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Abstract. Mathematical models of sand dune dynamics have considered3

different types of sand dune cover. However, despite the important role of4

psammophilous plants (plants that flourish in moving sand environments)5

in dune dynamics, incorporation of their dynamics in mathematical mod-6

els of sand dunes is still a challenging task. Here, we propose a nonlinear phys-7

ical model for the role of psammophilous plants in the dynamics of sand dunes.8

The model exhibits complex bifurcation diagrams and dynamics, which ex-9

plain observed phenomena, and predicts new dune stabilization scenarios.10

There are two main mechanisms by which the wind affects these plants: (i)11

sand drift results in the burial and exposure of plants, a process that is known12

to result in an enhanced growth rate; and (ii) strong winds blow off shoots13

and rhizomes and seed them in nearby locations, enhancing their growth rate.14

Our model describes the dynamics of the fractions of surface cover of reg-15

ular vegetation, biogenic soil crust and psammophilous plants. The latter reach16

their optimal growth under (i) specific sand drift or (ii) specific wind power.17

Depending on the climatological conditions, it is possible to obtain one, two,18

or, predicted here for the first time, three stable dune states. Our model shows19

that the dynamics of the different cover types depend on the precipitation20

rate and the wind power and it is not always that the psammophilous plants21

are the first to grow and stabilize the dunes.22
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1. Introduction

The dynamics of sand dunes has been studied extensively in the framework of math-23

ematical/physical modeling [Bagnold , 1941; Kok et al., 2012]. The complexity of their24

patterns and dynamics, due to physical processes in many temporal and spatial scales,25

poses a great challenge to modelers. Models for sand dynamics include processes at26

a broad range of scales: the grain scale [Anderson and Haff , 1988; Forrest and Haff ,27

1992; Landry and Werner , 1994], the scale of meters (ripples and Mega ripples) [Ander-28

son, 1987; Forrest and Haff , 1992; Landry and Werner , 1994; Prigozhin, 1999; Yizhaq ,29

2005, 2008], the scale of tenths of meters (sand blowouts) [Gares , 1995], the dune scale30

(scale of hundreds of meters, different dune types such as barchan, linear, parabolic etc.)31

[Bagnold , 1941; Andreotti et al., 2002; Durán and Herrmann, 2006; de M. Luna et al.,32

2009; Reitz et al., 2010; Nield and Baas , 2008] and mean field models of sand dune covers33

(scale of kilometers) [Yizhaq et al., 2007, 2013]. These models are interesting not only34

from the physical/mathematical point of view but they are also important from ecological,35

economical and climatological points of view.36

Sand dunes cover vast areas in arid and coastal regions [∼ 10%, Pye, 1982; Pye and37

Tsoar , 1990; Thomas and Wiggs , 2008] and are considered to be an important component38

of geomorphological [Bagnold , 1941] and ecological [Tsoar , 2008; Veste et al., 2001] sys-39

tems. On one hand, active sand dunes are a threat to humans [Dong et al., 2005; Khalaf40

and Al-Ajmi , 1993], while, on the other hand, they are associated with unique ecosystems41

that increase biodiversity [Shanas et al., 2006] and thus are important to humans. Human42

activities can affect sand dune ecosystems [Tsoar , 2008; Veste et al., 2001]. Sand dunes43
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may be sensitive to climate change [Thomas et al., 2005; Ashkenazy et al., 2012], and it44

has been claimed that they influence the climate system through changes in their albedo45

[Otterman, 1974; Charney et al., 1975].46

The wind is the main driving force of sand dunes [Tsoar , 2005]. The migration rate of47

sand dunes is proportional to the wind power, which is a nonlinear function of the wind48

speed [Fryberger and Dean, 1979]. Thus, in many areas, dunes mainly migrate during49

a small number of extreme wind events. Dunes may be stabilized by vegetation and/or50

biogenic soil crust (BSC) [Danin et al., 1989]; since vegetation can only exist above a51

certain precipitation threshold [typically ∼ 50mm/yr, Tsoar , 2005], sand dune dynamics52

and activity in arid regions are strongly affected by the precipitation rate.53

Many experimental [Bagnold , 1941; Fryberger and Dean, 1979; Pye and Tsoar , 1990] and54

theoretical [Bagnold , 1941; Andreotti et al., 2002; Durán and Herrmann, 2006; de M. Luna55

et al., 2009; Reitz et al., 2010; Nield and Baas , 2008; Kok et al., 2012] works have been56

devoted to uncovering the mechanisms behind the geomorphology of sand dunes. Most57

of these models focused on the dune patterns and their corresponding scaling laws, on58

dune formation, and on the transition from one type of dune to another. These mathe-59

matical/ physical models usually require a long integration time, therefore only enabling60

the simulations of relatively small dune fields. An alternative approach is to model the61

vegetation and BSC cover of the dunes, ignoring dune patterns and 3D dune dynamics,62

and to determine dune stability (active or fixed) according to the fraction of vegetation63

and BSC cover; bare dunes are active, while vegetated and/or BSC covered dunes are64

fixed [Yizhaq et al., 2007, 2009; Kinast et al., 2013; Yizhaq et al., 2013]. Such models65

require a relatively short computation time and have been used to explain the bi-stability66
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of active and fixed dunes under similar climatic conditions. In addition, it is possible to67

model the development of a 2D vegetation cover by considering the spatial effect of the68

wind and the diffusion of vegetation [Yizhaq et al., 2013]. Both observations [Veste et al.,69

