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Abstract—We investigate several problems in scanning of
multidimensional data arrays, such as universal scanning and
prediction (‘“‘scandiction”, for short), and scandiction of noisy
data arrays. These problems arise in several aspects of image
and video processing, such as predictive coding, filtering and
denoising. In predictive coding of images, for example, an image
is compressed by coding the prediction error sequence resulting
from scandicting it. Thus, it is natural to ask what is the optimal
method to scan and predict a given image, what is the resulting
minimum prediction loss, and if there exist specific scandiction
schemes which are universal in some sense.

More specifically, we investigate the following problems: First,
given a random field, we examine whether there exists a scandic-
tion scheme which is independent of the field’s distribution, yet
asymptotically achieves the same performance as if this distribu-
tion was known. This question is answered in the affirmative for
the set of all spatially stationary random fields and under mild
conditions on the loss function.

We then discuss the scenario where a non-optimal scanning
order is used, yet accompanied by an optimal predictor, and
derive a bound on the excess loss compared to optimal scandic-
tion. For individual data arrays, where we show that universal
scandictors with respect to arbitrary finite scandictor sets do not
exist, we show that the Peano-Hilbert scan has a uniformly small
redundancy compared to optimal finite state scandiction.

Finally, we examine the scenario where the random field
is corrupted by noise, but the scanning and prediction (or
filtering) scheme is judged with respect to the underlying noiseless
field. A special emphasis is given to the interesting scenarios of
binary random fields communicated through binary symmetric
channels and Gaussian random fields corrupted by additive white
Gaussian noise.

I. INTRODUCTION

Consider the problem of sequentially scanning and predict-
ing a multidimensional data array, while minimizing a given
loss function. Particularly, at each time instant ¢, 1 < ¢t < |B|,
where |B| is the number of sites (“pixels”) in the data array,
the scandictor chooses a site to be visited, denoted by W,
and gives a prediction, F}, for the value at that site. Both U,
and F; may depend of the previously observed values - the
values at sites U; to ¥,_;. It then observes the true value, xy,,
suffers a loss I(zy,, F;), and so on. The goal is to minimize
the cumulative loss after scandicting the entire data array.

The scandiction problem mainly arises in image compres-
sion, where various methods of predictive coding are used
(e.g., the LOCO algorithm [1]). In this case, the encoder
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may be given the freedom to choose the actual path over
which it traverses the image, and thus it is natural to ask
which path is optimal in the sense of minimal cumulative
prediction loss, which may result in maximal compression.
The scanning problem also arises in several other areas,
such as one-dimensional wavelet processing of images [2],
where one seeks a space-filling curve which facilitates the
one-dimensional signal processing of multidimensional data,
and pattern recognition [3], where it is shown that under
certain conditions, the Bayes risk as well as the optimal
decision rule are unchanged if instead of the original mul-
tidimensional classification problem one transforms the data
using a measure-preserving space-filling curve and solves a
simpler one-dimensional problem. More applications can be
found in multidimensional data query [4] and indexing [5],
where multidimensional data is stored on a one-dimensional
storage device, hence a locality-preserving space-filling curve
is sought in order to minimize the number of continuous read
operations required to access a multidimensional object, and
rendering of three-dimensional graphics [6], where a rendering
sequence which minimizes the number of cache misses is
required.

While the problem of sequentially predicting the next out-
come of a one-dimensional sequence, based on the previously
observed outcomes, is well-studied, the problem of prediction
in multidimensional data arrays has received far less attention.
Apart from the on-line strategies for the sequential prediction
of the data, the fundamental problem of scanning it should be
considered.

In [7], a specific scanning method was suggested by Lempel
and Ziv for the lossless compression of multidimensional data.
It was shown that the application of the incremental parsing
algorithm of [8] on the one dimensional sequence resulting
from the Peano-Hilbert scan yields a universal compression
algorithm with respect to all finite-state scanning and encoding
machines. These results where later extended in [9] to the
probabilistic setting, where it was shown that this algorithm
is also universal for any stationary Markov random field,
and the existence of a universal rate-distortion encoder was
established. Additional results regarding lossy compression of
random fields (via pattern matching) were given in [10] and
[11]. In [11], for example, Kontoyiannis considered a lossy



encoder which encodes the random field by searching for a
D-closest match in a given database, and then describing the
position in the database.

While the algorithm suggested in [7] is asymptotically
optimal, it may not be the optimal compression algorithm for
real life images of sizes such as 256 X256 or 512x512. In [12],
Memon et. al. considered image compression with a codebook
of block scans. Therein, the authors sought a scan which
minimizes the zero order entropy of the difference image,
namely, that of the sequence of differences between each pixel
and its preceding pixel along the scan. Since this problem is
computationally expensive, the authors aimed for a suboptimal
scan which minimizes the sum of absolute differences. This
scan can be seen as a minimum spanning tree of a graph whose
vertices are the pixels in the image and whose edges weights
represent the differences (in gray levels) between each pixel
and its adjacent neighbors. Although the optimal spanning tree
can be computed in linear time, encoding it may yield a total
bit rate which is higher than that achieved with an ordinary
raster scan. Thus, the authors suggested to use a codebook of
scans, and encode each block in the image using the best scan
in the codebook, in the sense of minimizing the total loss.

Lossless compression of images was also discussed by
Dafner et. al. in [13]. In this work, a context-based scan
which minimizes the number of edge crossing in the image
was presented. Similarly to [12], a graph was defined and
the optimal scan was represented through a minimal spanning
tree. Due to the bit rate required to encode the scan itself
the results fall short behind [7] for two-dimensional data, yet
they are favorable when compared to applying the algorithm
in [7] to each frame in a three-dimensional data (assuming the
context-based scans for each frame in the algorithm of [13]
are similar).

