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We study the photodissociation chemistry of a quantum degenerate gas of bosonic triatomic ABC
molecules, assuming two open rearrangement channels (AB 1 C or A 1 BC). The equations of motion
are equivalent to those of a parametric multimode laser, resulting in an exponential buildup of macro-
scopic mode populations. By exponentially amplifying a small differential in the single-particle rate
coefficients, Bose stimulation leads to a nearly complete selectivity of the collective N-body process,
indicating a novel type of ultraselective quantum degenerate chemistry.
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A significant effort is currently under way with the goal
of producing a stable Bose-Einstein condensate (BEC) in a
vapor of molecules. Several groups are pursuing schemes
in which atomic BECs are converted to molecular BECs
via photoassociation [1] and/or Feshbach resonance [2–4].
Progress is also being made towards forming a molecular
BEC by direct evaporation of molecules in a magnetic trap.
In this case sympathetic buffer-gas cooling is used to load
the trap [5], as opposed to the optical techniques used in
the alkali-metal atomic vapors.

Once the technical problems are solved, the realiza-
tion of molecular condensates will open a new field of
quantum-degenerate coherent chemistry. The most strik-
ing new feature of the resulting molecular dynamics would
be the unprecedented role of nonlinear collective effects,
i.e., Bose enhancement and Pauli blocking, induced by the
N -body quantum statistics. The probability of any single
boson to undergo a transition is enhanced by the number
of identical particles occupying the final state, whereas
fermions would be subject to Pauli blocking of the out-
put channels. Thus any process which retains a critical
phase-space density would greatly differ from that of the
isolated single-particle process which dominates “thermal”
gas-phase chemistry [6].

The role of Bose stimulation in the association and dis-
sociation of a molecular BEC has already been studied
theoretically in the regime where a single atomic mode is
coupled to a single molecular mode [7–10]. In this situa-
tion the entire condensate is theoretically predicted to un-
dergo large amplitude coherent oscillations between atoms
and molecules. The Bose-enhanced oscillation frequency
is

p
N V, where V is the single-particle atom-molecule

coupling frequency and N is the total number of conden-
sate particles. While this prediction is significantly modi-
fied by the inclusion of quantum-field effects [11–14], the
collective evolution remains strikingly different from the
single-pair (nondegenerate) dynamics.

The purpose of this Letter is to extend these ideas to
the case where more complicated molecules are disso-
ciated into a multiplicity of output channels. In such
0031-9007�02�88(16)�160402(4)$20.00
multichannel quantum-degenerate processes there are two
important competing effects: Bose stimulation, which
leads to exponential growth of the output channel popula-
tions, and condensate depletion, in which the finite number
of initial molecules leads to competition between output
channels. If certain channels have a slight advantage in
coupling strength, they will deplete the condensate before
other channels attain a macroscopic population. Related
effects have been experimentally observed in the phenome-
non of superradiant Rayleigh scattering of laser light from
an elongated BEC [15,16], indicating that there are no
overwhelming obstacles to obtaining winner-takes-all sce-
narios in BEC systems.

Studying the simplest example of the dissociation of a
triatomic ABC molecule into AB 1 C or A 1 BC pairs,
we show that the combined effects of Bose stimulation
and competition between output channels for a finite
initial number of molecules leads to an amplification of
selectivity which can dramatically enhance any nonde-
generate control scheme. Relatively small controllability
of the single-particle process translates to near complete
controllability of the Bose-stimulated N-body process.
Thus, collective amplification and mode competition
effects can be employed to achieve the central goal of the
fields of optimal and coherent control [17–19].

We consider a BEC of triatomic ABC molecules. The
ground-state molecules are resonantly coupled by a stimu-
lated Raman transition to two open dissociation channels:
AB 1 C (AB molecules and C atoms) and A 1 BC (A
atoms and BC molecules), as depicted in Fig. 1. After
adiabatic elimination of the intermediate ABC� state, the
N -body second-quantized Hamiltonian in the interaction
representation and the rotating wave approximation reads

Ĥ � h̄F̂�r� �V1Ĉ
y
AB�r�Ĉy

C�r�

1 V2Ĉ
y
A�r�Ĉy

BC�r�� 1 H.c. , (1)

where V1, V2 are the coupling frequencies into the AB 1

C and A 1 BC dissociation channels, respectively, and F̂,
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FIG. 1. Stimulated Raman photodissociation of ABC
molecules.

ĈAB, ĈC , ĈA, ĈBC are the bosonic field operators for
ABC, AB, C, A, BC, respectively.

