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Abstract—New lower bounds on the error probability of
block codes with maximum-likelihood decoding are proposed.
The bounds are obtained by applying a new lower bound on
the probability of a union of events, derived by improving on
de Caen’s lower bound. The new bound includes an arbitrary
function to be optimized in order to achieve the tightest results.
Since the optimal choice of this function is known, but leads to a
trivial and useless identity, we find several useful approximations
for it, each resulting in a new lower bound.

For the additive white Gaussian noise (AWGN) channel and the
binary-symmetric channel (BSC), the optimal choice of the opti-
mization function is stated and several approximations are pro-
posed. When the bounds are further specialized to linear codes, the
only knowledge on the code used is its weight enumeration. The
results are shown to be tighter than the latest bounds in the cur-
rent literature, such as those by Seguin and by Keren and Litsyn.
Moreover, for the BSC, the new bounds widen the range of rates
for which the union bound analysis applies, thus improving on the
bound to the error exponent compared with the de Caen-based
bounds.

Index Terms—Binary-symmetric channel (BSC), error expo-
nent, Gaussian channel, maximum-likelihood decoding, proba-
bility of a union, probability of error.

I. INTRODUCTION

CONSIDER the classical coded communication model
of transmitting one of equally likely signals over a

communication channel. The error probability of the optimal
maximum-likelihood decoder is often complicated to evaluate.
Thus, to estimate the performance of a given signal set,
lower and upper bounds on the decoding error probability are
required.

Numerous bounds on the error probability of maximum-like-
lihood decoding, based on a wide variety of techniques, can be
found in the current literature. We briefly review works that are
most related to this paper. Although we mainly refer to the addi-
tive white Gaussian noise (AWGN) channel and the binary-sym-
metric channel (BSC), most bounds are applicable to a wider
range of channel models. The most common upper bound on the
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error probability is the well-known union bound. This bound is
tight, hence widely used, at low levels of noise. At high levels
of noise, the union bound is loose and tighter bounds are re-
quired. The best known upper bound for finite block length and
high levels of noise is due to Poltyrev [1]. Let be a decoding
error event and be an arbitrary subset of the possible channel
outputs (or, equivalently, noise vectors), Poltyrev’s bound is
based on the following inequality, usually referred to as the
Gallager first bounding technique or the Gallager–Fano bound
([2, p. 307], [3, p. 24]),

(1)

where is the complement of . For example, to bound the
error probability over the BSC, Poltyrev chose the set to be the
set of all binary words of weight higher than some threshold ,
which was later optimized to yield the tightest bound. The value
of was bounded by the union bound. For the AWGN
channel, Poltyrev elaborated on previous techniques used by
Hughes [4] and Berlekamp [5]. In this case, was chosen to be
a circular cone of half-angle , whose central line passes through
the origin and the transmitted codeword.

For asymptotically infinite block length, define the error
exponent (also know as the reliability function) of a channel,

, as

where is the minimum value of over all codes of a
given block length and rate . Hereafter, the base of the log-
arithm is . Although Poltyrev’s bound is tight for finite block
length, the best known lower bound on the error exponent (upper
bound on the error probability) is due to Gallager. In [6], Gal-
lager derived a lower bound on the error exponent by methods of
random coding. For low rates, since the average low-rate code
is bad, the bound was tightened by methods of expurgation.

As for lower bounds on the error probability, the best known
bound for high levels of noise is the sphere packing bound [7].
Roughly speaking, the sphere packing bound states that the
probability of error is greater than that of a perfect code [8]. For
the AWGN channel, for example, the sphere packing bound is
derived by noting that the error probability of any code whose
codewords lie on a given sphere must be greater than the error
probability of a code with the same rate and whose codewords
are uniformly distributed over that sphere. Asymptotically in

, the sphere packing bound coincides with the random coding
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bound [6] for rates higher than a certain critical rate , thus
yielding the exact error exponent for these rates. For rates lower
than , several bounds were offered. The two codewords
bound, derived by Shannon, Gallager, and Berlekamp in [9],
considers the error caused by a pair of closest codewords.
Together with an upper bound on the minimum distance of
a code, such as the bound derived by McEliece, Rodemich,
Rumsey, and Welch for binary codes [10, p. 559], bounds
tighter than the sphere packing bound can be derived for low
rates [11]. For intermediate rates, the straight line bound [9],
connecting any low-rate bound to the sphere packing bound,
can be used. The latest upper bound on the error exponent of the
BSC was derived by Litsyn [12]. The essence of his technique
is in a new bound on the distance distribution of codes, and not
an improvement of the McEliece–Rodemich–Rumsey–Welch
bound, as might have been expected. The latest upper bound
on the error exponent of the AWGN was derived by Burnashev
[13]. Burnashev showed that by extending the range in which
the union bound analysis applies, together with a bound on the
distance distribution of codes, the bound on the error exponent
can be tightened. We note here that for random codes, random
linear codes, and typical codes from these ensembles the error
exponent is known exactly [14].

For finite block length and low levels of noise, the currently
best known lower bounds on the error probability are due to
Seguin [15] (AWGN) and Keren and Litsyn [16] 1 (BSC). While
the preceding bounds discussed herein mainly use geometrical
arguments in order to evaluate the error probability, Seguin’s
and Keren and Litsyn’s bounds use an alternative approach. The
idea is analogous to the union bound technique: to view the
probability of error as a probability of a union of events, and
use a known bound on this probability. When this method is
used, the basic events, whose probabilities are to be evaluated
directly, are usually the error events when only two or three
codewords are involved, hence their evaluation is simple. As
a bound on the probability of a union, both Seguin and Keren
and Litsyn used a recent lower bound by de Caen [17]. Their
techniques will be discussed later in this paper. In [18], Kuai,
Alajaji, and Takahara derive upper and lower bounds using the
same method. Their work includes a bound by the same authors
on the probability of a union [19], together with simple algo-
rithms for Kounias’ bound [20] and Hunter’s bound [21]. How-
ever, Kuai, Alajaji, and Takahara consider uncoded communi-
cation and nonuniform signaling.

