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Abstract Glacial–interglacial oscillations are often de-
scribed by simple conceptual models. Relatively few
models, however, are accompanied by analytical solu-
tions, though detailed analytical investigation of climate
models often leads to deeper understanding of the cli-
mate system. Here we study a simple conceptual model
for glacial dynamics, a simplified version of the sea-ice-
switch mechanism of Gildor and Tziperman (Paleocea-
nography 15:605–615, 2000), and provide a detailed
analytical treatment for this model. We show that when
the model is forced by a simplified insolation forcing it
exhibits rich dynamics and passes through a series of
bifurcations before being completely phase-locked to the
insolation forcing. Our model suggests that even when
the glacial cycles are self-sustained, insolation forcing
has a major role on the complexity of glacial cycles: (1) it
is possible to obtain glacial–interglacial oscillations for a
wider parameters range when the amplitude of the
insolation forcing is larger; (2) in addition, the ice-vol-
ume becomes more periodic; (3) when the period of the
ice-volume is minimal the ice-volume is symmetric and
for larger period is more asymmetric; (4) the ice-volume
can be either periodic, higher order periodic, or quasi-
periodic.

1 Introduction

One of the most interesting phenomena in climate his-
tory is the pronounced glacial–interglacial oscillations of
the last � 800,000 yr (800 kyr). Early studies linked

these oscillations to the relative distribution of solar
radiation on Earth (Adhémar 1842; Croll 1875; Milan-
kovitch 1941). Changes in solar radiation are related to
(1) changes in the eccentricity of the Earth’s orbit
around the sun, (2) changes in the obliquity of the
Earth’s axis of rotation, and (3) changes in the net pre-
cession of the Earth’s orbit (Milankovitch 1941; Berger
1978; Paillard 2001). These orbital parameters have time
scales of � 100, � 40, and � 20 kyr, respectively.
According to Milankovitch’s theory, glacial episodes are
initiated when the northern hemisphere summer insola-
tion is sufficiently low; low summer insolation leads to
colder summers which result in reduced melting of the
ice sheets. In addition, the preceding winters are warmer
and thus result in increased snow precipitation (since
warmer conditions are more favorable for precipitation).
The Milankovitch theory predicts short glacial periods
(� 10 kyr) that repeat every 20, 40, 60, or 80 kyr (Pail-
lard 2001).

It is now clear that Milankovitch’s theory is not fully
consistent with observations (Hays et al. 1976). One of
the major caveats of this theory is the weakness of the
100 kyr eccentricity periodicity compared to the pro-
nounced 100 kyr periodicity of the glacial–interglacial
oscillations (Imbrie et al. 1993). Some scientists have
suggested that the effect of Milankovitch forcing is
minor and that glaciation dynamics are mainly sto-
chastic (e.g., Kominz and Pisias 1979; Pelletier 1997;
Wunsch 2003; Ashkenazy et al. 2003). Others have
proposed that Milankovitch forcing has a major impact
on glaciation dynamics; the 100 kyr periodicity of gla-
cial–interglacial oscillations is due to either (1) a non-
linear response of the climate system to the
Milankovitch forcing (e.g., Imbrie and Imbrie 1980;
Clark and Pollard 1998; Paillard 1998) or (2) a result of
internal mechanisms of the climate system (e.g., Saltz-
man 1987; Gildor and Tziperman 2000).

A common feature of several models for glacial–
interglacial oscillations is phase-locking to Milankovitch
forcing (e.g., Saltzman 1987; Gildor and Tziperman
2000; Ashkenazy and Tziperman 2004). By phase-lock-
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ing we mean that different initial conditions of the model
converge to create unique dynamics due to the external
forcing. It is apparent that this phase-locking to Mil-
ankovitch forcing has a major influence on the model’s
dynamics and to its correspondence with the observed
data (e.g., Gildor and Tziperman 2000; Paillard 1998;
Ashkenazy and Tziperman 2004).

In spite of the existence of many conceptual models
for glacial dynamics, only a few have been investigated
analytically. Some studies provided partial analytical
analysis for their glacial models (e.g., Ghil 1994; Tzi-
perman and Gildor 2002); however, most probably due
to the nonlinearity involved in the model’s dynamics, no
detailed solution was provided. In other models (e.g.,
Imbrie and Imbrie 1980; Paillard 2001) the full Milan-
kovitch forcing seems to prevent detailed analytical
treatment. In this study we use a piecewise linear model
together with a simplified insolation forcing, a setting
that enables detailed analytical investigation of the
model.

Analytical investigation of climate models improves
our understanding of climate dynamics in general and
helps to pinpoint the most important features of the
climate system. The model we use was introduced by
Ashkenazy and Tziperman (2004); it has one prognostic
equation for ice-volume and one diagnostic equation for
temperature. The model is based on the sea-ice-switch
(SIS) mechanism of Gildor and Tziperman (2000). The
analytical approach used in this study may be used to
solve other simple glacial models such as those of Imbrie
and Imbrie (1980) and Paillard (1998). The main
advantage of the model we study is its simplicity, which
allows us to understand its properties in detail. Despite
its simplistic form, the model demonstrates rich
dynamics that were not observed in previous studies
using the SIS mechanism. It shows, for example, that
depending on the amplitude of the insolation forcing,
the glacial cycle period: (1) spans any value in a range of
periods, (2) takes only specific values of periods, or (3) is
a multiple integer of the insolation forcing period; these
different behaviors occur via bifurcations similar to
those observed in chaotic systems. The rich dynamics of
this very simple model suggests that even when the
glacial cycle is self-sustained, Milankovitch forcing may
have a crucial role in setting its period and dynamics.

