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[1] Variations in summer insolation at high northern latitudes on a timescale of 100 ka are very small. Thus a
common belief is that the pronounced 100 ka glacial cycles are not directly linked to the very weak 100 ka
insolation periodicity. Here we show, analytically and numerically, that the annual maximum (and minimum) of
daily equatorial insolation has pronounced eccentricity periodicities, with timescales of 400 ka and 100 ka,
as well as a pronounced half-precession periodicity with timescale of 11 ka. The timing of the maximum (and
minimum) annual equatorial insolation may change around the equinoxes (solstices), alternating between the
vernal and autumnal equinoxes (summer and winter solstices) where the time of the maximum (minimum)
equatorial insolation may occur up to more than 1 month from the equinoxes (solstices). We also show that when
considering the mean insolation of periods larger than 1 d, the 11 ka periodicity becomes less dominant, and it
vanishes when the averaging period is half a year; for the later case the maximum (minimum) may occur for any
day in the annual cycle. The maximum equatorial insolation may alter the timing and amplitude of the maximum
surface temperature of the summer hemisphere and in this way may drastically affect the Hadley circulation.
Changes in Hadley circulation affect the heat and moisture transport from low to high latitudes, affecting the
buildup of the high-latitude Northern Hemisphere ice sheets.
Citation: Ashkenazy, Y., and H. Gildor (2008), Timing and significance of maximum and minimum equatorial insolation,
Paleoceanography, 23, PA1206, doi:10.1029/2007PA001436.

1. Introduction
[2] The most pronounced climate phenomena over the
last 800 ka or so are glacial-interglacial oscillations, characterized by a 100 ka timescale [e.g., Imbrie et al., 1984].
Traditionally, these oscillations have been attributed to
changes in summer insolation at high northern latitudes,
where much of the ice accumulated. The insolation for a
given latitude and day in the annual cycle depends on the
orbital parameters of eccentricity, obliquity, and precession
[Adhémar, 1842; Croll, 1875; Milankovitch, 1941]. The
basic idea was that summer insolation dictated whether
snow falling during winter would survive melting during
summer and accumulate [e.g., Paillard, 2001], although
modifications have been proposed (e.g., Huybers [2006] has
suggested that melting is primarily controlled by the number
of ‘‘degree days’’). The orbital parameters have timescales of
100 ka, 40 ka, and 20 ka respectively [Milankovitch,
1941; Berger, 1978; Laskar, 1990; Laskar et al., 1993;
Rubincam, 2004]. However, changes in high-latitude insolation on the 100 ka eccentricity frequency are too weak to
explain the pronounced 100 ka periodicity of the glacialinterglacial oscillations [e.g., Imbrie et al., 1993].
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[3] There are many theories to explain glacial-interglacial
oscillations. Most fit into one of the following categories:
(1) Insolation variations drive glacial dynamics; without
insolation forcing the model’s glacial oscillations would
not exist [e.g., Berger and Loutre, 1996; Paillard, 1998].
(2) Glacial-interglacial oscillations are due to internal dynamics of the climate system and would exist even without the
insolation forcing [e.g., Saltzman and Sutera, 1984; Saltzman,
1987, 1990; Gildor and Tziperman, 2000; Ashkenazy and
Tziperman, 2004]. According to the first approach the
pronounced 100 ka periodicity of the glacial cycles is a
result of nonlinear response of the climate system to
changes in insolation. On the other hand, according to the
second approach, the role of the Milankovitch forcing is to
phase lock (i.e., set the timing) and modulate the internal,
self-sustained, glacial cycles [Tziperman et al., 2006]. The
common feature of these two main categories is that
Milankovitch forcing is not directly linked to the 100 ka
timescale of the glacial-interglacial oscillations.
[4] In recent years, attention has been directed toward the
tropics as a potential source for glacial cycles [e.g., Lindzen
and Pan, 1994; Cane, 1998; Clement et al., 1999; Kukla et
al., 2002; Lea, 2004; Timmermann et al., 2007]. Several
studies specifically investigated climate variability and
identified an 11 ka cycle in proxy records, model simulations, and insolation records [e.g., Short et al., 1991;
Hagelberg et al., 1994; Lindzen and Pan, 1994; Berger
and Loutre, 1997; Berger et al., 2006]; some of these
studies related this 11 ka periodicity to the maximum
equatorial insolation [e.g., Berger et al., 2006]. Here we
show, analytically and numerically, that the annual maximum
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Figure 1. (a) Annual equatorial insolation curves at
present, 100 ka, 200 ka, and 300 ka. Note that the pattern
of the annual equatorial insolation curves changes significantly in the past where the maximum insolation can
occur around the vernal or autumnal equinoxes with
different amplitude. (b) Same as Figure 1a for the half a
year running average insolation. See equation (14). Here,
unlike the daily insolation the maximum (minimum)
insolation does not necessarily occur around the vernal
and autumnal equinoxes (summer and winter solstices) but
can be on any date in the annual cycle. Moreover, there is
only one maximum and one minimum of the half a year
average insolation curves.
and minimum of equatorial insolations have a pronounced
100 ka timescale. Unlike the extra tropics for which the
maximum insolation occurs very close to the summer solstice
and minimum insolation occurs close to the winter solstice,
the annual maximum (minimum) equatorial insolation may
occur close to the one of the equinoxes (solstices). Because
the equatorial ocean is a major source of heat and moisture to
high latitudes [e.g., Lindzen and Pan, 1994; Lea, 2002; Kukla
and Gavin, 2004], changes in maximum (and minimum)
insolation in equatorial regions may affect development of
the high-latitude continental ice sheets.
[5] The origin of the 100 ka maximum and minimum
equatorial insolation periodicity can be explained briefly as
follows (a detailed explanation and derivation is provided in
section 2). The Sun crosses the equator twice a year, at the
autumnal and vernal equinoxes. Thus, during these dates the
equatorial insolation is expected to be maximal, causing
subannual periodicity (Figure 1). Owing to changes in the
Earth’s precession, sometimes the Earth is closest to the Sun
at the vernal equinox, leading to annual maximum equatorial insolation at that time, and sometimes at the autumnal
equinox, leading to annual maximum equatorial insolation
then. This would result in a half-precession periodicity in
the annual maximum insolation of 11 ka [Hagelberg et
al., 1994; Berger and Loutre, 1997; Berger et al., 2006].
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However, in addition, the distance between the Earth and
the Sun varies, causing a modulation of this half-precession
cycle periodicity by the eccentricity orbital parameter that
has timescales of 100 and 400 ka. As a result, one would
expect the maximum (and minimum) equatorial insolation
to vary on timescales of half of the precession periodicity
(11 ka) and eccentricity periodicities (100 and 400 ka);
below we show that the eccentricity periodicity is the
dominant one.
[6] In a recent paper, Berger et al. [2005] discussed the
origin of the 100 ka timescale in astronomical forcing; they
compared several astronomical forcing parameters to various paleoclimate records. Later, Berger et al. [2006] showed
that the difference between the maximum and minimum
equatorial insolation has pronounced eccentricity frequencies
and pronounced precession harmonics (mainly 5 ka periodicity). (The current study was submitted for publication
before the publication of Berger et al. [2006]; we became
aware of this paper in a late stage of the review processes.) In
this study we focus on the numerical and analytical properties
of the maximum and minimum equatorial insolation, both of
the daily insolation and of the time-averaged insolation.

