terms of the
code’s weight enumeration and the channel’s crossover probability alone. To the author’s
knowledge, the best known lower bounds, in this context, are those due to Keren and Litsyn,
appearing in [5]' and the sphere packing bound (see, for example, [6]). Keren and Litsyn’s
technique is closely related to the one presented here since de Caen’s lower bound on the
probability of a union is a key element in their derivations. We discuss their technique
thoroughly in the proceeding section. The sphere packing bound, citing [26], states that
the probability of error is greater than that of a perfect code. Namely, the best probability
of error is achieved when spheres of equal radii centered at the codewords cover the entire
space. The best known upper bound is due to Poltyrev ([6]). Poltyrev’s bound is based on

the following inequality, which was also in the basis of the bound for the AWGN channel,
P(e) < P(e, A) + P(A°). (4.1.3)

for any A C GF(2)V. Poltyrev chose the set A as the set of all binary words of weight
higher than some threshold m, which is later optimized to yield the tightest bound. The
value of P(e,.A) was bounded by the well known union bound. We further discuss inequality

(4.1.3) in the proceeding section.

' A more detailed paper, unpublished though, is also available ([26]).

32



4.2 Analysis

In this section, we derive the new lower bounds on the error probability over the BSC. For
the sake of simplicity, we consider only linear codes. Bounds for any block code can be

derived in the same fashion.

4.2.1 New Lower Bounds for Linear Codes

We wish to use the bound in Theorem 2.1 to derive the new bounds for the BSC. Since
the method developed in Chapter 3 is general, and can be used in any case where the error
probability admits a union form, we focus only on the channel-specific derivations.

Let C be any linear code. Assume cg, the all-zero codeword, was sent. We have

T = {1,...,M—1}, (4.2.1)
A = o (4.2.2)
plxley) = phnOoe)(1 — p)N-duloco)
= p"O1—pN e, (4.2.3)
deg(xleo) = [{c; €C,i#0:du(x,¢;) <dp(x,co)}
— fei €C,i#0: wx +¢) < wx)}. (4.2.4)

Define the set A" = {1,2,... N} and for every M C N and x € GF(2)" define x to be
the subword (x(m1),...,x(m ) of x. Let the support of ¢; be the set S; = {j : ¢;(j) = 1}
and denote by Sf the set '\ S;. Hence, xg, is the subword of x consisting of x in the places
c; equals 1 and xg¢ is the subword of x in the places ¢; equals 0.

In the computation of (2.2.2) according to equations (4.2.1) to (4.2.3), we encounter
the summations over x € €p; and x € ep; N gp;. The summands are p(x|co)m;(x) and
p(x|co)m?(x), respectively. While the dependence of p(x|cg) on x is only through w(x),
m;(x) is a function to be optimized and hence might, in general, be chosen to be different

for each x. However, to avoid a tedious evaluation of the considered sums, we prefer to
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reduce the degrees of freedom in choosing m;(x) by the restriction
m;(x) = n;(w(x)), ni:Zt = R (4.2.5)

Clearly, since deg(x|cp) is not likely to depend only on w(x) when non-trivial codes are
discussed, we may assume that the optimal value for m;(x) cannot be achieved by any
function 7;. Nevertheless, we will discover that the function 7; may still be chosen to
yield tighter bounds than the one achieved with the trivial choice of m;(x). To conclude,
according to (2.2.2), we may write

M _ 2
(PCseeo, P (1 = p)V S (w(x)))
P(e 0i
( ) - ; Z]]Vil Zanomaoj pw(x)(l _p)Niw(X)nz'Q(w(x))

(4.2.6)

where 7; : ZT ~ R is any function to be optimized. In the proceeding subsection we
estimate the value of n;, in the spirit of equation (2.2.3). For the time being, we evaluate
(4.2.6) for any n; whose dependence on x is only through w(x).

To evaluate (4.2.6), we start by calculating the sum over x € ¢gp; in the numerator.
Referring to (4.1.2), a word x € GF(2)" satisfies x € g¢; if under ¢;’s support it has more

1’s than 0’s. The number of 1’s or 0’s out of ¢;’s support is irrelevant. Thus

w(c;)
2

x €¢ey iff wxs) > L J + 1. (4.2.7)

Accordingly, we have

Paum(w(c:) 2 3 p (1 — p)V @ (w(x))

XEEQ;

S Nme‘f:) (PN (VY Y. (128

- m
1= 2 1

To avoid cumbersome notations, the notation for Py, (w(c;)) does not reflect its depen-

dance on p and the parameter N. The first sum in (4.2.8) is over [ = w(xg,). Since

{@J +1 <1< w(e) (4.2.9)

34



it is clear (4.2.7) is satisfied. The second sum is over m = w(xs¢), counting all the possibil-
ities for 1’s under Sf, where the received word has no restrictions. Note that (4.2.8) is the
generalized pairwise error probability for the BSC, analogously to Definition 3.1. On the
more technical side, choosing a non-trivial 7; prevents us from using the binomial formula
to evaluate the second sum and thus increases the computational complexity. For the codes
tested in this work, this tradeoff was worthwhile.

The evaluation of the sum in the denominator is carried out in the same fashion. In this

case

X € coi Neg; iff w(xsi)Z[w(;i)J—i—l and w(x‘gj)ztw(c]‘)J—i—l. (4.2.10)

Thus, when ¢; = ¢; we have

Pden Z p (x)ﬁ? (’U)(X))

erOz

— Z NXw:cl ( >(N n@;)(cz)>pl+m(1_p)N =mp2( 4 ). (4.2.11)

1= Lw(cz)J

When c; # ¢; we have

~ A w(x —w(X
Pden(ciacj) = Z p ( )(1 _p)N ( )ﬂf(w(x))

X€e0iNen; AF]

l

m—\_w(;i)J-i-l—l n_Lw(C )J+1 l

.<w(cj) - ’U)(CiCj)> <N —w(c;) — k(cj) + w(cicj)>pl+m+n+k(1_p)N l-m-n—k 2(l—|—m+n+k)

n

m
k=0

(4.2.12)

where the first sum in (4.2.12) is over the intersection of ¢;’s and c;’s supports - S;;, the
second is over S; \ S;j, the third is over S; \ S;; and the forth is over '\ §; \ S;. Again,
the expression in (4.2.12) is denoted as the generalized triplets error probability for the

BSC. Clearly, Igden(ci,cj) does not depend on ¢; and c; solely through w(c;) and w(c;)
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since it includes the expression w(c;c;). Thus, its evaluation requires more than the weight
enumeration of the code. We recall dealing with an equivalent problem in the AWGN

channel. In [4] Seguin has proved that

o [Iso —sill [Iso —s;ll
P(ey; Neyj|so, =T g, , 4.2.13
( ul 'u.]| 0 Z#]) (pl] \/m \/m ( )

is monotonically increasing in p;; in the interval (—1,1) and therefore substituting an upper
bound on p;; yields an upper bound on W. This proof removed the obstacle in specializing

the bound for linear codes. The following proposition aims at the same target, for the BSC.

Proposition 4.1 The generalized triplets error probability for the BSC given in (4.2.12)
is monotonically increasing in w(c;c;) for any 0 < w(c;c;) < min{w(c;) — 1, w(c;) — 1},

w(c;), w(c;) and for any n; : 7+ — Rt

The complete proof is given in Appendix B.1. For some intuition, remember that Seguin’s
proof for the AWGN channel was based on proving that the derivative B—\Il(p, x,y) is pos-
itive. The proof of Proposition 4.1 resembles in the sense that discrete derivation is used.
Referring to (4.2.4), it is clear that the demand for positive 7; is not restricting.

To utilize Proposition 4.1, define

w(cic;) 2 min {w(ci), w(e;), {w(ci) i ;”(cj) - dJ } (4.2.14)

Since

w(cie;) = L&) +w(cj2) —d(cir ) (4.2.15)

it is clear that w(c;c;) < w(c;c;). Thus,

Pden(cuc])<Pden( ( ) ( ))

(cicj) w(ei)—w(eic;) w(ej)—w(eic;) N—w(ei)—w(c;)+w(eic;) ,__ _
é Z] Z g ! g (w(cicj)> (w(ci) —w(cicj)>
l m
I RN el LR k=0
. <w(cj) _nm(cicj)> <N - w(ci) - k(cj) +m(cicj)>pl+m+n+k(1_p)N [—m—n—k 2(l—l—m—|—n+k)

(4.2.16)
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Now it is possible to derive a lower bound on the probability of error using only the code’s
weight spectrum. The summations can be carried out on the possible weights rather than
the whole code. Thus, the new lower bound on the error probability of a linear code C on
the BSC is given by

N
P(e) > B Prium (1) (4.2.17)

" £ Paen(n) + (B = 1) Paen (n,n) + Yom_1 nin B Paen(nym)’

where Ppym(n), Pien(n) and Py, (n,m) include the function n;, which can be optimized to

yield the tightest bound.

4.2.2 Approximations for deg(x|cy)

In a similar fashion to the analysis of Chapter 3, we seek a function 7); of the form

1

= 4.2.18
deg(w(x)) —

ni(w(x))

where @(w(x)) is any approximation of deg(x|cg) whose dependance on x is only through
w(x). The reason for preferring only this kind of approximation is not only to reduce the
computational complexity, but also since the only knowledge available on the code is its
weight enumeration, thus any knowledge on the structure of a specific word is rarely useful.

Referring to (4.2.4), deg(x|cg) is the number of words with Hamming weight less than
w(x) in the coset C+x. Thus, we are interested in the weight enumeration of this coset when
the only knowledge on x is w(x). As a simple example, consider a 1-bit parity check code.
Clearly, there are only two cosets in this case. The first is the code itself, i.e., the set of all
even-weight words. The second is the set of all odd-weight words. Thus, given a received
word x, its weight is sufficient to identify the correct coset and deg(x|cy) = deg(w(x)|co)
is known exactly. However, the evaluation of the error probability for this code is trivial in
the first place. There are several codes whose cosets weight enumeration can be found in
the current literature. Yet, even for simple codes, the weight enumeration of C 4+ x cannot,

in general, be evaluated using w(x) alone. For example, in [27, pp. 170, Example 1] the
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weight enumeration of Hamming(7,4) and its cosets is given. Words of weight 3 or 4 cannot
be classified to a specific coset only by their weight, i.e., may belong to the code or one of
its cosets.