Note that although the criterion chosen by Memon et. al.
in [12], or by Dafner et. al. in [13], which is to minimize
the sum of cumulative (first order) prediction errors or edge
crossings, is similar to the criterion defined in this work, there
are two important differences. First, the weights of the edges
of the graph should be computed before the computation of
the optimal (or suboptimal) scan begins, namely, the algorithm
is not sequential in the sense of scanning and prediction in
one pass. Second, the weights of the edges can only represent
prediction errors of first order predictors (i.e., context of length
one), since the prediction error for longer context depends on
the scan itself - which has not been computed yet. In the
context of lossless image coding it is also important to mention
the work of Memon et. al. in [14], where common scanning
techniques (such as raster scan, Peano-Hilbert and random
scan) were compared in terms of minimal cumulative con-
ditional entropy given a finite context (note that for unlimited
context the cumulative conditional entropy does not depend
on the scanning order, as will be elaborated on later). The
image model was assumed to be an isotropic Gaussian random
field. Surprisingly, the results of [14] show that context-based
compression techniques based on limited context may not gain
by using Hilbert scan over raster scan. Note that under a

different criterion, the cumulative squared prediction error, the
raster scan is indeed optimal for Gaussian fields, as it was
shown later in [15], which we discuss next.

The results of [7] and [9] considered a specific, data
independent scan of the data set. Furthermore, even in the
works of Memon et. al. [12] or Dafner et. al. [13], where data
dependent scanning was considered, only limited prediction
methods (mainly, first order predictors) were discussed, and
the criterion used was minimal total bit rate of the encoded
image. However, for a general predictor, loss function and
random field (or individual image), it is not clear what is the
optimal scan. This more general scenario was discussed in
[15], where Merhav and Weissman formally defined the notion
of a scandictor, a scheme for both scanning and prediction, as
well as that of scandictability, the best expected performance
on a data array. The main result in [15] is the fact that if a
stochastic field can be represented autoregressively (under a
specific scan ¥) with a maximum-entropy innovation process,
then it is optimally scandicted in the way it was created
(i.e., by the specific scan ¥ and its corresponding optimal
predictor).

The work in [15] defined the yardstick for analyzing
scanning and prediction in multidimensional arrays. However,
many challenges were left open. As the topic of prediction in
one-dimensional arrays is rich and includes elegant solutions
to various prediction problems, seeking analogous results in
the multidimensional case offers plentiful research objectives.

The outline of this paper is as follows: In Section II,
we give a precise formulation of the scandiction problem.
In Section III, we first show that there does not exist any
universal scandictor which can compete successfully (i.e., with
a vanishing redundancy) with any two scandictors on any
individual image. However, we show that it is possible to
compete successfully with any finite set of scandictors on any
stationary random field, and, in fact, there exists a universal
scandictor which achieves the scandictability of any stationary
random field. In Section IV, we consider strongly mixing
random fields, and show that the results of Section III apply
in the stronger a.s. (almost surely) sense as well. In Section
V, we derive bounds on the performance of non-optimal
scanners. Specifically, we assume that, due to implementation
constraints, for example, one cannot use the optimal scanner
for a given data array, or the universal scandictor discussed
previously, and is forced to use an arbitrary scanning order. In
such a scenario, it is important to understand what is the excess
loss incurred, compared to optimal scanning and prediction.
Section V includes upper bounds on this excess loss, which
are valid for arbitrary distributed random fields, thus helping
the designers of practical scanning algorithms in intelligently
allocating computational and storage resources. In Section VI
we return to the individual image scenario, and show that the
Peano-Hilbert scan has a uniformly small redundancy (excess
loss) with respect to the set of all finite state scandictors.
Finally, in Section VII, we consider the scenario where the
scandictor observes a noisy version of the data, yet, it is judged
with respect to the clean data. We formally define scandiction



(or scanning and filtering - “scantering”, for short) of noisy
data arrays, derive explicit expressions for the best achievable
performance, and construct universal algorithms which achieve
this value. Therein, we see that while many of the results
for noisy scandiction are extendable from the noiseless case,
the scantering problem, however, poses new challenges and
requires the use of new tools and techniques.

II. PROBLEM FORMULATION

The following notation will be used throughout this paper.
Let A denote the alphabet, which is either discrete or the real
line. Let 2 = AZ* denote the space of all possible data arrays
in Z<. Although the results in this paper are applicable to
any d > 1, for simplicity, they are formulated for d = 2.
A probability measure ) on () is stationary if it is invariant
under translations 7;, ¢ € Z? (i.e., shift invariant). Denote by
M(9) and M () the spaces of all probability measures and
stationary probability measures on (2, respectively. Elements
of M(2), random fields, will be denoted by upper case letters
while elements of §2, individual data arrays, will be denoted
by the corresponding lower case.

Let V denote the set of all finite subsets of Z2. For V € V,
denote by Xy the restrictions of the data array X to V. For
i € 72, X; is the random variable corresponding to X at site
i. Denote by V;, the square {0,...,n—1} x {0,...,n—1}.

Definition 1 ([15]): A scandictor for the finite set of sites
B €V is the following pair (¥, F):

. {\I/t}ltill is a sequence of measurable mappings, ¥, :
A'~! +~ B determining the site to be visited at time t,
with the property that

{01, 95(zw,), V3(zw,, 29,),. ..
lI/|B| (.Tq/l,...,l’q;‘B‘il)}:B, VZGAB. (1)

. {Ft}lti‘l is a sequence of measurable predictors, Fy :
A=l D determining the prediction for the site visited
at time ¢ based on the observations at past visited sites,
where D is the prediction alphabet.

We allow randomized scandictors, namely, scandictors such
that {%},E'l or {Ft}@l can be chosen randomly from some
set of possible functions. Note that definition 1 considers only
scandictors for a finite set of sites. We will consider, though,
the limit as the cardinality of the set tends to infinity.

Denote by Ly r)(7v, ) the cumulative loss of (¥, F') over
Ty, , that is

[Vnl
L(‘I/,F)(‘rvn):Zl(x‘IJHFt(x‘I’l?"'am‘Ptfl))v (2)

t=1

where [ : Ax D — [0, 00) is a given loss function. Throughout
this paper, we assume that [(-, -) is non-negative and bounded
by lnaz < 00. The scandictability of a source @) € M(2) on
B €V is defined by

1
O . 3
(w.Fesm) 27 |B| w,r)(XB), )

U(la QB) =

where () p is the marginal probability measure of X restricted
to B and S(B) is the set of all possible scandictors for B.
The scandictability of @ € M() is defined by

whenever the limit exists. By [15, Theorem 1], the limit in (4)
exists for any Q) € Mg ().