2. Equatorial Insolation: Analytical Derivations
2.1. Background
[7] Given the orbital parameters of eccentricity (e),
obliquity (e), and precession (w), it is possible to find the
daily insolation (averaged over 24 h) at a certain latitude f
and at a certain date within the annual cycle. The year is
divided into 360 longitude degrees where a specific date in
the annual cycle is associated with a certain longitude l of
the Earth on its orbit around the Sun, measured from the
vernal equinox. For convenience we use the present-day
dates of the equinoxes and solstices (e.g., 21 March
corresponds to the vernal equinox while 21 September
corresponds to l = 180) while we note that the length of
the seasons varied in past (by several days). We also note
that one degree longitude does not necessarily span 24 h;
see equation (11) below. The daily mean insolation is given
by [Milankovitch, 1941; Berger, 1978; Berger et al., 1993;
Hartmann, 1994]
W ¼

S0 ½1 þ e cosðl  w  pÞ2
p
ð1  e2 Þ2
ðH0 sin f sin d þ cos f cos d sin H0 Þ

ð1Þ

where S0 is the solar constant, d is the declination angle
given by sin d = sin e sin l, and H0 is the hour angle at
sunrise and sunset given by cos H0 = tan f tan d. The
expression (1) is valid for latitudes f < jp/2  jdjj; above
this latitude, the insolation vanishes (polar night) or is equal
to S0 sin f sin d [1 + ecos (l  w  p)]2/(1  e2)2 (polar day).
[8] At the equator f = 0, equation (1) therefore reduces to
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Weq ¼