We include here three possible approximations for deg(x|cy) using only the existing
information on x and the code’s weight enumeration. The approximations given here char-
acterize several of the methods which can be used to derive more approximations in future

work.

Chernoff Bound for deg(x|cy)

In this approximation, we view deg(x|cg) as |C|P(w(x + ¢) < w(x)). Let x be fixed and ¢
a codeword chosen randomly with uniform distribution. Considering w(x + ¢) as a random
variable, we have

Plw(x +¢) < w(x)) < E{e*a<w<x+°>*w<><>>} , (4.2.19)
where the expectation is over all possible codewords ¢, and a is a non negative parameter
to be optimized. Clearly,

B{omewictaut) L = 7 p()melulere)-uto)

ceC
_ % Z efa(w(X‘FC)*w(X))‘ (4220)

ceC
The expression in (4.2.20) does not depend solely on w(x) and the weight enumeration of

the code. Substituting the bound
w(x +¢) > |w(x) — w(c)] (4.2.21)

in (4.2.20), we have

%' 3 e olwlerouw(x) 1§ aliwiow(e) -w(x)
ceC

C|

IN

ceC
6a/w(x) N

= > Biem el (4.2.22)
=0
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The approximation for deg(x|cy) is therefore

deg(w( Z Bjeolw(x (4.2.23)

where a > 0 is a parameter to be optimized.

Polynomial (Chernoff-Like) Bound for deg(x|cg)

The previous subsection suggested an exponential bound for P(w(x + ¢) < w(x)). In this

subsection, we use the inequality

N —z\*
lpcw) < (N—w) we0,N—-1], ze€][0,N], (4.2.24)

where 1. is the indicator function and a > 0 is a parameter to be optimized. Since

P(w(x+c¢) > N) =0, for any w(x) # N we have

P(w(x +e¢) <w(x)) < E{(zvz\;iu—(;((jcr;))}
- Yo ()
oz ()
2 ZB <W();|> e

where (a) is due to (4.2.21). Thus, a new approximation for deg(x|cg) is

SN B (ML) (x) £ N
] w(x) = N,

—
5]
~

IN

deg(w(x)) = (4.2.26)

where ¢ > 0 is a parameter to be optimized.

Curve Approximation for deg(x|cy)

In this subsection, we consider a different method to approximate deg(x|cy). Clearly,

0 w(x) < L%J
deg(x) = ¢ YW px dol| < y(x) < N (4.2.27)
-1 wx =N,
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where B is the number of words of weight i in the coset C + x. Thus, deg(x|cy) is
monotonically increasing in w(x), with known values for w(x) = L%J and w(x) = N.
By choosing any concave or convex line between these two points we have the following

approximation

B w()-| 451]\* wlx d—1
Ty < | 170 (L) w0 > 1421

0 else,

(4.2.28)

where a > 0 is a parameter to be optimized. This approximation is easier to evaluate than
the previous ones since no summation is required. Moreover, only the size of the code, its

length and its minimum distance are used.

4.2.3 Lower Bounds Using the Subcode C; and the Code’s Covering Ra-

dius

In this section, we consider two variations on the bound given in (4.2.17). These two
variations, suggested in [5], will both reduce the complexity of the bound and improve

performance.

Definition 4.2 ([27], [5]) Denote by t the covering radius of the code C

t= indy(f,c). 4.2.29
pea  mind (£, ) (4.2.29)

Namely, t is the mazximum number of errors that can be corrected. More than t errors

cannot be corrected.

Clearly,

Pe(e) = Pe(e,w(x) <t) + P(w(x) > t). (4.2.30)

Thus, when evaluating a bound on the error probability, we may assume no more than ¢
errors were made, then add the probability of all the words with weight higher than #. As
noted in [5], when lower bounds on the error probability are discussed, an upper bound

M >t can be used if ¢ is not known. Note the resemblance to Poltyrev’s ([6]) technique, as
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given in (4.1.3). Poltyrev chose A€ as the set of all words with weight higher than a certain
threshold. However, this threshold is optimized to yield the tightest upper bound, and the
resulting value is always smaller than the covering radius ([6]).

Finally, as in Section 3.3.3, since
Pe(e,w(x) < M) > Pex(e,w(x) < M), (4.2.31)

where C = {c € C : w(c) = i} U{co}, we may compute the bound disregarding all
codewords of weight other than . Although the numerical analysis shows that best results
are achieved with ¢ = d, we prefer this general form for future reference. Consequently, we

have the following proposition.

Proposition 4.3 Let C be any linear code over GF(2) of length N and minimum distance
d. Let B; be the number of codewords of hamming weight i, d < 1 < N — {%] Denote by

P(¢e) the decoding error probability on a BSC with crossover probability p. We have

B;P? (i
= Lo () + Par, (4.2.32)

P(&‘) > LBi(nivp) = Pden(i) + (Bz — l)pden(iai)

where
. A= N (i\(N—i
Prum(i) = Z (l>( . >pl+m(1 — )Nl (14 m), (4.2.33)
= 3] +1m=0
_ A e~ S\ (N
Pien(i) = > (l>< . >pl+m(1 —p)NTImR2 (1 4 m), (4.2.34)
=5 ]+1m=0
Z*[ﬁ [%1 [%1 M—l—m—n i d d d N —j— d
Pyen(i, i) 2 Z Z Z ( l[2]> (%J) ([;J) ( . [2])
=0 m:L%J+lfl TL—L%J 1-1 k=0
pltmAn R — )N (o + k), (4.2.35)
N
Y <Z;[>pl(l —p)N-t (4.2.36)
[=M+1

and n; : 77— R is any function to be optimized.
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Note that the demand ¢+ < N — {%] is not restricting. Since there is no more than one
codeword with weight higher than N — [%], a subcode C; for such ¢ is degenerated.

Proof (Proposition 4.3). Based on the preceding discussion, substitute B,, = 0 for every
n # i in (4.2.17). To use the covering radius of the code, evading high values of w(x),
we may alter the expressions in (4.2.8), (4.2.11) and (4.2.16) to include only words x with
weight w(x) < M by changing the upper bound of the last summation in each expression.

Py is the probability of more than M bit errors. O

Remark 4.4 Note that when [£]| + 1 —1 > [%] the sums over m and n in (4.2.35) are
empty. Thus, the value of Py, (i,i) is unchanged if we sum over L%J +1- [%] <Il<i-— [%]

instead of 0 < <4 — {%]

To choose a proper 7;, we return to Section 4.2.2. Although the approximations therein
refer to the bound given in (4.2.17), i.e., when the whole code is used, we find them useful
in (4.2.32) for two main reasons. First, since n; defines only the essence of behavior, and not
necessarily exact values (refer to Section 2.3), the approximations in Section 4.2.2 may be
sufficient as are. Second, even if several variations are required, the methods suggested in
Section 4.2.2 are still applicable. These facts are also supported by numerical results. For
example, in the numerical analysis, where the bound given in Proposition 4.3 is utilized,

the following variation of approximation (4.2.28) was used

(Ba—1) (%) w(x) > [45]

0 else.

deg(w(x)) = (4.2.37)

Before we conclude, we refer to Keren and Litsyn’s bound [5]. The bound presented
in [5] is based on the same techniques, namely, de Caen’s bound [1], the subset C is used
and words with weight higher than the covering radius are considered erroneous. However,
even when 7;(w) = 1 the bound given in Proposition 4.3 is not identical to [5]. The major

difference is the fact that in [5] the set {x € GF(2)Y : 3; w(x + ¢;) < w(x),w(x) < t}
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is partitioned to constant weight subsets and de Caen’s bound is employed to each subset
separately. This partition simplifies several computations and instead of Proposition 4.1
a more ad hoc approach can be used. However, in this way the usage of Theorem 2.1
instead of de Caen’s bound is burdensome. Remember that the approximations suggested
in Section 4.2.2 depend only on w(x), thus if used in [5], where de Caen’s bound is employed
on constant weight subsets, they immediately factor out as constant multipliers. Hence, the
method suggested here is more appropriate when Theorem 2.1 is to be used. It is also
important to note that the bound in [5] is easier to evaluate since the summations required
are simpler and no optimization is needed.

Finally, analogous to the bound for the AWGN channel with high values of Ej,/Ny,
and with compliance with Remark 2.3, we refer to the asymptotic tightness of the bound

presented in this chapter. Let UB(p) be the union bound for the BSC
P
P(e) <UB(p) =) BiP(i), (4.2.38)
i=1

where P(7) is the pairwise error probability, i.e., the probability that a codeword of weight
i is closer to the received word than the all-zero codeword. P(i) is given by
P@) = H1 = p)it. 2.
= > (;)fa-» (4.2:39
I=[5]+1

Under this definition, we have the following proposition.

Proposition 4.5 Consider the bound in Proposition 4.3 when i = d. Then, for any func-

tion ng > 0 which is independent of p we have

LBd(ndap)

=1. 4.2.4
plg(lJ UB(p) ( 0)

Namely, the bound is tight for p — 0.

Note that the condition on 74 is not restricting in any way since we know that any reasonable
7nq is independent of the channel’s crossover probability and satisfies n4(l) > 1 for each

[ > L%J (refer to (4.2.4)). The proof of Proposition 4.5 can be found in Appendix B.2.
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4.3 Results

We compare the new lower bound given in Proposition 4.3 with several known bounds in
the current literature, when the linear code used is BCH(63,24). Figure 4.1 includes the
new bound with ¢ = d and the approximation (4.2.37). Other approximations given in
Section 4.2.2 or their variations yield slightly inferior results. For reference, three bounds
are plotted: Poltyrev’s upper bound [6], Keren and Litsyn’s lower bound [5] and the sphere
packing lower bound (as it is given in [6]). The new bound with the trivial choice of 7
is not plotted since the results are very similar to Keren and Litsyn’s. The two codewords
bound is not given since it is proved in [26] to be inferior to Keren and Litsyn’s bound for
every value of p, the channel’s crossover probability. The BSC version of Kounias’ bound,
which is the analogue of (3.3.30), is not plotted since it is the same as the new bound and
Keren and Litsyn’s bound for low values of p, and inferior to both for high values.