The model we study here is a piecewise linear model;
i.e., its dynamics are linear except for a few points
(thresholds) at which the dynamics are highly nonlinear.
This feature enables solution of the model: the model is
solved for each linear part and then tied up at the
threshold points. The thresholds of the model are part of
the physical mechanism and in our case they represent
the SIS of Gildor and Tziperman (2000). While thresh-
olds have been used in other simple models for glacial
dynamics (e.g., Imbrie and Imbrie 1980; Paillard 1998),
they seem to be more physically motivated in our model.
Moreover, we study the stability of the model incorpo-
rating the thresholds and develop a dynamic map for the
relative phase between the insolation forcing and the

glacial cycle. Such a map is very difficult to produce
numerically and, to our knowledge, has not been con-
structed before. Using this map we explore in detail the
richness of glacial dynamics in our model.

The main goal of the present study is to investigate
the role of phase-locking to insolation forcing on the
glacial dynamics (see, e.g., Figs. 7, 8, 9, 10 below). We
note that although we use the SIS mechanism of Gildor
and Tziperman (2000), we do not wish to favor this
mechanism over other glacial mechanisms; we simply
use this model as a representative of a simple glacial
model.

The paper is organized as follows. In Sect. 2 the
simplified SIS model for glacial–interglacial oscillations
is introduced (previously suggested in, Ashkenazy and
Tziperman 2004). We then we study the model’s sensi-
tivity to changes in the different parameters (Sect. 3). In
Sect. 4 we add a simplified Milankovitch forcing to the
model and study its properties. We then study the phase
locking to insolation forcing in the framework of the
model (Sect. 5). Finally the model’s results are summa-
rized and discussed (Sect. 6). The details of the analyti-
cal solution of the model are given in the Appendix.

2 Formulation of the model

The model for changes in ice volume we study here
(Ashkenazy and Tziperman 2004) is based on the SIS
mechanism (see Gildor and Tziperman 2000, for full
justification of the SIS mechanism).

Changes in the northern hemisphere ice volume V are
assumed to be due to the difference between net snow
precipitation over land P and total ablation ~S (melting,
ice sheet surges, wind erosion etc.), i.e., dV =dt ¼ P � ~S:
Ablation is assumed to depend only on Milankovitch
summer insolation (e.g., at 65�N), so that it equals
S + SMI(t), where I(t) is the Milankovitch insolation
(Berger and Loutre 1991), normalized to zero mean and
unit variance, and SM is a constant. We also assume that
the precipitation rate P is small for a large ice-volume
and large for a small ice volume. This is due to the
temperature precipitation feedback: as the ice sheets
grow, their albedo effect cools the atmospheric temper-
ature, and therefore reduces accumulation rate. A simple
formulation for a net precipitation rate that is reducing
with ice volume takes the form P = p0 � kV, where p0
and k are constants: p0 is the precipitation rate when the
ice sheets are completely melted and k is the growth rate
constant of the ice sheets. Note that even more com-
plicated forms of P(V) can be linearized to obtain the
above relation.

Following Gildor and Tziperman (2000), we assume
that when the ice volume reaches a certain specified
maximal volume, Vmax, the atmospheric temperature
becomes sufficiently low for a significant sea ice cover to
form rapidly. As in Gildor and Tziperman (2000), the
rapid formation of the sea ice is instantaneous and is
regarded as a switch (see also Sayag 2003; Sayag et al.
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2004); in our model this switch acts when the ice volume
hits the maximal and minimal thresholds. Precipitation
over land ice then decreases very sharply mainly due to
the significant drop in temperature. Thus snow accu-
mulation in the presence of sea ice may be written as
(p0 � kV)(1 � aon), where aon represents the relative sea
ice area. This reduced accumulation in the presence of
sea ice results in land ice withdrawing. When the land ice
volume drops below a certain minimum Vmin (resulting
in warming due to ice albedo feedback), the sea ice melts
rapidly and precipitation returns to its previous form.

Combining the above expressions for ablation and
accumulation, the ice-volume mass balance may be
written as

dV
dt
¼ ðp0 � kV Þð1� aÞ � S � SM IðtÞ; ð1Þ

where a is the relative area of the sea ice (a = aon > 0
when sea-ice is ‘‘ON’’ and a = 0 when sea ice is
‘‘OFF’’).

The model dynamic equation (Eq. 1) has seven
adjustable parameters: Vmin, Vmax, p0, k, aon, S, and SM.
However, it is possible to reduce the number of inde-
pendent parameters to five by rescaling Vmax and Vmin to
one and zero, respectively, i.e., by performing the
transformation: ~V ¼ ðV � VminÞ=ðVmax � VminÞ: The ice
volume equation then becomes d~V =dt ¼ ð~p0 � k ~V Þ
ð1� aÞ � ~S � ~SM IðtÞ; where ~p0 ¼ ðp0 � kVminÞ=ðVmax�
VminÞ; ~S ¼ S=ðVmax � VminÞ; and ~SM ¼ SM=ðVmax � VminÞ:
In that case one has to assign Vmax = 1 and Vmin = 0 in
the analytical expressions below. In the following we use
the non-normalized parameters to allow easier inter-
pretation of the results.

The atmospheric temperature can be calculated by
assuming quasi-equilibrium between the incoming short-
wave solar radiation and the outgoing long-wave radi-
ation (through the Stefan–Boltzmann law). Thus, the
temperature is a diagnostic variable that is calculated
using the following relationship:

erT 4 ¼ Hsð1� acÞð1� �aÞ; ð2Þ

where e is the emissivity, r is the Stefan–Boltzmann
constant, Hs is the solar constant, ac is the average cloud
albedo, and �a is the average planetary albedo given by

�aðV Þ ¼ A
V

Vmax

� �2=3

ali þ al � A
V

Vmax

� �2=3
" #

al

þ ð1� alÞaasi þ ð1� alÞð1� aÞas;
ð3Þ

where A is the maximum land-ice fraction, ali is the land-
ice albedo, al is the land fraction, al is the land albedo, asi
is the sea ice albedo, as is the open ocean albedo, and a is
the sea ice fraction (either 0 or aon). The exponent 2/3 in
Eq. 3 is used to convert ice volume to ice sheet extent;
see Ghil (1994). Note, that the prognostic equation for
ice volume, Eq. 1, is independent of temperature.

