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Abstract—We consider the problem of sequential decision
making on random fields corrupted by Additive White Gaussian
Noise (AWGN). In particular, we first consider the problem
of sequentially filtering an AWGN-corrupted random field. In
this scenario, the sequential filter may be given the freedom
to choose the path over which it traverses the random field
(e.g., noisy image), thus it is natural to ask what is the best
achievable performance and how far is the performance of
widely used scanning methods from the optimum. We formally
define the problem of scanning and filtering, derive a bound on
the best achievable performance and quantify the excess loss
occurring when non-optimal scanners are used, compared to
optimal scanning and filtering.

We then discuss the problem of sequential scanning and
prediction of noisy random fields. This setting is a natural model
for applications such as restoration and coding of noisy images.
In this scenario, using predictive coding methods on the noisy
image results in both enhancement and compression of the input
image, as one expects that the prediction error consists mainly
of the noise signal. We formally define the problem of sequential
prediction in a noisy array and compute the optimal performance
in terms of the clean scandictability defined by Merhav and
Weissman.

I. INTRODUCTION

Consider the problem of sequentially scanning and filtering
(or predicting) a multidimensional noisy data array, while
minimizing a given loss function. Particularly, at each time
instant t, 1 ≤ t ≤ |B|, where |B| is the number of sites
(“pixels”) in the data array, the sequential decision maker
chooses a site to be visited, denoted by Ψt. In the filtering
scenario, it first observes the value at that site, and then gives
an estimation for the underlying clean value. In the prediction
scenario, it is required to give a prediction for that (clean)
value, before the actual observation is made. In both cases,
both the location Ψt and the estimation or prediction may
depend on the previously observed values - the values at sites
Ψ1 to Ψt−1. The goal is to minimize the cumulative loss after
scanning the entire data array.

Important applications of this problem can be found in
image and video processing, such as filtering or predictive
coding. In these applications, one wishes to either enhance or
jointly enhance and code a given image. The motivation behind
a prediction/compression-based approach is that the prediction
error may consist mainly of the noise signal, while the clean
signal is recovered by the predictor. For example, see [1]. It is

clear that different scanning patterns of the image may result
in different filtering or prediction errors, thus, it is natural to
ask what is the performance of the optimal scanning strategy,
and what is the loss when non-optimal strategies are used.

An information theoretic discussion of the scanning problem
was initiated by Lempel and Ziv in [2], where the Peano-
Hilbert scan was shown to be optimal for compression of
individual images. In [3], Merhav and Weissman formally
defined the “scandictability” of a random field, namely, the
best achievable performance for scanning and prediction of
a random field, and discussed particular cases where this
value can be computed and the optimal scanning order can
be identified. In [4], a universal scanning and prediction
algorithm which achieves the scandictability of any stationary
random filed was given. Furthermore, the scenario of binary
fields corrupted by binary noise was considered, and bounds
on the best achievable performance and excess loss when non-
optimal scanners are used were given. A more comprehensive
survey can be found in [5] and [6].

In this paper, we extend some of the above results to the case
where the decision maker observes only a noisy observation
of the data, yet it is judged with respect to the clean data.
In Section II, we give a precise definition of the problem.
In Section III, we first give a bound on the best achievable
performance of a scanner-filter pair. We then present the main
contribution of this paper, which is the derivation of excess
loss bounds for the case where non-optimal scanning strategies
are used. That is, we assume that, due to implementation
constraints, for example, one cannot use the optimal scanner
for a given data array, and is forced to use a standard scanning
order (e.g., raster scan). We focus our attention on Gaussian
and binary input fields (corrupted by additive white Gaussian
noise), and derive upper bounds on the excess loss incurred,
compared to optimal scanning and filtering. In Section IV,
we consider the prediction scenario, and characterize the
best achievable performance in terms of the best achievable
performance for the clean data prediction problem [3]. The
special case of Gaussian fields corrupted by additive white
Gaussian noise is discussed thoroughly. Further results on
the filtering and prediction of random fields can be found
in [6], where we also discuss the discrete case and universal
algorithms.