2001] and models [Kinast et al., 2013] indicate that BSC plays an important role in dune70

stabilization in arid regions with relatively weak winds.71

The movement of windblown sand is a stress to “regular” vegetation (hereafter “veg-72

etation”). Some species have evolved to tolerate, and even flourish in, moving-sand en-73

vironments. These plants are called “psammophilous plants” [Danin, 1991, 1996; Maun,74

2009]. Psammophilous plants have developed several physiological mechanisms to survive75

and benefit from sand drift. Here, we focus on the following interactions of these plants76

with sand drift: i) exposure of previously buried plants due to sand movement, thereby77

increasing their photosynthesis and their growth rates [Danin, 1991, 1996; Maun, 2009];78

ii) burial of plants or some of their shoots by the windblown sand; some plants that79

have adapted to the sandy environment respond to burial with a short-term decrease in80

function and growth followed by an enhanced growth rate and function. This increase81

in growth rate and function are more common when the burial is temporary [Zhang and82

Maun, 1990, 1992; Wagner , 1964; Mart́ınez and Moreno-Casasola, 1996; Maun, 2009].83

The most likely origin of the enhanced aboveground growth is the increased root mass84

due to the burial [Cheplick and Grandstaff , 1997; Perumal and Maun, 2006; Maun, 2009]85

; iii) tearing of shoots by the wind and their burial by the sand; in some of these plants,86

this is the mechanism that enhances the growth through the development of new plants87

from the spread shoots [Wallen, 1980]. The effects of the exposure and burial (interactions88

(i) and (ii) above), whose rate of occurrence and efficiency are determined by the actual89
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sand drift, will be referred to as mechanism I, and the more direct effects of the wind90

(interaction (iii) above), whose rate of occurrence and efficiency are determined by the91

drift potential, will be referred to as mechanism II. We note that this is an oversimplified92

classification of the interactions of psammophilous plants with the wind and the sand93

drift.94

Psammophilous plants play an important role in dune stabilization. Due to their adap-95

tation to moving-sand environments, they are the first to develop (under suitable envi-96

ronmental conditions) in bare and active sand dunes [Danin, 1996; Maun, 2009; Moreno-97

Casasola, 1986; Maun, 1998; Mart́ınez et al., 2001; Maun, 2009]. Once a sufficiently98

dense psammophilous plant cover is established, the sand movement is reduced accord-99

ingly, enabling the development of vegetation and BSC. This development further reduces100

the sand activity, suppressing the growth of psammophilous plants, and further enhanc-101

ing the growth of vegetation and BSC. This process may continue until the dunes become102

fixed and reach a steady state associated with the environmental conditions. Despite their103

important role in dune stabilization, only a few studies [Baas and Nield , 2010; Eastwood104

et al., 2011] have incorporated the dynamics of psammophilous plants into mathematical105

models of sand dunes.106

The major goal of this study is to investigate the dynamics of psammophilous plants107

on sand dunes when coupled to vegetation and BSC dynamics. Our model neglects a108

continuous supply of sand and only accounts for sand drift. Therefore, we expect the109

model to be valid in desert dunes and coastal dunes in which the in-flux is small. Our110

model differs significantly from other models that consider the growth rate of the psam-111

mophilous plants to depend on the overall sand flux rather than on the sand drift [Baas112
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and Nield , 2010; Eastwood et al., 2011]. The model suggested below is a natural exten-113

sion of the model of Yizhaq et al. [2007] and others [Yizhaq et al., 2009; Kinast et al.,114

2013; Yizhaq et al., 2009]. The model describes the development of vegetation, BSC, and115

psammophilous plants on sand dunes, taking into account the effects of the wind and the116

precipitation. We suggest two ways to model psammophilous plants. The first approach117

aims to describe “mechanism I,” in which the growth of the psammophilous plants is118

optimal under a specified sand flux. The second approach describes “mechanism II,” in119

which psammophilous plants reach their optimal growth under a specified optimal wind120

power (or drift potential, defined below). The setup of the models of mechanisms I and II121

is different, since the drift potential, used to model the optimal growth due to mechanism122

II, is not affected by the actual dune cover, while the sand flux that is used to model123

mechanism I is strongly affected by the dune cover. The modeling of mechanism I yielded124

a richer bifurcation diagram (steady states map) compared to the modeling of mechanism125

II. Both modeling approaches show that for some climatic conditions (a region in the126

drift potential and precipitation rate parameter space), the psammophilous plants act as127

pioneers in colonizing sand dunes, followed by vegetation and/or BSC that dominates the128

sand dune cover toward its stabilization. This dynamics is in agreement with the scenario129

suggested by [Danin, 1996; Maun, 2009].130

2. The Model

Our model for psammophilous plants (coupled to vegetation and BSC) follows previously131

suggested mean field models [Yizhaq et al., 2007, 2009;Kinast et al., 2013] for the dynamics132

of vegetation and BSC cover of sand dunes. The dynamical variables in our model are the133

fractions of regular vegetation cover, v, BSC cover, b, and psammophilous plant cover,134
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vp, where vp is a new variable added to the model described in [Kinast et al., 2013]. The135

model considered here does not account for the geomorphology of the sand dunes and136

adopts a very simplified view of the various interactions involved in sand dune dynamics137