Typical values for the parameters of the prognostic
equation (Eq. 1) are Vmin = 3 · 106 km3 [present day

northern hemisphere ice volume (e.g., Hartmann 1994)],
Vmax = 45 · 106 km3 [last glacial maximum northern
hemisphere ice volume (based on, Mix et al. 2001)]
p0 = 0.25 Sv, S = 0.21 Sv, k = 1/(40 kyr) (Imbrie and
Imbrie 1980; Pelletier 1997), aon = 0.3 (Gildor and
Tziperman 2000), and SM = 0.02 Sv; see Fig. 1a. In the
following sections we study the model’s sensitivity under
changes in some of these parameters.

The parameter values for the diagnostic temperature
equations (Eqs. 2, 3) are, e = 0.61, r = 5.67 · 108 W/
m2K4, Hs = 350 W/m2, aC = 0.3, A = 0.2, ali = 0.8,
al = 0.5, al = 0.1, asi = 0.7, and as = 0.1. These
parameters (except r) are adjustable and their values fall
within the expected range of the observed values. The
atmospheric temperature increases/ decreases as the ice
volume decreases/increases (Eq. 3); see Fig. 1b. Under
the current choice of parameters the temperature oscil-
lations range is about 18�C. We note that according to
our model, the freezing point of the sea ice (�2�C) is
lower than the melting point of the sea ice (0�C). This is
in accordance with physical arguments since the freezing
point of (salty) ocean water is around �2�C while the
melting temperature of the fresh water sea ice is around
0�C. In the following sections we first study the model
without Milankovitch forcing (i.e., SM = 0), and then
with a simplified Milankovitch forcing.
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Fig. 1 a An example of the model run without insolation
forcing—ice volume versus time. Ice volume increases until it
reaches a threshold Vmax at which sea ice forms and the ice sheet
melts rapidly. When the ice volume reaches a minimal threshold,
Vmin, the sea ice melts and the ice volume starts to rise again. b
Atmospheric temperature as calculated by assuming quasi-equilib-
rium between incoming short-wave radiation and outgoing long-
wave radiation (Eqs. 2, 3). The dashed lines indicate the temper-
atures corresponding to the maximal and minimal ice volumes
Vmax, Vmin, at which the sea ice forms/melts. Note that the melting
point of the sea ice (0�C) is higher than its freezing point (�2�C)
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3 Model dynamics without insolation forcing

Without Milankovitch forcing (SM = 0), Eq. 1 is a
piecewise linear equation. In this case we solve the model
for each linear part (either SIS ON or OFF) and require
that V(t) is continuous at the transition points. In the
case that the model exhibits oscillations we obtain

V ðtÞ ¼ V ð~t þ nsÞ

¼ V1ðe�k~t � 1Þ þ Vmin 0 � ~t\sup
V2ðe�kð1�aonÞð~t�supÞ � 1Þ þ Vmax sup � ~t\s

�
;

ð4Þ

where

V1 ¼ Vmin � p0=k þ S=k; ð5Þ
V2 ¼ Vmax � p0=k þ S=½kð1� aonÞ�; ð6Þ

sup ¼
1

k
ln

kVmin � p0 þ S
kVmax � p0 þ S

; ð7Þ

sdown ¼
1

kð1� aonÞ
ln

kVmax � p0 þ S=ð1� aonÞ
kVmin � p0 þ S=ð1� aonÞ

; ð8Þ

s ¼ sup þ sdown; ð9Þ

0 � ~t\s; and n is an integer. sup is the time interval the
ice volume is increasing, sdown is the time interval the ice
volume is decreasing, and s is the period of the oscilla-
tions; see Fig. 1. When V(t) is not periodic it converges
to a steady state, as discussed below.

To better understand the model’s dynamics we first
find the fixed point of Eq. 1, excluding the Milankovitch
term (i.e., SM = 0). This is done by setting dV/dt = 0.
When the sea ice switch is OFF the ice volume fixed
point is

V �off ¼
1

k
ðp0 � SÞ ð10Þ

and when the sea ice switch is ON the fixed point is

V �on ¼
1

k
p0 �

S
1� aon

� �
: ð11Þ

These fixed points are stable. Thus, when the sea ice
switch is OFF the ice volume is ‘‘attracted’’ to the fixed
point Voff

* and when the sea ice switch is ON ice volume
is ‘‘attracted’’ to Von

* . When Voff
* < Vmax the ice volume

V(t) converges exponentially to Voff
* and is ‘‘stuck’’ there

before reaching Vmax and when Von
* > Vmin the ice

volume converges to Von
* and is ‘‘stuck’’ there before

reaching Vmin. Accordingly, oscillations in ice volume
occur when Voff

* > Vmax and Von
* < Vmin, for which the

ice volume is attracted to the alternating fixed points
without reaching them; see Fig. 2.

Oscillations occur in the model for certain ablation
values. We find a minimum ablation value such that the
model exhibits oscillations, Smin, by requiring
Von
* = Vmin and get Smin = (1 � aon) (p0 � kVmin);

similarly, Smax = p0 � kVmax. When S < Smin or
S > Smax the ice volume reaches an equilibrium state at

which ablation exactly cancels precipitation. Similar re-
gimes of oscillations can be found for the other model
parameters.