It will be constructive to refer to the finite set scandictability
as well. Let F = {F,} be a sequence of finite sets of
scandictors, where for each n, |F,| = A < oo, and the
scandictors in F,, are defined for the finite set of sites V,,. A
possible scenario is one in which one has a set of “scandiction
rules”, each of which defines a unique scanner for each n, yet
all these scanners comply with the same rule. In this case,
F = {F,} can also be viewed as one finite set F which
includes sequences of scandictors. We may also consider cases
in which |F,| increases with n (but finite for finite n). For
Q € Mg(Q) and F = {F,}, we thus define the finite set
scandictability of () as the limit

1
Ur(l,Q) 2 lim min

n—oo (V,F)eF, Fav, WL(\P’F) K. O

if it exists.

III. UNIVERSAL SCANDICTION

The problem of universal prediction in the one-dimensional
scenario is well studied, with various solutions to both the
stochastic setting as well as the individual (see [16] for
a complete survey from an information theoretic point of
view). In order to compete successfully with a finite set of
scandictors, i.e., construct a universal scandictor, one may
try to use known algorithms for learning with expert advice,
e.g., the exponential weighting algorithm suggested in [17]
or the work which followed it. In this algorithm, each expert
is assigned a weight according to its past performance. By
decreasing the weight of poorly performing experts, hence
preferring the ones proved to perform well thus far, one is
able to compete with the best expert, having neither any a
priori knowledge on the input sequence nor which expert will
perform the best. However, in the scandiction problem, as each
of the experts may use a different scanning strategy, at a given
point in time each scanner might be at a different site, with
different sites as its past. Thus, it is not at all guaranteed that
one can alternate from one expert to the other. The problem
is even more involved when the data is an individual image,
as no statistical properties of the data can be used to facilitate
the design or analysis of an algorithm. The following theorem
asserts that indeed, in the individual image scenario, it is
not possible to compete successfully with any two arbitrary
scandictors (it is possible, though, to compete with some
scandictor sets, as proved in [18, Section 3.3] and elaborated
on in Section VI).

Theorem 2: Let A = [0,1] and assume [ is the squared
error loss function. There exist two scandictors (¥, F'); and
(U, F)y for V,,, such that for any scandictor (¥, F) for V,,
there exists xy, for which



Ly py(zy,)—min{ Ly r), (vv, ), Liw,r), (@v,)} = O(|Val).

Theorem 2 marks a fundamental difference between the
case where reordering of the data is allowed, e.g., scanning of
multidimensional data or even reordering of one-dimensional
data, and the case where the is one natural order for the
data. For example, using the exponential weighting algorithm
discussed earlier, it is easy to show that in the one-dimensional
scenario (i.e., with no scanning), it is possible to compete
with any finite set of predictors under the alphabet [0, 1] and
squared error loss. Thus, although the scandiction problem is
strongly related to its one-dimensional analogue, the numerous
scanning possibilities result in a substantially richer and more
challenging problem.

Proof Outline (Theorem 2): We prove Theorem 2 by show-
ing that there exists a stochastic setting under which the
expected minimum of the losses of two scandictors is smaller
than the expected loss of any single scandictor, and, thus, for
any scandictor there exists an individual image on which it
cannot compete successfully with the two scandictors.

Let Yy, be a random field such that Y(1,1) is
distributed uniformly on [0,1], and Yy, \ Y(1,1) =
Y(1,2),...,Y(1,n),Y(2,1),Y(2,2),...,Y(n,n) are simply
the first n? — 1 bits in the binary representation of Y (1,1)
(ordered row-wise). Note that Yy, \ Y'(1,1) are i.i.d. unbiased
bits, yet conditioned on Y'(1,1), they are deterministic and
known. Assume now that Xy, is a random cyclic shift of Yy, ,
in the same row-wise order Yy, was created. The expected
cumulative squared error loss of any scandictor on Xy, is
(n? — 1)/8, as the expected number of steps until the real
valued site is located is (n? — 1)/2, with a loss of 1/4 until
that time. However, the expected minimum of the losses of two
different scandictors, one which scandicts Xy, row-wise from
X(1,1) to X(n,n), and one which scandicts Xy, row-wise
from X (n,n) to X (1,1), is smaller than n? /16+0(n?), as the
expected number of steps until the first locates the real valued
site is (n? — 1)2/(4n?), after which zero loss is incurred. m

The obstacle faced when seeking universal scandictors is
in some way similar to the one faced in [19], where the
consideration of a loss function with memory prevented the
alternation of experts each time instant, or to source coding
problems such as [20], where the price (in terms of bits
transfered) might be too high to bear if experts are alternated
too frequently. The difficulties in these examples differ from
those we confront here. Yet, the solution suggested therein,
which is to persist on using the same expert for a significantly
long block of data before alternating it, was found useful in
our universal scandiction problem.

Particularly, in order to establish the existence of a universal
scandictor, we propose the following algorithm. Let zy, be
the n x n data array to be scandicted. For m < n, define
K £ [2] — 1. Divide av, into K2 blocks of size m x m
and 2K + 1 blocks of possibly smaller size. Denote by z°,
0 <i < (K+1)2—1 the i’th block under some fixed scanning
order of the blocks. This scanning order is irrelevant in this
case, so we assume from now on that it is a (continuous) raster

scan from the upper left corner. Let 7 = {F,, } be the sequence
of scandictor sets. The suggested algorithm scans the data in
xv, block-wise, that is, it does not apply any of the scandictors
in JF,,, only scandictors from J,,,. Omitting m for convenience,
denote by L;; the cumulative loss of (U, F); € F,, after
scanning ¢ blocks, where (¥, F),; is restarted after each block,
namely, it scans each block separately and independently of
the other blocks. Note that L;; = °,_) L;(z') and that for
t =0, Lj; = 0 for all j. Since we assumed the scandictors
are capable of scanning only square blocks, for the 2K + 1
possibly smaller (and not square) blocks the loss may be 1,44
throughout. For > 0, and any % and j, define

e~ Ll

A L.
S e

where A = |F,,|. Foreach 0 < i < (K+1)2—1, after scanning
i blocks of data, the algorithm computes P; (j|{L;}}_,) for
each j. It then randomly selects a scandictor according to this
distribution, independently of its previous selections, and uses
this scandictor as its output for the (i 4 1)-st block.