Using the Hamiltonian (1), the Heisenberg equations of
motion for these operators are

i
d
dt

F̂ � V1ĈABĈC 1 V2ĈAĈBC , (2a)

i
d
dt

ĈAB � V1F̂Ĉ
y
C , (2b)

i
d
dt

Ĉ
y
C � V�

1F̂yĈAB , (2c)

i
d

dt
ĈA � V2F̂Ĉ

y
BC , (2d)

i
d

dt
Ĉ

y
BC � V�

2F̂yĈA . (2e)

Equations (2) are closely related to the quantum equa-
tions of motion of a multimode laser [20], in that the AB 1

C dissociation channel [Eqs. (2b),(2c)] is only coupled to
the A 1 BC channel [Eqs. (2d),(2e)] via the molecular
reservoir F̂. In order to demonstrate the collective amplifi-
cation of selectivity, we use a five-mode model, neglecting
the spatial variation of the various fields. This approxi-
mation, which assumes there is only one available state
per specie, is valid for a zero temperature ABC conden-
sate at exact resonance with the dissociation threshold of
the AB 1 C and A 1 BC channels. The field operators of
Eqs. (2) are thus taken to represent the particle creation and
annihilation operators of the respective modes. In the un-
depleted pump approximation [12,14], the intense F̂ field
is replaced by a constant c-number F �

p
N . Assuming

without loss of generality that V1 � V
�
1 and V2 � V

�
2 ,

the initial time evolution of the operators ĈAB, ĈC , ĈA,
and ĈBC is thus given as
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ĈAB�t� � ĈAB�0� coshv1t 2 iĈ
y
C �0� sinhv1t , (3a)

Ĉ
y
C�t� � Ĉ

y
C�0� coshv1t 1 iĈAB�0� sinhv1t , (3b)

ĈA�t� � ĈA�0� coshv2t 2 iĈ
y
BC�0� sinhv2t , (3c)

Ĉ
y
BC�t� � Ĉ

y
BC�0� coshv2t 1 iĈA�0� sinhv2t , (3d)

where v1 �
p

N V1 and v2 �
p

N V2. Assuming
�ĈAB�0�� � �ĈC�0�� � �ĈA�0�� � �ĈBC �0�� � 0 (no
initial product coherence), the average numbers of par-
ticles �nj� � �Cy

j Cj � in the modes j � AB, C, A, BC,
are given, respectively, as

�nAB�t�� � �nAB�0�� cosh2v1t 1 ���1 1 �nC�0����� sinh2v1t ,

(4a)

�nC�t�� � �nC�0�� cosh2v1t 1 ���1 1 �nAB�0����� sinh2v1t ,

(4b)

�nA�t�� � �nA�0�� cosh2v2t 1 ���1 1 �nBC�0����� sinh2v2t ,

(4c)

�nBC �t�� � �nBC�0�� cosh2v2t 1 ���1 1 �nA�0����� sinh2v2t .

(4d)

Starting with a pure ABC condensate �nAB�0�� �
�nC�0�� � �nA�0�� � �nBC�0�� � 0, the average product
populations grow as

N1�t� 	 �nAB�t�� � �nC�t�� � sinh2
p

N V1t, (5a)

N2�t� 	 �nA�t�� � �nBC�t�� � sinh2
p

N V2t . (5b)

The initial time evolution of Eqs. (5) corresponds to an ini-
tial nonexponential (quadratic rather than linear in time)
spontaneous dissociation process, followed by an expo-
nential stimulated process [14]. We note that exactly the
same equations have been routinely used for over three
decades, to describe the phenomenon of parametric super-
fluorescence [21,22], i.e., the parametric amplification of
noise photons, in quantum optics. The feature which pro-
duces the striking selectivity of Bose-enhanced chemistry
is that any small difference between the two rate coeffi-
cients, V2 fi V1, is exponentially amplified by the stimu-
lated dissociation, so that

N2�t��N1�t� 
 e2
p

N �V22V1�t . (6)

The linearized model of Eqs. (3) is valid only as long
as the population of the triatomic mode �F̂yF̂� is large
and the effect of its depletion on the products popula-
tion growth is negligible. In order to go beyond this
approximation we solve the full N-body problem numeri-
cally. Starting with no products and fixing the total number
of particles N , the accessible Hilbert space is restricted
to Fock states of the type jnABC , nAB, nC , nA, nBC� with
nAB � nC , nA � nBC, and nABC � N 2 �nA 1 nC�. Us-
ing these states to represent the Hamiltonian (1) we solve
numerically the N-body Schrödinger equation,
160402-2



VOLUME 88, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S 22 APRIL 2002
i
d
dt

cn1,n2 � V1

q
N 2 �n1 1 n2� �n1 1 1�cn111,n2

1 V�
1

q
N 2 �n1 1 n2� 1 1 n1c�

n121,n2

1 V2

q
N 2 �n1 1 n2� �n2 1 1�cn1,n211 1 V�

2

q
N 2 �n1 1 n2� 1 1 n1c�

n1,n221 , (7)
for the dynamics of the probability amplitudes

cn1 ,n2�t� � �N 2 �n1 1 n2�, n1, n1, n2, n2jC� . (8)

In Fig. 2, we plot the expectation values �nC�, �nA�,
corresponding to the populations in the AB 1 C channel
and the A 1 BC channel, respectively, as a function of
time, for V2 � 2V1. When N � 1 [Fig. 2(a)] the ratio
between the two channel populations is, as expected for
the single-particle process, �nA���nC � � jV2�V1j

2 � 4.
However, for N � 1000 [Fig. 2(b)], the Bose stimulated
population ratio is �nA���nC� . 40. Thus, the reaction out-
come is highly dependent on the total number of particles,
becoming more selective as N increases.