In this paper, we derive a new bound on the probability
of a union and apply it to derive lower bounds on the error
probability of block codes. In Section II, the new bound on the
probability of a union is proposed. In Section III, this bound is
applied to lower-bound the error probability over the AWGN
channel. The resulting bounds are specialized for binary
phase-shift keying (BPSK) modulation of linear codes. In this
case, the only knowledge on the code required is its weight
enumeration. Numerical analysis results show significant
enhancement in performance compared to known bounds in
the literature. To the authors’ knowledge, for medium and high
values of the signal-to-noise ratio (SNR), the bounds are shown

1A more detailed paper (unpublished) is also available [8].

to yield the tightest results currently available. Section III also
includes a derivation of a new bound based on Kounias’ lower
bound on the probability of a union. The resulting bound is very
simple and performs well for every SNR (superior to Seguin’s
bound). Section IV includes analogous derivations for the
BSC. Numerical analysis shows enhancement in performance
compared to Keren and Litsyn’s bound, though in this case the
improvement is milder. However, in Section V, the bounds on
the error exponent resulting from the bounds in the preceding
sections are discussed. It is shown that the new bounds may
be exponentially tighter than the de Caen-based bounds.
Section VI includes several examples with well-known codes
and the results of the numerical analysis. Section VII includes
a short discussion and suggestions for future work.

II. A NEW LOWER BOUND ON THE PROBABILITY OF

A UNION OF EVENTS

In this section, we derive a new lower bound on the proba-
bility of a union of events. We mainly follow the method used
by de Caen in [17], however, the new bound includes a function
that can be optimized to yield tighter bounds. This bound will
stand at the basis of our analysis tools.

Let be any finite set of events in a probability space
. For each , define

The new lower bound is given by the following theorem.

Theorem 2.1: Let be any finite set of events in
a probability space . The probability of the union

is lower-bounded by

(2)

where is any real function on such that the sums
on the right-hand side (RHS) of (2) converge. Equality in (2) is
achieved when

(3)

Proof: We first consider the case where is finite. Using
a simple counting argument, we have

(4)

Let be any real function on . From the
Cauchy–Schwarz inequality, it follows that

(5)
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provided that the sums in (5) converge. Therefore, from (4) and
(5)

Note that may be different for each in the sum over all
. However, in order to achieve equality in (5), we need

For a general probability space, as noted in [17] and [19],
since there are only finitely many ’s, the number of Boolean
atoms defined by the ’s unions and intersections is also finite.
Thus, the general space can be reduced to a finite probability
space. In this case, the sums in (2) are replaced by the corre-
sponding Lebesgue integrals.

We shall refer to the choice of as the trivial choice
of . By choosing the trivial choice for , we have

which is de Caen’s bound [17]. Thus, de Caen’s bound is a spe-
cial case of the bound suggested in Theorem 2.1. In this con-
text, note that a recent improvement of de Caen’s bound was
given in [19] by Kuai, Alajaji, and Takahara. However, one can
show ([22]) that both de Caen’s bound and Kuai, Alajaji, and
Takahara’s bound are derived by solving the same minimiza-
tion problem. While the latter is obtained by applying a stronger
method than the first, it improves on de Caen’s bound by at
most .

The essence of the bound in Theorem 2.1 is the ability to
choose an appropriate function . To define a proper
strategy for choosing , first note that any constant
multiplier of factors out in (2). Hence, should
only define an essence of behavior, and not necessarily exact
values. When seeking such behavior, we remember that the
optimal value of is . While the function
is complex to evaluate, usually requires more than the available
information on the sets , and leads to a trivial identity
in (2), its behavior possesses the guidelines for choosing a
competent family of approximations. By requiring that any
such family of approximations include the trivial choice of

, and optimizing the bound over this family, one can
assure that the resulting bound is always at least as tight as de
Caen’s bound.

It is clear that the bound given in Theorem 2.1 does not de-
pend only on the ’s and ’s. However, a proper
choice of the function may still yield the same com-
putational tractability, while improving on de Caen’s bound,
achieved by choosing . When the computational
tractability is of less importance, may be chosen to be

constant on subsets of the ’s, yielding more accurate results.
Thus, the chosen family of approximations should also reflect
the tradeoff between tractability and tightness of the bound.

III. THE AWGN CHANNEL

We consider the case of uniform signaling over an AWGN
channel and maximum-likelihood decoding. The transmitted
signal is one of equiprobable continuous-time signals of
dimension . The AWGN is of two-sided spectral density

. Since the Gram–Schmidt orthogonalization can be used
([23, Sec. 2.1]), we may represent the signals
as vectors of length . In this case, if is transmitted, the
received signal is , where is a vector of
independent Gaussian random variables with zero mean and
variance . The maximum-likelihood decoder chooses the
closest of the signals to , in the Euclidean sense. Thus, the
probability of error given that was sent is

where

(6)

and is the Euclidean norm.2

In order to use the bound in Theorem 2.1, choose

and

Referring to (2), the computation of the bound requires the eval-
uation of the following integrals:

(7)

(8)

where

(9)

Note that since was any function to be optimized, we
may choose it to be independent of , as the optimal value
given in (3) suggests. For the trivial choice of , i.e.,

, the integrals in (7) and (8) are simply the pairwise
error probability and triplets error probability. In this case, for
any signal set, the resulting bound is the bound given by Seguin
in [15, eq. (13)].

However, the essence of the new bound is the ability to choose
a proper, nontrivial, . The optimal value of was
given in Theorem 2.1

where is the number of signals which are closer to
than , i.e.,

(10)

The evaluation of is usually very complex and, in
many practical cases, infeasible when only the distance spec-

2Note the strict inequality in (6), a consequence of the assumption that ties
are solved in favor of the correct signal. Generally speaking, this assumption
is essential when lower bounds on the error probability are discussed. When a
continuous probability space is at hand it is of less importance.



COHEN AND MERHAV: LOWER BOUNDS ON THE ERROR PROBABILITY OF BLOCK CODES 293

trum of the code is to be used. Moreover, should be
mathematically endurable so the integrals in (7) and (8) can be
easily computed. Nevertheless, we will see that suitable approx-
imations can be found.

A first approximation is derived directly from (10). Since
is the number of signals in the interior of a sphere of

radius centered at , one might suggest that the larger
the volume of the sphere, the higher is. Namely,

is monotonically increasing in . Thus,
might be chosen as

(11)

where is a parameter to be optimized in order to achieve
the tightest bound. An exponential behavior was chosen to facil-
itate the computation of (7) and (8). A drawback of this approx-
imation however, is that it is implicitly based on the infeasible
assumption that the signals are uniformly distributed in .
Nevertheless, this choice does improve on the trivial choice of

, corresponding to , as we will see in Section VI.
Fortunately, for equal-energy signals, a more realistic approx-

imation can be derived in a similar fashion. Since for all ,
, we have

(12)
where is the standard dot product and

Assuming the signals are uniformly distributed on the surface
of a sphere of radius centered at the origin, (12) implies
that is monotonically increasing with respect to the
absolute value of the angle between and . Thus,
might be chosen as

(13)

where, again, is a parameter to be optimized. Clearly,
when BPSK modulation of a binary code is used, which is the
case in which we are interested here, the signals are of equal en-
ergy. However, as noted in [7], equal-energy signals are worth
considering anyhow. The assumption that the signals are uni-
formly distributed on the surface of the sphere cannot, of course,
be justified in general. However, it is important to note that since
this assumption is at the basis of the sphere packing bound [7,
Sec. 3], which is asymptotically tight for rates higher than ,
we know that good codes of high rate do have approximately
uniform distribution of codewords on the surface of the sphere.