The following two propositions, whose complete proofs are
given in [18], form the foundations for the universality results.

Proposition 3: Let Lg4(zy,) be the cumulative loss of
the proposed algorithm on v, , and denote by Ly (zv;, ) its
expected value, where the expectation is with respect to the
randomized scandictor selection of the algorithm. Let L,,;,
denote the cumulative loss of the best scandictor in F,,,
operating block-wise on zy; . Assume |F,,,| = A, then

P (§1{L;i}5=1) = (6)

Laig(®v,) — Linin(zv,) < m(n + m)+/log )\lmax .
V2

Proposition 4: Assume m = o (n1/3). Then, as n — oo,
Laig(zy,) converges to Ly, (xy;,) for any xy;,, with proba-
bility 1 with respect to the randomization in the algorithm.

Based on the result given in Proposition 3, the next theorem
asserts the existence of a universal scandictor which competes
successfully with any finite set of scandictors.

Theorem 5: Let X be a stationary random field with a
probability measure (. Let F = {F,} be an arbitrary
sequence of scandictor sets, where F,, is a set of scandictors
for V,, and |F,,| = A < oo for all n. Then, there exists a
sequence of scandictors (¥, F'),,, independent of @, for which

n—oo

o 1
lim inf EQVnEmL(@,F)n (Xvn)

< liminf min

1
minf min Bov, rlonn(Xv) ®)

for any Q@ € Mg (), where the inner expectation in the Lh.s.
of (8) is due to the possible randomization in (\i', F)n.

Proof Outline: Taking the expectation of (7) with respect to
Xy, then taking n — oo, results in a vanishing redundancy
whenever the block size, m, is o(n). However, this only means
that the universal scandictor suggested competes successfully
with the best scandictor in F,,, operating on Xy, in a
block-wise order. Yet, using the spatially stationarity of X,



it is not hard to show that the performance of any block-
wise scandictor approaches that of the non-constrained one
(operating on the entire data array) if m = w(1), that is,
lim,,_, m(n) = co. Thus, using the suggested algorithm with
m = o(n) but m = w(1) achieves (8). W

A. Finite-State Scandiction

Consider now the set of finite-state scandictors, very similar
to the set of finite-state encoders described in [7]. At time
t = 1, a finite-state scandictor starts at an arbitrary initial
site W, with an arbitrary initial state so € S and gives
F(sp) as its prediction for xy,. Only then it observes xy, .
After observing xy,, it computes its next state, s;, according
to s; = g(si—1,2w,) and advances to the next site, Tw,,
according to W;, 1 = W; + d(s;), where g : S X A — S is
the next state function and d : S — B is the displacement
function, B C Z? denoting a fixed finite set of possible
relative displacements. It then gives its prediction F'(s;) to
the value g, ,. Similarly to [7], we assume the alphabet A
includes an additional “End of File” (EoF) symbol to mark
the image edges. The following lemma and the theorem which
follows establish the fact that the set of finite-state scandictors
is indeed rich enough to achieve the scandictability of any
stationary source, yet not too rich to compete with.

Lemma 6: Let F, = {(¥,F);} be the set of all finite-state

scandictors with at most v states. Then, for any @ € Mg(f2),
lim, o Ur, (1,Q) = U(l,Q). That is, the scandictability of
any spatially stationary source is asymptotically achieved with
finite-state scandictors.
Proof Outline: For a finite block size m, every scandictor
operating on that block can be implemented using a finite state
machine with v(m) < oo states (of course, lim,,, o, v(m) =
oo, yet v(m) is independent of n). Thus, every scandictor
operating on Xy, block-wise, with a block size m, can be
implemented using a finite state machine with v(m)+2 states.
Taking n — oo, it is clear that finite state machines with
v(m) + 2 states achieve the m-th order scandictability of any
spatially stationary random field (namely, the best achievable
performance among block-wise scandictors with block size
m). The lemma follows by taking the number of states to
infinity as well. B

Assume now that both the source alphabet A and the pre-
diction alphabet D are finite. The following theorem asserts,
under the above assumption, the existence of a universal
scandictor for all stationary random fields.

Theorem 7: Let X be a stationary random field over a finite
alphabet A and a probability measure (). Assume that the
prediction alphabet D is finite. Then, there exists a sequence
of scandictors (¥, F),,, independent of @, for which

lim Fg, F

n—oo

— L r), (Xv,) =U(l,Q) ©)

IV |
for any () € Mg(2), where the inner expectation in the Lh.s.
of (9) is due to the possible randomization in (¥, F),,.

Theorem 7 is proved using the same method used in Lemma
6, with the additional effort required to show that the set of all

block-wise scandictors with block size m(n) is not too large
to compete with, using the appropriate choice of m(n). The
complete proof is in [18].

IV. UNIVERSAL SCANDICTION FOR MIXING RANDOM
FIELDS

In Section III, we established the existence of a univer-
sal scandictor with respect to any finite set of scandictors
(Theorem 5), and that of a universal scandictor achieving the
scandictability of any stationary random field (Theorem 7),
both under the expected cumulative loss criterion. Apparently,
if the underlying random field adheres to a decaying memory
condition, stronger convergence results can be achieved, as
given by the next two theorems, whose proofs are in [18].

We start with several definitions. For A, B € Z?, define

QUIQV);

where the supremum is over all U € (X 4) and V € 0(Xp),
and o(Xy ) is the smallest sigma algebra generated by Xy .
Let aa’b(k;) denote the strong mixing coefficient of @,

a®(A,B) =sup |QUUNV) — (10)

a, (k) = sup{a®(A, B),|A| < a,|B| < b,d(A, B) > k},
(1)
where d is a metric on Z? and d(A, B) is the distance between
the closest points, i.e., d(A,B) = minjea jepd(i,j). A
measure () is strongly mixing if for all a,b € N U {oo},
agb(k) — 0 as k — oo. It is not hard to show that if the
measure @ is strongly mixing, then it is block-ergodic for any
finite block size (i.e., totally ergodic).
The following theorem is the analogue to Theorem 5.
Theorem 8: Let X be a stationary strongly mixing random
field with a probability measure Q. Let F = {F,} be a
sequence of finite sets of scandictors and assume that U (I, Q)
exists. Then, if the universal algorithm suggested in Section
III uses a fixed block size m, we have

lim inf —
n—oo ‘ n |

Lag(Xv,) <U£(1,Q) +d6(m) Q—a.s. (12)
for any such @) and some &(m
00.
Similarly to Section III, a universal scandictor for the class
of all stationary strongly mixing random fields can be con-
structed, whose performance converge Q-a.s. to the fields
scandictability.