(see, for example, the much more complicated models considered in [Baas and Nield , 2010;138

Eastwood et al., 2011] and references therein). However, its simplicity and the relatively139

small number of variables and parameters offer an excellent opportunity to understand140

different mechanisms of large-scale dune stabilization and activation by varying climatic141

conditions.142

The effects considered in the previous models [Yizhaq et al., 2007, 2009; Kinast et al.,

2013], as well as in this model, may be divided into three categories: effects that are

not related to the wind, effects that are directly related to the wind, and effects that are

indirectly related to the wind (representing aeolian effects). The effects that are not related

to the wind include the growth and mortality of the different cover types. We assume a

logistic type growth [Baudena et al., 2007]. The logistic growth is a simple mathematical

formulation of the fact that small population growth rate is independent of the population

density, while at higher population density, the growth rate diminishes as the population

density approaches the carrying capacity of the ecosystem. The natural growth rate,

αj (p) (j stands for the cover type, either b, v or vp), depends on the precipitation rate, p;

for simplicity and consistency with previous works, we adopt the form of [Yizhaq et al.,

2007, 2009; Kinast et al., 2013; Yizhaq et al., 2013],

αj (p) ≡ α maxj

(

1− exp

(
p− p minj

cj

))

j ∈ {v, vp, b} . (1)

α maxj is the maximal growth rate of the j’th cover type. This maximal growth rate143

is achieved when the precipitation rate, p, is high enough not to be a growth limiting144
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factor and when the other climatic conditions are optimal. In addition, we consider the145

spontaneous growth of the cover types (growth occurring even in bare dunes) due to effects146

not modeled here, such as the soil seed bank, underground roots and seed dispersal by147

the wind and animals. These effects are characterized by spontaneous growth rates, ηj.148

The wind-independent mortality is accounted for by an effective mortality rate for each149

cover type, µj.150

In modeling the direct and indirect effects of the wind, we use the wind drift potential,

Dp, as a measure of the wind power [Fryberger and Dean, 1979]; Dp is linearly proportional

to the sand drift. The wind drift potential is defined as

Dp ≡ ⟨U2 (U − Ut)⟩, (2)

where U is the wind speed (at 10m height above the ground) measured in knots (1knot =151

0.514m/s), Ut = 12knots is the threshold wind speed necessary for sand transport, and152

the ⟨·⟩ denotes a time average. When the wind speed, U , is measured in knots, Dp is153

measured in vector units, V U . Dp provides only the potential value of sand drift; in the154

case of unidirectional wind, it coincides with the resultant wind drift potential (RDP),155

which also takes into account the wind direction. Here, we assume that the winds are156

unidirectional and use Dp instead of RDP.157

Two important, direct and indirect, wind effects are considered in our model. The158

direct damage/mortality by the wind is proportional to the square of the wind speed159

(which is proportional to the wind stress) [Frederiksen et al., 2006]. For simplicity, and in160

order to minimize the number of the parameters in the model, we assume that the direct161

damage by the wind is proportional to D2/3
p [Fryrear and Downes , 1975] which is a good162

approximation of the wind stress. The indirect wind effect is the movement of windblown163
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sand–that is, sand drift. The sand drift is equal to the drift potential multiplied by164

the amount of sand multiplied by a function, g(v, vp), which accounts for the sand-drift165

shading by the vegetation [Lee and Soliman, 1977; Wolfe and Nickling , 1993]. The sand-166

drift shading function is assumed to be a step-like function that, above some critical value167

of the vegetation cover, vc, drops to zero, while for values of the vegetation cover much168

lower than vc, it obtains its maximal value, 1 [Lee and Soliman, 1977]. For simplicity,169

it is assumed that g(v, vp) is a function of the difference between the actual fraction of170

vegetation cover, v + vp, and the critical value vc. In the previous models [Yizhaq et al.,171

2007, 2009; Kinast et al., 2013; Yizhaq et al., 2013], the sand drift was considered as172

a damaging effect, increasing the mortality of regular vegetation and BSC due to root173

exposure and aboveground biomass burial by the sand.174

Here, we focus on the role of psammophilous plants, and therefore, we consider their175

cover fraction, vp, as an additional dynamical variable with a unique interaction with the176

sand drift. The psammophilous plants reach their maximal growth rate under optimal177

sand drift [Danin, 1996; Maun, 2009, 1998; Mart́ınez et al., 2001], providing them with178

the necessary rate of sand cover and/or exposure and branch/leaf seeding (the two mech-179

anisms described in the introduction). These unusual optimal conditions yield a different180

dynamics of psammophilous plants. This dynamics, when coupled with the dynamics of181

the regular vegetation and BSC, leads to interesting and complex bifurcation diagrams182

(steady states) of the sand dunes and their cover types. The complete set of equations183

describing the dynamics of the sand dune cover types is:184

∂tv = αv (p) (v + ηv) s− γvD
2/3
p v − ϵvvD − µvv, (3)

