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Abstract— We investigate the problem of scanning and predic-
tion (“scandiction”, for short) of multidimensional data arrays.
This problem arises in several aspects of image and video process-
ing, such as predictive coding, where an image is compressed by
coding the prediction error sequence resulting from scandicting
it.

Specifically, given a strongly mixing random field, we show
that there exists a scandiction scheme which is independent of
the field’s distribution, yet almost surely asymptotically achieves
the same performance as if this distribution was known. We then
discuss the scenario where the Peano-Hilbert scanning order is
used, accompanied by an optimal predictor, and derive a bound
on the excess loss compared to optimal finite state scandiction,
which is valid for any individual image and any bounded loss
function.

I. INTRODUCTION

Consider the problem of sequentially scanning and predict-
ing a multidimensional data array, while minimizing a given
loss function. Particularly, at each time instant ¢, 0 < ¢ <
|B| — 1, where |B]| is the number of sites (“pixels”) in the
data array, the scandictor chooses a site to be visited, denoted
by Uy, and gives a prediction, F}, for the value at that site.
Both ¥, and F} may depend of the previously observed values
- the values at sites Wy to W;_q. It then observes the true
value, xy,, suffers a loss l[(xy,, Ft), and so on. The goal is to
minimize the cumulative loss after scandicting the entire data
array.

Important applications of this problem can be found in
image and video processing, such as predictive coding or
denoising. In these applications, one wishes to code the
prediction error (predictive coding), or use the predicted value
as an estimate to the noiseless pixel value (denoising). It is
clear that different scanning patterns of the image may result
in different prediction errors, thus, it is natural to ask what is
the optimal scanning strategy, whether there exists a universal
scan, which does not depend on the image model yet performs
as 1if this model was known in advance, and what is the loss
when non-optimal strategies are use.

In [1], Lempel and Ziv showed that the Peano-Hilbert scan
is optimal for compression of individual images. In [2], Mer-
hav and Weissman formally defined the “scandictability” of
a random field, namely, the best achievable performance, and
discussed particular cases where this value can be computed
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and the optimal scanning order can be identified. A more
comprehensive survey can be found in [3].

Although the problem is strongly related to its one-
dimensional analogue, the numerous scanning possibilities
result in a substantially richer and more challenging problem,
and many of the important results in prediction and filtering of
one-dimensional arrays have only partial solutions in the multi-
dimensional case. In this paper, we prove the following two
results. In Section III, we show that, under certain conditions
on the random field and loss function, there exists a universal
algorithm which does not depend on the probability measure
of the data array, @, yet asymptotically (Q-a.s. achieves the
scandictability of the source. In Section IV, we consider the
scenario where the data array to be scandicted is an individual
image, and bound the excess loss when the Peano-Hilbert scan
is used, compared to any other finite state scan, establishing
it as an advantageous scan in the individual image scenario.

II. PROBLEM FORMULATION

Let A denote a finite alphabet set. Let Q) = AZ" denote the
space of all possible data arrays in Z?. Although the results
in this paper are applicable to any d > 1, for simplicity, we
assume from now on that d = 2. The extension to d > 2 is
straightforward. A probability measure () on (2 is stationary
if it is invariant under translations 7;, where for each z € )
and 4,5 € Z2, 7;(x); = zj1; (namely, stationarity means shift
invariance). Denote by M () and Mg(Q2) the spaces of all
probability measures and stationary probability measures on
), respectively. Elements of M(Q2), random fields, will be
denoted by upper case letters while elements of 2, individual
data arrays, will be denoted by the corresponding lower case.

Let V denote the set of all finite subsets of Z2. For V € V,
denote by Xy the restrictions of the data array X to V. For
i € Z2, X; is the random variable corresponding to X at
site i. Denote by V,, the square {0,...,n —1} x {0,...,n —
1}. Throughout, log(-) will denote the natural logarithm, and
entropies will be measured in nats.

Definition 1 ([2]): A scandictor for a finite set of sites B €
V is the following pair (¥, F):

. {\Ilf},‘&ill is a sequence of measurable mappings, V; :
At=1 +~ B determining the site to be visited at time ¢,



with the property that

{\pl,\pz(ml), Ua(zg,,20,) ...,

i) (o) =B, Voe AP ()

. {Ft}lti‘l is a sequence of measurable predictors, where
for each t, F, : A*"! — D determines the prediction
for the site visited at time t based on the observations
at previously visited sites, and D is a finite prediction
alphabet.

