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Abstract

We study private-value auctions with n bidders, where n is a large number. We
use asymptotic techniques to calculate explicit approximations of the equilibrium
bids and of the seller’s revenue in symmetric k-price auction (kK = 1,2,...) with
risk-averse bidders, and use these explicit approximations to show that the effect of
risk aversion on the seller’s revenue is O(1/n?) small. We also prove that second-
price auctions with asymmetric bidders are O(1/n?) revenue equivalent to a large
class of standard auctions.
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1 Introduction

Many auctions, particularly those which have recently began to appear on the internet,
have a large number of bidders. The standard approach to study large auctions has
been to consider their limit as n, the number of bidders, approaches infinity.! Using this
approach, it has been shown for quite general conditions that as n goes to infinity, the bid
approaches the true value, the seller’s expected revenue approaches the maximal possible
value, and the auction becomes efficient.? Most of the studies that adopted this approach,
however, do not provide the rate of convergence to the limit, i.e., a bound on the difference
between the limiting value and the value at a finite n. Therefore, it is not clear how large
n should be (5, 10, 1007) in order for the auction “to be large” (i.e., in order for the
limiting results obtained for n = co to be applicable). Results of this type were obtained
by Satterthwaite and Williams (1989), who showed that the rate of convergence of the
bid to the true value in a double auction is O(1/m), where m is the number of traders
on each side of the market, and by Rustichini, Satterthwaite and Williams (1994), who
showed that the rate of convergence of the bid to the true value in a k-double auction is
O(1/m) and the corresponding inefficiency is O(1/m?).3

In this study we use asymptotic analysis techniques in order to go beyond rate-of-

convergence results, namely, we utilize the existence of the large parameter n to calculate

!This is the approach, for example, in Wilson (1976), Pesendorfer and Swinkels (1997), Kremer (1999),

Swinkels (1999).
2See, for example, Swinkels (2001) and Bali and Jackson (2001).

3Hong and Shum (2004) calculated the convergence rate in common-value multi-unit first-price auc-

tions.



explicitly the leading-order deviation from the limiting value of the equilibrium bids and
of the seller’s revenue, regardless of whether bidders are symmetric or asymmetric, risk-
neutral or risk-averse. Since the leading-order deviation terms are O(1/n), our asymptotic
results are O(1/n?) accurate. Hence, our asymptotic results become valid at much smaller
values of n than the limiting results, which are only O(1/n) accurate.

In our previous studies we used perturbation analysis techniques to analyze auctions
with weakly asymmetric bidders (Fibich and Gavious (2003), Fibich, Gavious and Sela,
(2004)) and with weakly risk-averse bidders (Fibich, Gavious and Sela, (2002)). The

present paper improves on those studies in two aspects:

1. From the economic theory aspect, in those studies we had to assume that the level
of asymmetry (or risk-aversion) is small, in order to be able to expand the solution
in the small asymmetry (or risk-aversion) parameter. The results of this study are
stronger, since we do not need to make such assumptions, as we can utilize the

existence of the large parameter n.

2. From the mathematical analysis aspect, in our previous studies we used perturbation
techniques that “essentially” amounts to Taylor expansions in a small parameter that
lead to convergent sums. In contrast, in this study we use asymptotic methods (e.g.,
Laplace method for evaluation of integrals) which typically lead to divergent sums if
carried out to all orders (see, e.g., Murray, 1984). To the best of our knowledge, these
asymptotic techniques have not been used in auction theory so far. These techniques,

as well as other asymptotic methods (WKB, method of steepest descent, etc.) are



quite likely to be useful in other economic problems where a large parameter exist,
e.g., multi-unit auctions with many units (Jackson and Kremer, 2004; Jackson and

Kremer, 2005).