Assuming now that the ice volume, V, is in the regime
of oscillations, if the ablation is relatively large, glacia-
tion time is long since the high ablation rate slows the
rate of net ice accumulation. Accordingly deglaciation
(i.e., ice melting phase) is fast, as in Fig. 1. On the other
hand, when the ablation is relatively small, glaciation
rate is fast (because of the relatively increased rate of
accumulation) and the deglaciation rate is slower. Thus,
it is possible to obtain opposite asymmetries with the
model as in the more complex box model of Gildor and
Tziperman (2000). Following Eqs. 4, 5, 6, 7, 8 and 9 the
glaciation time is equal to the deglaciation time when
sup = sdown or apparently when the time period
s = sup + sdown is almost minimal. The minimal period
smin of the model can be obtained by solving, for
example, ds/dS = 0. The time period is minimal when
the ablation is

S� ¼ ð2� aonÞ
ðp0 � kVminÞðp0 � kVmaxÞ
2p0 � kðVmin þ VmaxÞ

ð12Þ

and the minimal period is

smin ¼
2

k
lnC þ 2� aon

kð1� aonÞ
ln
ð1� aonÞ=C � 1

ð1� aonÞC � 1
; ð13Þ

where C = (p0 � kVmin)/(p0 � kVmax). When s = smin

the glacial cycle is almost symmetric, i.e., sup �

0.15 0.2 0.25
Ablation, S [Sv]

0

10

20

30

40

50

Ic
e-

V
o

lu
m

e,
 V

 [
10

6 k
m

3 ]

Vmax

Vmin

SmaxSmin

SIS OFF
Fixed point

O
sc

ill
at

io
n

s

SIS ON
Fixed point

Fig. 2 Illustration of the model’s dynamics (without external
forcing). When the ablation rate is large (S > Smax) the ice volume
converges to the ‘‘SIS OFF’’ fixed point (Voff

* = (p0 � S)/k, right -
hand side tilted line) and when the ablation rate is too small
(S < Smin), ice volume converges to the ‘‘SIS ON’’ fixed point
(Von

* =p0/k � S/(1 � aon)k, left -hand side tilted line). For
Smin < S < Smax the ice volume is attracted (increases) to the
Voff
* fixed point but reaches the threshold Vmax first. The ice volume

is then attracted (decreases) to the Von
* fixed point but reaches first

the minimal threshold Vmin; then the ice volume increases again.
Thus, oscillations are observed for Smin < S < Smax; the oscilla-
tion regime is indicated by the gray area
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sdown � smin/2. Under the current setting smin � 80 kyr;
see Fig. 3. It is possible to modify this minimal time
period by changing the ice volume growth rate k—a
small k value leads to a slower response (i.e., it will take
more time for the ice volume to reach the thresholds
Vmin and Vmax) and thus will shift (increase) the glacial
period s up, while a larger k value leads to a faster re-
sponse and thus will shift s down (shorter glacial peri-
od). This also supported by the 1/k term in Eq. 13.

Obviously, it is possible to alter the glacial period and
the model’s asymmetry by changing other parameters of
the model (such as the maximal and minimal ice volume
thresholds). The analytical expressions for s, sup, and
sdown include this information.

4 Model dynamics with periodic insolation forcing

For simplicity we assume that the Milankovitch forcing
of Eq. 1, I(t), is a simple periodic function:

dV
dt
¼ ðp0 � kV Þð1� aÞ � S � SM sinxðt � t0Þ: ð14Þ

We chose x = 2p/40 kyr as for the obliquity cy-
cle—recent studies have indicated that insolation gra-
dient (which is obliquity dominant) plays a dominant
role in glacial dynamics (Raymo and Nisancioglu 2002).
However, the results shown below are qualitatively the
same for other periodic forcing like the � 20 kyr cycle of
the precession cycle. We note, however, that the full
Milankovitch forcing would have led, most probably, to
much richer dynamics.

Recent studies have indicated the role of phase
locking to Milankovitch forcing (Saltzman 1987; Raymo
1997; Gildor and Tziperman 2000; Ashkenazy and Tzi-
perman 2004). Since phase locking of self-sustained
nonlinear oscillations to external forcing plays an
important role in our model, we first demonstrate the
sensitivity of the model to initial conditions. We initiate
the derivative of ice volume with different initial condi-
tions (different t0’s ranging from 0 to 40 kyr) and run the
model forward in time (Fig. 4). For the first iteration the
different initial conditions lead to different glacial peri-
ods ranging from � 75 to � 105 kyr (Fig. 4a). On the
other hand, in the second iteration the different simu-
lations (of different initial conditions of Fig. 4a) con-
verge to a single curve and are almost identical (Fig. 4b).
Without the periodic forcing of 40 kyr, the glacial cycles
that are initiated by different initial conditions would
keep their relative phase forever; the relatively small
external periodic forcing paces the internal oscillations
and leads to almost identical glacial cycles (Fig. 4b). The
time period of the second iteration glacial cycles is an
integer multiple of the 40 kyr periodic forcing. Our goal
now is to explore in details the regimes for which the
system is phase-locked to the external periodic forcing
and to study the characteristics of the phase locking
phenomenon.

Although the model for ice volume (Eq. 14) is a
piecewise linear model, the addition of sinusoidal forcing
makes it difficult for analytical analysis. We thus further
simplify the model by replacing the sinusoidal insolation
forcing with its sign; i.e.,

dV
dt
¼ ðp0 � kV Þð1� aÞ � S � 2

p
SMsgn½sinxðt � t0Þ�;

ð15Þ

where the factor 2/p is aimed at preserving the average
amplitude of the sine function. In Fig. 5 we plot
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examples of the ice volume V(t) with the sinusoidal
forcing of Eq. 14 and with the more simplified forcing of
Eq. 15; it is apparent that the two curves exhibit quite
similar behavior. Numerical simulations of these two
possible external forcings are qualitatively similar. The
(time) ‘‘phase’’ t0 is defined as the time difference be-
tween the time at which the SIS is turned OFF and the
drop in insolation; see Fig. 5. We use the subscript 0 in t0
to indicate the initial phase of a glacial–interglacial cy-
cle; in the following we also use the subscript i to indi-
cate the index of the different glacial-cycles. It follows
that the phase of different iterations, t0,i, is confined
between �T/2 and T/2 where T = 2p/x is the period of
the external forcing. A glacial cycle is defined as the time
difference between the points at which the SIS is turned
OFF (when V(t) crosses the minimal ice volume
threshold).