The new bound is at least as good as Keren and Litsyn’s bound for every value of p.
The improvement is obvious for high values of p (3.8dB@p = 0.1). However, for lower,
and more realistic, values of p, where Keren and Litsyn’s bound is superior to the sphere
packing bound, the improvement is scarce (0.7dB@Qp = 0.03). Nevertheless, it is clear that
a non trivial choice of the optimizing function 7; yields better results. Moreover, in the
next chapter we prove that a non trivial 7; may yields a strictly tighter error ezponent and

identify the optimal choice of 7;.
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Figure 4.1: Bounds on the decoding error probability of BCH(63,24) code, BSC. The new
bound, based on the approximation given in (4.2.28) is given. For reference, three bounds
are plotted: Poltyrev’s upper bound, Keren and Litsyn’s lower bound and the sphere
packing lower bound.
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Chapter 5

Upper Bounds on the Error

Exponent

In this chapter, we calculate an upper bound on the error exponent resulting from the
bounds given in Propositions 3.5 and 4.3. We start with the bound in Proposition 4.3, and
prove that a non trivial choice of 7; may result in a tighter bound on the error exponent.
We also identify the optimal choice of 7;. Using similar analysis, we compute the bound on
the error exponent resulting from the dot product bound, given in Proposition 3.5, and show

that a non trivial choice of the parameter a may result in an exponentially tighter bound.

5.1 Introduction

In this section, a short literature survey is given. We focus on bounds on the error exponent
of a Discrete Memoryless Channel (DMC). The bounds presented here apply to the BSC,
and are easily extended to the AWGN channel as well.

Consider the case of uniform signaling over a DMC and maximum likelihood decoding.
It is well known the the probability of error in this case decreases exponentially to zero, as

long as the rate of the code does not exceed a certain threshold, C', the channel capacity.
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Namely,

e—NEL(R)-i-O(N) < P(&) < e_NE(R)"'O(N), (511)

where o(N)/N tends to zero as N grows and both Er(R) and E(R) are strictly positive for
R < C. The exponential rate, however, is known exactly only for rates higher than a given
threshold or zero rate, i.e., only in these cases Ej(R) = E(R). For low rates, Er(R) and
E(R) differ, thus provide only upper and lower bounds on the exact error exponent.

We give here a small review of bounds on the error exponent. A more detailed survey
of these bounds can be found in [11] (BSC), [12] (AWGN) and [20]. The best known lower
bounds on the error exponent are due to Gallager, [8]. The lower bound for high rates,
derived by methods of random coding, coincide with the sphere packing bound by Shannon,
Gallager and Berlekamp, [9], for rates higher than R., thus yielding the exact error exponent
for these rates. For low rates, a tighter lower bound than the random coding bound was
derived by methods of expurgation, also appearing in [8]. As for upper bounds, tighter
bounds than the sphere packing bound for low rates and zero rate were also derived in [9].
The main idea in improving the upper bounds for low rates was the fact, proved in [9],
that any straight line between a low rate upper bound and the sphere packing bound is
also an upper bound. As the low rate upper bound, the two codewords bound ([7], [9]) is
usually used. For binary input channels', however, the upper bounds for low rates were
further tightened by McEliece and Omura. In [10], McEliece and Omura used an improved
upper bound on the minimum distance of codes, derived by McEliece, Rodemich, Rumsey
and Welch ([27, pp. 559]) and the straight line bound, to tighten the bound in [9] for low
rates. The latest upper on the error exponent of the BSC was derived by Litsyn in [11].
The essence of this bound is a new bound on the distance distribution of codes, and not an
improvement of McEliece-Rodemich-Rumsey-Welch’s bound, as might have been expected.
The latest upper bound on the error exponent of the AWGN was derived by Burnashev

n [12]. Burnashev showed that by extending the range in which the union bound analysis

!This includes the BSC as well as the AWGN channel when any binary modulation is used.
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applies, together with a bound on the distance distribution of codes, the bound on the error
exponent can be tightened. We note here that for random codes, random linear codes and
typical codes out of these ensembles the error exponent is known exactly [28].

In this chapter, we calculate the upper bounds on the error exponent resulting from the
bounds in the previous chapters. We show that in certain cases, these bound may result
in tighter bounds on the error exponent than the de Caen-based bounds. We give several
examples for the bounds discussed here. These examples are based on weight distributions
appearing in the current literature, namely, the weight distribution of a typical linear code,
appearing in [28] and the weight distribution of codes with exponentially many minimum
distance codewords, appearing in [29]. It is important to mention, however, that only
bounds for specific codes are discussed, and not bounds on the error exponent of the BSC
or AWGN in general. To use the bounds derived here as bounds on the error exponent,

bounds on the weight distribution of any code are required?.

5.2 Preliminaries

In this section, we introduce the required notations relevant for this chapter.

Let {Cy} be any sequence of codes, each of which is of length N and minimum dis-
tance dy. For every dy < i < N, denote by §; the ratio % Let BlN be the number of
codewords of weight 7 in each code. We consider only sequences of codes for which the

limits limpy_s 0 % log BZ-N and limy_, oo dWN exists, and denote their values by Eg and dg,

respectively. Hereafter, the base of the logarithm is 2.

Definition 5.1 Let F(N) and G(N) be any two functions. If

1
Iim —

. 1
Jm log F(N) = lim —log G(N) (5.2.1)

N—oo N

%In this case, the codes are not restricted to be linear. However, a subcode with a “linearity property”
is used, i.e., a subcode in which every codeword has essentially the same distance spectrum. For examples,
see [11] or [12].
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we write F(N) = G(N). If
lim —log F(N) < lim —~ log G(N) (5.2.2)
Ngnoo]\/vog _NgnooNog -
we write +log F(N) < +1og G(N), namely, F(N) is ezponentially smaller than G(N).

In this chapter, we are interested in upper bounds on the error exponent, in the form of

(5.2.2), valid for any linear code C of rate R and a given weight enumeration.

5.3 Upper Bounds on the Error Exponent for the Binary

Symmetric Channel

In this section, we calculate the upper bound on the error exponent resulting from the bound
in Proposition 4.3 and analyze the results. We substitute M = N in equations (4.2.32) to
(4.2.36), i.e., assume no knowledge on the covering radius is available. This assumption
weakens the bound, especially at high values of p, however, it simplifies computations and
allows us to focus on identifying the best choice of 7;. As long as the first summand in the
r.h.s. of (4.2.32) dominates, a non trivial covering radius only causes a difference in the
optimization ranges defined below, hence the essence of the technique proposed herein is

not changed. Thus, for any dy <7 < N — {dTN-|, the following bound is considered

o Pden(i) + (BZN - 1)Pden(iai)

P(e)

where Py (%), Pien(i) and Pgye,(7,7) were defined in (4.2.8), (4.2.11) and (4.2.16), respec-

tively.

5.3.1 Main Results

For easy reference and facile understanding of this section, we briefly introduce the outline

of the analysis and summarize the main results.
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Consider the bound in (5.3.1). We wish to calculate the resulting bound on the error
exponent, and to identify the optimal choice of the function 7;. Clearly, since the denom-
inator of the r.h.s. of (5.3.1) is a sum of two expressions, the exponential behavior of the
bound in (5.3.1) depends on which expression dominates. In the first part of the analysis,
whose results are given by Proposition 5.2, we show that this observation translates to a
condition on the code, which determines the value of the new bound on the error exponent
in each case.

In the second part of the analysis, whose results are given by Corollary 5.3 and the
discussion proceeding it, we analyze the condition on the code and the resulting bound on
the error exponent when this condition is satisfied. It is shown therein, that if the difference
between the triplets error exponent and the pairwise error exponent is not too small (i.e.,
the rate of the code is not too large), the condition on the code is satisfied, and the resulting

bound on the error exponent is given by

1 ,
N log P(e) =< —d;log \/4p(1 —p) — E%’, (5.3.2)

for any 0 < 6; <1 — %551- Namely, one can use the union bound to derive a valid lower
bound on the error probability (in this case, we say that the union bound analysis applies).

This far, we have not considered the choice of the function 7;. Our main result, given by
Proposition 5.4, is that while it can be easily proved that when the condition on the code is
satisfied, the trivial n; is optimal, this is not the case when it is not satisfied. In this case,
a non trivial 7; can extend the range of rates for which the union bound analysis applies,
thus achieving a tighter bound on the error exponent. The optimal value of 7;, the range of
rates for which the union bound analysis applies and a quantification of the improvement

over the bound with trivial n; are given in Proposition 5.4 and the discussion which follows.
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5.3.2 Analysis

In this subsection, we include the detailed derivations required to achieve the results dis-

cussed earlier. We start with several definitions. For ¢ = §; IV, define
E%(5;) = lim 1 log ns. N (t). (5.3.3)
n N—ooco N ‘

Since 7;(t) is any function to be optimized, we may reduce the set of possible functions to
assure that the limit in (5.3.3) exists. For n;(t) = 1 we have Egi(ét) = 0. Analogously to
the previous chapters, we denote this case as the trivial choice of Egi(&g). For any 04 and

0g <6; <1— %6d, define the following regions in [0, 1]? and [0, 1]*, respectively
i
D, = {(5l,5m) c[0,1)*: 5 S0 <05,0 < by <1 52-} (5.3.4)
and

Dy = {(5l,5m,5n,5k) c0,1]": L(6—0g) <O < — % %5 <5, <Y,

Let H (z) be the binary entropy function

H(z)=—zlog(z) — (1 —z)log (1 — z). (5.3.6)
Define
B rbmen) 2 01 () = (=60t (125 ) + -y tog (2] ~tog 1 - )
(5.3.7)
and

| 5 S ((Om \ Oa, (0
B (61, 0y 0 0 p) 2 — (0 = 00/2)H | —— ) = W (2m ) Sy (O
5 (015 0m, O, 0, p) = —( a/2) <5i_5d/2> 27\ 5,72 2 \64/2

—(1—0; —d4/2)H (1_5:57]6_%/2> + (0 4 O + Oy, + Oj) log <1p%p> —log (1 —p).
(5.3.8)

Under these definitions, we have the following proposition.
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Proposition 5.2 Let {Cy} be a sequence of codes for the BSC. Let p be the crossover
probability of the channel. Then, for any §q < §; < 1—%(5d, and for any piecewise continuous
function Egl :[0,1] = RT, we have
1 . _ .
— - 10g P(e) = 2min { B (81, 6y p) + B (31 + 6m) } — B
1

: d; i
- min {El (81, 6y p) + 2E5 (5 + 5m)} (5.3.9)
if
By < rin { B3 (51, m, b 04, 2) + 2B (81 + G + 00 + 03) |
2

= min { (31, 60,p) + 2B (5 + 0) | (5:3.10)

and

1 . , ,
~ N log P(e) < 2r%11n {Ef’(él, OmsD) + Ez’(él + (5m)}

— it { B (01, 0, 0, 01, ) + 25 (0 + 0 + 0+ 0) | (5:3.11)
2
otherwise.