Since the pioneering work of Vickrey (1961) who established the revenue equivalence of
the classical private-value auctions (first-price, second-price, English, Dutch), a consider-
able research effort has been devoted to revenue ranking of different auction mechanisms.
Vickrey’s result was generalized twenty years later by the Revenue Equivalence Theorem
(Riley and Samuelson (1981) and Myerson (1981)) according to which the seller’s revenue
is the same for a wide class of private-value auctions with symmetric and risk-neutral
bidders. Private value auctions are, however, in general not revenue equivalent when
bidders are asymmetric (Marshall et al. (1994), Maskin and Riley (2000)) or risk-averse
(Maskin and Riley (1984), Matthews (1987)). As we mentioned, previous studies showed
that under quite general conditions, such auctions become revenue equivalent as n ap-
proaches infinity. In this work we prove a stronger result, namely, that independently of
whether bidders are symmetric or asymmetric, risk-neutral or risk-averse, for large classes
of standard auctions the O(1/n) deviation of the revenue from the limiting revenue is also
independent of the auction mechanism. In other words, the revenue difference among large
auctions with n bidders is at most O(1/n?). This result suggests that revenue ranking of

large auctions is probably more of academic interest than of practical value.*

4In fact, in all the numerical examples that we have tested (see, e.g., Table 1) we found that already
for auctions with six bidders, the revenue difference between first- and second-price auctions is in the

fourth or fifth digit.



The paper is organized as follows. In Section 2 we calculate asymptotic approximations
of the equilibrium bids and of the seller’s revenue in large symmetric k-price auctions
(k =1,2,...) with risk-averse bidders, and show that the differences in the equilibrium
bids and in the seller’s revenue between risk-neutral and risk-averse bidders are only
O(1/n?). Therefore, we conclude that all large k-price auctions with risk-averse or risk-
neutral bidders are O(1/n?) revenue equivalent. In Section 3 we calculate asymptotic
approximations of the revenue in large asymmetric auctions. As was pointed out by
Swinkels (2001), while in large asymmetric auctions “players’ values may come from
very different distributions, their environments, and thus their optimal behavior with any
given valuation, may be very similar”. Since the environment (competition) that players
i and j face differs by one out of n — 1 players (7 is facing j but not ¢ and vice versa),
one can expect the resulting revenue differences among different auction mechanisms to
be O(1/n). However, our results show that a large class of auctions with asymmetric
bidders are O(1/n?) revenue equivalent. Finally, numerical examples suggest that the
asymptotic approximations derived in this study are quite accurate for auctions with as
little as n = 6 players. Therefore, the number of bidders n does not have to be really large
for our asymptotic results to be valid. Section 4 concludes, and the Appendix contains

proofs omitted from the main body of the paper.



2 Large symmetric auctions

Consider a large number (n > 1) of bidders who are competing for a single object. The
bidders are symmetric such that the valuation v; of bidder ¢ for the object is independently
distributed according to a common distribution function F'(v) on the interval [0,1]. We
denote by f = F’ the corresponding density function. We assume that F' is twice continu-
ously differentiable and that f > 0 in [0, 1]. We assume that each bidder’s utility is given
by a function U(v — b), which is twice continuously differentiable, normalized to have zero

utility at zero, and monotonically increasing, i.e.,
U(x)ecC? UW0)=0, U(zx)>0. (1)

Since we place no restriction on U”, the results of this section hold for risk-averse, risk-

neutral, and risk-loving bidders.

2.1 First-price auctions

In the case of first-price auctions, the inverse equilibrium bids satisfy

1 F(v() U (v(b)

_ )
n =1 f(v(b)) Uw(b) ~b

) Y

v'(b) v(0) = 0. (2)

In this setup, there are no explicit formulae for the equilibrium bids and for the revenue,
except for some special cases. Recently, Fibich, Gavious and Sela (2002) obtained ex-
plicit approximations of the equilibrium bids for the case of weak risk aversion, by using
perturbation methods to expand the solution in the small risk-aversion parameter. In
contrast, here we use different mathematical techniques and expand the solution in the
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large parameter n, without making the assumption that risk aversion is weak.’

Proposition 1 Consider a symmetric first-price auction with n bidders with utility func-
tion U(x) that satisfied Assumptions (1). Then, the equilibrium bid for a sufficiently large

n is given by

“”:”_ni1§8;+0(%)’ (3)

and the seller’s expected revenue is given by

mmzl—%ﬁ3+o(%). (4)

Proof. See Appendix B.