S0 ½1 þ e cosðl  w  pÞ2
cos d:
p
ð1  e2 Þ2

ð2Þ
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Figure 2. (a) Maximum equatorial insolation as a function of time. Black triangles pointing up represent
the times for which the difference between the second maximum and the second minimum (see Figure 1)
is less than 5 W/m2; blue triangles pointing down represent the times for which there is only one
maximum (and one minimum) in the annual equatorial insolation. Circles indicate the numerically
constructed maximum equatorial insolation, the red and green dashed lines indicate the maximum
insolation computed analytically using equations (7), (8), and (2), and the solid black line indicates the
envelope of the maximum equatorial insolation as given by equation (3). (b) Minimum equatorial
insolation as a function of time. Circles are the numerically constructed values, blue and brown dashed
lines are the analytical approximations for minimum equatorial insolation as given by equations (9), (10),
and (2), and the solid black line indicates the envelope of the minimum equatorial insolation as given by
equation (4). The shaded area in Figure 2a indicates the maximum of the curves shown in Figure 2b, and
the shaded area in Figure 2b indicates the minimum of the curves shown in Figure 2a. When the shaded
area touches the curves (either in Figure 2a or Figure 2b), there is just one maximum and minimum in the
annual cycle, since this indicates that the expected secondary minimum is equal to the expected
secondary maximum and vice versa.

Our aim is to estimate the annual maximum and minimum
daily insolation at the equator for a given time in the past;
that is, for given orbital parameters e, e, and w we wish to
find a specific l that will yield the maximum (or minimum)
insolation of the annual cycle.
2.2. Maximum and Minimum Equatorial Insolation:
Rough Estimation
[9] The maximum insolation may be estimated by assuming cos(l  w  p) = 1, and that maximum equatorial
insolation tends to occur around the vernal and autumnal
equinoxes (l = 0, p), cos d = 1. The approximated
maximum equatorial insolation is thus
Weq;max ¼

S0
pð1  eÞ2

S0
ð1 þ 2eÞ:
p

The right-hand side approximation is due to the fact that
e
1. Importantly, the estimated equatorial maximum
insolation depends only on the eccentricity orbital parameter
that has dominant frequencies with timescales of 100 ka and
400 ka (Figure 2a).
[10] We apply a similar approach to estimate the minimal
equatorial insolation within the annual cycle. To this end,
we seek a l for which equation (2) is minimum, i.e., cos(l 
w  p) = 1, and, since minimum equatorial insolation occur
around the solstices (l = p/2, 3p/2), cos d = cos e. Thus the
minimum equatorial insolation may be estimated as

ð3Þ
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Weq;min ¼

S0 cos e
p ð1 þ e Þ

2

S0 cos e
ð1  2eÞ:
p

ð4Þ
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Figure 3. Longitudes of maximum and minimum equatorial insolation as a function of time. Symbols
are as in Figure 2. The maximum and minimum insolations do not occur exactly at the vernal and
autumnal equinoxes and at the summer and winter solstices but can occur more than 1 month before or
after these dates. The analytical approximations l0,p/2,p,p/2 are given by equations (7) –(10) and fit quite
well the numerical results depicted by open and solid circles.

The estimated minimum equatorial insolation thus depends
mainly on eccentricity but also on obliquity (Figure 2a).
[11] For typical values of S0 = 1350 W/m2, e = 23.5°
(cos e 0.92) and e = 0.0046 to e = 0.049, the approximated
maximum equatorial insolation ranges from 434 W/m2
to 475 W/m2, approximately 40 W/m2 difference. This
difference is large enough to influence the climate system
dynamics. The minimum equatorial insolation ranges from
358 W/m2 for e = 0.049 to 390 W/m2 for e = 0.0046, about
30 W/m2 difference. The difference between the maximum
equatorial insolation and minimum equatorial insolation
ranges from 43 W/m2 for e = 0.0046 to 117 W/m2 for e =
0.049; see Figures 2a and 2b.

The extremes can be found by differentiating equation (5)
~
with respect to l and equating it to zero (@ W eq/@l = 0):
2eðsin l cos w  cos l sin wÞ ¼ e2 sin l cos l:

The maximum equatorial insolation occurs around the vernal
and autumnal equinoxes, l = 0 and l = p, while the minimum
equatorial insolation occurs around the summer and winter
solstices, l = p/2 and l = 3p/2. Using in equation (6) the
cosl*  sinl*(l  l*) and
approximations cosll l*
sinll l* sin l* + cos l*(l  l*) for l* = 0, p/2, p, 3p/2
we obtain the following:

2.3. Maximum and Minimum Equatorial Insolation:
An Improved Approximation
[12] It is possible to accurately estimate the maximum and
minimum equatorial insolations by taking into account the
fact that the eccentricity orbital parameter and the obliquity
angle are small, such that e
1 and sin(e) e (e is smaller
than 0.05 and e is less than 0.43 radian, 24.6°). In that case
equation (2) can be approximated as
~ eq
W