Both suggestions for , defined in (11) and (13), are
members of a wider family, characterized by three parameters,

and

(14)

Although more suggestions for can be given, we
choose to focus on (14). The following proposition introduces
the new bound on the error probability for any signal set, using
this suggestion. The simpler suggestions discussed earlier
easily follow.

Proposition 3.1: Let be a set of signals
of dimension for an AWGN channel with spectral density .

The conditional probability of error of a maximum-likelihood
decoder is lower-bounded by

(15)

where

(16)

(17)

(18)

(19)

with the understanding that . The constants
, , , , , and are given by

(20)

and , , and are arbitrary constants.

Proof: We apply the lower bound on the probability of a
union given in (2), using (7) and (8), (9), and (14). Equation (15)
easily follows after computing the integrals (7) and (8). Since
the computation of these integrals is rather cumbersome, it is
relegated to Appendix I.

Clearly, choosing results in Seguin’s bound
[15, eq. (13)]. Hence, for the optimal choice of , , and the
bound in (15) is at least as tight as Seguin’s. In this context,
it is clear that the asymptotic tightness of Seguin’s bound as

remains intact. To restrict ourselves to simpler
bounds, when only one parameter can be optimized, we may
choose , , which results in the norm bound
(i.e., using (11)), or , , which results in the
dot product bound (i.e., using (13)).

A. New Lower Bounds for Linear Codes

The bound given in Proposition 3.1 requires two nested sum-
mations over the entire signal set. Thus, it is of very little use for
large codes. Analogously to Seguin’s derivations, we specialize
this bound for linear codes and BPSK modulation. In this case,
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the resulting bound depends on the code only through its weight
enumeration, and is, thus, much easier to evaluate.

Assume that a binary linear code is used. The
continuous-time signal is obtained by replacing the zeros
and ones in with unit length intervals of and ,
respectively (BPSK modulation). Note that, again, signals
of length are achieved by the Gram–Schmidt procedure
and the projection of the signals on the new base. The com-
putation of the signals’ energy and distance spectrum is,
however, clearer when the original continuous-time signals
are treated. The energy per bit in this case is .
Denote by the Hamming weight of the codeword and by

the weight enumeration of the code,
i.e., is the number of codewords of Hamming weight .
Assuming is the all-zero codeword, we have

Hence,

(21)

and

(22)

where

The expressions in (21) and (22) can be substituted into (15) di-
rectly. However, does not depend solely on the code’s weight
enumeration. In [15], Seguin proved that is mono-
tonically increasing in . Thus, to derive a bound which de-
pends only on the weight enumeration of the code, should be
upper-bounded in terms of the weight enumeration alone. De-
note by the minimum distance of the code, for , an
upper bound on , derived in [15], is given by

(23)

Subsequently, substitute (23) into (22), and the result, together
with (21), into (15). Since the resulting summands depend on
the code only through the weight enumeration, the summation
can be carried out on the possible codeword weights. Finally,
when linear codes are used on a binary-input output-symmetric

channel with maximum-likelihood decoding, the probability of
error is independent of the codeword sent (see [23, p. 86]).
Hence, we assume the all-zero codeword was sent,

, and we have (24) at the bottom of the page, where

(25)

, , , , , and are as defined in (20), and ,
, and are arbitrary constants.

B. Lower Bounds Depending Only on a Subset of the Code

The bound given in (24) requires the complete weight
enumeration of the code. When the weight enumeration
is not known completely, or when (24) is too complex to
evaluate, a simpler, yet very efficient, bound can be offered.
Clearly, the error probability of a given code , , satisfies

, where is any subset of the code . Hence,
any lower bound on is a lower bound on . This
technique is widely used when lower bounds for low rates are
discussed (see, for example, [23, p. 174]). When the code is
linear, is not necessarily linear. Nevertheless, we have

As in [16], we choose

Thus, we may substitute for every in (24). The
resulting lower bound is given in the following corollary.

Corollary 3.2: Let be a binary linear code
used over the AWGN channel with BPSK modulation. The
probability of error of a maximum-likelihood decoder is
lower-bounded by

(26)

where , and are as defined in (20), and
, , and are arbitrary constants.

C. Kounias’ Bound

We apply Kounias’ lower bound [20] to derive a new lower
bound, analogously to the preceding derivations in this section.
Although Kounias’ bound was used by Kuai, Alajaji, and
Takahara in [18] to derive a lower bound for the AWGN
channel, no specialization of the bound for linear codes was

(24)
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done. In this section, in addition to the straightforward special-
ization for linear codes, we further simplify the bound by using
only the subset of the code. In this case, the customarily
tedious optimization required in Kounias’ bound is direct and
can be done analytically. The resulting bound is very simple to
evaluate and performs better than Seguin’s bound (yet, inferior
to (26)) for every value of .

Using the notations of Section II, Kounias’ bound is given by

Referreing to our problem, utilization of this bound yields

(27)

where .3 To specialize the bound for
linear codes, note that the RHS of (27) is a decreasing function
of , therefore, we can use as in (24), resulting in a bound
depending only on the weight enumeration. Yet, this bound is
still tedious to evaluate for large codes, even when the stepwise
algorithm suggested in [18] is used. Thus, we choose to limit
the search to subsets of the subset . In this case, we have

(28)

Since the RHS of (28) is a concave ( ) function of , and its
second derivative with respect to is constant, the maximum is
achieved by comparing the first derivative to zero and taking the
closest integer value to the result, provided that it is in the range

. Thus, the maximum is achieved with

where is closest integer to . Consequently, we have

(29)

IV. THE BSC

Analogously to Section III, in this section, we apply the
bound in Theorem 2.1 to derive new lower bounds for max-
imum-likelihood decoding over the BSC. For the sake of

3Note that the fact that Kounias’ bound allows us to use any subset
J � M n f0g is insignificant since when lower bounds on the error proba-
bility are considered, this step is straightforward (refer to Section III-B). Hence,
in this case Kounias’ bound is equivalent to the well-known Bonferroni’s
inclusion–exclusion lower bound ([24]).

simplicity, we consider only linear codes. Bounds for any block
code can be derived in a similar fashion.