We allow randomized scandictors, namely, scandictors such
that {\I/t}‘tljl or {Ft}g‘l can be chosen randomly from some
set of possible functions. Scandictors for infinite data arrays
are not considered in this paper. We will consider, though, the
limit as the size of the array tends to infinity.

It is also beneficial to consider finite-state scandictors,
similarly to [1]. In this case, ¥; and F; are determined
according the scandictor’s state, namely, ¥y, = ¥y +d(s;—1)
and F; = F(s;_1), where d is the displacement function. The
next state is chosen according to the next state function g,
St = Q(St—lqut)-

Denote by Ly, r)(zy, ) the cumulative loss of (¥, F') over
Ty, , that is

[Van|
L.y (zv,) =Y 1 (we, F(ze,, .20, ), @)
t=1
where [ : Ax D — [0,00) is a given loss function. We assume
that I(-,-) is non-negative and bounded by 4 < 00. The
scandictability of a source @ € M(£2) on B € V is defined
by

1

U(l = inf  Eg,—1L X 3
(1,@B) s ) Fen T w.mn(Xs), @)

where () p is the marginal probability measure of X restricted

to B and S(B) is the set of all possible scandictors for B.

The scandictability of @ € M(Q) is defined by
Ul,Q) = lim U(l,Qv,). )

By [2, Theorem 1], the limit in (4) exists for any Q € Mg(Q).
For A, B € 7?2, define

a®(A, B) = sup{|QUNV) = QU)Q(V)],
Uea(Xa),Vea(Xp)}, (5

where o(Xp) is the smallest sigma algebra generated by X .
Let ag » (k) denote the strong mixing coefficient of the random
field Q,

agy (k) = sup{a®(A, B), |4] < a,|B| < b,d(A, B) > k},
(6)
where d is a metric on Z? and d(A, B) is the distance between
the closest points, i.e., d(A,B) = minjea jepd(,j). A
measure ) is strongly mixing if for all a,b € N U {o0},
af_b(k) —0as k — oo.
Denote by Z,, the o-algebra of m-invariant sets,

A€TL, iff rj(A)=A forall j=i-m,icZ? (7)

If Z,,, is the trivial o-algebra, the measure ( is called m-block
ergodic. It is not hard to show that if the measure () is strongly
mixing, then it is block-ergodic for any finite block size (i.e.,
totally ergodic).

III. UNIVERSAL SCANDICTION

The following theorem is the main result of this paper.

Theorem 2: Let X be a stationary strongly mixing random
field with a probability measure (). Then, there exists a
sequence of scandictors {(¥, F'),,}, independent of Q, where
(U, F),, is a scandictor for V,, and operates in blocks of size
m X m, m < n, for which

1
liminf —
R V]

Ly, (Xv,) U, Q)+d(m) Q—a.s. (8)
for any such @ and some 6(m) such that §(m) — 0 as m —
00. Thus, when m — oo, the performance of {(¥, F'),,} equals
the scandictability of the source, @ — a.s.

Before we prove Theorem 2, we present the scandiction
algorithm and two helpful results from [3]. For an individual

data array zy, and m < n, define K 2 [%W — 1 and divide
zy, into K? blocks of size m x m and 2K + 1 blocks of
possibly smaller size. Denote by ¢, 0 < i < (K +1)?2 — 1
the +’th block under some fixed scanning order of the blocks.
Since we will later see that this scanning order is irrelevant
in this case, assume from now on that it is a raster scan from
the upper left corner. Let F,,, be a set of scandictors for V,
and denote by L; ; the cumulative loss of (¥, F); € F,, after
scanning ¢ blocks, where (¥, F); is restarted after each block,
namely, it scans each block separately and independently of
the other blocks. Note that L;; = >i_) L;(«') and that for
t =0, Lj; = 0 for all j. For the 2K + 1 possibly smaller
(and not square) blocks the loss may be l,,,4, throughout. For
n > 0, and any % and j, define

, \ e~ Mg,

P; (JHLw}jzl) = 2;21 e—nls:

where A = |F,,|. We offer the following algorithm for a
block-wise scan of the data array z. For each 0 < ¢ <
(K + 1) — 1, after scanning i blocks of data, the algorithm
computes P; (j|{L;.;}7—,) for each j. It then randomly selects
a scandictor according to this distribution, independently of its
previous selections, and uses this scandictor as its output for
the (i41)-st block. In [3], the following two results are proved.
Proposition 3: Let Lgg(zy,) be the cumulative loss of
the proposed algorithm on zy; , and denote by I_/alg(asvn) its
expected value, where the expectation is with respect to the
randomized scandictor selection of the algorithm. Let L,y
denote the cumulative loss of the best scandictor in F,,,
operating block-wise on xy,,. Assume |F,,| = A, then

Imaz
Lmin(IVn) < m(n + m)\/ log A \/§ .