S0
p ð1  e 2 Þ2



ð6Þ


1
1  2e cosðl  wÞ  e2 sin2 l :
2
ð5Þ
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l0 ¼

sin w
þ cos w

e2
 2e

sin w
þp
2e þ cos w

lp ¼ e2

cos w
p
þ
2
þ
sin
w
2e

lp2 ¼  e2

for

for

for

l

0;

l

l

p;

p
;
2

ð7Þ

ð8Þ

ð9Þ
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Figure 4. Power spectra of (a) 21 June 65°N and equatorial insolation, (b) maximum and minimum
65°N insolation, (c) maximum and minimum equatorial insolation near the vernal and autumnal
equinoxes and near the summer and winter solstices based on equations (7) – (10) and (2), and (d) maximum
and minimum equatorial insolation. Note that pronounced eccentricity periodicities are observed only in
the last case.

lp2 ¼ 

cos w
p

þ sin w 2

e2
 2e

for

l

p
 :
2

ð10Þ

Once the different ‘‘dates’’ for the maximum and minimum
insolation are approximated it is possible to insert these l
values into equation (2) to obtain the maximum and
minimal equatorial insolations (see Figures 2 and 3).
[13] The annual cycle of equatorial insolation usually has
two maximum and two minimum values. The expressions
above provide these values at high accuracy where the
insolation curves associated with these l values have the
precession periodicity (Figures 2 and 3). However, a more
relevant measure may be the absolute maximum and minimum insolation in the annual cycle. In that case, for
example, the longitude of the absolute maximum may
switch from around the vernal equinox (l
0) to around
the autumnal equinox (l p/2), where this switching has a
periodicity of half of the precession cycle. Then, the
eccentricity parameter will also be dominant, yielding
pronounced 100 ka and 400 ka periodicities (Figure 4); in
addition, the precession timescale will be replaced by a halfprecession timescale.
2.4. Maximum and Minimum Equatorial Insolation:
Time Average
[14] Heat and moisture transport from low to high latitudes are likely to influence the development of highlatitude ice sheets [Lindzen and Pan, 1994; Kukla and
Gavin, 2004]. These are not likely to be dictated by a single
day’s insolation but rather by the average insolation over

several months, a time period that can change the tropical
sea surface temperature and seasonality.
[15] To evaluate the average insolation of a certain time
period within the annual cycle, it is necessary to calculate
(1) the time lapse between the desired longitudes (measured
from the vernal equinox) based on Kepler’s second law and
(2) the total insolation within this time period of the annual
cycle. The derivative of the time lapse, t, with respect to the
longitude, l is given by [Milankovitch, 1941; Hartmann,
1994]
2

dt
ð1  e2 Þ
1
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
dl
1  e ð1 þ e cosðl  w  pÞÞ2

3=2
1  e2
ð1 þ 2e cosðl  wÞÞ:

ð11Þ

The time lapse between longitude l*  Dl to l* + Dl is
thus
Z l*þDl
dt
dl
T ¼
dl
l*Dl

3=2
2 1  e2
ðDl þ 2e sin Dl cosðl*  wÞÞ:

ð12Þ

The total insolation between longitude l*  Dl to l* + Dl
using equation (2) is
Z l*þDl
l*Dl
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Weq

dt
dl
dl




S0
e2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ 2Dl 1 
4
p 1  e2

2
e
þ cos 2l* sin 2Dl :
4

ð13Þ

ASHKENAZY AND GILDOR: MAXIMUM AND MINIMUM EQUATORIAL INSOLATION

PA1206

(Note that total insolation between any two longitudes is
independent of precession [e.g., Milankovitch, 1941; Loutre
et al., 2004; Paillard, 2001; Huybers, 2006]). Thus the
average insolation between longitude l*  Dl and l* + Dl is
W eq ¼

Z
1 l*þDl

Weq

dt
dl
dl

l*Dl




2

ð14Þ

When Dl
1 (daily average insolation), equation (14)
reduces to equation (5), since in that case sin Dl/Dl ! 1.
[16] As in the previous subsection, to find the maximum
and minimum of the equatorial time averaged insolation it is
necessary to differentiate W eq with respect to l* and to
equate it to zero (@W eq/@l* = 0). The equation to be solved is
2e

The minimum of the average equatorial insolation occurs for
cos(l*  w) = 1 (or l* = w) and is
W eq;min