Proposition 1 shows that the differences in the equilibrium bids and in the seller’s rev-
enue between auctions with risk-neutral or with risk-averse bidders are at most O(1/n?).
In other words, risk aversion only has (at most) an O(1/n?) effect on the equilibrium bids

and on the revenues in symmetric first-price auctions.®

2.1.1 Going to the next-order

The results of Proposition 1 raise several questions:

1. Is the effect of risk-aversion truly O(1/n?), or is it even smaller?

®Caserta and de Vries (2002) used extreme value theory to derive an asymptotic expression for the
revenue which is equivalent to (4). The result of Caserta and de Vries (2002) holds, however, only in the

risk-neutral case, where an explicit expression for the revenue is available.

6Our conclusion that risk aversion has a negligible effect in large auctions is consistent with Dyer,
Kagel and Levin (1989), who found in experiments with six bidders that the actual bids were very close

to the theoretical risk-neutral equilibrium bid.



2. Can we estimate the constants in the O(1/n?) error terms?

3. To what extent do the results depend on Assumptions (1) for the utility function?

We can answer the first two questions by calculating explicitly the O(1/n?) terms:

Proposition 2 Consider a symmetric first-price auction with n bidders with utility func-
tion U(x) that satisfied Assumptions (1). Then, the equilibrium bid for a sufficiently

large n is given by

e 1 F(v) 1 F(v) B Fz(v)f’(v) B Fz(v) U”(0) 1
b(v) = n_lﬂw*wn—nzbw> 73(0) 2ﬁ@ﬂwm]+0( )’@

and the seller’s expected revenue is given by

. li i 2 B 3f/(1) B 1 U“(U) i
R =1 ! La> ) H%DU®J+O( )‘ ®)

Proof. See Appendix C.

We thus see that risk-aversion has an O(1/n?) effect on the bid when U”(0) # 0, but a
smaller effect if U”(0) = 0. As expected, the bids and revenue increase (decrease) for risk-
averse (risk-loving) bidders. Note that the magnitude of risk-aversion effect is determined
by the value of the absolute risk-aversion —U" /U’ at zero.

To answer the third question, we note that Assumptions (1) imply that U’(0) < oo,
and are thus invalid in the case of a CRRA utility function U(z) = 2%, 0 < a < 1. In

that case, risk-aversion turns out to have an O(1/n) effect on the bid and revenue:



Lemma 1 Consider a large symmetric first-price auction with n bidders with a CRRA

utility function U(x) = z® where 0 < o« < 1. Then,

b(v) = v—O‘F(”)+o(i), (7)

n f(v) n?
RIF| = 1- %%;‘ L0 (%) | (8)

Proof. See Appendix D.

The observation that risk-aversion has a small effect on the revenue in large auctions
is not surprising. Indeed, since in large auctions the bids are close to the values, one can
approximate U(v—b) ~ (v—0)U’(0), which is the risk-neutral case. However, this intuitive

argument cannot tell us that the effect of risk-aversion decays as 1/n? when U’(0) > 0,

but as 1/n for CRRA bidders, etc.

2.2 k-price auctions

The results of Proposition 1 can be generalized to any k-price auction:”

Proposition 3 Consider a symmetric k-price auction (k = 1,2,3,...), with n bidders
with utility function U(x) that satisfies Assumptions (1). Then, the equilibrium bid for a

sufficiently large n is

b@):wiii?&%()(%), (9)

and the seller’s expected revenue is given by (4).

"In a k-price auction the bidder with the highest bid wins the auction and pays the k-th highest bid.

For more details on k-price auctions with risk averse bidders, see Monderer and Tennenholtz (2000).



Proof. See Appendix E.

Recall that in the risk-neutral case U(z) = z, the equilibrium bids in k-price auctions

are given by (Wolfstetter, 1995)

k—2 F(v)

b(v)zv_l—n—k‘—l—lf(v)'

Comparison with equation (9) shows that in large symmetric k-price auctions, risk aversion
only has an O(1/n?) effect on the equilibrium bids. Proposition 3 also shows that risk
aversion only has an O(1/n?) effect on the revenue in large symmetric k-price auctions.
Since all k-price auctions are revenue equivalent in the risk-neutral case, this implies,
in particular, that all large symmetric k-price auctions, with risk-loving or risk-averse
bidders, are O(1/n?) revenue equivalent.