Proposition 4: Assume m = o (nl/g). Then, as n — oo,
Laig(zv,) converges to Ly, (xy;,) for any xy;,, with proba-
bility 1 with respect to the randomization in the algorithm.

€))

Lalg(IVn) -

(10)



Proof: [Theorem 2] Fix n and a block size m < n. Take
Fm = S(m), ie., the set of all possible scandictors for V;,,.
By Proposition 3, for each zv,, we have,

1 -
— I,
H/TL| lg(an)

[t

S ﬁLmzn('an) +

m(n+ m) lmaz
— 2 /log \
Vi VA

(K+1)2

> L)

=1

m(n+m) lmax
————2/log A
V2l SN

1 &
< —SN"L;
= Vil (wr)e8(0v) K2 2 i
m(n—i—m)\/—lmam
DT flog Amaz
Vo] V2

The size of F,, can be bounded using a simple counting
argument [3],

—_

= Vil () e8(v,0)

+

—_

2 e + (1)
n

A< (m2)l A AT (12)
thus,
1
hmmfl |Lazg($vn) 11m1nf| ‘Lalg(:vvn)
< liminf ZL
imin

B |Vm‘ n—oo (¥, F)Je's K2

1
< min lim mf — Z Lj( (13)

[Vin| (9,F);€8(Vi) n—o0

where the first equality is due to Proposnlon 4. Since K — oo
as n — o0, by the block ergodicity of @ (see [4, Theorem
6.1']) and the fact that for finite m and each (U, F'); € S(V,,),

L;(X) is a bounded function, it follows that
= Eq.,, L;(X")

Q—as. (14

lim mf — Z L

Finally, since U(Z,Q) exists, there exists d(m) such that
d(m) — 0 as m — oo and

Li(X°) <U(L,Q) + 8(m).

Vm

min

15
(¥, F);€8(Vin) =

Eqy,,
| ]

IV. INDIVIDUAL IMAGES AND THE PEANO-HILBERT SCAN

Consider now the scenario of predicting the next outcome
of a binary individual source, with D = [0, 1] as the prediction
space. Hence, [ : {0,1} x [0,1] — R is the loss function. Let
¢; denote the Bayes envelope associated with [, i.e.,

¢i(p) = min [(1-p)I(0,q) +pl(1,q)]. (16)
qe[O,l}
We further define
€, = min [nax, \ahb( )+ 5 — di(p)], W)

a,B 0

where hy(p) is the binary entropy function. Thus, € is the
error in approximating ¢;(p) by the best affine function of
hy(p). For example, when [ is the Hamming loss function,
denoted by Iy, we have ¢;,, = 0.08 and when [ is the squared
error, denoted by 5, €, = 0.0137. For the log loss, however,
ell,og S 0

Let U5 be a scanner for the data array xp. Let x‘lBl be the
sequence resulting from scanning xp with ¥p. Fix k < |B|
and for any s € {0, 1}**+! define the empirical distribution of
order k + 1 as

it () = g

|{k<z<\B\ Tt =s}|.
The distributions of lowerA orders, and the conditional distri-
bution are derived from P\’Ii;l(s), ie., for s € {0,1}* and
x € {0,1} we define

(18)

Pyt (s = Pyft(s o) + Pyt 1) A9)
and
R Pk+1([s’ xD
Pl = \I}AB ’ , (20)
Up ( ‘ ) P‘]Ii-;l(s/)
where 0/0 is defined as 1/2 and [,-] denotes string con-
catenation. Let Hé};l(X |X*) be the empirical conditional

distribution of order k, i.e.,
HytH (X |x%)
=— Z quf;l(s) Z P‘Ilf;l(ﬂs) log Pq’i;l(x\s).

s€{0,1}* z€{0,1}
2D

Denote by F*°P! the optimal k-th order Markov predictor, in
the sense that it minimizes the expected loss with respect to
P£;1(|) and l“lB‘. For ¥ = {W¥,}, where ¥, is a scan for
V., and an infinite individual image x, define

1
L5 (x) = limsup Ly, prory(2v,) (22)
oo |Vn| n
and
Ly(z) = lim LY (x). (23)

Theorem 5 relates the asymptotic cumulative loss of any
sequence of finite state scans ¥ to that resulting from the
Peano-Hilbert sequence of scans, establishing the Peano-
Hilbert sequence as an advantageous scanning order for any
loss function.