S0

pð1  e2 Þ2

e
sin 2Dl
1
 1þ
cos 2l*
2Dl
4


sin Dl
 2e
cos l*  w :
Dl
T

sin Dl
ðsin l* cos w  cos l* sin wÞ
Dl
sin 2Dl
¼ e2
sin l* cos l*:
2Dl

ð15Þ

This equation is similar to equation (6) and the l*0,p,±p/2 for
equation2 (15) are the same as in equations
(7) – (10) where the
e
e2
should be replaced by (2e
) cos Dl. Then these
factor 2e
l*0,p,±p/2 should be used in equation (14) to find the maxima
and minima of the averaged equatorial insolation.
[17] When averaging over a longer period in the annual
Dl
becomes smaller and
cycle (i.e., larger Dl), the factor sinDl
smaller, and thus the contribution of the precession orbital
parameter in cos(l*  w) in equation (14) also becomes
smaller. Using the average insolation over a period of
several months may better represent the ocean because of its
large heat capacity; the oceans act to ‘‘integrate’’ the effect
of insolation over many days. For the special case of 6
months averaging period (Dl = p/2), the average insolation
over the time period between l*  p/2 to l* + p/2
(equation (14)) is



p
S0
e2 4e
¼
cos
ð
l*

w
Þ
:
W eq Dl ¼
1


2
p
4
p ð1  e 2 Þ2
ð16Þ
In this case the maximum of the average equatorial insolation
occurs for cos(l*  w) = 1 (or l* = w + p) and is



p
S0
e2 4e
¼
W eq;max Dl ¼
1 þ
2
p
4
p ð1  e 2 Þ2


2
e
S0 1 
4
:
2
2
ð1  e Þ ðp  4eÞ

ð17Þ
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p
S0
e2 4e
Dl ¼
1 
¼
4
2
p
pð1  e2 Þ2


2
e
S0 1 
4
:
ð1  e2 Þ2 ðp þ 4eÞ

ð18Þ

Unlike the daily insolation, for the half a year average
equatorial insolation there is only one annual maximum and
minimum where the relative phase between these two is half a
year (Figure 1b). Since the Earth’s position with respect to the
perihelion, n, is n = l  w  p [Berger, 1978; Berger et al.,
1993], the maximum of the half a year average equatorial
insolation occurs for l* that coincides with the perihelion
(the point on the Earth’s orbit that is the closest to the Sun),
while the minimum of the half a year average equatorial
insolation occurs for l* that coincides with the aphelion (the
point on the Earth’s orbit that is the farthest from the Sun).
[18] Thus the maximum and minimum of the half a year
average equatorial insolation depend mainly on the eccentricity orbital parameter and are independent of the precession parameter. We thus expect the maximum and minimum
of the half a year equatorial insolation to have pronounced
400 ka and 100 ka timescales (eccentricity timescales), a
weaker 40 ka timescale (obliquity timescale), and no 20 ka
or 11ka timescale (semiprecession timescale) (Figures 5
and 6).

3. Equatorial Insolation: Results
[19] One of the differences between the tropics and the
extratropics is that the Sun crosses the equator twice a year
causing maximum insolation around the vernal and autumnal equinoxes and minimum insolation around the summer
and winter solstices. On the other hand, in the NH (SH)
extra tropics, maximum insolation occurs around the summer (winter) solstice while minimum insolation occurs
around the winter (summer) solstice. In Figure 1a we show
the equatorial annual cycle of insolation during the present,
100 ka ago, 200 ka, and 300 ka. The maximum insolation
around the vernal equinox is sometimes larger than the
maximum insolation around the autumnal equinox and vice
versa. Moreover, in some cases there is just one maximum
and minimum in the annual cycle of the equatorial insolation. This occurred, for example, 200 ka, where there was
only one maximum insolation around the vernal equinox
and only one minimum insolation around the winter solstice.
[20] The case of the half-year (running) average is different consistently with only one maximum and one minimum
during the year. However, the maximum and minimum
insolations can occur at any date in the annual cycle (see
Figure 1b) in contrast to the extratropics, where they occur
close to the summer and winter solstices.
[21] In order to understand more deeply the changes in the
maximum equatorial insolation we show in Figure 2a (1) the
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Figure 5. (a) Maximum and minimum of the half a year equatorial insolation mean. The solid and
dashed lines are the approximations given by equations (17) and (18), respectively, and the circles and
squares are the numerically constructed maximum and minimum values, respectively, of the half a year
equatorial mean insolation. Unlike the maximum and minimum equatorial insolation that exhibits halfprecession variability, here only the slow eccentricity variability is dominant. (b) Longitudes of the
maximum and minimum half a year equatorial insolation mean. Symbols are as in Figure 5a. Here the
dates (longitudes) at which the maximum and minimum occur span the entire annual cycle and do not
necessarily occur around the equinoxes and the solstices.