∂tvp = αvp (p)
(
vp + ηvp

)
s− γvpD

2/3
p vp − ϵvpvpfi (Dp, v, b, vp)− µvpvp, (4)
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∂tb = αb (p) (b+ ηb) s− ϵbbD − µbb. (5)

We introduce the following notations: s is the fraction of bare sand

s ≡ 1− v − vp − b. (6)

The sand drift, D, is defined as:

D ≡ Dp × g (v + vp − vc)× s. (7)

The sand-drift shading function is defined as:185

g (x) ≡

⎧
⎪⎨

⎪⎩

1 x < −1/d
0.5 (1− xd) −1/d < x < 1/d
0 x > 1/d

(8)

where the parameter d determines the sharpness of the transition from total sand-drift186

shading to its absence.187

The effect of sand drift on psammophilous plants is different than its effect on the other188

types of sand cover. Here, we consider two different options of modeling this unique189

interaction of psammophilous plants with sand drift, mechanisms I and II, which were190

explained above. These two mechanisms are modeled using different forms of the function191

fi (Dp, v, b, vp).192

In the first approach (mechanism I), only the sand drift is assumed to affect the dynamics193

of vp. Therefore, fI (Dp, v, b, vp) = Q (D). Q (D) obtains its minimal value, Q (Dopt) = 0,194

for D = Dopt. Away from the optimal sand drift conditions, Q (D) is larger than zero195

and hence introduces a mortality term due to the non-optimal sand drift conditions. This196

form of the function Q (D) reflects the fact that the maximal growth rate, α maxvp , is197

assumed to be under optimal sand drift conditions. We thus used the following form of198
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Q (D)199

Q (D) ≡
{

1
σ2 (D −Dopt)

2 |D −Dopt| < σ
1 |D −Dopt| > σ

(9)

This choice of the function reflects the behavior described above. Other choices of the200

function Q (D) (such as 1− exp
(
(D −Dopt)

2 /σ2
)
) yielded similar results. Therefore, we201

decided to focus on this specific, rather simple, choice. It is important to note that this202

form of the function ensures that vp is never high enough (compared to vc) to create a203

total sand-drift shading (this would result in a vanishing sand drift and, therefore, in far204

from optimal conditions).205

The second approach to model the enhanced growth of psammophilous plants under

sand drift conditions (mechanism II) is simpler and assumes that the optimal growth

conditions are achieved under an optimal wind drift potential rather than under optimal

sand drift conditions. Therefore, we assume that fII (Dp, v, b, vp) = D ×R (Dp), where

R (Dp) ≡ 1− ρ exp

(
(Dp −Dp,opt)

2

2σ2

)

. (10)

The parameter ρ > 1 and is set to ensure that the maximal value of vp won’t exceed vc.206

Note that when (Dp −Dp,opt)2 ≫ 2σ2, this vegetation growth term turns into an indirect207

mortality term, similar to the interaction of regular vegetation with the sand drift.208

Below, we refer to the different approaches as model I and II, respectively (correspond-209

ing to mechanisms I and II for the enhanced net growth of psammophilous plants). For210

consistency with previous studies [Yizhaq et al., 2007, 2009; Kinast et al., 2013], we211

use the following values for the parameters: α maxv = 0.15/yr, p minv = 50mm/yr,212

cv = 100mm/yr, ηv = 0.2, µv = 0, γv = 0.0008V U3/2/yr, ϵv = 0.001/V U/yr.213

α maxb = 0.015/yr, p minb = 20mm/yr, cb = 50mm/yr, ηb = 0.1, ϵb = 0.0001/V U/yr.214
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α maxvp = 0.15/yr, p minvp = 50mm/yr, cvp = 100mm/yr, ηvp = 0.2, σ = 100V U ,215

γvp = 0.0006V U3/2/yr, vc = 0.3, d = 15/2.35 ≈ 6.383 (for a discussion of the choice216

of the value of d, see [Yizhaq et al., 2009]). In model I, ϵvp = 0.2/yr, µvp = 0 and217

Dopt = 300V U , while in model II, ϵvp = ϵv = 0.001/V U/yr, µvp = 1.2/yr, Dp,opt = 300V U ,218

and ρ = 5.0072. In what follows, the drift potential, Dp, will be measured in units of V U ,219

the precipitation rate, p, in units of mm/yr and the mortality rate of the BSC, µb, in220

units of 1/yr. Time is measured in years. For convenience, we drop the units hereafter.221

Justification regarding the choice of the parameters and the model setup can be obtained222

from [Yizhaq et al., 2007, 2009; Kinast et al., 2013; Yizhaq et al., 2013]. Note that for223

simplicity, we do not include direct competition terms between the different model vari-224

ables, unlike [Kinast et al., 2013]. Below, we present results for different values of Dp, p225

and µb.226

3. Results

We started our model analysis by studying the number of physical solutions (0 <227

v, vp, b < 1) for given wind conditions characterized by Dp, and precipitation rate, p;228

these are the two main climatic factors that affect sand dune dynamics. We found that229

the number of physical solutions strongly depends on the maximal value of the BSC cover,230

which is determined by the BSC mortality rate, µb, and the other parameters. In Fig. 1,231

we show maps of the total number of physical solutions (both stable and unstable) for232

different values of p and Dp. Panels (a)-(c) correspond to model I and BSC mortality233

rates µb = 0.001, 0.006, 0.01, respectively. Panel (a) corresponds to a small value of the234