In this case, the transmitted codeword is one of
equiprobable binary codewords of length .
Denote by the channel crossover probability. Assuming was
sent, let be the received word, where is the bi-
nary error vector. For , the maximum-likelihood decoder
chooses the closest of the codewords to in the Hamming
sense, i.e., . Thus, the probability of
error given that was sent is

(30)

where

GF (31)

assuming is the all-zero codeword.
Our goal is to lower-bound the error probability in (30).

Again, when the code used is a binary linear code ,
we wish to express the bound in terms of the code’s weight
enumeration and the channel crossover probability alone. Since
the method developed in Section III is general, and can be used
in any case where the error probability admits a union form, we
focus only on channel-specific derivations. We have

(32)

and

(33)

In the computation of (2), we encounter the summations over
and . The summands are and

, respectively. While the dependence of
on is only through , is a function to be optimized
and hence might, in general, be chosen to be different for each

. To avoid a tedious evaluation of the considered sums, we
prefer to reduce the degrees of freedom in choosing by
the restriction

Clearly, since is not likely to depend only on
when nontrivial codes are discussed, we may assume that the
optimal value for cannot be achieved by any function .
Nevertheless, we will discover that the function may still be
chosen to yield tighter bounds than the one achieved with the
trivial choice of . To conclude, according to (2), we have

(34)
where is any function to be optimized. In the pro-
ceeding subsection, we suggest several possibilities for in the
spirit of (3), namely, we seek approximations for . For
the time being, we evaluate (34) for any whose dependence
on is only through .

We start by calculating the sum over . Define the set
, and for every and GF

define to be the subword of consisting of the entries de-
fined by . For example, if the support of , denoted , is the
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set of indexes for which equals , then is the sub-
word of consisting of in the places equals . Referring to
(31), a word GF satisfies if under ’s support
it has more ’s than ’s. The number of ’s or ’s out of ’s
support is irrelevant. Thus,

iff

Accordingly

(35)

To avoid cumbersome notations, the notation for
does not reflect its dependence on and the parameter . On the
more technical side, note that choosing a nontrivial prevents
us from using the binomial formula to evaluate the inner sum
and thus increases the computational complexity. For the codes
tested in this work, this tradeoff was worthwhile.

The evaluation of the sum in the denominator is carried out
in the same fashion. In this case

iff and

Thus, when , we have (36) at the bottom of the page,
where the first sum in (36) is over the intersection of ’s and

’s supports— , the second is over , the third is over
, and the forth is over . When , we

have , where is defined
just as in (35) only with raised to the power
of two.

Clearly, does not depend on and solely
through and since it includes the expression

. Thus, its evaluation requires more than the weight
enumeration of the code. Recall dealing with an equivalent
problem in the AWGN channel, it is clear that to remove the
obstacle in specializing the bound to linear codes, the following
proposition comes in handy.

Proposition 4.1: is monotonically increasing in
for any , ,

, and .

Referring to (33), it is clear that the demand for positive
is not restricting. The proof of Proposition 4.1 is given in

Appendix II-A. To utilize Proposition 4.1, define

Since

it is clear that . Thus, we get (37) at the
bottom of the page, with the understanding that

when

Now it is possible to derive a bound using only the code’s weight
enumeration. Thus, the new lower bound on the error probability
of a linear code on the BSC is given by (38) at the bottom of
the following page, where , , and
include the function , which can be optimized to yield the
tightest bound.

A. Approximations to

We seek a function of the form

(39)

(36)

(37)
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where is any approximation of whose
dependence on is only through . Referring to (33),

is the number of words with Hamming weight less
than in the coset . Thus, we are interested in the
weight enumeration of this coset when the only knowledge on

is . As a simple example, consider a 1-bit parity-check
code. Clearly, there are only two cosets in this case. The first is
the code itself, i.e., the set of all even-weight words. The second
is the set of all odd-weight words. Thus, given a received word

, its weight is sufficient to identify the correct coset and
is known exactly. However, the evaluation of the

error probability for this code is trivial in the first place. There
are several codes whose cosets weight enumeration can be
found in the current literature. Yet, even for simple codes, the
weight enumeration of cannot, in general, be evaluated
using alone.

We include here two possible approximations to
using only the existing information on and the code’s weight
enumeration. In the first approximation, we view as

, where is the probability measure-
ment inferred by a uniform distribution on the codewords of .
Let be fixed and let be a codeword chosen randomly with
uniform distribution. Considering as a random vari-
able, by the Chernoff bound, we have

(40)

where the expectation is over all possible codewords , and
is an arbitrary parameter. Clearly

(41)

where the inequality in (41) results from
. The approximation for is, therefore,

(42)

where is a parameter to be optimized.
The second approximation uses a different method. Clearly

(43)

where is the number of words of weight in the coset
Thus, is monotonically increasing in , with
known values for and . By choosing

a family of monotone functions (concave or convex) passing
through these points, we have the following approximation:

else
(44)

where is a parameter to be optimized. This approximation
is easier to evaluate than the previous one since no summation
is required. Moreover, only the size of the code, its length, and
its minimum distance are used.

B. Lower Bounds Using the Subset and the Code’s
Covering Radius

In this section, we consider two variations on the bound given
in (38). These two variations will both reduce the complexity of
the bound as well as tighten it. Denote by the covering radius
of the code

Namely, is the maximum number of errors that can be cor-
rected. Clearly

As noted in [16], when lower bounds on the error probability are
discussed, an upper bound can be used if is not known.
Furthermore, as in Section III-B, since

where , we may compute the bound
disregarding all codewords of weight other than . Although the
numerical analysis shows that best results are achieved with

, we prefer this general form for later reference. Consequently,
we have the following proposition.

Proposition 4.2: Let be any linear code over GF of
length and minimum distance . Let be the number of
codewords of hamming weight , . The de-
coding error probability on a BSC with crossover probability

is lower-bounded by

(45)

where we get (46)–(49) at the top of the following page, and
is any function to be optimized.

Note that the demand is required in order for
to be properly defined. This demand is not restricting,

as when there is only one codeword with weight
, and the subset is degenerated. Namely, the resulting bound

is simply the two-codewords bound.
Proof: (Proposition 4.2) Based on the preceding discus-

sion, substitute for every in (38). To use the

(38)



298 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 2, FEBRUARY 2004

(46)

(47)

(48)

(49)

covering radius of the code, evading high values of , we
may alter the expressions in (35) and (37) to include only words

with weight smaller than by changing the upper bound of
the last summation in each expression. is the probability of
more than bit errors.