The condition in (5.3.10) is a condition on the code’s parameter? E%i (hereafter referred to
as the condition on the code). The essence of Proposition 5.2, is the fact that the new bound
on the error exponent is given by one of two different expressions, corresponding to the cases
where condition (5.3.10) is satisfied or not. As mentioned earlier, this fact can easily be
understood by observing that the denominator of (5.3.1) is the sum of two expressions.
The resulting bound on the error exponent depends on which expression dominates. The
complete proof of Proposition 5.2 is given in Appendix C.1.

We first analyze the case where the sequence of codes satisfies condition (5.3.10). In

Appendix C.1, we show that minp, Efi(5l,5m, p) is the error exponent for the pairwise

3We will see later that this is the condition for applying the union bound analysis. As noted in [12], this
condition can be referred to as a condition on the code’s parameter Egi, or a condition on the code’s rate,
R.
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error probability P(g;|cy), while minp, Egi (01, Oy On,, O, p) i the error exponent for triplets

P(e;Nejlcp). Hence, we expect to have
min By’ (81, 8, On, 3, p) > min B (81, 6, ), (5.3.12)
2 1

which means that the set of possible functions Egi for which the r.h.s. of (5.3.10) is nonneg-
ative is not empty (it includes at least the trivial choice). In such a case, condition (5.3.10)

is not trivial, and the following corollary is constructive.

Corollary 5.3 Let d;, 04 < 6; < 1-— %551, be fized. Let S, be a set of functions E,‘;i :[0,1] —
R, indezed by n, which includes the trivial choice. Suppose that {Cn} is a sequence of codes
for which condition (5.3.10) is satisfied for every value of p € P, for some P C (0, %), and
for every choice of Ef,i € Sy. Then, for every p € P, the trivial choice of E,‘;i minimizes the

upper bound in (5.3.9) over all choices of Egi € Sy, and we have

1 ,
N log P(e) =< —d;log v/4p(1 —p) — E%’. (5.3.13)

Proof . When condition (5.3.10) is satisfied and Ef,i (0;) =0, we have
1 , ,
——log P(¢) < min EY (8}, 8,0, p) — B3 (5.3.14)
N D,
Subtracting the r.h.s. of (5.3.14) from the r.h.s. of (5.3.9), we have
2min { B (1,m, p) + By: (1 +m) } — B} — min{ B} (lm, p) + 2B} (1 +m) |
1 1
: 0 i
— (mlnE1 (I,m,p) —EB>
Dy
= min {2Efi (I,m,p) + 27 (I + m)}
1
- (nzl)in {E‘fi(l,m,p) + ZEgi(l + m)} + r%inEfi (l,m,p)) >0 (5.3.15)
1 1

for any Egi € S,. Thus, when condition (5.3.10) is satisfied, Egi(ét) = 0 is the optimal

choice and (5.3.14) is the resulting bound. Finally, in Appendix C.2 we show that
r%inEfi((sl, Sy p) = —0;log \/4p(1 — p), (5.3.16)
1
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and (5.3.13) immediately follows. O

At this point, several remarks are in order. The bound

—% log P(e) < r%inEfi(él, dm,p) = —d;log \/4p(1 — p) (5.3.17)
1

is the well known two codewords bound, where — log m is the Bhattacharyya dis-
tance for the BSC (see, for example, [20, pp. 88 ]). However, the bound in (5.3.13) implies
that, under certain conditions, when there are exponentially many codewords of weight i,
the exponent EéBi can be subtracted, yielding a tighter upper bound. This is to say that a
union bound analysis results in a valid upper bound on the error exponent (a lower bound
on the error probability). Thus, by optimizing the bound on §;, i.e., choosing the correct
subcode, the union bound analysis gives the true error exponent for the code!. As noted
in [28], the fact that union bound analysis yields the true error exponent for random codes
is well known. In [30], using a lower bound of the form of P, — P», where P} is an upper
bound, Gallager proved that union bound analysis gives the true error exponent for ran-
dom codes by proving that P» decades exponentially faster than P;. Barg and Forney used
this argument in [28] to derive the exact error exponents for typical codes from Shannon’s
random code ensemble as well as typical codes from a random linear code ensemble. Yet,
the bound in (5.3.13) is valid for any given code, as long as condition (5.3.10) is satisfied.
Till this point, the results given by Proposition 5.2 were analyzed only as long as the
condition on the code is satisfied. The main statement in Corollary 5.3 is that the union
bound analysis is applicable in this case. However, note that the r.h.s. of (5.3.10) includes
the function E;;i, which can be optimized. The most important result of this chapter, as we
will see below, is that by choosing a non trivial E,‘;i, the range of rates for which the union

bound analysis is applicable can be widened.

“The union bound, given by P(g|co) < Zgzl B, P(gow|co), has only polynomially many summands.
Merely one of them determines the exponential behavior. Consequently, if we calculate a lower bound on
the error probability using this subcode, and find out that the union bound analysis applies, this is the true
exponential behavior. In this context, it is clear that if our choice of Egi yields the true error exponent, no
other Eg" is required.
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To consider the case where the condition on the code is not satisfied, and discuss non
trivial choices of E;;i, the minimization minp, Egi(él, Oms On, O, p) should be discussed. In

Appendix C.3, we show that

n%iQnEgi(él, Sims Oy 01> D) = BN (81, Oy O Ok D), (5.3.18)
where
Oy = 032 — 01y, (5.3.19)
Opy = 0;/2— 6, (5.3.20)
6k2 = D (1 - (51 - 6—;) s (5.3.21)

and ¢;, is the only root (with respect to ;) of the following cubic equation

2
J i
5l<7d—%+5l) 1—p
5 = , (5.3.22)
() %) 7

such that (9, 0m,, Ony, dk,) € D2. Since this solution is rather cumbersome to analyze, we
handle here only the special case where ¢; = J4, namely, the subcode C} is used. In this
case, equation (5.3.22) has a simple solution and our course of action and choice of Egi
becomes clearer. The general case is analogous, and yields similar results. We return to it
at the end of this section.

When 0; = d4, equation (5.3.22) simplifies to

3
5 1 -
X S (5.3.23)
y g, p

yielding the following solution to the minimization of Egd(él, Om» On,y Ok, p) over Doy

da 50 3/
2 ) 2 \i-p
o, = Omy = 4 — 01y, =

- bl - - bl
3/ _P_ 43/

1+ T 1-p
94 3/ P

2 1—-p

364 5
Ok, =D <N — 7) ) Ony, = F — 01, = 1+§/ga (5.3.24)
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From Appendix C.2, the solution to the minimization of Efd(él, dm,p) over Dy is

8, = % Sy = p(1 = 68,). (5.3.25)
Define C(E%i,p) as
C(B},p) 2 Bl = (6t bmas6nss 0200) = BT (01,0, p) (5.3.26)
and M(p) as
M(p) 2 min EX (5], 0m, 0n, 05, 0) — B2 (81, Sy Ongs Oras D), (5.3.27)

'Dzﬂ'D’z
where Dy = {(8;, 6m,0n,0r) € [0,1] 2 8 + 0y + 0y + 0 < 6y + Gy 3. All this said, the

following is the main proposition in this chapter.
Proposition 5.4 For any 0 < C(E%i,p) < M(p), the optimal choice of Ef,d is given by

C(E%.p) 6> 01, + 0m
B (5) = (E52p) 00> 00+ Oy (5.3.28)

0 else,

and we have
1
— 7108 P(e) X —dalog /4p(1 —p) - E%. (5.3.29)

Observe that the requirement C(Efgd, p) < 0 is simply the condition on the code (i.e.,
equation (5.3.10)), with the trivial Ef,d. Thus, by using a de Caen-based bound, one can
only show that the union bound analysis is applicable when C' (E%i, p) < 0. However, since
it can be easily proved that M(p) > 0 for any 0 < p < %, Proposition 5.4 states that by
choosing a non trivial Ef,d, the union bound analysis can be shown to apply in a wider
range, C' (E%’, p) < M(p). Furthermore, in Appendix C.4, where Proposition 5.4 is proved,
we show that when 0 < C' (Egd, p) < M(p), the union bound analysis tightens the bound on
the error exponent, with respect to the bound with the trivial Ef,d, by exactly C' (E%i,p).
When C (E%’, p) > M(p), and the new bound does not result in union bound analysis, Egd
as defined in (5.3.28) can still tighten the bound with respect to the trivial Egd, this time

by as much as M(p), regardless of C' (E%i, p).
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We give here only an intuitive explanation for Proposition 5.4. The complete proof can
be found in Appendix C.4. We wish to prove that the union bound analysis, namely, the
bound in (5.3.9) with the trivial Egd, may be applicable even when C(Egd,p) > 0 (i.e., even
when the condition for union bound analysis is not satisfied with the trivial E,‘;d). Observe
that the r.h.s. of (5.3.10) is the difference between two minimization problems. Suppose
that there exists a function Egd, such that the result of the minimization over D5 is increased
with respect to the trivial Egd, while the result of the minimization over D; is unchanged.
If this is possible, the value of the r.h.s. of (5.3.10) is increased, thus the range in which the
union bound analysis apply is widened. The bound in (5.3.9) is the same as it was with the
trivial Ef,d, since the proposed Ef,d does not change the result of the minimization over D;.
To see that such an Egd does exist, observe that both Eg‘i and Ef‘i are convex functions,
and their minimization points satisfy d;, + 0, + 0y + 0k, > 91, + O, for every 0 < p < %
Thus, the step function suggested in (5.3.28) can change the result of the minimization over
D5 without changing the result of the minimization over Dy. The threshold value M(p) is
due to the fact that the proposed step function cannot unlimitedly increase the result of the

minimization over Ds. Figure 5.1 includes a basic one dimensional example of this concept.