Before proceeding we wish to discuss the influence of
the external forcing on the model’s dynamics. When the
ice volume is periodic (as in Fig. 5) the phase, t0,i, is
constant. In that case, the period of the oscillation (i.e.,
the period of the glacial cycle) is an integer multiple of
the external forcing period. However, this is not always
the case, since when SM is very small and close to zero
the glacial cycle time period should be very close to the
time period without external forcing, which is not nec-
essarily a multiple integer of the external forcing period
(see Fig. 3) and obviously is not phase-locked to the
external forcing. Moreover, in that case the glacial cycle
time period is not constant and never repeats itself, i.e.,
it is almost periodic. For SM � 0 the external forcing is
dominant and accordingly one would expect that the
period of the ice volume V(t) is a multiple integer of the
external forcing period. Thus, when SM is increased
gradually from 0 to SM � 0 there should be a transition
from an almost periodic behavior with a period close to
the internal glacial cycle period of V(t), to a periodic V(t)
that is a multiple integer of the external forcing period;
in between V(t) undergoes bifurcations with different
orders of periodicity. The phase t0,i reflects the vari-
ability of the period of the ice volume V(t). In the

Appendix we provide a full derivation of model’s
equations as well as the expression of the phase t0,i+1 as
a function of the previous phase t0,i.

The relation between one ‘‘phase’’ to another pro-
vides information about the period of the glacial–inter-
glacial oscillations. For example, when consecutive
phases are equal, the ice-volume is periodic such that
consecutive glacial cycles are identical. In that case, as
follows from Eq. 24, the period of the glacial–intergla-
cial oscillation is a multiple integer of the external
forcing period, i.e. s = qT, where q is an integer.
Moreover, when the period of the glacial–interglacial
oscillation is a multiple integer of the external forcing
period (s = qT) the ice volume is periodic such that two
consecutive ice-volume cycles are identical and consec-
utive phases are equal (t0,i+1 = t0,i). In the more general
case, t0,i=t0,i+j a phase t0,i is equal to the phase after j
glacial cycles, t0,i+j, i.e., t0,i = t0,i+j. Taking into ac-
count the time lapse of the required insolation forcing
cycles, T

P
m=1
j qm, and the total time of j glacial

cycles,
P

m=1
j sm, the phase t0,i+j is t0,i+j = t0,i +P

m=1
j (qmT � sm), where qm and sm are the integer and

glacial period, respectively, of the iteration i + m. Thus,
when the phase returns to itself after j glacial cycles (i.e.,
when the ice volume returns to itself after j glacial cy-
cles), t0,i+j = t0,i, and the period of the ice volume
function, ~T ¼

Pj
m¼1 sm; is a multiple integer of the

external forcing period, T
P

m=1
j qm. The opposite is also

true: when
P

qm T =
P

sm then t0,i+j = t0,i; i.e., if the
lapse time of m glacial cycles is equal to the multiple
integer of the insolation forcing period, then the ice
volume is periodic.

In Fig. 6 we illustrate the model’s dynamics and the
phase locking to the external forcing. We plot the period
of the glacial cycle s as a function of the phase of the
external insolation forcing (Fig. 6a), t0. The resultant
curve is monotonic and has just one possible phase
which is a multiple integer of the external forcing period,
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Fig. 5 Ice volume as a function of time for periodic insolation
forcing, sin x (t � t0) (dashed line) and 2/p sgn[sin x (t � t0)] (solid
line). The two curves are quite similar. The gray oscillating square
function indicates the insolation forcing 2/p sgn[sin x (t�t0)]; the
time difference between the crossing of the ice volume with the
minimal ice volume threshold Vmin (SIS is turned OFF) and the
nearby drop in insolation forcing is defined as the phase, t0,i
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Fig. 6 a The period of the ice volume of the first iteration as a
function of the initial phase of the insolation forcing. The time
period of 80 kyr, which is a multiple integer of the insolation
forcing period of 40 kyr, is indicated by the dashed line. The
crossing point between the dashed and solid lines is the phase to
which the ice volume converges. b An iterative map of the phase t0,i.
t0,i+1 is a monotonic function of t0,i. The crossing point between
the diagonal t0,i+1=t0,i and the phase map curve is the stable fixed
point (corresponds to a specific phase). The gray (green) line
illustrates a possible convergence to this fixed point
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80 kyr = 2 · 40 kyr. In general, other possibilities
apart from a fixed glacial cycle are also possible and are
illustrated below. The convergence to this fixed point is
shown in Fig. 6b. Here we plot the phase t0,i+1 as a
function of the preceding phase t0,i; t0,i+1 = t0,i is the
phase at which the dynamics converge. The gray line
indicates such a possible convergence where relatively
few iterations are needed for convergence.

5 Bifurcation and phase locking to the external
insolation forcing

As discussed above, for very small external insolation
forcing amplitude, the model’s dynamics should be
similar to the dynamics without insolation forcing and
thus the glacial cycle period can be any value and not
necessarily a multiple integer of the external forcing
period. In Fig. 7 we plot the glacial cycle period as a
function of the amplitude of the insolation forcing SM.
We run the model for many iterations (starting from an
arbitrary phase t0) to ensure possible convergence to a
fixed glacial cycle if indeed it exists; we then further run
the model for a few dozen more iterations and plot a dot
that indicates the glacial period for each iteration. Thus,
when the model has a fixed glacial period all these dots
will have the same value, while when the model has
several glacial periods there will be several isolated dots
on the graph. When the ice volume is not periodic but
quasi-periodic, the different dots will span a range of
glacial periods. Figure 7 shows the different types of