Our numerical calculations are limited by available com-
putation power to N # 1000. However, the number of
particles in current BEC experiments in trapped dilute al-
kali gases is sometimes as high as 107, suggesting a far
greater selectivity enhancement. In Fig. 3 we plot the
channel population ratio when the leading channel popu-
lation reaches a maximum, as a function of N for various
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FIG. 2. Expectation values of the AB 1 C (2 ? 2) and
A 1 BC (2 2 2) channel populations as a function of time for
(a) N � 1 and (b) N � 1000. The coupling rate ratio is
V2 � 2V1.
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values of V2�V1. The curves are linear fits to the numeri-
cal data, demonstrating a power-law dependence of the se-
lectivity as �Na. The power a increases with the rate
coefficient ratio V2�V1, as shown in Fig. 4.

In order to analytically estimate the dependence of the
selectivity on the total particle number, we take a per-
turbative approach where we first obtain the time td at
which the leading channel depletes the condensate, and
then evaluate the channel population ratio at td . Assum-
ing a purely exponential growth, the depletion time is
td � logN�2

p
N V2. Substituting into Eq. (6), we find

that the selectivity is enhanced as Na , where

a � 1 2 V1�V2 , (9)

so that log�N2�td��N1�td�� 
 a logN . This result is
confirmed by the numerical calculations in Fig. 3, giving
a values of 0.17, 0.32, and 0.49 for V2�V1 � 1.25,
V2�V1 � 1.5, and V2�V1 � 2, in good agreement with
the predicted values of 0.2, 0.33, and 0.5, respectively.
Extrapolating to N � 106, we find population ratios that
are greater than 13, 100, and 1200 for V2�V1 � 1.25,
V2�V1 � 1.5, and V2�V1 � 2, respectively (as com-
pared to single particle ratios of 1.56, 2.25, and 4,
respectively).

The dependence of the selectivity amplification constant
a on the rate coefficient ratio V2�V1 is plotted in Fig. 4.
The solid line depicts the estimate of Eq. (9). At the limit
of a high rate coefficient ratio the selectivity is enhanced as
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FIG. 3. Channel population ratio �nA���nC � when
�nA� � �nA�max as a function of N for V2 � 1.25V1
(dash-dotted), V2 � 1.5V1 (solid), and V2 � 2V1 (dashed).
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FIG. 4. The variation of the selectivity amplification constant
a with the rate coefficient ratio V2�V1. The solid line corre-
sponds to the estimate of Eq. (9), whereas the circles are ob-
tained from the numerical quantum solutions.

N , implying that all the particles would dissociate into the
preferred channel. We note that since the linearized model
underestimates the condensate depletion time, the numeri-
cal values of a are consistently lower than the theoretical
estimate of Eq. (9).

While the five-mode model is sufficient to produce
Bose-enhanced gain, it neglects various spatial effects. In
particular, channel losses due to the relative translational
motion of the products are not accounted for under the
assumption that energy conservation forces the reaction
products to be at rest. In fact, by imparting additional
momentum via the laser fields, such losses could be used
to increase selectivity by setting a threshold for amplifica-
tion. The population in each rearrangement channel would
be stimulated only if the respective pump rate

p
N Vj

is faster than the channel depletion. Thus, if the motion
in the AB 1 C channel is faster than in the A 1 BC
channel it will be possible to tune the laser intensity so
that only one pathway is Bose stimulated. In particular, if
A and B are atoms of similar mass mA � mB, and C is a
much lighter atom mC ø mA, mB, the A 1 BC channel
will be enhanced at much lower pump intensities than
the AB 1 C channel. Consequently, selectivity could
be attained even for V1 � V2, an issue currently under
active investigation.

By drawing an analogy from the phenomena of BEC su-
perradiance [15,16] to multichannel reactive scattering in
molecular condensates, we have shown that the selectivity
of reactive processes carried out in a quantum-degenerate
gas can be greatly amplified by collective enhancement
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effects. This selectivity is the result of interplay between
Bose enhancement, which leads to exponential growth, and
competition between modes for a finite number of initial
molecules. The effect was demonstrated using the simple
model system of two-channel photodissociation, where,
due to a small difference between the two channel rate
coefficients, population was shown to be directed by the
N-body stimulated process into the favored channel, ap-
proaching a nearly complete selectivity in the limit of large
N . In the quantum degenerate regime, it is therefore only
necessary to exert slight control over the reaction rates in
order to achieve near-total control over the reaction output.
Future work would address the question of complementary
Pauli-blocking effects when a molecular BEC is dissocia-
ted into fermionic constituents.
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