Remark 5.5 Remember that for any received word x, with w(x) = ¢, the optimal value
of n;(t) is 1/deg(x). Referring to (4.2.27), deg(x) is a non decreasing function of w(x).
Moreover, since the size of any coset is |C| = 2%V, when R # 0 we expect deg(x) to grow
exponentially with N, at least when w(x) = N (in this case the exponent is exactly R).
Thus, we expect that for a reasonable choice of 7;, there exist d;, < 1 such that for any
d¢ > dy, we have Egi(&g) > 0 and Egi(&g) = 0 otherwise. It is clear that the function Egd
suggested in (5.3.28) answers to this restraint (with d;, = &;, + 6, < 1). Note, however,

that this choice of Egd is not necessarily the only optimal choice.

Finally, we return to the general case of the subcode C;. As explained earlier, the

equations required here are cubic, with cumbersome coefficients. Yet, a closed form solution
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Figure 5.1: A simple one dimensional illustration of the concept behind the proof of
Proposition 5.4. The upper left function is f(z) = —H (z), with minimum at z = 0.5. The
lower left function is g(z) = —H (z —0.2), with minimum at x = 0.7. On the right of
each function is the result of adding the step function s(z), s(z) = 0.3 for z > 0.5 and 0
otherwise. The minimum of f(z) is the same as the minimum of f(z) + s(z). In the lower
graphs, however, we have min{g(z) + s(z)} > min{g(x)}. Moreover, the minimizing point
is changed. In case of a smaller step function, the minimizing point of g(x) + s(z) and g(x)
may be the same point, but for a non zero step the value of the minimum will always change.

for these equations exists, and is easily handled using Matlab’s symbolic toolbox. We can
follow the derivations above (and the proof in Appendix C.4) step by step and find out that
the inequality 6;, + 0y + Ony + Og, > 07, + O, is still valid, hence Proposition 5.4 stands

solid for any subcode C;’, not necessarily C.
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5.4 Upper Bounds on the Error Exponent for the Additive

White Gaussian Noise Channel

In this section, we calculate the upper bound on the error exponent resulting from the
bound in Proposition 3.5. To avoid harassing computations, we restrict ourselves to the
dot product bound, namely, the bound using the parametric family given in (3.3.9). We
follow directly the steps of the previous section, though, it is important to note, we do not
seek the optimal optimization function, only compute the bound for the given family of
functions and determine the optimal value of the parameter a. The results, in this case,
are not as sharp as these of the previous section. Yet, we show that the new bound on the
error probability given in Proposition 3.5 results in a tighter bound on the error exponent
than the de Caen-based analogue.

Substituting the relevant constants in (3.3.24), the dot product bound is given by

aN, 2
2N E 1+70 ENdN
exp{—N*=3 Y}BiQ? < ( 2No)/2

Ple) 2 (I+aNo)?Endn N 1 [(+aNo)?Endy  [(1+aNo)?Endy \’ (54.1)
Q( No/2 ) +(B) —)v (57\/ No/2 v\/ No/2 )
where a > 0 is a parameter to be optimized. In Appendix C.5, we show that
. 1 1 2
mll)rgo—Pln\I/ <§,x,x> =3 (5.4.2)
thus, together with (3.3.21), we have
2
2(1+252) " Ens
exp {—N <7“2N§EN — E%’ In2+ —( 2No) al d) }

P(e) > (5.4.3)

exp { —V (LENRRENN ) exp { v (HLRATRRENY _ g o) |

Analogously to the lower bound for the BSC, the numerator in (5.4.3) is the sum of two
exponents. Thus, when computing the bound on the error exponent, two cases should be

considered. After some straightforward computations, we have

1 EnG
—5 I P(e) 2 Nod

2NoyEn(1 —
1 ONoBN (L = 3a) (5.4.4)



if

En,
B2 < 241 4 aNg)? (5.4.5)
3N,
and
1 a2N0EN ENdd GNO 2 4 9
——1InP(e) < 2(14+—1 —=(1 N, 4.
v (e) < 5 + N, + 5 3( + aNy) (5.4.6)

otherwise. The analysis is similar to the previous section. Condition (5.4.5) can be referred
to as a condition on the code. Examine the bound in (5.4.4). E%jd is the Bhattacharyya
distance for the AWGN channel when the two codewords are at distance Ndy apart. Thus,
when ¢ = 0, the bound in (5.4.4) is simply the union bound analysis discussed earlier,
and condition (5.4.5) is the condition for union bound analysis. It is also clear that if
this condition is not satisfied with @ = 0, one can choose ¢ > 0 such that the condition
is satisfied. However, when a > 0, a positive constant is added to the bound in (5.4.4).
In other words, when choosing a > 0 such that the condition on the code is satisfied, the
resulting bound is not as tight as union bound analysis, and the extension in the range in
which the union bound analysis applies, which was the main result of the previous section,
cannot be achieved. Nevertheless, when (5.4.5) is not satisfied with a = 0, choosing a # 0
such that it is satisfied with equality, results in a tighter bound than the bound in (5.4.6)
with the trivial ¢ = 0. A simple example is given in Section 5.5, Example 5.8.

Finally, we note that the bound in Proposition 3.5, and the resulting bound on the error
exponent, can be easily generalized for any subcode C;, not necessarily C;. When this is
done, analogously to the techniques used for the BSC, one can optimize the bound over all

*

possible subcodes C,

resulting in a tighter bound. This procedure is mostly useful when
there exists a subcode which is not necessarily C, yet is large enough and of relatively low

weight. In this way one can improve the upper bound on the error exponent.
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5.5 Examples

In this section, we give simple numerical examples for the bounds discussed in this chapter.
As mentioned earlier, the derivations in this chapter, and thus the results in this section,
are valid only for specific codes with known distance distribution. Bounds on the error

exponent in general require bounds on the distance distribution of codes.

Example 5.6 (BSC, binomial distance distribution) Consider the binomial distance

distribution given by

N
Ic
Bf::(giy

(5.5.1)
This distance distribution is the weight enumeration of the average code, and is used as a
good approximation for the distance distribution of several linear codes. For example, in

[31] Keren and Litsyn derived bounds on the deviation from the binomial distribution for

BCH codes. The asymptotic binomial distance distribution is given by
EY =H()+R-1, (5.5.2)

where R is the rate of the code. In [28] Barg and Forney showed that the typical linear
code has a distance distribution which is exactly binomial when H (§;) + R —1 > 0 and 0
otherwise. This fact was used to derive the exact error exponent for typical linear codes by
the union bound analysis discussed earlier. Barg and Forney used the bound in (5.3.13) and
performed an optimization on §; over the range |§; — %| < % — dav(R), where the distance

distribution is non zero. dgy (R) ([27, pp. 557]) is defined by

bav(R)2EH'(1-R),  dov(R) < 5. (5.5.3)

N —

We will not perform this minimization here, only plot as an example, where the considered

subcode is always Cy, i.e., §; = % and E% = R. The results for the BSC are in Figure 5.2.
2

The bounds, top to bottom at R = 0.02 are: The sphere packing bound (see, for example,

[11]). Beneath it is the bound in (5.3.13), when §; = 64 = dr.p. drp is an upper bound on
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the minimum distance of codes derived by McEliece-Rodemich-Rumsey-Welch’s ([27, pp.
559]). For low rates (R < Ry ~ 0.305) the bound is given by

Su(R) < bup(R) = L VA T(R)(1 — H (). (5.5.4)

Note that in this case Eg‘i =0, i.e., this is exactly the two codewords bound. Below are the
new bounds, which diverge at higher rates, followed by the straight line bound ([9]) and a
lower bound on the error exponent (as summarized in [11]). It is clear that using a non
trivial Ef,i tightens the bound. As mentioned earlier, non trivial Ef,i allows us to use the
union bound analysis in a wider range than this of a de Caen-based bound. This fact is

clearly seen in the graphs.

In the following two examples we consider the bounds derived in this chapter when §; = dg4.
As noted earlier, these are not the tightest bounds achievable, since no optimization on
0; is performed. Still, since in this case it is easy to refer to specific codes, and not just
typical codes, we use this subcode to show that there exist codes for which the new bounds
presented in this work are tighter that the de Caen-based bounds. When 4; = ¢4, the code
must have an exponential number of minimum distance codewords for the union bound
analysis to be effective. To the author’s knowledge, the only known sequences of linear
codes satisfying this condition were recently discovered by Ashikhmin, Barg and Vladug
(ABV) in [29]. In these codes, however, the value of E%i, as well as the rate R, is very
small. Thus, for the BSC for example, we give the results for very high values of p. Yet, it
is important to note, since the code’s rate is very low it is still below the channel capacity

for most values of p presented.

Example 5.7 (BSC, ABV codes) We use the bound on the error exponent derived in
Section 5.3 with ABV codes. Figure 5.3 includes the results. The two upmost curves are
the discussed bound, with trivial Egd above and non trivial Egd below. The horizontal line
is the value of Egd. The lowermost curve is the condition on the code for this case. It is

clear that for values of p for which the condition is not satisfied, non trivial E%i tightens
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the bound. Again, it is clear that the improvement is achieved by continuing the usage of
union bound analysis, until a certain threshold is exceeded. From this point on, the union

bound analysis does not apply, yet the bound with non trivial Egd is still tighter.