glacial periods that can be obtained by the model (i.e.,
quasi-periodic dynamics, multiple glacial periods, and
single glacial period). When SM increases from zero to
larger values, the glacial period range also increases
(linearly). For some SM values the glacial period has a
discrete set of values indicating that the ice volume V(t)
is periodic and not quasi-periodic. Continuous glacial
period values indicate quasi-periodicity of V(t). When
the amplitude of the external insolation forcing SM be-
comes sufficiently large the glacial period (i.e., the time
period between the beginning of two consecutive SIS
OFF states) becomes a multiple integer of the external
forcing period. However, transitions to glacial period
values that are not multiple integers of the external
forcing period are also possible. Figure 7b shows that as
SM becomes larger, the glacial period switches from a
glacial period of 120 kyr to a glacial period of 80 kyr,
both multiple integers of the external forcing period of
40 kyr. Several bifurcations occur in between where the
ice volume V(t) periodicity is a multiple integer of the
external forcing periodicity of 40 kyr. To avoid confu-
sion, we distinguish between the glacial period s which is
the time lapse between the beginning of two consecutive
SIS OFF states and the periodicity ~T of the ice volume
V(t) which is the time period for which V(t) repeats it-
self, i.e., V ðt þ ~T Þ ¼ V ðtÞ:

In Fig. 8 we show two specific examples of ice volume
curves, one with large V(t) period (large ~T ) where the
periodicity of the ice volume is close to being quasi-
periodic—the ice volume is periodic with a period of
nine glacial cycles. In the second example, the ice volume
has period two, i.e., repeats itself every two glacial cy-
cles. This dynamic is also illustrated by the map of the
phase t0,i+1 versus the previous phase t0,i (Eq. 24),
shown on the right hand panels of Fig. 8. The gray
(green) line is closed indicating the periodicity of the ice
volume. The number of contact points of the gray
(green) line on the map curve is equal to the number of
iterations required to achieve periodicity.

Fig. 7 The possible periods of glacial–interglacial oscillations as a
function of the amplitude of the insolation forcing, SM. For very
small amplitudes the period is close to the period of the internal
self-sustained oscillations (� 115 kyr) shown in Fig. 1. For larger
amplitudes there are bifurcations to quasi-periodic or periodic
oscillations. The dashed lines indicate two examples of such
periodicity: T

�
= 1,040 kyr = 26 · 40 kyr (upper panel) and

T
�
= 200 kyr = 5 · 40 kyr (lower panel). A periodic (period 1)

ice volume occurs for a large regime of amplitudes and is a multiple
integer of the insolation forcing period. Note that b is a
continuation of a
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Fig. 8 Ice volume (left panels) and phase map (right panels) for the
two insolation forcing amplitudes indicated by the vertical dashed
lines in Fig. 7. The upper panels depict a periodic ice volume with a
period which is 26 times that of the insolation forcing while the
lower panels show a time period which is five times that of the
insolation forcing
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Next we examine the glacial cycle period s versus
ablation rate, S, for different amplitudes of the external
forcing SM (Fig. 9). Several observations are worth
noting:

(1) The range for which there are oscillations in ice
volume is larger when the external insolation forcing
is present. It is possible to show that the model
exhibits oscillations in ice volume when the ablation,
S, is Smin < S < Smax, where

Smax ¼ p0 � kVmax þ
2

p
SM tanh

pk
2x

; ð16Þ

Smin ¼ ð1� aonÞðp0 � kVminÞ

� 2

p
SM tanh

pkð1� aonÞ
2x

: ð17Þ

These expressions are derived from Eqs. 18 and 21
and are the ablation values for which the numerator
becomes zero and C± diverges. When SM = 0, Smin

and Smax are equal to the those calculated for the
case without external forcing (Sect. 3). The tanh( )
function in Eqs. 16 and 17 is positive and thus ex-
tends the range of ablation for which glacial oscil-
lations are possible. As the external forcing
amplitude, SM, and the insolation forcing period,
T = (2p/x), become larger, the range for which
glacial oscillations are possible also becomes larger.

Thus, when the external forcing is applied, it is easier
to observe glacial oscillations. When S > Smax or
S < Smin the external forcing will cause oscillations
around Vmin or Vmax.

(2) There is a general tendency for the glacial period s to
be a multiple integer of the external forcing period.
However, different values of external forcing
amplitude SM have different characteristics—larger
SM values lead to wider regimes with a glacial period
that is a multiple integer of the external forcing
period. Thus, not only do larger SM values extend
the range of oscillations, they also make the glacial
oscillations more ordered.

(3) Bifurcations tend to occur when switching from one
value of s that is a multiple integer of the external
forcing period to another s that is a multiple integer
of the external forcing period. Within this transition
region the ice volume may be quasi-periodic or (high
order) periodic. These transition regions are larger
for smaller SM values.

(4) When approaching Smax or Smin the glacial period s
becomes larger and larger. The minimal glacial
period is observed for a wide range of ablation val-
ues. In this sense, the glacial period in that region is
stable for changes in ablation. This stability is
stronger for larger SM values.

(5) As in Fig. 3, the ice volume is more or less sym-
metric when the glacial period is minimal. When the
ablation is increased to Smax the glaciation time
becomes larger and the deglaciation time becomes
smaller; the opposite occurs when the ablation is
decreased toward Smin.

It is also interesting to study the characteristics of the
glacial period s under different maximum ice volume
thresholds. In the idealized model presented here the ice
volume threshold is fixed while in a more realistic con-
figuration the maximum ice volume should be variable.
For example, the characteristics of the ice-ages changed
� 800 kyr ago, including the maximum ice volume (see
also Ashkenazy and Tziperman 2004). We expect the
glacial period to increase as the maximum ice volume
increases since more time is required to build a more
extensive ice sheet. Also here the glacial period tends to
be a multiple integer of the external forcing period, but
when the external forcing amplitude becomes larger
there are fewer transition regions and the glacial period
becomes a multiple integer of the external forcing period
for extended regimes (Fig. 10). The transition region
from one glacial period that is a multiple integer of the
external forcing period to another is either quasi-peri-
odic or high order periodic.