Note that when , the sums over and
in (48) are empty. Thus, the value of is unchanged
if we sum over instead of

.
To choose a proper , we return to Section IV-A. Although

the approximations there refer to the bound given in (38), i.e.,
when the whole code is used, we find them useful in (45) for
two main reasons. First, since defines only an essence of be-
havior, the approximations in Section IV-A may be sufficient
without change. Second, even if several variations are required,
the methods suggested in Section IV-A are still applicable. For
example, in Section VI, where the bound given in Proposition
4.2 is utilized, the following variation of (44) was used:

else.
(50)

Finally, we refer to the asymptotic tightness of the bounds
presented in this section. Let be the union bound for the
BSC, i.e.,

(51)

where is the pairwise error probability given by

The following proposition states that the new bounds are tight
for .

Proposition 4.3: Consider the bound in Proposition 4.2 when
. Then, for any function which is independent of

Note that the condition on is not restricting since de-
pends on the code rather than the channel. Proposition 4.3 is
proved in Appendix II-B.

V. UPPER BOUNDS ON THE ERROR EXPONENT

In this section, we calculate the upper bound on the error
exponent resulting from the bound given in Proposition 4.2.
We prove that a nontrivial choice of may result in a tighter
bound on the error exponent than the one resulting from a de
Caen-based bound, and identify the optimal choice of . It is
important to mention, however, that only bounds for specific
codes are discussed, and not bounds on the error exponent of
the BSC in general.

We first introduce the required notations. Let be any
sequence of codes, each of which is of length and minimum
distance . For every , denote by the ratio

. Let be the number of codewords of weight in each
code. We consider only sequences of codes for which the limits

and exist, and denote their
values by and , respectively. Let and be any
two functions. If

we write , namely, is expo-
nentially smaller than .

To calculate the upper bound on the error exponent resulting
from the bound in Proposition 4.2 and analyze the results, we
substitute in (45)–(49), i.e., assume no knowledge on
the covering radius is available. This assumption only weakens
the bound, mainly at high values of . Thus, for any

, the following bound is considered:

(52)

where , , and were defined in
Section IV.

A. Outline and Main Results

For easy reference and to aid in understanding of this section,
we briefly introduce the outline of the analysis and summarize
the main results. Consider the bound in (52). We wish to calcu-
late the resulting bound on the error exponent, and to identify the
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optimal choice of the function . Clearly, since the denominator
of the RHS of (52) is a sum of two expressions, the exponen-
tial behavior of the bound in (52) depends on which expression
dominates. That is, the value of , which depends only
on the code, determined which of the two expressions,
or , governs the exponential behavior of the
denominator, and the resulting bound on the error exponent is
either

(53)
or

(54)

respectively. In the first part of the analysis, the results of which
are given by Proposition 5.1, we show that this observation in-
deed translates to a condition on the code which determines the
value of the new bound on the error exponent in each case.

In the second part of the analysis, the results of which are
given by Corollary 5.2, we analyze the condition on the code
and the resulting bound on the error exponent when this condi-
tion is satisfied. It is shown there, that if the difference between
the triplets error exponent and the pairwise error exponent is not
too small (i.e., the rate of the code is not too large), then the con-
dition on the code is satisfied, the trivial choice of is optimal,
and the resulting bound on the error exponent (53) is in fact

(55)

for any .
The bound

is the well-known two codewords bound, where
is the Bhattacharyya distance for the

BSC (see, for example, [23, p. 88]). However, the bound in
(55) implies that, under certain conditions, when there are
exponentially many codewords of weight , the exponent
can be subtracted, yielding a tighter upper bound. Namely,
a union bound results in a valid lower bound on the error
probability (an upper bound on the error exponent). In this
case, we say that the union bound analysis applies, i.e., the
union bound is exponentially tight. Thus, by optimizing the
bound on , i.e., choosing the correct subset of the code, the
union bound analysis gives the true error exponent for the
code.4 The fact that union bound analysis yields the true
error exponent for random codes is well known [25]. In [14],
Barg and Forney used this argument to derive the exact error
exponents for typical codes from Shannon’s random code
ensemble as well as typical codes from a random linear code
ensemble. Yet, the bound in (55) is valid for any given code,

4The union bound, given by P ("jccc ) � B P (" jccc ), has only
polynomially many summands. Merely one of them determines the exponential
behavior. Consequently, if we calculate a lower bound on the error probability
using this subset, and find out that the union bound analysis applies, this is the
true exponential behavior.

as long as the condition on the code (to be given explicitly
later on) is satisfied.

Thus far, we have not considered the choice of the function .
Our main result, given by Proposition 5.3, is that while it can be
easily proved that when the condition on the code is satisfied,
the trivial is optimal, this is not the case when this condi-
tion is not satisfied. In this case, a nontrivial can extend the
range of rates for which the union bound analysis applies, thus
achieving a tighter bound on the error exponent. In other words,
we complete the characterization of the optimization function

for low and intermediate rates. At low rates, when the union
bound analysis applies, the trivial choice is the optimal. As the
rate increases above a certain value, and the trivial choice of
does no longer result in a tight bound, a nontrivial can tighten
the bound by as much as measuring up to the union bound. The
optimal value of , the range of rates for which the union bound
analysis applies, and a quantification of the improvement over
the bound with trivial are given in Proposition 5.3 and the
discussion which follows. At higher rates, a nontrivial can
still tighten the bound, yet the proposed does not continue to
compete with the union bound.

B. Analysis

We start with several definitions. For , define

(56)

Since is any function to be optimized, we may reduce the
set of possible functions to assure that the limit in (56) exists.
For , we have . Analogously to Section IV,
we denote this case as the trivial choice of . For any
and , define the following regions in
and , respectively:

(57)
and

(58)

Let be the binary entropy function

Define

(59)

and
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(60)

Under these definitions, we have the following proposition.

Proposition 5.1: Let be a sequence of codes for the
BSC. Let be the crossover probability of the channel.
Then, for any , and for any piecewise con-
tinuous function , we have

(61)

if

(62)

and

(63)

otherwise.

The condition in (62) is the condition on the code discussed
in Section V-A (hereafter referred to as the condition on the
code). The essence of Proposition 5.1, is the fact that the new
bound on the error exponent is given by one of two different
expressions, corresponding to the cases where condition (62)
is either satisfied or not. We will see later that this is indeed
the condition for applying the union bound analysis. As noted
in [13], this condition can be referred to as a condition on the
code’s parameter , or a condition on the code’s rate . The
complete proof of Proposition 5.1 is given in Appendix III-A.