Example 5.8 (AWGN, ABV codes) We use the bound on the error exponent derived
in Section 5.4, again, with ABV codes. Figure 5.4 includes the results. The two upmost
curves are the bound with a = 0 above and non trivial ¢ below. The lower curve is the
sphere packing bound. It is clear that the bound on the error exponent can be improved
with non trivial a, though only in a range of rates where the bound is trivial, i.e., where it
is looser than the sphere packing bound. It is also clear that the improvement is where the
rate of the code is relatively high, as expected in Section 3.3, where the rational behind the

approximation (3.3.9) was discussed.
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Figure 5.2: Bounds on the error exponent, Example 5.6. Top to bottom, at R = 0.02, the
bounds are: the sphere packing bound, linear programming bound, the new bounds (which
diverge for higher rates), the straight line bound and a lower bound on the error exponent.
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Figure 5.3: Bounds on the error exponent, BSC, Example 5.7 - ABV codes and the subcode
C;. The two upmost curves are the discussed bound, with trivial Ef,d above and non trivial

Egd below. The horizontal line is the value of E%i. The lowermost curve is the condition
on the code. It is clear that for values of p for which the condition is not satisfied with the

trivial Egd, non trivial E%i tightens the bound.
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Figure 5.4: Bounds on the error exponent, AWGN, Example 5.8 - ABV codes and the
subcode C;. The two upmost curves are the bound with @ = 0 above and non trivial a
below. The lowermost curve is the sphere packing bound.
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Chapter 6

Discussion and Future Work

In this work, lower bounds on the error probability in coded communication were derived.
The bounds were derived for both block codes and linear codes over the AWGN channel
and the BSC. The first part of the work included a new lower bound on the probability of a
union of events. This lower bound was used as a framework for deriving the bounds in the
proceeding chapters. The derived framework was easy to use, since in each chapter only
channel-specific derivations were required. As explained therein, the core of the bound is the
ability optimize the result over a wide family of functions. Moreover, the function which is
the optimal choice is known, though not always mathematically endurable, thus may act as
a guiding light in the optimization process. Additionally, a tradeoff between computational
complexity and performance can be achieved by restricting the set of possible functions for
optimization.

In Chapter 3, the bound was used to derive lower bounds on the error probability for the
AWGN channel. Several families of functions were suggested for optimization, all including
Seguin’s bound as private case. The resulting bounds were shown, by means of numerical
analysis, to yield the tightest results currently known for a range of Ej/Ny. In addition, a
new bound based on Kounias’ lower bound was also derived. This bound was shown to have

a very simple form, and, nevertheless, results superior to Seguin’s bound for every value of
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Ey/Ny. In Chapter 4, analogous derivations for the BSC were carried out. The resulting
bound was shown to perform at least as good as Keren and Litsyn’s bound for every value of
p, the channel’s crossover probability, yet, in this case, the major improvement was achieved
in the range where both bounds are inferior to the sphere packing bound.

In Chapter 5, the upper bounds on the error exponent resulting from the bounds in
Chapters 3 and 4 were discussed. For the BSC, it was shown that under certain conditions
a union bound analysis can be used to achieve an exponentially valid lower bound on the
error probability. Moreover, it was shown that using a non trivial choice of the optimization
function may weaken these conditions, thus yielding a tighter bound. For the AWGN
channel, it was shown that although a non trivial value of the parameter for optimization
cannot widen the range of the union bound analysis, it can tighten the bound on the error
exponent. It is important to remember, however, that the results for the AWGN channel
refer to a bound derived using a specific approximation, and do not claim to propose the
best achievable results of the new bounds. The analysis of Chapter 5 also gave a strong
clue about how to choose a good family of functions for optimization when long codes are
discussed.

To conclude, it was shown that the new bound on the probability of a union gives a
powerful framework for deriving lower bounds on the error probability.

As for future work, several suggestions can be examined. The bounds on the error
exponent, derived in Chapter 5, are applicable only for specific codes, with known distance
distribution. The usage of known and new bounds on the distance distribution of any binary
(or binary linear) code may be interesting as well. In this case, future work should refer to
the bounds and techniques appearing in the works of Litsyn [11] and Burnashev [12].

In both Chapter 3 and Chapter 4, the subcode C; was used to derive the bounds.
However, to specialize the bounds for linear codes and achieve bounds which depend only
on the weight enumeration of the code, we assumed that each of the minimum distance

codewords are at distance d apart. It is highly reasonable to assume that this is, in general,
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not true. Deriving a bound on the number of pairs of codewords at distance d apart in C}
may improve the bound significantly.

Finally, we note that since the new bound on the probability of a union suggests a
framework for deriving bounds on the error probability, new bounds can be derived for
different channel models. Moreover, the proposed bounds may be improved by seeking new

families of functions for optimization.
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Appendix A

Computation of the Integrals

Required for Proposition 3.2

In this appendix, we compute the generalized pairwise error probability integral (3.3.2) and

the generalized triplets error probability integral (3.3.3), required for Proposition 3.2.

A.1 Generalized Pairwise Error Probability Integral

We first compute the integral
/ p(x]so)m(x]so)dr, (A1.1)
€oi
where gg; = {r € RF : ||r — ;|| < ||r — so||} and m(r|sq) is given by
m(r|so) = exp {—(al|r||* + b(r,s0) + c||so|*) }. (A.1.2)
Remembering that

p(r|sp) = (ﬂ'N())_% exp{—NLOHr—SOHQ}, (A.1.3)
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we have

/lp(r|s[))m(r|so)dr
— [ ey exp { =l = sl b exp (=l + 5,50 + elsol) o

- [ ) e (5 +0) WP+ (0= 2 ) s+ (5 +¢) Isal?) far

5 1
- / (Vo)™ exp d —L 1r — asol? - Bliso? Lar
€ NO

0

N\N

N

(A.1.4)
where
Ny 1
Ny = —— - Al
" T T+aNy TN (A-15)
1 _ b
Ny 2
a = [N 2], A16
= Y
( 1 1 L)
b (9~ ()
N N,
g = 0 = Mo 2/ (A.L7)
No +a
and the last equality in (A.1.4) results from a simple completion of squares. Hence,
| plelsoym(ciso)r
o o . . (A.1.8)
2 0 5 2
— exp {— o N, e d
exp (=i} (F2) [ (o) ¥ exp { e — sl e
Assume N > 0, i.e., a > —NLO. To compute the integral in (A.1.8) note that
[ iy E exp { - e - asal? |
Ny exp{ —— ||Ir — asy r
coi Ny
=P ({reR" :|r—s;| <|Ir —so|}|r =1 + aso) (A.1.9)

(n,s0 —si) _ (a— 1)?[Is0]l* — llcvso — sil”

Vs V2Nollso = si

where n is a K-dimensional vector of i.i.d. N (0, NT{’) random variables. Finally, since
_(n,s0 —si)

v Seliso — il
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is an N'(0, 1) random variable, we have

/ p(xlso)m(x]so )dr

€0i

IS (A.1.11)
0 laso — sill* — (e — 1)*[|so]|?
V/2Ng|lso — s

where Q(+) is the error function defined in (3.2.4).

— exp{—Bllso2} (%)

A.2 Generalized Triplets Error Probability Integral

We are interested in computing the integral

/ p(r|sg)m?(r|sg)dr, (A.2.1)
€0iNeo;
where m(r|sg) is as given in (A.1.2). Repeating the derivations of Section A.1, we have

/ p(r|so)m? (x|so)dr
€0iMNeo;

K (A.2.2)
— exp {—A||sol|2} (ﬂ> i / (xNJ) % exp {—i Ie— o/sOHZ}dr
NO €0iMNeo; N(I), ’
where
Ny 1
NI — - A.2.
0 1+ 2aNy’ 7 2N,’ (A.2:3)
1
o = [ , A.24
<2a + NLO ( )
2
1 1 (1
B’ (No + 2a> <N01 + 20) (No b) ‘ (A.2.5)
FO + 2(1

Assuming N > 0, i.e., a > —ﬁ, the integral in (A.2.2) yields

/ (WN(’)’)*% exp{—%“r—a'soug}dr
€0iNeo; 0

=P ({reR" :|lr —s;i]| <|lr = soll,[Ir — s/l < [Ir —so[[}|r = 01 + as)

B w (@ = 1)2soll> = ll/so = sill? . (& —1)?[Isol|” — [|a'so — s
=P|X, < = ,Xj < = ,
V2N{ |Iso — sil| V 2Ny |Iso — s

(A.2.6)
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.. . . .. NI .
where f is a K-dimensional vector of i.i.d. N (0, TO> random variables and

xy 2 Mso—si) (A.2.7)
Vv llso — il
is an NV (0,1) random variable. To conclude, it is easy to verify that
S; — 80,8, — 8¢
E{X/X}} = (s: i =S80 _ Pijs (A.2.8)

[Isi — solllls; — soll
where p;; was defined in (3.2.6). Consequently,

K
2

/aomgojp(r|50) 2(¢[sg)dr = exp {—f'||so||%} <N(’)’>

¥ ( e e o i e 1)2||So||2> h29)

V2N{||so — si| V2Ny ||so — sj|

where W(-,-, ) is the bivariate normal distribution defined in (3.2.7).
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Appendix B

Proofs of Propositions 4.1 and 4.5

B.1 Proof of Proposition 4.1

The proof is as follows. First, we examine a simpler expression than Igden(ci, c;), in which

the sum is only over words x € ep; Nepj, @ # j with constant weight w(x) = u, i.e.,

w(e;cy) )—w(cicj)  w(cj)—w(cic;) N N N
Puen(ciycjyu A Z (w(c;c])> (w(Cz) mw(czc])>
=0 L ( )J‘}’l I n Lw(c J+1 !

i (’U)(C]) w(cZCJ)> ( ’U)(CZ) (C]) + ’w(CZC])>pu(1 _p)NfunZ_(u). (Bll)
n u—I[l—m-—n

Since ﬁden(ci, cj) =2 . Igden(ci, cj,u), if Igden(ci, c;, u) is monotonically increasing in w(c;c;)

the proposition is proved. Next, observe that p“(1 — p)¥~"n;(u) > 0 does not affect the

behavior of Igden(ci,cj,u) as a function of w(c;c;). Hence, it is enough to prove that the

expression

w(e;cj) w(e;)—w(cicy) w(cj)zw(cicj) w(cic;)\ (wle:) — wleie))
[ m

LG R G2 TR

. ( w(c;) —nw(cz'Cj)> (N—“’(ci) —w(e)) +w(cicj)> (B.1.2)

u—Il—m-—n
is monotonic in w(c;c;). The expression in (B.1.2) is the number of words in a sub set

of GF(2)", which we denote by V;;(u,w), where w = w(c;c;). The value of (B.1.2) is
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cjr 1(1j1/1|11|1)1|1