The model’s dynamics are in some aspects more sta-
ble when the external insolation forcing is more pro-
nounced. As Vmax increases, the model’s dynamics might
collapse to the SIS OFF state; as SM becomes larger this
collapse occurs for larger values of Vmax. Following
Eqs. 18 and 16 when
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Fig. 9 As Fig. 3 but with external insolation forcing: a
SM = 0.03 Sv and b SM = 0.01 Sv. For larger amplitude values
of the external forcing (larger SM), the regime for oscillating ice
volume is larger (i.e., larger Smax � Smin). Addition of the external
insolation forcing causes the ice volume period to be a multiple
integer of the external forcing period, although there are regions for
which the ice volume is not periodic but rather quasi-periodic. For
smaller amplitudes the ice volume is less periodic and exhibits
bifurcation between periodic and quasi-periodic behavior. The inset
in (b) shows an enlargement with complex bifurcations. The solid
lines are the s(S) when the external forcing is not present
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Vmax >
1

k
p0 � S þ 2

p
SM tanh

pk
2x

� �� �

the model will be stuck in the SIS OFF mode.

6 Summary and discussion

Glacial dynamics are a complicated and irregular pro-
cess. Nevertheless, it is possible to construct simple
conceptual models for glacial dynamics that fit fairly
well paleoclimate data. This rich dynamics require deep
understanding. Here we study the properties of a simple
conceptual model for glacial dynamics that is based on
the sea ice-switch mechanism of Gildor and Tziperman
(2000). The analysis described in this paper may be used
to investigate other simple conceptual models for glacial
dynamics.

The model we study is a piecewise linear model for
glacial dynamics exhibiting self-sustained oscillations
under certain choice of parameters. These oscillations
can be symmetric, asymmetric with long glaciation fol-
lowed by rapid deglaciation, or asymmetric with rapid
glaciation followed by slow deglaciation. When the
glacial cycle is symmetric the glacial–interglacial period
is minimal. In that range the glacial period is stable
under minor perturbation; when the glacial cycle is long
it is more sensitive to perturbation.

We also investigate the model’s dynamics when
external periodic insolation forcing (representing the

Milankovitch insolation forcing) is applied. We have
developed a map for the phase between the external
forcing and the glacial cycle. We show that for suffi-
ciently large amplitude of the external forcing, the
model’s dynamics is phase-locked to the external inso-
lation forcing; i.e., different initial conditions very
quickly converge to the same glacial cycle. The glacial
cycle period is then a multiple integer of the external
forcing period. However, for smaller amplitude of the
external forcing the model’s dynamics may be high order
periodic or quasi-periodic. When varying the model’s
parameters, the model exhibits bifurcation from quasi-
periodic to (high order or low order) periodic behavior.
These sensitivity tests indicate that in some cases small
changes in the model’s parameters may end up with
quite different dynamics while in other cases the
dynamics are stable under perturbations.

We show that when the magnitude and period of the
insolation forcing becomes larger and larger, the model
exhibits oscillations for a larger ranges of parameters,
and that these oscillations are more periodic than quasi-
periodic.

In a recent study Huybers and Wunsch (2005) dem-
onstrated the role of obliquity orbital parameter on
glacial terminations. They showed that there is a statis-
tical tendency for glacial periods to be multiple of the
obliquity time scale of 40 kyr and that this fact may
underly the 100 kyr time scale of late Pleistocene glacial
cycles. Our model is forced by a periodic insolation
forcing that has period of 40 kyr and thus is in accor-
dance with this finding. On the other hand, even with
this idealized periodic insolation forcing the model has
glacial periods that are not necessarily multiple of the
40 kyr time scale of the obliquity parameter. When
considering the full Milankovitch forcing the model’s
dynamics will obviously be more complicated. Thus, it
seems unlikely that the natural system has glacial peri-
ods that are exact multiples of specific Milankovitch
frequencies. Moreover, the natural system is subject to
constant perturbation (originating from the many
interacting components of the climate system), a fact
that complicates the ice-age dynamics even more.
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7 Appendix: Derivation of the model’s solution when
external perdioc forcing is applied

Our aim is to find the phase t0,i+1 as a function of the
previous phase t0,i. For that purpose dV/dt in Eq. 15
has to be integrated from the time V(t) crosses down the
minimal threshold Vmin (SIS is turned OFF) to the time
it crosses the maximal threshold Vmax (SIS is turned ON)
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Fig. 10 The period of the ice volume for increasing maximal ice
volume threshold Vmax. a For large insolation amplitudes, the ice
volume is mostly periodic with a time period which is a multiple
integer of the insolation period (40, 80, 120 kyr, etc.). However, for
small maximum ice volumes, Vmax, where the maximal ice volume
is reached quickly relative to the insolation forcing, the period of
the ice volume shows complex bifurcations from quasi-periodic to
(higher) periodic cycles; see inset. b For smaller insolation
amplitudes, the oscillations in ice volume are less periodic and
more complex. The solid lines represent the period s when the
external forcing amplitude is not present
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and then to find the time period between these two
points. It is then necessary to continue the integration
from the maximal threshold Vmax to the minimal
threshold Vmin to complete the iteration and to find the
glacial period of the iteration; then the next phase, t0,i+1,
can be found. Below we thus separate the solution into
two parts, (1) general increase in the ice volume V(t) (i.e.,
SIS is OFF) and (2) general decrease in the ice volume
(i.e., SIS is ON).