BSC mortality rate, µb = 0.001, and it shows the existence of a typical bi-stability region235

(the region with three solutions, two of which are stable and one is unstable). Panel (b)236
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corresponds to a higher value of the BSC mortality rate, µb = 0.006, for which we have237

two regions of bi-stability. Panel (c) corresponds to an even higher value of the BSC238

mortality rate, µb = 0.01, for which we obtain two regions of bi-stability and, in addition,239

a region of tri-stability (the total number of steady states is five). Panel (d) corresponds240

to model II with µb = 0.006. It shows the existence of a bi-stability range. For much241

smaller BSC mortality rates, model II doesn’t show a bi-stability region; higher values of242

µb change the location (in the parameter space) of the bi-stability region but do not result243

in a qualitatively different bifurcation diagram.244

Fig. 1 shows that the two approaches, adopted in models I and II respectively, result245

in different numbers of physical steady state solutions. In model I, for all three values of246

µb considered here, we have at least one range with three physical solutions (as shown in247

Fig. 1). Two of the three solutions are stable and one is unstable. As we increase the248

mortality rate of the BSC (see Fig. 1(b)), and therefore, reduce the maximal value of249

b, a second region of bi-stability appears. A further increase of µb results in an overlap250

of the two bi-stability regions, and therefore, in a range of tri-stability in which we have251

five physical solutions (three stable solutions and two unstable ones, see Fig. 1(c)). The252

two bi-stability regions are due to the different actions of the sand-drift shading on the253

regular and the psammophilous plants. Small values of µb allow for high values of b,254

and therefore, the only possible bi-stability is due to low or high values of vp, which, by255

shading, reduces the sand drift even for high values of Dp. It is important to note that in256

this case, one of the states corresponds to active dunes, while the other one corresponds257

to marginally stable dunes. The psammophilous plants can never cover the dunes to the258

extent to which there is no sand drift because they cannot survive away from the optimal259

D R A F T April 8, 2014, 7:28am D R A F T



BEL AND ASHKENAZY: PSAMMOPHILOUS PLANTS - SAND DUNE DYNAMICS X - 15

sand drift, Dopt. For higher values of µb, the previously observed bi-stability of active and260

stable dunes, due to sand-drift shading by regular plants [Kinast et al., 2013], appears261

and creates the second range of bi-stability for lower values of Dp. Further increasing262

the BSC mortality rate results in an overlap of the two bi-stability ranges, and therefore,263

in a range of tri-stability. In model II, there is, at most, one region of bi-stability, as264

shown in Fig. 1(d). For the parameters explored here, we could not identify two distinct265

mechanisms of bi-stability. For much smaller values of µb, there is no bi-stability range,266

and for all values of p and Dp, there is only one physical solution. For larger values of267

mub, the bifurcation diagram is qualitatively the same as the one presented in Fig. 1(d).268

Similar behavior is obtained when considering only vegetation [Yizhaq et al., 2009] and269

when considering BSC in addition to regular vegetation [Kinast et al., 2013].270

To better understand the complex steady state phase space, we present in Fig. 2271

the bifurcation diagrams, as predicted by model I, against the drift potential. These272

bifurcation diagrams show cross-sections along the vertical dashed lines in Fig. 1(c).273

The two columns correspond to two values of the precipitation rate. The different rows274

correspond to the different cover type fractions. We also present: (i) the total vegetation275

cover (v+vp), which determines the stability of the dunes, and (ii) the fraction of exposed276

sand. Obviously, these two variables may be extracted from v, b, and vp and are only277

shown for clarity.278

For the higher value of the precipitation rate, p = 300, there are two Dp ranges of a279

single stable state (for low and high values of Dp). In addition, there are two ranges of280

bi-stability–one in which the dunes may be exposed or densely covered and a second range281

in which the dunes may be exposed or partially covered (vt ∼ vc). In between the two282
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bi-stability ranges, there is a range of Dp for which we have tri-stability. Namely, the283

dunes may be exposed, densely covered or partially covered. For the smaller precipitation284

rate, p = 100, the tri-stability range disappears. The value of the BSC mortality was set285

equal to the value used in Fig. 1(c) to capture the more complicated bifurcation diagrams.286

To complete the picture of the bifurcation diagrams, as predicted by model I, we show in287

Fig. 3 the bifurcation diagrams against the precipitation rate for a fixed value of the drift288

potential (Dp = 500, set to ensure that all of the five physical solutions are captured).289

These diagrams correspond to a cross-section along the dashed horizontal line in Fig.290

1(c). In these diagrams, one can see the onset of bi-stability, followed by the onset of291

tri-stability, which later on disappears as the precipitation rate increases.292

Fig. 4 depicts the bifurcation diagrams versus the drift potential, as predicted by model293