X | (Y] p<m<we)-—w-1 [1] o<i<w |2 [0|u— ] m—1

Figure B.1: Example for c;, ¢j, ¢y and x in order to evaluate the size of the set
Vijr (u,w+1) NV (u, w). The word x is divided to six parts, each one includes the possible
number of 1’s. The inequalities for m and [ define the summation bounds in (B.1.5).

therefore simply |V;;(u,w)|. To examine the behavior of |V;;(u,w)| as a function of w, we
assume that one codeword is fixed, without loss of generality c;, and instead of ¢; introduce
a dummy codeword c;/, satisfying w(c;/) = w(c;) and w(c;cy) = w + 1. Thus, the only
difference in (B.1.2) is w(e;c;) instead of w(c;c;). Let V§(u,w) = GF(2)N \ Vij(u,w). We

wish to prove that

Vig (w4 1)] — Vit )] = [Vig (a0 + 1) 0V ot 0)| — [Vig ot 20) 0 V5o a0+ 1)] > 0
(B.1.3)

for any w, u, w(c;) and w(cj).
Consider the set Vijr(u,w + 1) N V(u,w). To count the number of words in this set,
we examine the example in Figure B.1. For the sake of simplicity, we group the 1’s of
each codeword together. Clearly, the size of the considered set is invariant under this

permutation. Let x be a word in this set. First, x must satisfy w(x) = wu. Second,

w(xs,) > Lw(;i)J + 1, since x € €g;. However, in order for x to satisfy x € Vi (u,w + 1)
but x ¢ Vj;(u,w), only due to a shift of one bit (from w(c;c;) = w to w(c;cj) = w+1), we

must have

w(ng):{w(cj)J and w(xsj,):{w(cj)J—i-l. (B.1.4)
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Therefore, xg;\s, =0, x5,\s; =1 and w(xs;ns; ) = Lw(gj)J. Accordingly, we have

j) —w — 1) (N—w(cz') —w(cy) +w>.

w(;jj—l u—m—l—[w(;j)J

—

[l
]
N
~ g
N——
Y
1M
N
g
O
3 |
S
|
N
N
5
(]

(B.1.5)

To evaluate Vi;j(u,w) NV (u,w + 1), note that now Xs)\s, = 1 and x5 \5; = 0. Thus,

|Vij (u, w) 0 VG (u, w + 1)
w w(e)—w-1 N 1N fw(en) — w— _wle) — w(e;) + w
= GJ) m= (20 141 | (w(CZ) " 1> ( (L(z();j)J 1 1> (Nu - ﬂic—) 1- [Z%JJ )
(B.1.6)
Hence,
[Vig (0 4+ 1) OV ()] — Vi () 1V (g0 + 1)
£ (U )OI )
(B.1.7)

an expression which is clearly non negative for any 0 < w < min{w(c;) —1,w(c;) — 1},

w(c;), w(cj), and u.

B.2 Proof of Proposition 4.5

The proof is as follows. First, taking M = N only weakens the bound since (4.2.32) is a

monotonic decreasing function of M. We have

B BaPy,,(d)
PE) 2 LB0) = g (B D P @)

(B.2.1)

where p is the crossover probability of the channel appearing in the definitions of P, (d),

Pyen(d) and Pyep(d,d) (equations (4.2.8), (4.2.11) and (4.2.16) respectively). The proof is
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analogous to Seguin’s proof, as it appears in [4]. As an upper bound we use the union

bound
N
P(e) <UB(p) = Y _ BiP(i), (B.2.2)
=1
where P(i) is given by
2 Z- B
riy= > ()ra-n (B.2.3)
I=[5]+1
Thus, we have
LB(p) _ BiPpy(d)
UB() (2K, BiPG)) (Paon(d) + (Ba = 1) Paen(d, d))
By
: . (B.2.4)
P(i P, en d P, en dad
(vazl B; Pnufn)(d)) (P:um((d)) + (Ba — 1)—15iwi(d))>

Observe that both P(i) and Pyym(d) go to 0 as p goes to 0, hence we may apply "'Hopital’s
rule until one of them is a non zero constant. Since the expression with the lowest power

of p is the first to yield a non zero constant after successive differentiations, we have

0 i>d
. P()
lim——2 — =¢ 1 B.2.5
230 P (d) EED (B.25)
o0 1 <d,
thus,
al P(3) By

lim 1 Bip—3 = WEIESTE (B.2.6)

1=

Using the same method we have

. Pden(d) d
llm ——— =n; | | = 1 B.2.
30 P (d) " (bJ + ) (B.2.7)
and
. Pden(da d)
1 =0 B.2.8
P30 Pram(d) (B-2.8)
therefore,
LB(p)
=1. B.2.9
30 UB(p) (B-2.9)

76



Appendix C

Proofs and computations for

Chapter 5

C.1 Proof of Proposition 5.2

The proof is as follows. We wish to determine the exponential rate (as N — oo) of the r.h.s.
of (5.3.1). First, consider P, (7). Since the number of summands in (4.2.8) is polynomial
in N, the exponential rate is determined by the summand with the maximal exponent.

Remembering that

(JID = oNH(y), (C.1.1)
we have

. _i i N —1 I+m¢1 _ \NN—Il—-m, . _
i N10g<(l>< . )p (1-p) ni(l +m) | =

it () = (181 (125 ) = (e 8 o ()~ (1= 1= 8,) og (1= )+ B G+ )

= B} (81,6m,p) + EY (6 + 6m). (C.1.2)

l]lLlS,
lim ——log P, (1) = min{E (61, 0m,p) + E“((Sl +94 )} (C.1.3)
N num D, 1 y Omy n m) (- L.
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Note that since E‘fi(&,ém,p) is continuous and E,‘;i((il + ) is piecewise continuous, for
large enough N the minimum can be taken over D, a continuous interval, ignoring the
requirements for rational values of §; and d,,. The requirements for integer values in the
summation bounds of (4.2.8) were also relaxed for the same reason. The resulting opti-
mization problem is much simpler to solve. The same applies for P, (i) as well, thus, we
have

. 1 ) . , .
lim _ﬁ log Pden(z) = r%lln {Efl((sla 5map) + 2Efll (5l + 5771)} (0‘1‘4)

N—oo
As for Py, (i,1), except for considering the set of feasible points (for which the preceding

argument apply, and we may ignore the requirements for rational values), note that
: d d d : d
lim —log (* S\ (T (Te1) (N —i—[£]
N—oo N l m n k
1 .

thus, we have

. 1 . . . .
lim ——10g Pen(i, i) = min {Egl(&, B Oy Ok ) + 23 (81 + b + 05 + 5k)}- (C.1.6)

N—o0

To conclude, observe that when considering the exponent of the sum Py, (7) + (B; — 1) Pyen (7, 17),

we distinguish between two cases. The first is when

: 1 , : 1 o
lim —ﬁlogpden(l) < lim —ﬁlog((Bi — 1) Pyen(iy1)), (C.1.7)

N—00 —00

namely, when condition (5.3.10) is satisfied, Pyey, (7) dominates (B;—1)Pyey, (i,7) and we have
(5.3.9). The second is when condition (5.3.10) is not satisfied, (B; — 1) Pye, (4,47) dominates

Pjen (i) and we have (5.3.11).

C.2 The minimization of Ef”((h, dm,p) over Dy

To minimize Efi (07, 0, p), as defined in (5.3.7), over Dy, as defined in (5.3.4), observe that

the minimization may be carried out separately, on d; and on d,,. By the strict convexity of
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—H (+), E‘fi((ﬁ, dm,p) is strictly convex with respect to §; and d,,,. The boundaries for each

variable are intersection of linear inequalities, hence form convex sets. We require

OB 5; 1—p
= — 1 — —1 I — ) = 2.1
7%, Og(éz )“g( p> 0 (C2.1)

yielding §; = 0;p. However, for p < %, 0 = 0ip < %, which does not satisfy % < 6 <9y,

hence the optimal value for §; is §;/2, which we denote by d;,. For §,, we require

0; o5 -
0By _ —log (1 % _ 1> + log <¥> =0, (C.2.2)

O Om

yielding 6, = p(1 — §;), which satisfies the condition on d,, for 0 < p < %, hence is the

optimal value for §,,, denoted by d,,,. Consequently,

r%in Efl (5l,5m,p) - Efl (5l135m17p)
1

#0291~ 8))og (L) ~log (1~ p)

= —d;log+/4p(1 — p). (C.2.3)

C.3 The minimization of Egi(él, Oms On, Ok, p) over Dy

The minimization of Egi(él, Om» Ons 0k, D), as defined in (5.3.8), over Dy, as defined in (5.3.5),
is a bit more complex than that of Efi((ﬁ, dm,P), since it cannot be performed over each

variable separately. Hereafter, we follow the definitions of [32].

Definition C.1 ([32]) A feasible vector for a given minimization problem is a vector which

satisfies all the constraints for that problem.

For a minimization problem with inequality constraints, we denote the 7’th constraint as
gi(v) <0, eg., %(52 - 5d) < ¢6; will be denoted as g; ((51, Oms Ons 5k) = %(52 - 5d) —0; <0, and

say that the constraint is active at v if it is satisfied with equality for that v.
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Definition C.2 ([32]) A feasible vector v is said to be regular if the active inequality

constraint gradients {Vg;(v) : g;(v) = 0} are linearly independent.

When minimizing the function f(v) under the constraints g;(v) < 0,7 = 1,...,r, the

Lagrangian function is defined as
L(v,n) = f(v) + > g (v). (C.3.1)
j=1

Under the preceding definitions we have the following theorem, which we state in a slightly

weaker form, nevertheless sufficient for our purpose.

Theorem C.3 (Karush-Kuhn-Tucker Necessary Conditions, [32]) Let v* be a reg-
ular local minimum when minimizing f(v) under the constraints g;(v) < 0,2 = 1,...,r,
when f and g; are continuously differentiable. Then there exists a unique Lagrange Mul-
tiplier vector p* = (uf,...,pk) such that VyL(v*,p*) = 0. The multipliers p; satisfy

p;>0,5=1,....r, and uj =0 for each constraint g; which is inactive at v*.