Theorem 5: Let x be any individual image. Let PH denote
the Peano-Hilbert sequence of scans. Then, for any sequence
of finite state scans ¥ and any loss function [ : {0,1}x]0,1] —
R,

LPH(I) S Lq;(SC) + 26[. (24)

The following proposition relates the empirical conditional
distribution to the cumulative loss under any scan Vp, and
will be useful in the proof of Theorem 5.



Proposition 6: Let zp be any data array. Then,

. 1 kl
ole\’If,;l(X|Xk) + ﬁl — @L(\I’&F’“””)(IB) < €+ |g6|lz
(25)
where «; and §; are the achievers of the minimum in (17).
Proof-
g . 1
alH\];;l(X‘Xk) + ﬁl — @L(\IJByFk,opt)(xB>
< azﬁézl(XWk) + 06
|B|
1 kl
l Flc opt 1 max
TTBIE 2, D)
< alﬁ\]f;;l(XWk) + Bi—
pk+1 1 Fk,opt k)) klmaw
Z Up (S) (sk+17 (81 + |B‘
se{0,1}k+1
< Z Pk)-‘rl
s'€{0,1}F
Hk+1 / k+1 klmaw
(caa(BE (1) + 61 = au(PES (1)) | + 5
< Pk+1 / h 5 klmaw
= Z vy (8 )mzf}X|al b(P) + 51— ¢u(p)| + IB]
s'€{0,1}F
klmaa:
=+ B] (26)

Define the asymptotic k-th order empirical conditional entropy
under {V¥, } as

HE (2) = lim sup Hk+1(X|Xk) 27
and further define
Hy(z) = lim HET (). (28)

k—o0

The existence of Hy(z) is established later in the proof of
Theorem 5, where it is also shown that this limit equals
limy,—.o limsup,, o, +H5 (X*). By [5, Theorem 3], the
later limit is no other than the asymptotic finite state com-
pressibility of x under the sequence of scans W, namely,

1.
lim hmsupkH\I, (X%

—X n—oo

p(¥(z))

= lim limsup pg(s) (¥n(zv,)),

(29)

where pp(s)(z7) is the minimum compression ratio for x}
over the class of all finite state encoders with at most s states
[5, eq. (1)-(4)]. We may now prove Theorem 5.

Proof: [Theorem 5] By Proposition 6,

B . 1
O‘lH\]I{Jl:l(X|Xk) + 6 — WL(\I,MFk,om)(an)
klma.’l)

<€+ AR 30)
Taking the limsup as n — oo yields
alimsup AP (X[XF) + 6 - Ly (z)| <e. (3D

For a stationary source, it is well known (e.g., [6, Theorem
4.2.11) that limy,_o H(Xy|XF~1) exists and in fact

Jim H(X| X1 = Jim %H(Xf). (32)
To this end, we show that the same holds for empirical en-
tropies. We start by showing that limsup,,_, ﬁ{f,jl(X|Xk)
is a decreasing sequence in k. Since conditioning reduces the
entropy, it is clear that Hj™ (X|X*) < H™(X|X*1),
where both are calculated using PkH( -). However, the
above may not be true when H. ktl(X | X*=1) is replaced
by HE (X|X*1), as the later is calculated using P} (-).
Nevertheless, using a simple counting argument, it is not too
hard to show that for every k, 0 < j < k and s € {0,1}%,
where 0 < 7 < 7, we have

k+1—35 . R k+1—3j

Pl ———= < P} (s) < Py —

v, () |Vn|*k — \11”(3)_ v, (S)+ |Vn|*k
(33)

Thus, by the continuity of the entropy function, we have

11m5uka+1(X|Xk) < 11mbuka+1(X|Xk h

n—oo n—oo

= lim sup H\I'n (X|x*P 1,

n—oo

(34)

hence limsup,,_, ﬁ\’f,n (X|X*=1) is decreasing in k. Since
it is a non negative sequence, Hy () as defined in (28) exists
and we have

aHy () + 4 — Lu(z)| < & (35)

We now show that indeed Hy (z) equals p(U(x)) for every
sequence of finite state scans ¥, hence when U is a sequence
of finite state scans the results of [1] can be applied. The
method is similar to that in [6, Theorem 4.2.1]), with an
adequate handling of empirical entropies By (33),

1.
lim sup kH‘I' (X*) = limsup — ZH‘I’ (X, XIh

n—oo n—oo i—=1

= limsup — ZH‘I, (X:| XY, 36)
n—oo ’L 1
1Y converges to

Hy(z) as ¢ — oo, thus its Cesaro mean converges to the
same limit and we have

Hy(z) = hm lim sup kH\I, (X%

k—0oo nooo

= p(¥(z)).