We first analyze the case where the sequence of codes
satisfies condition (62). In Appendix III-A, it is shown that

is the error exponent for the pairwise
error probability. In fact, it is easy to show that

(64)

Analogously, is the error exponent
for triplets. Hence, we expect to have

which means that the set of possible functions for which the
RHS of (62) is nonnegative is not empty (it includes at least the

trivial choice). In such a case, condition (62) is not trivial, and
the following corollary is constructive.

Corollary 5.2: Let , , be fixed. Let
be a set of functions , indexed by , which
includes the trivial choice. Suppose that is a sequence of
codes for which condition (62) is satisfied for every value of

, for some , and for every choice of .
Then, for every , the trivial choice of minimizes the
upper bound in (61) over all choices of , and we have

(65)

Proof: When condition (62) is satisfied and ,
we have

(66)

Subtracting the RHS of (66) from the RHS of (61), we have

for any . Thus, when condition (62) is satisfied,
is the optimal choice and (66) is the resulting

bound. Substituting (64) for the minimization over , (65)
immediately follows.

Thus far, the results given by Proposition 5.1 were analyzed
only as long as the condition on the code was satisfied. The
main statement of Corollary 5.2 is that in this case, the union
bound analysis applies with the trivial choice of , and thus
this is the optimal choice in this scenario. However, the most
important result of this section, as we will see later, is that when
the condition on the code is not satisfied with the trivial , by
choice of a nontrivial it may still hold, thus widening the
range of rates for which the union bound analysis applies.

To see this, the minimization
should be discussed. Using the Karush–Kuhn–Tucker condi-
tions [26, p. 310], one can show that

where
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and is the only root (with respect to ) of the following cubic
equation:

(67)

such that ([27]). Since this solution is
rather cumbersome to analyze, we handle here only the special
case where , namely, the subset is used. In this case,
(67) has a simple solution and our course of action and choice of

becomes clearer. The general case is analogous, and yields
similar results. We return to it at the end of this section.

When , (67) simplifies to

yielding the following solution to the minimization of
over :

The solutions of the minimization of over are

Define as

and as

where

Consequently, the following is the main proposition in this sec-
tion.

Proposition 5.3: For any , the op-
timal choice of is given by

else
(68)

and we have

(69)

Observe that the requirement is simply the
condition on the code (i.e., (62)), with the trivial . Thus, by
using a de Caen-based bound, one can only show that the union
bound analysis applies when (Corollary 5.2).

However, since it can be easily proved that for any
, Proposition 5.3 states that by choosing a nontrivial

, the union bound analysis can be shown to apply in a wider
range, . In this context, it is clear that if our
choice of yields the true error exponent (since it coincides
with the union bound for this subset of the code), no other
is required. Furthermore, in Appendix III-B, where Proposi-
tion 5.3 is proved, we show that when ,
the union bound analysis tightens the bound on the error
exponent, with respect to the bound with the trivial , by
exactly . When , and the new
bound does not result in union bound analysis, , as defined
in (68), can still tighten the bound with respect to the trivial

, this time by as much as , regardless of .
That is, for , where the de Caen-based bound
is not optimal, the new bound on the error exponent presented
here can tighten the de Caen-based bound by as much as

, where is strictly positive for
any . Moreover, when , the new
bound is also the tightest possible for this subset of the code.

We give here only an intuitive explanation for Proposition 5.3.
The complete proof can be found in Appendix III-B. We wish to
prove that the union bound analysis, namely, the bound in (61)
with the trivial , may be applicable even when

. Observe that the RHS of (62) is the difference between two
minimization problems. Suppose that there exists a function

, such that the result of the minimization over is in-
creased with respect to the trivial , while the result of the
minimization over is unchanged. If this is possible, the value
of the RHS of (62) is increased, thus the range in which the
union bound analysis applies is widened. The bound in (61) is
the same as it was with the trivial , since the proposed
does not change the result of the minimization over . To see
that such an does exist, observe that both and are
convex functions, and their minimization points satisfy

for every . Thus, the step function suggested in (68) can
change the result of the minimization over without changing
the result of the minimization over . The threshold value

is due to the fact that the proposed step function cannot
unlimitedly increase the result of the minimization over .

For more intuition on the choice of , remember that for
any received word , the optimal value of is . Since

is a nondecreasing function of , as it is the number
of all words in the coset with weight less than , and
the size of any coset is , when we expect to
grow exponentially with , at least when (in this
case the exponent is exactly ). Thus, for a reasonable choice
of , there exist such that for any we have

and otherwise. It is clear that the
function suggested in (68) answers to this restraint.

To conclude this discussion, we return to the general case of
the subset . As explained earlier, the equations required here
are cubic, with cumbersome coefficients. Yet, a closed-form
solution for these equations exists, and is easily handled using
Matlab’s symbolic toolbox. We can follow the derivations above
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(and the proof in Appendix III-B) step by step and find out that
the inequality

is still valid, hence Proposition 5.3 stands solid for any subset
, not necessarily . Thus, to derive the tightest bound on

the error exponent, one can optimize the bound over all pos-
sible subsets , as long as the union bound analysis applies.
For example, in [14] Barg and Forney compute the error expo-
nent for random and typical codes. Their derivations are based
on the fact that union bound analysis applies for these codes,
i.e., optimization on the subset of the code is implicitly used.
However, even when only the subset is used, the new bounds
given in this work may be interesting. For example, consider the
recently discovered family of binary linear codes with exponen-
tially many minimum-distance codewords [28]. For these codes,
the union bound analysis allows us to subtract the rate of the
minimum-distance codewords from the two codewords bound,
resulting in a tighter bound on the error exponent. Widening the
range of the union bound analysis is, in this case, beneficial.

As for the AWGN channel and the bound derived in
Section III, we may follow the steps in this section directly,
though, it is important to note, we do not seek the optimal
optimization function, only the optimal value of the parameters.
The results, thus, are not as sharp as these for the BSC. Yet,
it is possible to show ([27]) that the new bound on the error
probability given in Corollary 3.2 results in a tighter bound on
the error exponent than the de Caen-based analog.

VI. RESULTS

In this section, several examples with well-known codes are
given and the results of the numerical analysis are shown.