Theorem 9: Let X be a stationary strongly mixing random
field with a probability measure (). Then, there exists a
sequence of scandictors {(¥, F'),,}, independent of Q, where

) such that 6(m) — 0 as m —

(P, F),, is a scandictor for V;, and operates in blocks of size
m X m, m < n, for which
hnnggﬂ |L(q/ ), (Xv,) U1, Q)+d6(m) Q—a.s. (13)

for any such @ and some d(m) such that §(m) — 0 as m —
oo. Thus, when m — oo, the performance of {(¥, F'),, } equals
the scandictability of the source, Q) — a.s.



V. BOUNDS ON THE EXCESS SCANDICTION LOSS FOR
NON-OPTIMAL SCANNERS

The results of Sections III and IV establish the existence
of a universal scandictor for all stationary random fields and
bounded loss function (under the terms of Theorem 7 or
Theorem 9, respectively). However, it is clear that implemen-
tation of the universal algorithm suggested therein may be
too complex in real-world applications. On the other hand,
even if the probability measure governing the data is known
completely, the cases where the optimal scandiction scheme
is know are limited. In fact, only when the random field can
be represented autoregressively (under a specific scan) with a
maximum entropy innovation process, the optimal scandiction
scheme is known [15]. While the results of [15] cover, for
example, the interesting case of Gaussian fields and squared
error loss, the problem of identifying the optimal scandiction
scheme for general random fields and loss functions remains
open.

Hence, it is interesting to investigate what is the excess
scandiction loss when non-optimal scanners are used. In this
section we answer the following question: Suppose that, for
practical reasons for example, one uses a non-optimal scanner,
accompanied with the optimal predictor for that scan. How
large is the excess loss incurred by this scheme with respect
to optimal scandiction?

For the sake of simplicity, we consider the scenario of
predicting the next outcome of a binary source, with D = [0, 1]
as the prediction space. Hence, [ : {0,1} x [0,1] — R is the
loss function. Let ¢; denote the Bayes envelope associated
with [, i.e.,

¢i1(p) = min [(1 - p)I(0,q) +pl(1,q)]. (14)
qe[ovl]
‘We further define
€ = min max |ahy(p) + 8 — ¢i(p)|, (15)

a,f 0<p<1

where hy(p) is the binary entropy function. Thus ¢; is the error
in approximating ¢;(p) by the best affine function of hy(p).
For example, when [ is the Hamming loss function, denoted
by Iz, we have ¢;,, = 0.08 and when [ is the squared error,
denoted by 5, ¢;, = 0.0137. For the log loss, however, ¢; = 0.
We elaborate on this result later in this section.

Let U be any (possibly data dependent) scan, and
let Eq B‘—}BlL(\p, porty(Xp) denote the expected normal-
ized cumulative loss in scandicting Xp with the scan
W and the optimal predictor for that scan, under the
loss function [. Remembering that U(l,Qp) denotes the
scandictability of Xp w.rt the loss function [, namely,
U(l,Qp) =infy Eqg, ﬁL(\IHFoPt)(XB), we have the follow-
ing result.

Theorem 10: Let Xp be an arbitrarily distributed binary
field. Then, for any scan U,

1

Eqp EL(\P,F(’P‘)(XB) - U(l,@B)| <2¢.  (16)

That is, the excess loss incurred by applying any scanner VU,
accompanied with the optimal predictor for that scan, with
respect to optimal scandiction is not larger than 2e;.

Proof Outline (Theorem 10): In [18], we prove the following
result: Let X™ be an arbitrarily distributed binary n-tuple
and let FL""(X™) denote the expected cumulative loss in
predicting X™ with the optimal distribution-dependent scheme
for the loss function [. Then,

1 " 1 opt;vn

OézEH(X )+ B — ﬁELl (X" <ea, (17)
where «; and (3; are the achievers of the minimum in (15).
That is, the difference between the best affine transform of
the entropy of the random vector and the cumulative loss of
the optimal predictor is bounded in by ¢;. They key property
of that bound is, of course, that even if the order of the
random variables in the vector is permuted using any given
scandictor, the entropy of the vector remains the same, and
only the cumulative loss E;”*(X™) changes, where X" is
the permuted vector. Generalizing to data-dependent scans and
random fields, and using the triangle inequality, Theorem 10
results. W

At this point, it is important to understand why for loga-
rithmic loss, ¢; = 0, to wit, the scan is inconsequential under
log loss. Indeed, when the loss function is the logarithmic
loss, the expected instantaneous loss equals the conditional
entropy, hence the expected cumulative loss coincides with
the entropy, which is invariant to the scan. Namely, under the
logarithmic loss function, any scanner, accompanied with the
optimal predictor for that scan, results in optimal scandiction
performance.

Finally, note that although the definitions of ¢;(p) and ¢
refer to the binary scenario, Theorem 10 holds for larger
alphabets, with ¢; defined as in (15), with the maximum
ranging over the simplex of all distributions on the alphabet,
and h(p) (replacing hy(p)) and ¢;(p) denoting the entropy and
Bayes envelope of the distribution p, respectively.

VI. INDIVIDUAL IMAGES AND THE PEANO-HILBERT SCAN

Theorems 5 and 8 relied on the stationarity, or the stationar-
ity and mixing property, of the random field X (respectively).
When proving Theorem 5, the fact that the cumulative loss
of any scandictor (¥, F') on a given block of data has the
same expected value as that on any other block was used.
When proving Theorem 8, on the other hand, the fact that
the Cesaro mean of the losses on finite blocks converges to a
single value, the expected cumulative loss, was used. Hence,
both results depend on the statistical properties of the source
X.