II, for two values of the precipitation rate, p = 100 and p = 300. The bifurcation diagrams294

are taken along cross-sections corresponding to the dashed vertical lines in Fig. 1(d). For295

both values of the precipitation rate, there is only one bi-stability range. However, its296

width, shape and location (in the parameter space) are affected by the value of p. A297

significant difference between model II and model I is the lack in the former of a steady298

state corresponding to partially covered dunes (vt ∼ vc).299

Bifurcation diagrams versus the precipitation rate as predicted by model II are presented300

in Fig. 5. The drift potential was set to the optimal value for psammophilous plants301

according to this model, Dp = 300 (corresponding to the horizontal dashed line in Fig.302

1(d)). In these diagrams, one can see the onset of bi-stability and its disappearance as303

the precipitation rate increases.304
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The bifurcation diagrams alone do not elucidate all the information provided by the305

models. The dynamics is of relevance and importance to understanding the role of306

psammophilous plants in sand dune dynamics. We started exploring the dynamics307

predicted by the models by investigating the steady state reached from different ini-308

tial conditions. In Fig. 6, we show the steady states reached by different initial con-309

ditions calculated using model I. Columns (a)-(d) correspond to the initial conditions310

of bare sand dunes (v(t = 0) = b(t = 0) = vp(t = 0) = 0), vegetation-covered311

sand dunes (v(t = 0) = 1; b(t = 0) = vp(t = 0) = 0), BSC-covered sand dunes312

(v(t = 0) = 0; b(t = 0) = 1; vp(t = 0) = 0) and psammophilous plant-covered sand313

dunes (v(t = 0) = b(t = 0) = 0; vp(t = 0) = 1), respectively. The different rows corre-314

spond to the cover type fractions. Here again, for convenience, we show the exposed sand315

fraction.316

The different initial conditions resulted in different steady state maps. For all initial317

conditions, we found that for a low drift potential and a not too low precipitation rate (the318

lowest part of the panels of the first row in Fig. 6), the vegetation cover dominates and319

stabilizes the sand dunes. For the full vegetation cover initial condition, the vegetation320

remains dominant, even at higher values of the drift potential (see column (b) of Fig. 6).321

For all initial conditions and climatic conditions, except for a small regime of intermediate322

drift potential and low precipitation, the fraction of BSC cover is relatively small. The323

steady state with a maximal fraction of BSC cover is obtained for intermediate values of324

the drift potential and a not too small precipitation rate for an initial condition of full325

vegetation cover (see column (b) of Fig. 6).326
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The psammophilous plant cover fraction is significant for intermediate and high values327

of the drift potential for all initial conditions except for the full vegetation cover initial328

condition for which vp only dominates at high values of the drift potential. The maximal329

value of vp is obtained for the vp = 1 initial condition. These results suggest that the330

basin of attraction of the steady state solution with vp ∼ vc is relatively small if there is331

a stable state with a high value of v.332

The bottom row in Fig. 6 shows that for a bare dune initial condition, stabilization of333

the dunes is only possible at a high enough precipitation rate and a low drift potential. For334

a small range of intermediate drift potential, the steady state is partially covered dunes,335

namely, vt ∼ vc. For the v = 1 initial condition, we found that the dunes remain stabilized336

for a high enough precipitation rate and an intermediate or weak drift potential. Note337

that for this initial condition, the partially covered dune steady state does not appear338

(for any climatic condition). For the b = 1 initial condition, the steady state map is very339

similar to the map obtained for the bare dune initial condition. However, the region of340

partially covered dunes in steady state is larger and extends to higher values of the drift341

potential. For the vp = 1 initial condition, the steady state map shows a large region of342

partially covered dunes in steady state. Here, this region extends to very high values of343

the drift potential.344

Fig. 7 shows the steady states of model II reached by different initial conditions. Column345

(a) corresponds to the bare dune initial condition and column (b) corresponds to the full346

vegetation cover initial condition. Initial conditions of full psammophilous plant and BSC347

cover resulted in the same steady state as the bare dune initial condition. These results348

suggest that the basins of attraction of the states in the bi-stability regime are determined349
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by the value of v and are less sensitive to the values of b and vp in this model. Similarly350

to model I, we found that in model II, for all initial conditions, a low drift potential and351

a not too low precipitation rate, the vegetation cover dominates and stabilizes the sand352

dunes. For the full vegetation cover initial condition, the vegetation remains dominant,353

even at higher values of the drift potential (see column (b) of Fig. 7). Note that for the354

parameters used here, these values of the drift potential are significantly lower than the355

values predicted by model I; it is possible to extend these regions by choosing a larger356

maximal growth rate, αv,max. For the bare dune initial condition, the fraction of BSC357

cover is small in all climatic conditions except for a small region of low precipitation and358

drift potential at which only the BSC can grow. For the v = 1 initial condition and not359

too low values of the drift potential, the values of b are significant; yet, these values are360

smaller than the values of v under the same climatic conditions. We see that for the361

parameters used in model II, the maximal values of vp are significantly smaller than those362

obtained for model I. The only regions with significant values of vp in steady state are363

around Dp,opt. For the bare dune initial condition, the region extends to high precipitation364

rates, while for the full vegetation cover initial condition, this region is truncated at low365

precipitation rates. The bottom row of Fig. 7 shows that the stability map of the sand366

dunes is similar to the one obtained when the psammophilous plants are neglected and367

only the vegetation and BSC are considered as dynamical variables.368

A common paradigm for the stabilization of sand dunes under high sand drift is that369

the psammophilous plants act as pioneers [Danin, 1996; Li et al., 1992, 1997; Zhang et al.,370