(1) SIS OFF: The time for which the SIS is OFF, sup,
and the phase at the point that the ice volume hits
the maximal threshold ~t0 are based on the following
expressions:

n0 ¼ b�2t0;i=T c þ 2;

C1 ¼ Vmin�
1

kb1
p0b1� Sþð�1Þn0AM½ �

� 2AM

kb1
ekb1t0;i ð�1Þ

ne�kb1ðn�1ÞT=2�ð�1Þn0e�kb1ðn0�1ÞT=2

ekb1T=2þ 1
;

and are:

sup ¼
1

kb1
ln

kb1C1

kb1Vmax � p0b1 þ S � ð�1ÞnAM
;

~t0 ¼
T
4

�
ð�1Þn�1 þ 1

�
�
�
sup � t0;i � ðn� 2ÞT =2

�
: ð20Þ

T is the period of the external forcing; T = 2p/x, º x ß is
the largest integer number that is smaller than x; b1 = 1
(we use this notation to allow easier comparison with the
following expressions); and AM = 2SM/p. The function
int(x) is the integer part of x (for x < 0 int(x) = º x
ß + 1) and the function min(a,b) is the smaller number
from a and b.
(2) SIS ON: Similarly to the above equations, the time

duration for which the SIS is ON, sdown, is given
below:

l0 ¼ b�2~t0=T c þ 2;

C2 ¼ Vmax �
1

kb2
p0b2 � S þ ð�1Þl0AM

h i

� 2AM

kb2
ekb2~t0 ð�1Þ

le�kb2ðl�1ÞT=2 � ð�1Þl0e�kb2ðl0�1ÞT=2

ekb2T=2 þ 1
;

and

sdown ¼
1

kb2
ln

kb2C2

kb2Vmin � p0b2 þ S � ð�1ÞlAM

; ð23Þ

where b2 = 1�aon. Finally, the next glacial period is
s = sup + sdown and the next phase t0,i+1, is

t0;iþ1 ¼
T
4
ð�1Þl�1 þ 1
h i

� sdown �~t0 � ðl� 2ÞT=2½ �

¼ T
2
�ð�1Þ

n þ ð�1Þl

2
þ nþ lþ 5

" #
� sþ t0;i: ð24Þ

We derive the above expressions as follows (detailed
derivation is given below): we first determine the sign of
the external forcing at the threshold points (n0 or l0 odd
or even). Then, we determine the number of external
forcing oscillations needed to reach the maximum (or
minimum) threshold (n or l). Once this is known the
duration of the SIS ON/OFF state is evaluated (sup or
sdown) and the next phase t0,i+1 is then found.

7.1 Detailed description of the solution

We start from the ordinary differential equation for ice
volume, Eq. 15. It is possible to integrate Eq. 15 when
the sign function is either positive or negative. We start
the glacial cycle at t = 0 and V = Vmin, then require
that the ice volume V(t) is continuous when the insola-
tion forcing changes signs and obtain the following:

V ðtÞ ¼ p0ð1� aÞ � S � ð�1ÞnAM

kð1� aÞ þ Cne
�kð1�aÞt; ð25Þ

where Cn is calculated as the sum of a geometrical series
that results from the continuity requirement for V(t). We
then obtain

C	 ¼
½kb1Vmin � p0b1 þ S � ð�1Þn0AM �e�kb1t0;i þ 2AM ð�1Þn0 ekb1ðn0�1ÞT =2

ekb1T=2þ1
kb1Vmax � p0b1 þ S 	 AM tanhðkb1T=4Þ ; ð18Þ

C	 ¼
½kb2Vmax � p0b2 þ S � ð�1Þl0AM �e�kb2~t0 þ 2AM ð�1Þl0 e

kb2ðl0�1ÞT =2

ekb2T =2þ1
kb2Vmin � p0b2 þ S 	 AM tanhðkb2T=4Þ ; ð21Þ

n ¼
2int 1

2þ 1
kb1T lnC�

	 

þ 2 when Cþ � 0

min 2int 1
2þ 1

kb1T lnC�
	 


þ 2; 2int 1þ 1
kb1T lnCþ

	 

þ 1

h i
when Cþ > 0;

8<
: ð19Þ

l ¼
2int 1þ 1

kb2T lnCþ
	 


þ 1 when C� � 0

min 2int 1
2þ 1

kb2T lnC�
	 


þ 2; 2int 1þ 1
kb2T lnCþ

	 

þ 1

h i
when C� > 0;

8<
: ð22Þ
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Cn ¼ C1 �
2AM

kð1� aÞ e
kð1�aÞt0 ð�1Þ

n�1ekð1�aÞðn�1ÞT=2 � 1

ekð1�aÞT=2 þ 1
;

ð26Þ

where n basically counts how many times the sign
function in Eq. 15 changed signs and is

n ¼ 2

T
ðt � t0Þ

� �
ð27Þ

such that the initial n is n0=º � (2/T) t0 ß.
The ice volume V(t) has to satisfy the following

conditions:

(1) The ice volume at the beginning of the glacial cycle,
t = 0, is V = Vmin:

Vmin ¼
1

k
ðp0 � S � ð�1Þn0AMÞ þ Cn0 : ð28Þ

(2) When the ice volume hits the maximum threshold at
t = sup, V = Vmax:

Vmax ¼
1

k
ðp0 � S � ð�1ÞnAM Þ þ Cne

�ksup : ð29Þ

(3) The ice volume V(t) is continuous when the SIS is
turned ON (at t = sup):

Vmax ¼
1

kð1� aonÞ
ðp0ð1� aonÞ � S � ð�1Þl0AM Þ þ Cl0 ;

ð30Þ

where l0 ¼ 2
T sup � t0 � T

2 ðn� 2Þ
 �� �

:
(4) At the end of the glacial cycle the ice volume V(t) is

equal to Vmin,

Vmin ¼
1

kð1� aonÞ
ðp0ð1� aonÞ � S � ð�1ÞlAM Þ

þ Cle
�kð1�aonÞsdown ; ð31Þ

where l ¼ 2
T s� t0 � T

2 ðn� 2Þ
 �� �

:

The task now is to find n (and l) needed to reach the
maximal and minimal ice volume thresholds. For this
purpose we find n for a specific t0 such that sup =
t0 + (n � 1)T/2. In that case Eq. 29 is solvable and n
can be found. After relaxing the assumption of a specific
t0 one obtains the expression for n (Eq. 19). Once n is
known, sup can be found from Eq. 29 to obtain Eq. 20.
In a similar way it is possible to find l of Eq. 22 and
sdown of Eq. 23.
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