When z is an individual image, however, the cumulative loss
of the suggested algorithm may be higher than that of the best
scandictor in the scandictors set since restarting a scandictor at
the beginning of each block may result in arbitrarily larger loss
compared to the cumulative loss when the scandictor scans the
entire data. This point was further emphasised in Theorem 2,



where it was shown that universal scandictors which compete
with any two scandictors do not exist in the individual setting.

In [18, Section 3.3], we suggest a basic scenario under
which universal scandiction of individual images is possible.
However, identifying more sets of scandictors with which
one can compete successfully on any individual image is an
important open problem. For example, it is not clear whether
one can compete successfully with all finite state scandictors.

Nevertheless, in the individual setting, one can expect to find
a scanning scheme with uniformly small (but not vanishing)
redundancy with respect to arbitrary scandictors set. In this
section, we show that for the interesting class of all finite
state scandictors, such a scan exists.

Consider the scenario of predicting the next outcome of a
binary individual source, with D = [0,1] as the prediction
space. Let U be a scanner for the data array xp. Let l‘llB‘ be
the sequence resulting from scanning xp with Up. Fix k <
|B| and for any s € {0, 1}**! define the empirical distribution
of order k + 1 as

Aty _ L

Py, (s) = B — &
The distributions of lower orders, and the conditional distri-
bution are derived from Pg*'(s), ie., for s’ € {0,1}* and
x € {0,1} we define

{k<i<|B|:x_,=s}. (@18)

Pyit(s) = Pyft(s’, o) + Pyt 1) (9)
and Ak-‘rl([ / D
. P s, x
Pyt (als') = =2 =, (20)
TR
where 0/0 is defined as 1/2 and [-,-] denotes string con-

catenation. Let ﬁé,‘;l(X |X*) be the empirical conditional
distribution of order £, i.e.,

HEH (XX
=— Y PENs) DD PEN(als)log Pyt (als).

s€{0,1}* ze{0,1}
(2D

Denote by F*:°Pt the optimal k-th order Markov predictor, in
the sense that it minimizes the expected loss with respect to
P§;1(|) and x‘lBl. For ¥ = {¥,,}, where ¥,, is a scan for
V., and an infinite individual image x, define

. 1
L (x) = lim sup w1 Lw, promy (V) (22)

and Ly (z) = limy_, o, L (). Theorem 11 relates the asymp-
totic cumulative loss of any sequence of finite state scans ¥
to that resulting from the Peano-Hilbert sequence of scans,
establishing the Peano-Hilbert sequence as an advantageous
scanning order for any loss function.

Theorem 11: Let x be any individual image. Let PH
denote the Peano-Hilbert sequence of scans. Then, for any
sequence of finite state scans ¥ and any loss function [ :
{0,1} x [0,1] = R,

LPH(CL') < L\p (LL') + 261. (23)

Theorem 11 relates the cumulative loss of a single scan,
the Peano-Hilbert, to that of the cumulative loss of arbitrary
finite state scan, unlike Theorem 10, which actually compares
between any two scans. Furthermore, Theorem 11 is an
asymptotic result, unlike Theorem 10, which is valid for any
random field on a finite set of sites B. To understand these
difficulties in the individual scenario, consider the following
result, which relates the empirical conditional entropy to the
cumulative loss under any scan ¥p, and is a key tool in
proving Theorem 11.
Proposition 12: Let xp be any data array. Then,

(e H X | X 1 kl
pt k + 6 max
s ( | ) : EL(\I’B’Fk’OPt)(xB) <eat |E| )
(24)

where «; and (; are the achievers of the minimum in (15).
Proposition 12 is the individual setting analogue of equation
(17). However, in the individual setting, the empirical condi-
tional entropy H ff,J;l(X | X*) is not necessarily scan invariant.
To see how Proposition 12 is utilized in order to prove
Theorem 11, the following definitions are required.

Define the asymptotic k-th order empirical conditional en-
tropy under {V¥,} as

HE (2) = limsup f[ff,i’l(X|Xk)

n—oo

(25)

and further define Hy () = limy_o HE"!(x). The existence
of ﬁ\p(.]?) is established in [18], where it is also shown
that this limit equals limy o limsup,,_., +H% (X*). By
[8, Theorem 3], the later limit is no other than the asymptotic
finite state compressibility of = under the sequence of scans
¥, namely,

lim limsup %f[\’f, (X*) = p(¥(x))

= lim limsup pgs)(Vn(zv,)),
(26)

where pp(q) (1) is the minimum compression ratio for z7
over the class of all finite state encoders with at most s states
[8, eq. (1)-(4)]. Thus, H ! (X|X¥), as the size of the data
array and k tend to infinity, converges to p(¥(z)), which
is the finite state compresibility of z. Since the finite state
compressibility is achieved by the Peano-Hilber scan, and no
other scan can achieve better compression, we have (23).

Case Study: Hamming Loss. The bound in Theorem 11 is
valid for any bounded loss function ! : {0,1} x [0,1] — R.
When [ is the Hamming loss, the resulting bound is

Liamming gy < pHemming ) 40,16, (27)

for any other finite state sequence of scans {U},,.

However, using the results of Feder, Merhav and Gutman
in [21, Section 6], which lower and upper bound the finite
state predictability (under Hamming loss) in terms of the
finite state compressibility, it is possible to show [18] that
using the Peano-Hilbert scan for scanning and prediction under
Hamming loss one losses no more than 1p(z) — h=!(p(z))



with respect to any finite-state scan W, where p(x) is the
image’s FS compressibility. The maximum possible loss is
0.16, similar to the bound given in Theorem 11, yet this
value is achieved only when the image’s FS compressibility
is around 0.75 bits/symbol. For images which are highly
compressible, for example, when p < 0.1, the resulting excess
loss is smaller than 0.04.