But the sequence limsup, ., Hi (X;|X{

(37)



Consider now the Peano-Hilbert sequence of finite state scans,
denoted by PH. Let p(x) denote the (finite state) compress-
ibility of x as defined in [1, eq. (4)]. For any other sequence
of finite state scans ¥ we have

Hpp(z) < p(x)

< Hg(z), (38)

where the first inequality is by [1, eq. (9) and (16)] and the
second is straightforward from the definition of p(z). Finally,

(a) N
Lpu(x) < e+ 0 +oHpg(x)
<€+ B +aHg(z)

(b

< 2¢ + Ly (), (39)

where (a) and (b) result from the application of (35) to the
sequences PH and U respectively. |
Finally, we also have the following corollary.

Corollary 7: Let Uy and Wy be any two sequences of scans
such that ﬁ@l (z) = prz (z) (in particular, if both ¥y and Us
are finite state sequences of scans they result in the same finite
state compressibility). Then,

|Ly, (7) — Ly, (7)] < 2¢ (40)

for any bounded loss function ! : {0,1} x [0,1] — R.
The proof of Corollary 7 is straightforward, using (35) for
both ¥; and Wy and the triangle inequality.

For a given sequence of scans W, the set of scanning
sequences ¥’ satisfying Hy(z) = Hy () is larger than one
might initially think. For example, a close look at the definition
of finite state compressibility given in [5] shows that the finite
state encoders defined therein allow limited scanning schemes,
as an encoder might read a large data set before its output for
that data set is given. Thus, a legitimate finite state encoder in
the sense of [5] may reorder the data in a block (of bounded
length, as the number of states is bounded) before actually
encoding it. Consequently, for any individual sequence = one
can define several permutations having the same finite state
compressibility. In the multidimensional scenario this sums up
to saying that for each scanning sequence ¥ there exist several
different scanning sequences U’ for which Hy () = Hy ().

Case Study: Hamming Loss. The bound in Theorem 5 is
valid for any bounded loss function [ : {0,1} x [0,1] — R.
When [ is the Hamming loss, the resulting bound is

L) < L) 016, @)

for any other finite state sequence of scans {U},,.

In [7], Feder, Merhav and Gutman proved that for any next-
state function g € G4, where G is the set of all possible next
state functions with s states, and for any sequence z7,

(42)

where 1(g, ) (p(g, -)) is the best possible prediction (compres-
sion) performance when the next state function is g. Using the
results of [1], it is possible to show [3] that

0 (. T o 0
minplg, Vpu(wv,)) — min u(g, ¥(zv,))

1
< 5 min p(9,Ypu(zv,))

—ht (min p(g, Ypy(zv,)) — en,s> , (43)

geG,

for any finite-state scan W¥,, where ¢, satisfies
lims_. o limsup,, . €n,s = 0. Taking the limits lim sup,,_, .,
and then s — oo implies that in using the Peano-Hilbert scan
for scanning and prediction under Hamming loss one losses
no more than $p(z) — h™*(p(x)) with respect to any finite-
state scan ¥, where p(x) is the image’s FS compressibility.
The maximum possible loss is 0.16, similar to the bound
given in Theorem 35, yet this value is achieved only when the
image’s FS compressibility is around 0.75 bits/symbol. For
images which are highly compressible, for example, when
p < 0.1, the resulting excess loss is smaller than 0.04.

V. CONCLUSION

In this paper, we considered the scenario of scanning
and predicting a stationary strongly mixing random field,
and showed that there exists a scandiction scheme which
is independent of the field’s distribution, yet almost surely
asymptotically achieves the same performance as if this dis-
tribution was known. Namely, the existence of an algorithm
which is universal in the almost sure sense was established.

We then discussed the scenario where the data array is
an individual image, and showed that if the Peano-Hilbert
scanning order is used, accompanied by an optimal predictor,
the excess loss compared to optimal finite state scandiction is
bounded from above by a small constant, which depends only
on the loss function. This result marks the Peano-Hilbert scan
as advantageous under any bounded loss function, extending
the results of [1].

Future work may aim at extending the results for the
individual image scenario, seeking universal scandictors in this
case as well, for as large scandictor sets as possible.
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