Remark. As in the case of first-price auctions (see Section 2.1.1), we can calculate
explicitly the O(1/n?) terms in order to to see that the effect of risk-aversion is truly
O(1/n*) when U’(0) > 0 and U”(0) # 0, that the effect of risk-aversion is only O(1/n) for

CRRA bidders, etc.

3 Asymmetric large auctions

We now consider the case of large asymmetric auctions with n risk-neutral bidders. The
valuation of bidder ¢ for the object v; is independently distributed according to a distribu-
tion function F;(v) on the common interval [0, 1]. We denote by f; = F! the corresponding

density function.
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We assume that f;, fj’» and fj’»’ are uniformly bounded, i.e., that there exist two positive

constants 0 < m < M, such that for every v € [0,1] and for j =1,...,n,
m < fi(v) <M, [fi(]), £} (v)] < M. (10)

In fact, for our results to hold, it is enough to require that (10) holds in a small neighbor-
hood of v = 1.
We denote by

n 1/n
qutl

the geometric average of the distribution functions and also denote fg(v) = Ff(v).

3.1 Second-price auctions

Consider a large number (n > 1) of asymmetric bidders with distribution functions
Fy, ..., F, who are competing for a single object in a second-price auction. In this case,
the equilibrium bid functions are b;(v) = v, and the seller’s expected revenue is given by

(see, e.g., Fibich and Gavious (2003))

R™[F, .. _1—/ dv—Z/ (1-F Fj(v)dv. (11)

=1
)

LS.

Asymptotic expansion of R?"d in 1/n leads to the following result:

Proposition 4 In an asymmetric large second-price auction with n bidders, the seller’s

expected revenue for a sufficiently large n is

b -2 1 1
R™[F,. ... F)=1 nfg(1)+0(n2)’ (12)

11



where fa(1) = F(1) = 3 3 f;(1).
j=1
Proof. See Appendix F.

Cantillon (2003) showed that the revenue in asymmetric second-price auctions is al-
ways smaller than in a symmetric second-price auctions with the same number of players
whose (symmetric) distribution function is Fg. Since fg(1) is the same in both cases,

Proposition 4 shows that the revenue difference between the two cases is O(1/n?) small.

Example 1 We consider a large asymmetric second-price auction where bidders are equally
split to n/2 bidders with a distribution function Fy(v) = v"/? and n/2 bidders with a dis-

tribution function Fy(v) = v

In this case, = 4/5 and the asymptotic approximation (12) yields

1
fa(1)

Rznd:1—§+0(i). (13)

5n n?
By (11), the exact value of the seller’s expected revenue is given by

n—1 n/2 n/2

R¥™ =1 — — .
Tint1 12n—1 12105

Expanding this in 1/n gives

8 104
Rl =S4 2
5n+125n2 *

which is in agreement with (13).

12



3.2 Asymptotic revenue equivalence

In the following we show that the asymptotic expression for the revenue in asymmetric

second-price auctions (12) can be generalized to a large class of asymmetric auctions.®

Theorem 1 Consider any auction mechanism that satisfies the following conditions:

1. All n players are risk neutral.

2. Player i’s valuation is private information to i and is drawn independently by a twice

continuously differentiable distribution function F;(v) from a support [0, 1].
3. The object is allocated to the player with the highest bid.?
4. Any player with valuation O expects zero surplus.
5. The mazimal bid is identical for all bidders, i.e., b;(1) = b;(1) for every i and j.*°

6. The asymmetry among the equilibrium bids and their first, second, and third deriva-
tives at the mazimal value is at most O(1/n), i.e., bgk)(l)/bgk)(l) =1+0(1/n) for

every i and j, and fork =1,2,3. 1

8Fibich, Gavious and Sela (2003) showed that weakly-asymmetric auctions are asymptotically revenue
equivalent, by expanding the revenue in the small asymmetry parameter. The result here is stronger,

since we do not need to assume that the asymmetry among players is weak.

9n the symmetric case, assumption 3 is equivalent to the assumption that in equilibrium the object
is allocated to the player with the highest valuation. This equivalence, however, does not hold in the

asymmetric case since asymmetric auctions are not necessarily efficient.
10This condition is satisfied e.g., for asymmetric first- and second price auctions.