VII. PREDICTION AND FILTERING OF NOISY DATA
ARRAYS

In this section, we consider the scenario in which the
decision maker has access only to noisy observations of the
data. First, we consider the interesting scenario of filtering,
where the predictor is replaced by a filter, which has access
to the current (noisy) observation as well. In that case, a
lower bound on the best achievable performance is given. For
the practical cases of binary valued field observed through
a binary symmetric channel and Gaussian field corrupted by
additive white Gaussian noise, we bound the excess loss when
a non-optimal scanner is used (with an optimal filter). We
then return to the prediction scenario, characterize the noisy
scandictability and the achieving scandictors in terms of the
“clean” scandictability of the noisy data and give a bound on
the excess loss when non optimal scanners are used. Results
regarding the existence of universal scanterers and scandictors
in the noisy setting can be found in [22].

We first formally define the noisy scenario. Let
{(X4#,Y}:)}sezz be a random field with components, (X, Y:),
in A x N, where N is the noisy observation alphabet. Here,
{X:}+cz2 represents the clean signal and {Y;};cz2 represents
the noisy observations. We assume that the noisy observations
are stochastically connected to the clean signal.

The notion of scandiction is similar to that of Section
II, however, both the scanner and the predictor are allowed
to access only the noisy signal {Y;}. Namely, for any
B €V, the scan, U, is a sequence of measurable mappings
{0, Li‘l,\lft : A*=1 — B, determining the next site in B
according to the previously observed values {Y; }icw,,.. w, ;-
The predictor, F', is a sequence of measurable mappings
(FMBL F, + A1 — D, determining the prediction for
the value of xy, according to the previously observed values
{Y;}icw,,..w, ,. The cumulative loss of a scandictor (¥, F')
is given by Ly p)(2B,ys), the sum of the instantaneous
losses over the array B, i.e.,

|B]
L(\II,F) (xBa yB) = Z Z(JT\I/“Ft(y\I/l, s 7y\I’t—1))' (28)
t=1
The noisy scandictability is given by
_ 1
U(l = inf Eo,—L XgB,Y] 29
(1,@B) (\P,Fl)IéS(B) Qs B w,r)(XB,Ys), (29)

and U(l, Q) = lim,,—oo U(I, Qv ), if this limit exists.
In the important case where F; is allowed to base its
estimation on yy, as well (scantering), we denote it by F3,

and we have

|B|
Ly.iy(@eys) = > Wwe, Fi(ye,,...,ye,)),  (0)
t=1
~ . 1
U(ZaQB) = ll’lf EQBiL(\IJ F)(XvaB)v (31)
(V,F) |B| ™

and U(l,Q) = lim,, .o U(l, Qv,,), if this limit exists. Anal-
ogously to [15, Theorem 1], it can be shown that for any
stationary random field both U (I, Q) and U(l, Q) exist. The
proofs of the results to follow can be found in [22].

A. Scantering of Noisy Binary Data Arrays

We assume an invertible memoryless channel, meaning the
input distribution of a single symbol is uniquely determined
given the output distribution. In this case, the associated
Bayes envelope is ¢;(P) = ming ) EI(X, f(Y)), where P
is the distribution of the channel output Y. Define ((d) =
max{H(P) : ¢;(P) < d} and let {(-) be the upper concave
envelope of {(-). The following theorem is the direct analogue
of the lower bounds in [15] for the filtering scenario. Note,
however, that it holds for any finite n.

Theorem 13: Let Yp be the output of an invertible mem-
oryless channel whose input is X . Then, for any scanterer
(U, F) we have

_/1 1
¢ <|HEQBL\1;,15(XB7YB)> > @H(YB)~ (32)

In particular, 5(0(1,@3)) > ‘—}BlH(YB), where H(Yp) is
the entropy of Yp.

Theorem 13 lower bounds the best possible scantering
performance. Yet, there are scenarios where the function f
does not have a closed form expression [22]. Moreover, it
may also be hard to evaluate the entropy rate of the noisy field
Yp. Thus, calculating explicit bounds on the scanterability U,
and, more importantly, identifying random fields and channels
for which those bounds are achieved, is an interesting open
problem.

Similarly to Section V, we proceed to derive a bound on
the excess loss when a non-optimal scanning order is used (yet
with the optimal filter for that scan). Define

-0
HOE min{f_%ﬁ} (33)

and

€s =min max |ahy(p) +b— fs(p)]. 34)

ab §<p<1/2

Under these definitions, we have the following theorem.
Theorem 14: Let Yp be the output of a binary symmetric

channel with crossover probability § whose input is X 5. Then,

for any scanterer (U, F°P!), where F°P* is the optimal filter

for the scan ¥, we have

1

35
IB] (35

EquLy port(XB:YE) — U, Qp)| < 2.



Even without evaluating €5 explicitly, it is easy to see that
the excess loss when using non optimal scanners is quite small
in the filtering scenario. For example, for 6 = 0.1 and 6 = 0.25
we have €5 < 0.035 and €5 < 0.03 respectively, yielding a
maximal loss of 0.07 or even 0.06. This should be compared
to 0.16 in the prediction scenario (or even larger values in the
noisy prediction scenario). The fact that the filtering problem
is less sensitive to the scanning order is quite clear as the noisy
observation of Xy, is available under any scan.

B. Scantering of Noisy Gaussian Data Arrays

Although stated for discrete valued fields, Theorem 13
applies to real valued fields as well, corrupted by real valued
noise, with the appropriate replacement of entropy by differ-
ential entropy. To bound the excess scantering loss, however,
new tools should be used.

The following bound results from a relation between the
performance of discrete time filtering and continuous time
filtering, together with the fundamental result of Duncan
[23] on the relation between mutual information and causal
minimal mean square error estimation. From now on we
assume the loss function is the squared error loss, denoted
ls.

We start with several definitions. With a slight abuse of no-
tations, let X be a Gaussian random variable, X ~ N(0,0%).
Consider the following two estimation problems:

o Estimating X based on ¥ = X + N, where N ~
N(0,0%), independent of X.

o Causally estimating X; = X, t € [0,1], based on Y,
which is an AWGN-corrupted version of X, the Gaussian

noise having a double-sided spectrum of height o%;.