numerically extracted maximal equatorial insolation curves,
(2) the maximum equatorial insolation around the vernal
and autumnal equinox, and (3) the ‘‘envelope’’ of the
maximum insolation (equation (3)). The agreement between
the ‘‘numerically’’ extracted maximum equatorial insolation
and those given by equations (2), (7), and (8) is very good
and supports the approximations that were assumed to
derive these expressions. The maximum insolation that
occurs around the vernal and autumnal equinoxes has the
timescales of the precession orbital parameter (i.e., 19 and
23 ka), where these two curves have a relative phase of half
of the precession cycle, approximately 11 ka. Thus, when
considering just the maximal value of these two, a periodicity of 11 ka is expected. These 11 ka cycles are
modulated by the much slower frequency of the eccentricity
forcing as given by equation (3) and depicted in Figure 2a.
Note that the obliquity frequency of 40 ka does not play
any role here.
[22] We also plot the insolation curves of minimum
insolation (Figure 2b) in a similar way to the maximum
insolation which is plotted in Figure 2a. The minimal
equatorial curves have similar features as the maximum
equatorial curves depicted in Figure 2a. The notable difference is that the envelope of the minimal insolation has a
timescale of the obliquity orbital parameter that is given by
equation (4). Still, this obliquity timescale of 40 ka is not
pronounced and the dominant frequencies are that of the
eccentricity (400 and 100 ka) and precession (23 and 19 ka)
orbital parameters.

[23] Although the Sun crosses the equator twice a year,
the equatorial insolation curves do not always have two
minimum and two maximum insolation points in the annual
cycles. This happens when the approximated minimum
insolation given by equations (2), (9), and (10) is larger
than the approximated maximum insolation given by equations (2), (7), and (8). We denoted these times by a blue
triangle pointed down in Figure 2a, and it is clear that such
situations occur when the eccentricity orbital parameter is
large (e.g., the time period between 240 ka and 183 ka);
there are 55 such points in the time interval between 400 ka
to present. (When the eccentricity parameter is large, the
Earth may be sufficiently far from the Sun during the
equinoxes (at which the equatorial insolation is expected
to be maximal), weakening the insolation compares to other
dates in the annual cycle.)
[24] In Figure 3, we plot the longitudes of the Earth
relative to the vernal equinox at which the maximum and
minimum insolations occur. Also here the agreement between the longitudes given by equations (7) – (10) is very
close to the ones numerically constructed by locating the
maximum and minimum equatorial insolation from the
annual insolation curves. It is also clear that the maximum
equatorial insolation does indeed occur around the vernal
and autumnal equinoxes while the minimum equatorial
insolation occurs around the summer and winter solstices;
the deviations may be as large as 1 and a half months.
[25] To demonstrate the difference between the insolation
at the equatorial region and the nonequatorial regions, we
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Figure 6. Power spectra of the maximum and minimum
equatorial insolation for (a) 2 months mean (Dl = p/6),
(b) 4 months mean (Dl = p/3), and (c) 6 months mean
(Dl = p/2). As the averaging period becomes larger, the
half-precession periodicity (11 ka) weakens.

plotted the power frequency spectra of different insolation
curves. In Figure 4a we plotted the power spectrum of the
insolation curve of the summer solstice at 65 °N and at the
equator. In both curves the eccentricity frequency of 100 ka
is very weak. However, while for 65°N there is a significant
obliquity frequency of 40 ka it is much weaker at the
equator; note that the annual mean equatorial insolation has
a dominant obliquity periodicity with variability of several
W/m2. The maximum insolation at 65°N presented in
Figure 4b has almost the same power spectrum as in
Figure 4a; this similarity is expected since the maximum
insolation at 65°N occurs very close to the summer solstice.
On the other hand, as expected, the minimum insolation at
65°N has very weak power with a dominant obliquity
frequency. In Figure 4c we present the power spectra of
the equatorial insolation curves given by equations (2) and
(7) – (10). Also here as in Figure 4a the dominant frequency
is the precession frequency; nevertheless, the frequency
associated with the obliquity and eccentricity orbital parameters starts to emerge. The pronounced precession frequency
is due to the oscillatory behavior of these curves as shown in
Figure 2a. It is only when considering the maximum and
minimum of equatorial insolation that the eccentricity
frequencies become the dominant ones (Figure 4d). In this
case the precession frequencies are replaced by double their
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values, with a timescale of 11 ka instead of 20 ka. The
minimum equatorial insolation curve also has the obliquity
frequency (equations 3 and 4).
[26] As discussed in section 2.4, if changes in equatorial
maximum annual insolation impact glacial dynamics, it is
more likely to be a time averaging effect. In Figure 5a we
present the maximum (and minimum) of the half a year
average equatorial insolation. It is notable that these curves
slowly varied with timescales of the eccentricity orbital
parameter, as expected from equations (17) and (18); they
are somehow parallel to the envelope curves presented in
Figures 2a and 2b. In Figure 5b we present the longitudes
measured from the vernal equinox at which the half a year
equatorial insolation is maximal and minimal. Unlike
Figure 3, the maximal and minimal insolation longitudes
span all longitude values and do not necessarily occur
around the equinoxes and solstices. In Figure 6 we demonstrate the effect of averaging on the structure of the power
spectra of the maximum and minimum insolation curves. As
the averaging period becomes larger the periodicities associated with half of the precession frequencies become
weaker until they totally disappear for half a year averaging
(Figure 6c).
[27] Visual comparison between model and proxy data for
glacial dynamics is not necessarily the right approach to
validating climate models because models with very different underlying mechanisms have demonstrated a good
correspondence with paleoclimate records [Tziperman et
al., 2006]. Still, it is possible to gain some understanding
from such a comparison. In Figure 7 we present the
SPECMAP d 18O record [Imbrie et al., 1984] (which is
mainly a proxy for ice volume) together with the updated
stacked benthic foraminiferal d 18 O record (LR04) of
Lisiecki and Raymo [2005] and the daily (Figure 2a) and
semiannual (Figure 5a) averaged maximum equatorial insolation curves. There are several observations worth
noting. First the slow modulations of both proxy data
and the maximum equatorial insolation curve fluctuate in
a similar manner. This observation might be related to the
fact that the proxy (SPECMAP) data age model is
orbitally tuned to the obliquity and precession orbital
parameters; the precession orbital parameter (e sin w) also
takes into account the eccentricity to which the maximum
insolation seems to match. Second, the 11 ka oscillations
of the daily equatorial maximum insolation are not found
in the proxy data, which have precession oscillation of
20 ka. However, other paleoclimate records do show
sub-Milankovitch periodicities [Hagelberg et al., 1994]
although these are most probably due to the nonlinear
nature of the climate system where the reported 11 ka
variability is most probably an harmonic of the precession
periodicity and thus most probably not related to the
annual maximum daily equatorial insolation (shown in
Figure 7a). On the other hand, the annual maximum of
the half a year averaged equatorial insolation (shown in
Figure 7b) has neither the precession periodicity nor half
of the periodicity frequency. This fact suggests that maximum insolation cannot be the only force that drives
glacial dynamics and that of course other processes should
be considered. Third, the relatively weak maximum equa-