2005; Maun, 2009]. Due to their ability to flourish under significant sand drift, they are371

the first to colonize bare dunes. Their growth reduces the sand drift by wind shading and372
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enables the growth of regular vegetation, eventually resulting in stabilized dunes in which373

the fraction of vegetation cover dominates. In order to test if our models are capable374

of reproducing this paradigm, we investigated the temporal dynamics. In Fig. 8, we375

show the values of v, b and vp versus the time for the bare dune initial condition. The376

precipitation rate was set to p = 300. The dashed lines correspond to Dp = 200, and the377

solid lines correspond to Dp = 300. Our results show that under some climatic conditions,378

the dynamics follows the paradigm (the solid lines), while under other climatic conditions,379

the initial growth of the vegetation is identical to the initial growth of the psammophilous380

plants (the dashed lines). The results presented in Fig. 8 were calculated using model I.381

For the same climatic conditions, model II yields qualitatively the same results.382

4. Summary and Discussion

We have studied the effect of psammophilous plants on the dynamics of sand dunes us-383

ing a simple mean field model for sand dune cover dynamics (vegetation, BSC and psam-384

mophilous plants). Two main mechanisms of interaction of the psammophilous plants with385

the wind and the sand drift were modeled separately. Root exposure and the covering of386

branches/leaves by the sand drift enhance the net growth of psammophilous plants and387

result in maximal growth under optimal sand drift conditions (model I). Branches/leaves388

torn off by the wind and buried by the sand develop new plants and increase the growth389

rate of psammophilous plants under an optimal wind drift potential (model II). These two390

approaches resulted in qualitatively different steady states and dynamics; the sand drift391

optimal growth model (model I) shows a richer steady state map, with up to three stable392

dune states (extensive sand cover, moderate sand cover and small sand cover), while the393
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wind drift potential optimal growth rate (model II) shows up to two stable dune states394

(extensive and small sand cover).395

While there are examples for the coexistence of active and fixed dunes under similar396

climate conditions [Yizhaq et al., 2007, 2009], we are not aware of observations that may397

be associated with the “new” dune state predicted by model I of moderate cover in which398

the vegetation cover is close to the critical vegetation cover, vc (it is important to note that399

according to this model, the basin of attraction of this state is very small, and therefore,400

it may not be easily realized in observations). Identifying such a state in observations will401

provide strong support for the model’s setup. We hope to explore this and other features402

of the model in the future.403

The model proposed here does not aim to be operative. It aims to provide a qualitative404

understanding of the dynamics of psammophilous plants in the presence of regular vege-405

tation and BSC. Nevertheless, a comparison with observations of the bi-stability of sand406

dunes reported in [Yizhaq et al., 2007, 2009] indicates that model I fits the observations407

better than model II; model II exhibits an active dune state only for drift potential values408

that are larger than 700 (see Fig. 1), while stable dunes exist in nature for higher values of409

Dp. Model II can to be tuned to fit these observations by increasing α maxv or decreasing410

ϵv. We do not present these results here, in order to use the same parameters in models I411

and II wherever possible. Another observation that is worth noting concerns the fraction412

of BSC cover. Both model I and II resulted in BSC cover that does not exceed 25%.413

Studies have reported almost complete BSC cover on sand dunes for small plots (order of414

meters) [e.g., Fig. 5B and 7 of Veste et al., 2011]. This discrepancy between the model415
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and observations can be attributed to the mean field nature of the model, representing416

only scales of kms that usually contain several types of dune surface covers.417

The separation of the two growth mechanisms–by assuming optimal growth conditions418

under either (i) an optimal sand drift or (ii) an optimal wind drift potential–helps us to419

understand the effect of each of these mechanisms. Yet, a more realistic model should420

include a combination of these two mechanisms, resulting in, most probably, a richer421

dynamics and steady state map. Observations regarding psammophilous plants may help422

to determine the role of each mechanism, which one is more favorable, and if a combination423

of the two is plausible.424

For the parameters used here, model I predicts that the psammophilous plant cover can425

reach the critical value for sand-drift shading, while model II predicts that their fraction426

of cover is very small. According to both models, there are climate conditions under which427

the steady state picture is not affected by the presence of the psammophilous plant cover428

fraction as an additional dynamical variable in the model. For example, under a low wind429

drift potential and a high precipitation rate, regular vegetation is the dominant cover430

type, and the BSC and the psammophilous plants may be ignored. Under extremely dry431

conditions, p < 50mm/yr, and a low wind drift potential, the BSC will be the dominant432

cover type, and both regular vegetation and psammophilous plants may be ignored. Under433

an extremely high wind drift potential, the dunes will be fully active without any surface434

cover. Psammophilous plants may be the dominant cover type under a high enough435

precipitation rate (p > 50mm/yr) and a strong wind drift potential (the definition of436

strong depends on the model (I or II) and the parameters).437
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While some of the cover types can be ignored in the steady state, they can still greatly438

influence the dynamics leading to the observed steady state. In accordance with the com-439

mon view [Danin, 1996; Li et al., 1992, 1997; Zhang et al., 2005; Maun, 2009], we showed440

that the model predicts that starting from a bare dune state, psammophilous plants may441

be the first to grow, reducing the sand drift and thus enabling the growth of regular vege-442

tation, which eventually dominates and stabilizes the dunes. This, however, is not always443

the case as our model predicts that under different climate conditions (wind drift poten-444

tial), the regular vegetation and psammophilous plants grow equally at first, cooperating445

in reducing the sand drift, followed by a faster growth of the regular vegetation, which446

eventually dominates and stabilizes the dunes.447

Our preliminary numerical results suggest the possibility of a Hopf bifurcation leading448

to oscillatory behavior of the different cover types. This behavior and its relevance to449

observations, as well as the incorporation of spatial effects in the model, as was done in450