To bound the sensitivity of the scantering performance, we
consider the difference

1
/ Var(X|Y*)dt — Var(X|Y). (36)
0

It is not hard to show [22] that

1 2
/Var(X|Yt)dt7Var(X\Y):a]2\,f <”§<> 37)
0 N

where

f(z) =In(l+z) - ——

g+ 1 %)

Theorem 15: Let Xy, be a Gaussian random field with a
constant marginal distribution satisfying Var(X;) = 0% < 00
for all ¢ € V,,. Let Y; = X; + N;, where Ny, is a white
Gaussian noise of variance o%. Then, for any two scans W!

and U2, we have
1
n2

EL(\I}l’ﬁ‘UPt) (XV,L7YV7L) - EL(\Iﬂ,ﬁUPf) (XV,L7YV7L)

2
<ok f (Z;f) . (39

N

Proof Outline: The comparison between any two scans is made
easy by bounding the normalized cumulative loss of any scan

U in terms of a scan invariant entity, which is the mutual
information.

By [23], for the continuous time model, dY; = X,dt+dW,
where W; is a standard Brownian motion, the causal cumula-
tive squared estimation error equals the mutual information be-
tween { X} and {Y}. However, we are interested in a discrete
time model. We thus construct a piecewise constant process
from the discrete time (one-dimensional) process resulting
from the scan, and describe the cumulative scantering loss
in terms of the continuous time causal estimation error and f
(note that f simple quantifies a difference between continuous
and discrete time filtering). Since the causal estimation error
equals the mutual information, which is shown to be scan
invariant, the theorem results by upper and lower bounding
the cumulative scandiction loss using the appropriate upper
and lower bounds on f. ®

At this point, a few remarks are in order. The bound in
Theorem 15 is applicable only to Gaussian random fields
corrupted by AWGN. Two generalizations, one applicable
to arbitrarily distributed input fields, and one applicable to
continuous valued input fields can be found in [22].

The bound in Theorem 15 has the form Var(X;)< (SSI\II\IRR), and
we have
_JNR) . f(SNR)
1 = 1 = 4
a0t SNR swite SNR O @O

that is, the scan is inconsequential at very high or very low
SNR. The function £ (SSI\II\IRR) has a unique maximum of approxi-
mately 0.216, that is, the excess loss due to a suboptimal scan
at any SNR is upper bounded by 0.216Var(X; ). However, it is
possible to show that at high SNR, the bound in Theorem 15 is
far from being tight, and analyzing simple symbol-by-symbol
filtering results in a smaller excess loss bound.

C. Scandiction of Noisy Data Arrays

Analysis of the best achievable performance and bounds
on the excess loss is simpler in the noisy prediction scenario
(compared to filtering), as one can use the same tools used in
the clean setting, with respect to a modified loss function. In
this section, we briefly state the noisy scandiction results in
the binary and Gaussian settings.

Let [y denote the Hamming loss function. Let @y denote
the marginal distribution of the noisy observations field Y. The
following lemma relates U (lz, Q) to U(lx, Qy ), and bounds
the excess loss similar to Section V.

Lemma 16: Let {(X;,Y;)}iez2 be a binary random field
governed by a probability measure ) such that {Y;} is the
output of a binary memoryless symmetric channel with cross
over probability 6 < 1/2 and input {X;}. Then,

_ l -0

(4D
and U(ly, Q) is achieved by the scandictor which achieves
U(lg, Qy ). Furthermore, for any scandictor (¥, F'°P!), where
U is arbitrary and F°P* is the optimal predictor for ¥, we



have

éEQBL\II,FOP‘(XvaB) - U(lu,@QB)| < 12il;5~
The following lemma is the direct analogue for squared error.

Lemma 17: Let {(X¢,Y:)}ieze be a random field governed
by a probability measure () such that Y; = X;+ N;, where Vg,
t € Z?, are i.i.d. random variables with Var(N;) = 0% < oo.
Let {B,},>1 be any sequence of elements in V, satisfying
R(B,) — oo. Then U(ls,Q) = U(ls,Qy) — o3 Further-
more, U(ls, Q) is achieved by the scandictor which achieves
U(ls> QY)

Actually, Lemmas 16 and 17 are only scarcely related to
scanning. They merely states that in the prediction of a process
based on its noisy observations, under the assumptions stated
above, the optimal predictor is a one which disregards the
noise, and attempts to predict the next noisy outcome.

Let both X and N be Gaussian random fields, where the
components of V are i.i.d. and independent of X. That is, Y is
the output of an additive white Gaussian noise channel, with a
Gaussian input X. In this scenario, similarly to the clean one,
the noisy scandictability is known exactly and is given by a
single letter expression.

A subset S C Z2 is called a half plane if it is closed to
addition and satisfies S U (—S) = Z? and S N (—=S) = {0}.
We can now state the following corollary, regarding the noisy
scandictability in the Gaussian regime and squared error loss,
which is a trivial application of Lemma 17 and the results of
[15, Section IV].

Corollary 18: Under the terms of Lemma 17, assuming
both X and IV are Gaussian, the noisy scandictability of @ is
given by U(ls, Q) = 02(Y)—0%,, where 02(Y) is the squared
error of the best linear predictor for Yy given Y3, i € S\ {0},
for any half plane S. Furthermore, U (I, Q) is asymptotically
achieved by a scandictor which scans (X;,Y;) according to
the total order defined by any half-plane S and applies the
corresponding best linear predictor for the next outcome of
Y.

(42)

VIII. CONCLUSION

In this paper, we first established the existence of a universal
algorithm which achieves the scandictability of any spatially
stationary random field. We then considered the scenario
where non-optimal scanners are used, and derived a bound on
the excess loss in that case, compared to optimal scandiction.
Finally, the noisy scenario, where the scandictor (or scanterer)
has access only to a noisy observation of the data, was
discussed.

Despite the illusive similarity to the one-dimensional ana-
logue, the multidimensional setting can be strikingly different.
Thus, as multidimensional data is extensively used in var-
ious multimedia applications, investigating the key process
of scanning the data is essential. Besides the open prob-
lems mentioned throughout the sequel, there are plentiful
directions to pursue. Among them are applications such as
image classification or scandiction and scantering with limited

memory or complexity resources. Finally, deriving simple
universal algorithms, or even suggesting simple algorithms
with uniformly small redundancy, is still an issue waiting to
be resolved.
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