8 of 11

ASHKENAZY AND GILDOR: MAXIMUM AND MINIMUM EQUATORIAL INSOLATION

PA1206

PA1206

Figure 7. (a) Comparison of maximum equatorial insolation (from Figure 2a) with SPECMAP data (red
line) and LR04 data [Lisiecki and Raymo, 2005] (green line). (b) Same as Figure 7a for the half a year
mean equatorial insolation curves shown in Figure 5.
torial insolation at present and at 400 ka do not match the
pronounced interglacial at that time (the so-called 400 ka
problem [Paillard, 2001]). Forth, while glacial-interglacial
oscillations are asymmetric (long glaciation followed by
rapid termination), the maximum insolation curves are
symmetric. All these facts suggest that even if the maximum and minimum equatorial insolations are linked to the
100 ka glacial-interglacial oscillations timescale, other
processes have to be invoked to explain the characteristics
of the proxy data.

4. Discussion
[28] In what ways may the variations in maximum and
minimum equatorial insolation affect glacial dynamics?
[29] The precipitation-temperature feedback [Källén et
al., 1979; Ghil, 1994] suggests that the increase in accumulation rate of snow over land glaciers due to a temperature increase outweighs the corresponding increase in
ablation and melting. The favorable condition will be
warmer low latitudes during Northern Hemisphere winter
in order to enhance evaporation, and cold conditions at high
latitude so precipitation will fall as snow and not in the form
of rain [Gildor, 2003; Kukla and Gavin, 2005]. Warmer low
latitudes and colder high latitudes, i.e., larger meridional
temperature gradient, also expect to increase the meridional
moisture transport, either via increased Hadley circulation
or more intense eddy activity [Manabe and Broccoli, 1985;
Hall et al., 1996; Kukla and Gavin, 2005; Tziperman and
Gildor, 2003]. It is possible to try and estimate the expected
effect using the results of numerous recent studies. A recent
study [Wentz et al., 2007] suggested an increase of a few