[Yizhaq et al., 2013], are left for future research. In addition, we plan to use this model451

and its extensions to study the response of sand dunes to different scenarios of climate452

change. We believe that the results of this model, including the complex dynamics and453

the tri-stability, may be relevant for many other models of population dynamics.454
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Figure 1. Maps of the number of solutions as a function of the precipitation rate, p and

the wind drift potential Dp. Panels (a)-(c) correspond to model I with BSC mortality rates

µb = 0.001, 0.006, 0.01, respectively. Panel (d) corresponds to model II and BSC mortality rate

µb = 0.006.
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Figure 2. Bifurcation diagrams versus the drift potential, Dp, as predicted by model I along

the vertical dashed lines indicated in Fig. 1(c). The left column corresponds to precipitation

rate, p = 100, and the right column to p = 300. The rows (from top to bottom) correspond

to the fractions of uncovered sand, s, BSC cover, b, psammophilous plant cover, vp, regular

vegetation cover, v, and the total sand-drift shading vegetation, vt ≡ vp + v (the dotted line

marks the critical value of the vegetation cover for sand-drift shading, vc). The solid (dashed)

lines correspond to stable (unstable) states. The BSC mortality rate is µb = 0.01.
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Figure 3. Bifurcation diagrams versus the precipitation rate, p, as predicted by model I along

the horizontal dashed line of Fig. 1(c). The different rows correspond to the cover type fractions

as in Fig. 2. The drift potential was set to Dp = 500, to capture all the solution branches. The

BSC mortality rate was set to µb = 0.01.

D R A F T April 8, 2014, 7:28am D R A F T



X - 34 BEL AND ASHKENAZY: PSAMMOPHILOUS PLANTS - SAND DUNE DYNAMICS

0

0.3

0.6

0.9

s

0

0.1

0.2

0.3

b

0

0.3

0.6

0.9

v

0

0.03

0.06

0.09

v p

0 100 200 300 400
0

0.3

0.6

0.9

D
p

v t

0 200 400 600 800

D
p

v
c

p=100 p=300

Figure 4. Bifurcation diagrams as predicted by model II along the vertical dashed lines of Fig.

1(d). The bifurcation parameter is the drift potential, Dp. The different rows correspond to the

cover type fractions, as in Fig. 2. The left column corresponds to precipitation rate, p = 100,

and the right column corresponds to precipitation rate, p = 300.
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Figure 5. Bifurcation diagrams as predicted by model II. The bifurcation parameter is

the precipitation rate, p. The different rows correspond to the cover type fractions. The drift

potential was set to, Dp = 300.
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Figure 6. The steady states corresponding to different initial conditions as predicted by model

I as a function of p and Dp. Column (a) corresponds to the bare dune initial condition, v(t =

0) = b(t = 0) = vp(t = 0) = 0. Column (b) corresponds to the vegetation-covered dune initial

condition, v(t = 0) = 1; b(t = 0) = vp(t = 0) = 0. Column (c) corresponds to the crust-covered

dune initial condition, v(t = 0) = 0; b(t = 0) = 1; vp(t = 0) = 0. Column (d) corresponds to

the psammophilous plant-covered dune initial condition, v(t = 0) = b(t = 0) = 0; vp(t = 0) = 1.

The different rows correspond to the different cover type fractions as indicated. The dashed lines

mark the edges of the multi-stability regimes, namely, the crossing lines between regions with

different numbers of physical solutions as shown in Fig. 1(c). The numbers in the top left panel

indicate the number of stable physical solutions in each region.
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Figure 7. The steady states corresponding to different initial conditions as a function of p and

Dp, as predicted by model II. The left column corresponds to the bare dune initial condition,

v(t = 0) = b(t = 0) = vp(t = 0) = 0, and the right column corresponds to the full vegetation-

covered initial condition, v(t = 0) = 1; b(t = 0) = vp(t = 0) = 0. The different rows correspond to

the different cover type fractions as indicated. The dashed lines mark the edges of the bi-stability

regime as shown in Fig. 1(d). The numbers in the top left panel indicate the number of stable

solutions in each region.
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Figure 8. Time evolution of the cover type fractions as predicted by model I. The precipitation

rate was set to p = 300. The dashed lines correspond to drift potential, Dp = 200, and the solid

lines correspond to Dp = 300. The solid lines show dynamics in which the psammophilous plants

initially dominate, and later on, the normal vegetation dominates. The dashed lines show an

evolution in which the psammophilous plants and the normal vegetation grow equally at first,

and later on, the normal vegetation dominates.
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