II. PROBLEM FORMULATION

We start with a formal definition of the problem. Let A
denote the alphabet, which is either discrete or the real line.
Let N be the noisy observation alphabet. Let Ω = (A×N)Z

2

be the observation space (the results can be extended to any
finite dimension). A probability measure Q on Ω is stationary
if it is invariant under translations τi, where for each ω ∈ Ω
and i, j ∈ Z2, τi(ω)j = ωj+i (namely, stationarity means
shift invariance). Denote by M(Ω) and MS(Ω) the sets of all
probability measures on Ω and stationary probability measures
on Ω, respectively. In this paper, we assume that Q ∈MS(Ω),
the probability measure governing the clean and noisy data, is
known. Elements of M(Ω), random fields, will be denoted by
upper case letters while elements of Ω, individual data arrays,
will be denoted by the corresponding lower case. It will also
be beneficial to refer to the clean and noisy random fields
separately, that is, {Xt}t∈Z2 represents the clean signal and
{Yt}t∈Z2 represents the noisy observations.

Let V denote the set of all finite subsets of Z2. For V ∈ V ,
denote by XV the restrictions of the data array X to V . For
i ∈ Z2, Xi is the random variable corresponding to X at
site i. Let R¤ be the set of all rectangles of the form V =
Z2 ∩ ([m1, m2] × [n1, n2]). As a special case, denote by Vn

the square {0, . . . , n− 1} × {0, . . . , n− 1}. For V ⊂ Z2, let
the interior radius of V be

R(V )
4
= sup{r : ∃c s.t. B(c, r) ⊆ V }, (1)

where B(c, r) is a closed ball (under the l1-norm) of radius
r centered at c. Throughout, log(·) will denote the natural
logarithm, and entropies will be measured in nats.

Definition 1: A scanner-filter pair for a finite set of sites
B ∈ V is the following pair (Ψ, F ):
• {Ψt}|B|t=1 is a sequence of measurable mappings, Ψt :

N t−1 7→ B determining the site to be visited at time t,
with the property that

{
Ψ1,Ψ2(yΨ1),Ψ3(yΨ1 , yΨ2) . . . ,

Ψ|B|
(
yΨ1 , . . . , yΨ|B|−1

)}
= B, ∀y ∈ NB . (2)

• {F̃t}|B|t=1 is a sequence of measurable functions, where for
each t, F̃t : N t 7→ D determines the reconstruction for
value at the site visited at time t, based on the current
and previous observations, and D is the reconstruction
alphabet.

Note that both the scanner Ψ and the filter {F̃t} base their
decisions only on the noisy observations. The cumulative loss
of a scanner-filter pair (Ψ, F̃ ) up to time t ≤ |B| is denoted
by L(Ψ,F̃ )(xB , yB)t,

L(Ψ,F̃ )(xB , yB)t =
t∑

i=1

l(xΨi , F̃i(yΨ1 , . . . , yΨi)), (3)

where l : A × D 7→ [0,∞) is the loss function. The sum
of the instantaneous losses over the entire data array B,
L(Ψ,F̃ )(xB , yB)|B|, will be abbreviated as L(Ψ,F̃ )(xB , yB).

For a given loss function l and field Q ∈ M(Ω) restricted
to B, define the best achievable scanning and filtering perfor-
mance by

Ũ(l, QB) = inf
(Ψ,F̃ )∈S(B)

EQB

1
|B|L(Ψ,F̃ )(XB , YB), (4)

where QB is the marginal probability measure restricted to B
and S(B) is the set of all possible scanner-filter pairs for B.
The best achievable scanning and filtering performance for the
field Q, Ũ(l, Q), is defined by

Ũ(l, Q) = lim
n→∞

Ũ(l, QVn), (5)

if this limit exists.
In the prediction scenario, F̄t : N t−1 7→ D is allowed to

base its estimation only on yΨ1 , . . . , yΨt−1 , and we have

L(Ψ,F̄ )(xB , yB) =
|B|∑
t=1

l(xΨt
, F̄t(yΨ1 , . . . , yΨt−1)), (6)

Ū(l, QB) = inf
(Ψ,F̄ )

EQB

1
|B|L(Ψ,F̄ )(XB , YB), (7)

and
Ū(l, Q) = lim

n→∞
Ū(l, QVn), (8)

if this limit exists.
The following proposition asserts, analogously to [3, Theo-

rem 1], that for any stationary random field the limits (5) and
(8) both exist.