A. AWGN Channel

Before the numerical results for the lower bounds are intro-
duced, we address several computational issues. First, the def-
inition of as given in (16) requires an integration over an
infinite set. Instead, an alternative form by Craig5 [30] was used

As for , an expression given by Simon and Divsalar in
[31] was used

We compare the new lower bounds for linear codes, presented
in Section III, with several known bounds in the current litera-
ture. For the sake of simplicity, only three new bounds are dis-

5Also appearing in [29], with a simpler proof.

cussed. The first, denoted norm bound–whole code, is the bound
given in (24) with and , i.e., using the
approximation given in (11). The second, denoted dot product
bound–subset , is the bound given in (26) with
and , i.e., using the approximation given in (13) and
only the subset of the code. As mentioned, these two bounds
include parameters to be optimized. The optimization was car-
ried out numerically, which, of course, adds to the complexity
of the bound. The third bound is Kounias’ lower bound as given
in (29). The new bounds are compared to Seguin’s lower bound
[15], Shannon’s lower bound [7], and Poltyrev’s upper bound
[1].6 The results for the codes BCH and Golay
are given in Figs. 1 and 2, respectively. For the sake of clarity,
Fig. 2 does not include Kounias’ bound. It is only slightly supe-
rior to Seguin’s.

It is clear that the new bounds perform better than Seguin’s for
any value of . This can be seen both for the bound using
the whole code (as in Seguin’s bound) and for the bound using
only the subset . To the authors’ knowledge, for high values of

, where the new bounds are superior to Shannon’s lower
bound, they establish the best known results in current literature.

Consider the limiting cases of and . While
nontrivial values of the parameters , , and yield strictly
tighter bounds for intermediate values of , it is not so in these
cases. When , Seguin’s bound is optimal ([15, Sec. 5]),
in the sense that the ratio with the union bound tends to unity.
Therefore, no nontrivial values of the parameters , , and
yield tighter results. Note that, however, the rate of convergence
may be faster with nontrivial parameters. This is also the case
when , though to see this, unwieldy limit computations
are required. The behavior in these limiting cases is evident in
Figs. 1 and 2.

To gain more intuition on the sensitivity of the bounds to the
value of the parameters, their dependence on and the lim-
iting cases discussed on the last paragraph, Fig. 3 depicts the
norm bound–whole code on the decoding error probability of
Golay , AWGN channel, as a function of both and
the value of the parameter in approximation (11). For very
low values of , it is clear that the optimal value of is zero,
i.e., the trivial value. However, as increases, tighter bounds
are achieved for higher values of , up to an optimal value of this
parameter, which, in fact, depends on the specific value of .
The considerable improvement of the bound with the optimal
value of over the bound with is also clear. For very high
values of , as expected, the error probability is very small,
and the value of is again insignificant.

B. BSC

We compare the new lower bound given in Proposition 4.2
with several known bounds in the current literature, when the
code used is BCH . Fig. 4 includes the new bound with

and the approximation (50). Again, the optimization
on the free parameter was carried out numerically. The new

6As noted in [32], the upper bound given in [1] does not take into account a
subset of the space (the lower half of the cone) when upper-bounding the error
probability. Indeed, this part has negligible probability, yet, it is necessary to
obtain a rigorous bound. However, following the derivations in [32], it is easy
to verify the validity of the bound for the codes tested in this work.
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Fig. 1. Bounds on the decoding error probability of BCH(63; 24), AWGN channel. The new lower bounds norm–whole code, dot product–subset C , and
Kounias’ are shown. For reference, Poltyrev’s upper bound and Shannon’s and Seguin’s lower bounds are given.

Fig. 2. Bounds on the decoding error probability of Golay(23;12), AWGN channel. The new lower bounds norm–whole code and dot product–subset C are
shown. For reference, Poltyrev’s upper bound and Shannon’s and Seguin’s lower bounds are given.

bound with the trivial choice of is not plotted since the
results are very similar to Keren and Litsyn’s. For reference,
three bounds are plotted: Poltyrev’s upper bound [1], Keren

and Litsyn’s lower bound [16], and the sphere packing lower
bound. Referring to Keren and Litsyn’s bound [16], the bound
presented in [16] is based on the same techniques, namely,
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Fig. 3. The norm bound–whole code, shown as a function of both and the value of the parameter a. The code used was Golay(23; 12) over the AWGN
channel.

de Caen’s bound [17], the subset is used, and words
with weight higher than the covering radius are considered
erroneous. However, even when , the bound in
Proposition 4.2 is not identical to [16]. The major difference is
the fact that in [16], the set

GF

is partitioned to constant weight subsets and de Caen’s bound
is employed to each subset separately. This partition simpli-
fies several computations and instead of Proposition 4.1 a more
ad hoc approach can be used. However, in this way, the usage
of Theorem 2.1 instead of de Caen’s bound is burdensome. It is
also important to note that the bound in [16] is easier to evaluate
since the summations required are simpler.

The new bound is at least as good as Keren and Litsyn’s
bound for every value of . The improvement is obvious for
high values of , however, for lower, and more realistic values
of , where Keren and Litsyn’s bound is superior to the sphere
packing bound, the improvement is scarce. Nevertheless, it is
clear that a nontrivial choice of the optimizing function yields
better results.

Finally, we compare the new bound on the error exponent de-
rived in Section V with the de Caen-based analog. As a simple
example, we use the codes derived by Ashikhmin, Barg, and
Vlăduţ in [28] (abbreviated as ABV Codes). Since this family
of codes has exponentially many minimum-distance codewords,
it can serve as a good example for the bound in Proposition 5.3,

namely, when the subset is used. Note that this example is
given merely to demonstrate that a nontrivial optimization func-
tion may result in an exponentially tighter bound on the error
probability, i.e., to show that indeed there exist codes for which
the new bounds presented in this paper are exponentially tighter
than the de Caen-based bounds. Fig. 5 includes the results. The
two upmost curves are the discussed bound, with trivial
above and nontrivial below. The horizontal line is the value
of . The lowermost curve is the condition on the code for this
case. It is clear that for values of for which the condition is not
satisfied, nontrivial tightens the bound. It is also clear that
the improvement is achieved by continuing the usage of union
bound analysis, until a certain threshold is exceeded. From this
point on, the union bound analysis does not apply, yet the bound
with nontrivial is still tighter.

VII. CONCLUSION

In this paper, new lower bounds on the error probability of a
given block code were derived. In the first part of the paper, a
new lower bound on the probability of a union of events was
introduced. As explained therein, the bound improves on de
Caen’s inequality by having the ability to optimize the result
over a wide family of functions. Moreover, the optimal function
is known, though not always computationally bearable, thus
may act as a guiding light in the optimization process. This
lower bound was used as a framework for deriving the new
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Fig. 4. Bounds on the decoding error probability of BCH(63; 24), M = 15, BSC. The new bound, based on the approximation given in (50) is given. For
reference, Poltyrev’s upper bound, Keren and Litsyn’s lower bound, and the sphere packing lower bound are given.