To use Theorem C.3 for our purposes, first observe that the Hessian matrix of Egi (01, Oy Ony O, P)

is positive definite (it is a diagonal matrix with positive diagonal elements). Hence Egi (01, Oy Ony Ok, )
is strictly convex, and the conditions in Theorem C.3 are necessary and sufficient. Since Do

is defined by eight inequality constraints (i.e., » = 8), we choose to minimize over a larger

set, Dy, defined by the inequalities

RO ST STS R ) (C3.2)
92(81, 6y 6 0) = % —§— 6, < 0. (C.3.3)

Fortunately, we will see that the solution v* satisfies v* € Ds. Since our objective function
is convex, and the set D, is convex, it is clear that this solution is also a global minimum.

Moreover, for this set of inequalities we have

Vgl(éla(smaénaék) = (—1,—1,0,0),

Vgg(dl,ém,dn,dk) = (—1,0,—1,0), (C.3.4)



a set of gradients which are clearly linearly independent, hence any feasible point is regular.
When any feasible point is regular all the local minimums can be found using Theorem C.3.

To conclude, the equations V, L(v*, u*) = 0 translate to

—log (M — 1) + log <ﬂ>
0y P
—log <M — > + log <ﬂ> = 1, (C.3.6)
Om P
2 1-—
—log <% — 1> + log <—> = l2, (C.3.7)
n p

1= 6 — 64/2 1
“log <Td/ - 1) +log <Tp> —0, (C.3.8)

while the inequality constraints together with the constraints on pu; translate to

= p1 + p2, (C.3.5)

hS

;

1 (5 — O, — 5;) =0, (C.3.9)
d;

175) <§ — 6n — (5[) = 0. (C.3.10)

For example, equation (C.3.9) means that either pu; = 0 or g1 (0;, 0y, Op, ) is active. The
solution of equations (C.3.5) to (C.3.10) is as follows: First, we see that equation (C.3.8)
can be solved separately, yielding

6k =p <1 — (52 — %) . (C.3.11)

For 0 < p < % this value of 0 satisfies the constraints in the definition of Dy, and will be
denoted as d,. For d;, 6, and §,, we should distinguish between four cases:
case 1, p1 = 0,2 = 0: In this case equations (C.3.5) to (C.3.7) can be solved indepen-

dently for ¢&;, 0, and 0y, yielding (8, o, On, 0k) = (p(6; — %d),%, %,61@). However, for
p < 3 this solution does not satisfy (C.3.2) and (C.3.3) hence is not feasible.

J; dg O4
bl

case 2, p1 # 0,2 = 0: Here we have (0,0, 0n, 0p) = (3 — 54, % %,51@). For p < %

this solution does not satisfy (C.3.3).
case 3, pu1 = 0, uy # 0: Here we have (07, 0y, 0p, Og) = (% — %‘i, ’%, %‘1,51@). In this case,

for p < & this solution does not satisfy (C.3.2).
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case 4, ;i1 # 0, # 0: In this case both inequalities are active. We can factor out ji;
and po from (C.3.9) and (C.3.10) respectively, and solve the equations for ¢;, 0,, and §,.

The result is the following cubic equation for ¢;
2
5!(%‘1—%7%) 1-p

EEONCECEDN

Clearly, the above equation must have one and only one solution, which together with

(C.3.12)

Omy = 0i/2—01,, On, = 0;/2—0;, and dj,, yields a feasible solution in terms of Dy. Since the
solution is rather cumbersome to analyze, we do not include it here. Nevertheless, using
Matlab’s symbolic toolbox, it is easy to verify that this solution is also feasible in terms of
D5, and thus is the required solution for the minimization problem discussed. As noted in
Section 5.3, in the special case of §; = d,, however, the expressions are simpler and easier

to analyze.

C.4 Proof of Proposition 5.4

The proof is as follows. First, we show that indeed M(p) > 0 for every 0 < p < . The

proof is based on the fact that for every 0 < p < % we have
01, + Omy + Ony + 0y > 01 + 0y (C4.1)
with equality in (C.4.1) only for p = 0, % Thus,

min Egd (5l7 5777.7 577.7 5k7p) > minEgd (5l7 5777.7 5TL7 5k7p) = Egd (5l2 3 5m2 ) 5TL27 5k27p)' (042)
DQDDIQ Do

To prove the inequality in (C.4.2), assume that there exists (d;,07,,0;,,9;) € D2 N Dy such

[»Ymy¥n>
that Egd(éza(s;na(s;ué;gap) = Egd((slwémgaénzaékyp)' Since (61,36%1,36;1,,62) € D?a (61,75;;’”6;1,362) 7é
(0155 Omys Onys Ok, ), by the strict convexity of Egd and the convexity of Dy there exists
(81, 8" 8", 81) € Dy such that ES(6], 0" 8", 61 p) < ES (61, 0msy» Oy, Okys p), which con-

tradicts the minimality of Egd(de, OmssOnyy Ok, P). Note that the minimum over Dy N D)
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can be calculated'using Theorem C.3.
We may now consider the minimization problems in the r.h.s. of (5.3.10), where §; = dg4,
Egd is as defined in (5.3.28) and C(E%’,p) > (. Since Egd > 0, and Egd((ill + 0m,) = 0,

where (0;,, 9, ) is the minimizing point of Efd, it is clear that
min {Efd (61, 6 p) + 2B (5, + 5m)} = min (81, 6m, p), (C.4.3)
1 1

for every C (E%i,p) > 0. Namely, the result of the minimization over D; is unchanged.
However, when considering the minimization of Egd (01, Oy Ony Ok, P) +2E$d (074 O+ 0+ 61)
over Dy, the value of C(E%i,p) is important. Since 6;, + 0y, + Opy + 0k, > 9, + 0y, the step
function Egd, defined in (5.3.28), “lifts” Eg‘i(él, Om»On, 0k, p) in a range which includes its
minimizing point. For large enough C(Egd,p), ie., C(Egd,p) > M(p), the new minimum
must be at a new point, (47, d;,,d,,, ;) € Dy N Dy, yielding

. dd ] — 3 dq
min {E2 (815 Grms Oy O ) + 2B (81 + Oy + 6 + 5k)} = min, B33, . 61, 6. )

2

= Egd (612? 6m2 ) 6nza 5k2,p) + M(p) (044)

However, for smaller values of C' (E%i,p), (0155 Omy s Ony s Ok, ) remains the minimizing point,
yielding

I%iQn {Egd(5l, 5ma 5TL7 5kap) + 2E2d (5l + 5m + 577, + 5k)} = Egd((slza 5m27 577,27 5k2,p)+C(E%i,p).

(C.4.5)

This far, we have proved that when 0 < C’(Eg‘i,p) < M(p), E,‘;d as defined in (5.3.28)
alters the condition on the code in such a way that it is not repealed, and the union bound
analysis apply. It remains to prove that this is the optimal choice when 0 < C (Egd,p) <
M(p), and to quantify the improvement over the bound with the trivial E,‘;d for every

C(E%i,p) > 0. To see this, Subtract the r.h.s. of (5.3.9) from the r.h.s. of (5.3.11).

!The solution for this minimization is not required for this proof, only for presenting numeric results.
Furthermore, this solution requires solving a cubic equation. Therefore, we solve the cubic equation using
Matlab’s symbolic toolbox and present only the relevant results in Section 5.5.
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Requiring the result to be negative is no other than the condition on the code (5.3.10).
Namely, when the condition on the code is not satisfied, and (5.3.11) is valid, the bound in
(5.3.9) is tighter. Thus, in this case, the best choice of Egd can improve the error exponent
by no more than equalizing it to (5.3.9). Since this can be done by the Egd proposed in
(5.3.28), we draw the conclusion that it is the optimal choice. Another, more intuitive,
explanation for this result is obtained by noticing that no tighter lower bound on the error
probability, calculated on a subcode Cj, can be achieved, than the one which coincides with
the union bound. The improvement over the bound with the trivial E‘sd is simply the change
in the value of the r.h.s. of (5.3.11) caused by our choice of E‘sd, which is C(E ¢ p) when
0 < C(E},p) < M(p), and M(p) when C(E},p) > M(p).

C.5 Computation of the exponential rate of \II(%, T,T)

We wish to prove that
1 2
lim ——ln\I/< x x) = -, (C.5.1)

T—00 2 3

where U is as defined in (3.2.7). From (3.4.2), we have
1 3 (1 1 2 ,1— 5sin(20
U (— x,m) = £ ' T Tsin(20) exp {——xQ?i()} de. (C.5.2)

2’ 21 Jo 1—1isin 3 sin?(6)
For every z > 1.5, divide the integral in (C.5.2) to [z] parts, where [z] is the closest integer

to z. We have,

1 V3 ([ [ 1 2 51— L sin(26)
- - V2 S e S0
<2,x, x) 27 (/0 1 — 1 5in(20) P { 37 sin?(6) *

[ 1 2 ,1— %sin(26)
. _ ——xt—=——L5df|. (C5.3
+ /r([w]—l) 1 — sin(20) P { 3" sin?(6) ( )

IS

4[z]
Observe that, for any 0 < 6 < 7, we have
1
1< ——F—-—<2 (C.5.4)
1 — 5sin(26)
and
1 — % sin(20
< L) (C.5.5)

sin?(0)
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where the expression in (C.5.4) is monotonically increasing in #, and the expression in
(C.5.5) is monotonically decreasing in 6. Thus,

1 — Lsin(26
N l’x’x < \/5[33]/ exp _2&%” do
2 s ([z]-1) 3 sin” ()

4[z]

— Yo {-32}. (C.5.6)

and

1 V3 [T 2 o1 — 1sin(20)
Z > Y2 _Zp27 27\
Y <2’x’ x) ~ 2m Jeen P { 37 7 sin?(0) v
. T —1
y V3T )2 1 — %sin (2_(519”[15] )) o
= 2mal] V)73 sin? (2e10) "
A[x]

Taking the natural logarithm of both sides of (C.5.6) and (C.5.7), and dividing by —z?2, we

have
. T —1
\/§ 2 1 1 1. V3 1. 1 2 1—%8“3(2 ([Z”[L} ))
—n <—hvY |-z, <——Ih———=In-—+-
z2 4 3 z? z2 8 22 [xz] 3 gin2 (W([fﬂ}%)
4[x]
(C.5.8)

For 2 — o0, equation (C.5.1) immediately follows after applying the sandwich rule.
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