Proposition 2: For any stationary field Q ∈ MS(Ω) and
for any sequence {Bn}, Bn ∈ R¤, satisfying R(Bn) → ∞,
the limits in (5) and (8) exist and satisfy

Ũ(l, Q) = lim
n→∞

Ũ(l, QBn) = inf
∆∈R¤

Ũ(l, Q∆), (9)

Ū(l, Q) = lim
n→∞

Ū(l, QBn) = inf
∆∈R¤

Ū(l, Q∆). (10)

Since Ũ(l, QB) and Ū(l, QB), possess the sub-additivity prop-
erty, e.g., for any V, V ′, V ∩V ′ = ∅, there exists a scanner-filter
pair (Ψ, F̃ ) on V ∪ V ′ such that

EQL(Ψ,F̃ )(XV ∪V ′ , YV ∪V ′) ≤ |V |Ũ(l, QV ) + |V ′|Ũ(l, QV ′),
(11)

the proof of Proposition 2 follows verbatim from the proof of
[3, Theorem 1].

III. SCANNING AND FILTERING OF AWGN-CORRUPTED
RANDOM FIELDS

In this section, we first give a bound on the best achiev-
able scanning and filtering performance. Since the optimal
performance may be difficult to achieve in practical situations,
mainly due to the difficulty in identifying the optimal scan, we
derive bounds on the sensitivity of the scanning and filtering
performance to the scan.

We assume an invertible memoryless channel, meaning the
input distribution of a single symbol is uniquely determined
given the output distribution. As a simple example, a discrete
memoryless channel with an invertible channel matrix can be



kept in mind, however, the result below applies to more general
channels, including continuous ones, and the Gaussian channel
in particular. In this case, the associated Bayes envelope is

φl(P ) = min
f(·)

El(X, f(Y )), (12)

where P is the distribution of the channel output Y . Define

ζ(d) = max{H(P ) : φl(P ) ≤ d}, (13)

where H(P ) is the differential entropy of a random variable
distributed according to P , and let ζ̄(·) be the upper concave
envelope of ζ(·).

Theorem 3: Let YB be the output of an invertible memory-
less channel whose input is XB . Then, for any scanner-filter
pair (Ψ, F̃ ) we have

ζ̄

(
1
|B|EQB

LΨ,F̃ (XB , YB)
)
≥ 1
|B|H(YB), (14)

where H(YB) is the differential entropy of YB . That is,

ζ̄
(
Ũ(l, QB)

)
≥ 1
|B|H(YB). (15)

Theorem 3 is the direct analogue of the lower bounds in [3] for
the filtering scenario. Notice that ζ̄ is a single-letter function,
whose value depends only on the scalar filtering problem. The
dependencies in the data are taken into account only through
H(YB). ζ̄, though, is not easily computed [6]. Finally, note
that Theorem 3 holds for any finite B. A similar result can be
derived for the clean data prediction problem, strengthening
the asymptotic results of [3].

A. Bounds on the Excess Loss of Non Optimal Scanners

Theorem 3 gives a lower bound on best possible scanning
and filtering performance. It is interesting to investigate, from
both practical and theoretical reasons, what is the excess
scandiction loss when non-optimal scanners are used. Such
results can shed light on the performance of different scanning
patterns such as the Peano scan, or the scans considered by
Memon et. al. in [7].

The results herein are achieved by bounding the absolute
difference between the scanning and filtering performance
of any two scans, Ψ1 and Ψ2, assuming both use their
optimal filters. These bounds result from a relation between
the performance of discrete time filtering and continuous time
filtering, together with the fundamental results of Duncan [8]
and [9] on the relation between mutual information and causal
minimum mean square error estimation. From now on we
assume the loss function is the squared error loss, denoted
ls.