Fig. 5. Bounds on the error exponent, BSC, ABV Codes, and the subset C . The two upmost curves are the discussed bound, with trivialE above and nontrivial
E below. The horizontal line is the value of E . The lowermost curve is the condition on the code.
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bounds on the error probability. It was shown that these bounds
are tighter than the best known bounds in the current literature
for finite block length and low values of noise. Hence, the new
bound on the probability of a union gives a powerful framework
for deriving lower bounds on the error probability.

In regard to future work, note that the bounds on the error
exponent, derived in Section V are applicable only for specific
codes, with known distance distribution. To derive upper bound
on the reliability function of the BSC, the conditions for union
bound analysis given in this paper can be used, together with
known or new bounds on the distance distribution of binary (or
binary linear) codes. In this case, future work may refer to the
bounds and techniques appearing in the works of Litsyn [12] and
Burnashev [13]. Finally, we note that since the new bound on the
probability of a union suggests a framework for deriving bounds
on the error probability, new bounds can be derived for different
channel models. Moreover, the proposed bounds may be im-
proved by seeking new families of functions for optimization.

APPENDIX I
COMPUTATION OF THE INTEGRALS REQUIRED FOR

PROPOSITION 3.1

We first compute the integral

where , , and were defined in (6), (9), and
(14), respectively. We have

where , , and are defined by

is a -dimensional vector of independent and identically
distributed (i.i.d.) random variables and we assume

, i.e., . Finally, since

is an random variable, we have

(70)

where is the error function defined in (16).
As for the integral in (8), analogously to the preceding deriva-

tions, we have

where now

(71)

(72)
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Fig. 6. Example of ccc , ccc , ccc , and xxx. The word xxx is divided to six parts, each includes the possible number of 1’s. The inequalities for m and l define the
summation bounds in (74).

we assume , i.e., , is a -dimensional

vector of i.i.d. random variables, and

is an random variable. It is easy to verify that

where was defined in (18). Consequently

where is the bivariate normal distribution defined
in (17).

APPENDIX II
PROOFS OF PROPOSITIONS 4.1 AND 4.3

A. Proof of Proposition 4.1

We examine a simpler expression in which the
sum is only over words with constant
weight , i.e., see (73) at the bottom of the page. Since

if is monotonically increasing in , the
proposition is proved. Observe that
does not affect the behavior of as a function of

. Hence, it is enough to prove that

is monotonic in . This expression is, however, simply
the number of words in a subset of GF , which we denote
by , where . To examine the behavior of

as a function of , we assume that one codeword
is fixed, without loss of generality , and instead of intro-
duce a dummy codeword , satisfying and

. Thus, the only difference in (73) is
instead of . Let GF . We
wish to prove that

for any , , , and .
Consider the set . To count the

number of words in this set, we examine the example in Fig. 6.
For the sake of simplicity, we group the ’s of each codeword
together. Clearly, the size of the considered set is invariant under
this permutation. Let be a word in this set. First, must satisfy

. Second, , since .
However, in order for to satisfy but

, only due to a shift of one bit (from to
), we must have

and

(73)
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Therefore, , , and

. Accordingly, we have

(74)

To evaluate , note that now
and . Thus,

Hence,

an expression which is clearly nonnegative for any
, , , and .

B. Proof of Proposition 4.3

First, taking only weakens the bound, since (45) is a
monotonic decreasing function of . We have

where is the crossover probability of the channel appearing in
the definitions of , , and . The proof
is analogous to Seguin’s proof, as it appears in [15]. As an upper
bound we use the union bound given in (51). We have

Observe that both and go to as goes to ,
hence, we may apply l’Hopital’s rule until one of them is a
nonzero constant. Since the expression with the lowest power

of is the first to yield a nonzero constant after successive dif-
ferentiations, we have

thus,

Using the same method we have

and

therefore,

APPENDIX III
PROOFS OF PROPOSITIONS 5.1 AND 5.3

A. Proof of Proposition 5.1

We wish to determine the exponential rate (as ) of
the RHS of (52). First, consider . Remembering that

we have

Thus, since the exponential rate of the sum in is deter-
mined by the summand with the maximal exponent, we have

where , defined in (57), is the allowed range for and in
the minimization. Note that since is continuous
and is piecewise continuous, for large enough

, the minimum can indeed be taken over , a continuous
interval, ignoring the requirements for rational values of
and . The requirements for integer values in the summation
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bounds of (35) were also relaxed for the same reason. The same
applies for as well, thus, we have

As for , using the same arguments, we have

To conclude, observe that when considering the exponent of
the sum , we distinguish between
two cases. The first is when

namely, dominates , condition (62)
is satisfied, the exponential rate of the RHS of (52) is given by
the difference between the exponent of the numerator and the
exponent of the first expression in the denominator, and we have
(61). The second is when dominates ,
condition (62) is not satisfied, and we have (63).

B. Proof of Proposition 5.3

First, we show that indeed for every .
Observe that, for every , we have

(75)

with equality in (75) only for . Thus, by the convexity
of and the strict convexity of , we have

Note that the minimum over can be calculated using
the Karush–Kuhn–Tucker conditions ([26]).

We may now consider the minimization problems in the
RHS of (62), where , is as defined in (68), and

. Since and , where
is the minimizing point of , it is clear that

for every . Namely, the result of the minimiza-
tion over is unchanged. However, when considering the min-
imization of
over , the value of is important. Since

the step function , defined in (68), “lifts”
in a range which includes its minimizing

point. For large enough , i.e., , the
new minimum must be at a new point

yielding

However, for smaller values of ,
remains the minimizing point, yielding

This far, we have proved that when ,
as defined in (68) alters the condition on the code in such

a way that it is not repealed, and the union bound analysis ap-
plies. It remains to prove that this is the optimal choice when

, and to quantify the improvement over
the bound with the trivial for every . To see
this, subtract the RHS of (61) from the RHS of (63). Requiring
the result to be negative is no other than the condition on the
code (62). Namely, when the condition on the code is not satis-
fied, and (63) is valid, the bound in (61) is tighter. Thus, in this
case, the best choice of can improve the error exponent by
no more than equalizing it to (61). Since this can be done by the

proposed in (68), we draw the conclusion that it is the op-
timal choice. Another, more intuitive, explanation for this result
is obtained by noticing that no tighter lower bound on the error
probability, calculated on the subset , can be achieved, than
the one which coincides with the union bound. The improve-
ment over the bound with the trivial is simply the change
in the value of the RHS of (63) caused by our choice of ,
which is when , and
when .
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