percents in the total amount of water vapor in the atmosphere per degree of warming. Because the tropics cover
half of the globe, an increase in tropical temperature
resulting from an increase in maximum equatorial insolation, will lead to more evaporation and eventually more
precipitation. The moisture transport depends on the intensity of the Hadley circulation and on the midlatitude eddy
activity. The Hadley circulation varies seasonally where the
rising motion is in the summer hemisphere with meridional
transport to the winter hemisphere. The seasonal mass
200 Sv
transport is approximately 2  1011 kg/s
[Peixoto and Oort, 1991], about 10 times larger than the
Atlantic ocean meridional overturning circulation. Following Held and Hou [1980], Lindzen and Hou [1988] studied
the effect of seasonality on the strength of Hadley circulation and concluded ‘‘that moving the peak heating even
2 degrees off the equator leads to profound asymmetries in
the Hadley circulation, with winter cell amplifying greatly
and the summer cell becoming negligible.’’ This led
Lindzen and Pan [1994] to associate glacial dynamics
via insolation forcing to changes in the location of the
maximum temperature off the equator; the precession of
the equinoxes may vary the Hadley circulation intensity
‘‘by a factor of 2.’’ Later, Dima and Wallace [2003] and
Walker and Schneider [2005] suggested that the seasonal
effects of the Hadley circulation are more moderate. Hou
and Lindzen [1992] found that latitudinal heating concentration may intensify the Hadley circulation ‘‘by up to a
factor of 5.’’ The joint effect of increase in mean temperature and the meridional temperature gradient on the
poleward moisture and heat transport was also estimated
by Caballero and Langen [2005]. In the present state of
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the climate system, an increase in mean temperature and/or
meridional temperature gradient will significantly increase
meridional heat and moisture transport.
[30] The above studies suggest that relatively small
changes in the pattern of the maximum zonally averaged
tropical temperature may result in drastic changes in Hadley
circulation. It is plausible that as maximum equatorial
insolation increases, the timing and concentration of the
maximum zonally averaged temperature will change in
accord, which will drastically affect the intensity of the
winter cell Hadley circulation. Changes in Hadley circulation intensity may increase the midlatitude cyclone activity
which acts to moderate the meridional temperature gradient
and hence affects the buildup and melting of the high
northern latitude ice sheets. Together with other mechanisms,
the maximum equatorial insolation thus may lead to the
glacial-interglacial oscillations and to the 100 ka timescale.
[31] The equatorial region plays an important role in
climate dynamics and may affect glacial dynamics as well
[Cane, 1998]. Among other phenomena unique to the
equatorial region (like the El Niño) are changes in equatorial insolation. Unlike high latitudes, where maximum
insolation occurs around the summer solstice and minimum
insolation occurs around the winter solstice, the insolation at
the equator is sometimes maximal around the vernal equinox, sometimes maximal around the autumnal equinox,
sometimes with only one annual maximum and one annual
minimum, and sometimes with two similar maxima and two
similar minima in an annual cycle. This behavior is characterized by periodicities of 400, 100 and 11 ka. We have
developed analytical expressions to describe the maximum
and minimum equatorial insolation.
[32] We have also shown that when dealing with the
maximum and minimum of the time averaged equatorial
insolation, the half-precession periodicity becomes weaker
and weaker and that it disappears for the maximum and
minimum of the half a year equatorial insolation. It is more
likely that the time mean equatorial insolation affects largescale climate dynamics because SST would not respond
immediately to daily insolation changes. Thus the halfprecession cycle periodicity will not be pronounced in proxy
records in part because of the response time of the ocean
surface and in part because of other climate feedbacks.
[33] The direct effect of changing tropical insolation may
be the warming or cooling of SST. This may stimulate

PA1206

various processes in the climate system that compete with
each other and eventually cause changes in high latitudes as
well. For example, the tropics, and especially the western
Pacific, are a ‘‘heat engine’’ [Lea, 2002] and moisture
source to high latitudes. The warm pool in the western
equatorial Pacific has the highest SST of the ocean and is
characterized by a substantial amount of warming transferred to high latitudes by atmospheric processes [Peixoto
and Oort, 1991]. Alternation of this heat/moisture source
may affect the buildup and melting of the large Northern
Hemisphere (NH) continental ice sheets [e.g., Lindzen and
Pan, 1994; Kukla and Gavin, 2004, 2005]. Variations in the
maximum and minimum equatorial insolation may also
affect ENSO and its frequency [Cane, 1998; Brönnimann
et al., 2004; Kukla et al., 2002; Kukla and Gavin, 2005]. In
addition, equatorial heat is carried to higher latitudes via the
western boundary currents (the Gulf stream and the Kuroshio current) and the thermohaline (overturning) circulation. These two may affect each other through various
feedback mechanisms [Pasquero and Tziperman, 2004].
Similarly, the monsoons, the Hadley cell circulation, and
the meridional wind pattern may be changed as the maximum (and minimum) equatorial insolation changes and in
this way to affect glacial dynamics. Further studies are
needed to explore in more detail the potential effect of the
annual maximum and minimum equatorial insolation on the
climate system and on glacial dynamics.
[34] Various mechanisms have been proposed to explain
the glacial-interglacial oscillations of the last 800 ka. The
common feature is that the 100 ka glacial cycle is not
directly caused by insolation changes. Here we suggest that
the 100 ka cycle might be linked to the annual maximum
and minimum equatorial insolation. Even in this case,
however, other feedbacks and mechanisms have to be
included in order to explain the characteristics of the glacial
cycles, such as the asymmetry of glacial-interglacial oscillation (rapid deglaciation that is followed by slow glaciation)
and the presence of a precession timescale in proxy records.
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