We start with several definitions. With a slight abuse of no-
tations, let X be a Gaussian random variable, X ∼ N (0, σ2

X).
Consider the following two estimation problems:
• Estimating X based on Y = X + N , where N ∼
N (0, σ2

N ), independent of X .
• Causally estimating Xt ≡ X , t ∈ [0, 1], based on Yt,

which is an AWGN-corrupted version of Xt, the Gaussian
noise having a spectral density level of σ2

N .

Note that since the integral over Yt in the second estimation
problem is a sufficient statistic in order to estimate X , the
noise value in both problems is effectively the same. To bound
the sensitivity of the scanning and filtering performance, we
consider the difference∫ 1

0

Var(X|Y t)dt− Var(X|Y ). (16)

It is not hard to show [6] that
∫ 1

0

Var(X|Y t)dt− Var(X|Y ) = σ2
Nf

(
σ2

X

σ2
N

)
, (17)

where
f(x) = ln(1 + x)− x

x + 1
. (18)

In words, the expression in the right hand side of (17) is simply
the difference between the performances of two restoration
problems: a continuous-time filtering problem and a scalar
(hence, discrete) estimation problem. The following theorem is
the main result in this paper. It bounds the absolute difference
between the performance of any two scanners, assuming each
scanner is equipped with its optimal filter, thus assessing the
sensitivity of the performance to the scan itself.

Theorem 4: Let XVn be a Gaussian random field with a
constant marginal distribution satisfying Var(Xi) = σ2

X < ∞
for all i ∈ Vn. Let Yi = Xi + Ni, where NVn is a white
Gaussian noise of variance σ2

N , independent of XVn . Then,
for any two scans Ψ1 and Ψ2, we have

1
n2

∣∣∣EL(Ψ1,F̃ opt) (XVn , YVn)− EL(Ψ2,F̃ opt) (XVn , YVn)
∣∣∣

≤ σ2
Nf

(
σ2

X

σ2
N

)
. (19)

At this point, a few remarks are in order. The bound in
Theorem 4 is applicable only to Gaussian random fields
corrupted by AWGN. A very simple bound, applicable to
arbitrarily distributed fields results from noting that for any
random variable X ,

0 ≤ Var(X|Y ) ≤ σ2
N

σ2
X

σ2
X + σ2

N

. (20)

Namely, simple symbol by symbol restoration results in a
cumulative loss of σ2

N
σ2

X

σ2
X+σ2

N
, so the excess loss in non-

optimal scanning cannot be greater than that value. Hence,

1
n2

∣∣∣EL(Ψ1,F̃ opt) (XVn , YVn)− EL(Ψ2,F̃ opt) (XVn , YVn)
∣∣∣

≤ σ2
N

σ2
X

σ2
X + σ2

N

. (21)

Both the bound in Theorem 4 and the bound in (21) are
in the form of Var(X1)g(SNR), for some g, where SNR =
σ2

X/σ2
N . This means that any bound obtained for a certain

SNR applies to all values of Var(X1) by rescaling. The bound
in Theorem 4 has the form Var(X1)

f(SNR)
SNR , and we have

lim
SNR→0+

f(SNR)
SNR

= lim
SNR→∞

f(SNR)
SNR

= 0, (22)
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Fig. 1. Bounds on the excess loss in scanning and filtering of arbitrary input
(dashed) and Gaussian input (solid) under AWGN.

that is, the scan is inconsequential at very high or very low
SNR. This is clear as at high SNR the current observation is
by far the most influential, and whatever previous observations
used is inconsequential. For low SNR, the cumulative loss is
high whatever the scan is. Unlike the bound in Theorem 4,
(21) does not capture the correct behavior for SNR → 0+,
and is mainly interesting in the high SNR regime.

The above observations are also evident in Fig. 1, which
includes both the bound given in Theorem 4, applicable to
Gaussian input fields, and (21), applicable to arbitrary input
fields. It is also evident that in the case of a Gaussian input
sequence, f(SNR)

SNR has a unique maximum of approximately
0.216, that is, the excess loss due to a suboptimal scan at any
SNR is upper bounded by 0.216Var(X1).

The bound in Theorem 4 can be generalized to non-
Gaussian inputs [6]. In the case where XVn is a binary
random field, with a symmetric marginal distribution (that is,
P (X0 = σX) = P (X0 = −σX) = 1/2, but the Xi’s are
not necessarily i.i.d., and any dependence between them is
possible) and YVn is the AWGN-corrupted version of XVn ,
the bound admits the following simple form.

Theorem 5: Let XVn be a binary random field with a
constant symmetric marginal distribution satisfying Var(Xi) =
σ2

X < ∞ for all i ∈ Vn. Let Yi = Xi + Ni, where NVn is
a white Gaussian noise of variance σ2

N , independent of XVn .
Then, for any two scans Ψ1 and Ψ2, we have

1
n2

∣∣∣EL(Ψ1,F̃ opt) (XVn , YVn)− EL(Ψ2,F̃ opt) (XVn , YVn)
∣∣∣

≤ 2σ2
N I(SNR)− σ2

Xmmse(SNR), (23)

where

I(SNR) = SNR−
∫ ∞

−∞

e−
y2

2√
2π

log cosh(SNR−
√

SNRy)dy,

(24)
and

mmse(SNR) = 1−
∫ ∞

−∞

e−
y2

2√
2π

tanh(SNR−
√

SNRy)dy.

(25)
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Fig. 2. Bounds on the excess loss in scanning and filtering of binary input
fields corrupted by AWGN. The solid line is the bound given in Theorem 5,
and the dashed line is the bound given in (26).

The above bound is plotted in Fig. 2. Similarly as in the
case of Gaussian input, it is insightful to compare this bound
to a simple symbol-by-symbol filtering bound. That is, since
for any binary X corrupted by AWGN of variance σ2

N ,
0 ≤ Var(X|Y ) ≤ σ2

Xmmse(SNR), we have

1
n2

∣∣∣EL(Ψ1,F̃ opt) (XVn , YVn)− EL(Ψ2,F̃ opt) (XVn , YVn)
∣∣∣

≤ σ2
Xmmse(SNR), (26)

where mmse(SNR) is given in (25). This is simply the
analogue of (21) to the binary input setting.

The bounds in Theorems 4 and 5 are tight for low SNR,
but much losser at high SNR. This is clear, as at low SNR
the difference between the continuous-time and discrete-time
estimation problems vanishes, and this difference is at the heart
of the bounding technique. At high SNR, since the current
observation is the most influential, even simple symbol-by-
symbol bounds such as (21) or (26) give meaningfull results.

IV. SEQUENTIAL PREDICTION UNDER SQUARED ERROR

So far, we discussed the filtering problem. We now turn to
consider the prediction scenario. Let QY denote the marginal
distribution of the noisy observations field Y . Let U(l, QY )
denote the “clean” scandictability of Y , as defined in [3]. That
is, at each time t one wishes to predict YΨt based on Y

Ψt−1
Ψ1

.
In this section, we describe the noisy scandictability for the
additive noise model and the squared error loss function, in
terms of the clean scandictability of Y , and give the optimal
scandictor. The following lemma is proved in [6].

Lemma 6: Let {(Xt, Yt)}t∈Z2 be a random field governed
by a probability measure Q such that Yt = Xt+Nt, where Nt,
t ∈ Z2, are i.i.d. random variables with Var(Nt) = σ2

N < ∞.
Let {Bn}n≥1 be any sequence of elements in V , satisfying
R(Bn) →∞. Then

Ū(ls, Q) = U(ls, QY )− σ2
N . (27)

Furthermore, Ū(ls, Q) is achieved by the scandictor which
achieves U(ls, QY ).



Actually, Lemma 6 is only scarcely related to scanning. It
merely states that in the prediction of a process based on
its noisy observations, under the additive model stated above
and squared error loss, the optimal predictor is a one which
disregards the noise, and attempts to predict the next noisy
outcome. Similar results for binary processes through a BSC
where given in [10]. Note that using Lemma 6, one can derive
bounds on the best achievable performance Ū using the bounds
on U derived in [3].

A. Gaussian Fields

Let both X and N be Gaussian random fields, where the
components of N are i.i.d. and independent of X . That is, Y is
the output of an additive white Gaussian noise channel, with a
Gaussian input X . In this scenario, similarly to the clean one,
the noisy scandictability is known exactly and is given by a
single letter expression.

Before we proceed, several definitions are required. For any
t ∈ Z2 and V ⊆ Z2, denote by X̂t(V ) the best linear predictor
of Xt given {Xt′}t′∈V . A subset S ⊆ Z2 is called a half plane
if it is closed to addition and satisfies S ∪ (−S) = Z2 and
S ∩ (−S) = {0}. For example, Slex = {(m,n) ∈ Z2 : [m >
0] or [m = 0, n ≥ 0]} is a half plane. Let X be a wide sense
stationary random field and denote by g the density function
associated with the absolutely continuous component in the
Lebesgue decomposition of its spectral measure. Then, for any
half plane S, we have [11, Theorem 1],

E
(
X0−X̂0(−S \ {0}))2

= exp

{
1

4π2

∫

[0,2π)2
log g(λ)dλ

}
, (28)

denoted σ2
u(X). We can now state the following corollary,

regarding the noisy scandictability in the Gaussian regime and
squared error loss, which is a trivial application of Lemma 6
and the results of [3, Section IV].

Corollary 7: Under the terms of Lemma 6, assuming both
X and N are Gaussian, the noisy scandictability of Q is given
by

Ū(ls, Q) = σ2
u(Y )− σ2

N . (29)

Furthermore, Ū(ls, Q) is asymptotically achieved by a scan-
dictor which scans (Xt, Yt) according to the total order defined
by any half-plane S and applies the corresponding best linear
predictor for the next outcome of Y .

For any stationary Gaussian process X , it has been shown
by Kolmogorov (e.g., [12]) that the entropy rate is given by

HX
∗ =

1
2

log (2πe) +
1
4π

∫ π

−π

log g(λ)dλ. (30)

Thus, HX
∗ = 1

2 log (2πeσ2
u(X)), and we have,

Ū(ls, Q) =
1

2πe
e2HY

∗ − 1
2πe

e2HN

, (31)

where HY
∗ is the entropy rate of Y and HN is the entropy of

each Nt. From the entropy power inequality, we have,

e2HY
∗ ≥ e2HN

+ e2HX
∗ , (32)

thus, as expected, the noisy scandictability given in Corollary 7
(and (31)) is at least as large as the clean scandictability of X ,
that is, with no noise at all. In most of the interesting cases,
however, (32) is a strict inequality. In fact (32) is achieved
with equality only when both X and N are Gaussian and
have proportional spectra. Consequently, unless X is white
noise, Corollary 7 is non-trivial.

Finally, we mention that excess loss bounds in the spirit
of Section III-A can be derived for the prediction scenario as
well, using methods similar to those used in Theorems 4 and
5 or new ones. The details are in [6].

V. CONCLUSION

We investigated problems in sequential filtering and predic-
tion of multidimensional data arrays. A special emphasis was
given to the case of AWGN and squared error loss. A bound
on the best achievable scanning and filtering performance
was derived, and the excess loss incurred when non-optimal
scanners are used was quantified. In the prediction setting, a
relation of the best achievable performance to that of the clean
scandictability was given.

Although the problem is strongly related to its one-
dimensional analogue, the numerous scanning possibilities re-
sult in a richer and more challenging problem. Moreover, while
results for prediction of noisy data arrays can be deduced from
the clean analogue using modified loss functions, the filtering
scenario required new tools and techniques. Future work may
aim at identifying optimal scanning and filtering methods and
deriving new bounds for different channel models.
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