1The motivation for this condition is as follows. Since the environment (competition) that players i
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Then, the seller’s expected revenue for a sufficiently large n is given by

2 1 1
R[Fl,...,Fn]zl—Efg(l)+o(ﬁ). (14)

Proof. See Appendix G.

As we have said, previous studies established the revenue equivalence of a large class of
auctions in the limit as n — o0o. The novelty in Theorem 1 is, thus, in showing that the
O(1/n) deviation from the limiting value is also independent of the auction mechanism.
Clearly, in the case of symmetric auctions, the asymptotic relation (14) reduces to (4).

It is interesting to note that Condition 6 is not satisfied by asymmetric first-price auc-
tions, since in that case b;(1)/b%(1) = fi(1)/f;(1). Nevertheless, the result of Theorem 1
does hold for asymmetric first-price auctions, as is corroborated by our subsequent nu-
merical examples. The reason for this is that one can split the integration segment [0, 1]
into two segments [0, 1 —¢€] and [1—e¢, 1], and choose € = ¢(n) < 1, such that Condition 6
holds for v = 1 — ¢, and such that the contribution of the interval [1 — ¢, 1] to the revenue
is O(1/n?). Therefore, application of Theorem 1 to the interval [0, 1 — €] will yield the
result.

In order to examine the level of revenue equivalence when the number of players is
not really large, in Table 1 we compare the expected revenue in first-price auctions, the
expected revenue in second-price auction, and the asymptotic approximation for the rev-

enue, for the case of 6 asymmetric bidders with various distributions. The first thing to

and j face differs by one out of n — 1 players (i is facing j but not ¢ and vice versa), one could expect the

resulting asymmetry among the bids to be O(1/n).
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note is that our asymptotic prediction

2 1 2
Flrl1--——=1

Bl AL

is considerably more accurate!? than the ‘old’ prediction

R[Fl, e ,Fn] ~ lim R[Fl, e

n—oQ

F] = 1.

In addition, the good agreement between the asymptotic prediction and the actual rev-
enues suggests (yet again) that the results of the asymptotic analysis are already valid
for n ~ 6. Finally, we note that in all cases the differences between R'*' and R?*"! are

only in the fourth or fifth digit. This observation suggests that, for all practical purposes,

first-price and second-price auction with n > 6 bidders are revenue equivalent.

distributions RIst R 11— %#(1) RIst — R2nd | Rlst <1 - %#(1))
Fi=F,=Fy=Fy=v* Fy=Fs=0v"?|0.877782 | 0.877778 | 0.882353 0.000004 -0.004571
Fi=Fy,=Fy=0v* F, = Fs = Fs = v'/? | 0.84487 0.84483 | 0.851852 0.00004 -0.006982
Fi=F,=Fy=2v% F,=Fy = Fsg=0v"2|0.751773 | 0.751697 | 0.733333 0.00008 0.01844
Fi=v,i=1,...,6 0.900224 | 0.900143 | 0.904762 0.000081 -0.004538

Table 1: Expected revenue R'™'[F}, ...

,Fﬁ] and R2nd[F1’ c.

7F6]-

4 Concluding remarks

Fibich, Gavious and Sela (2003) showed that for weakly-asymmetric auction, if € is the

small asymmetry parameter, all standard auctions are O(e?) revenue equivalent. Hence,

2hy a factor of 13-27 for these examples
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the revenue difference among weakly-asymmetric auctions is negligible. In this study
we do not assume that the asymmetry is weak, yet we find that the revenue difference
among large asymmetric auctions is also negligible. Together, these two studies suggest
that in most cases asymmetry among bidders valuations plays a minor role in revenue
ranking of auctions. Since asymmetry leads to a considerable increase in the complexity
of the mathematical model, but has negligible effect on revenue ranking, it can probably be
neglected in revenue ranking studies. A similar conclusion, however, cannot be applied to
risk-aversion. Indeed, Fibich, Gavious and Sela (2002) showed that for symmetric auction
with weakly-risk averse bidders, if € is a small risk-aversion parameter, risk aversion has
an O(e) effect on the equilibrium bids, and then the revenue difference among auctions
is O(e). Therefore, risk-aversion can play an important role in revenue ranking of small
auctions, but not in large ones.

If we try to generalize the results of this research, we can identify several unifying
themes: 1) Auctions with a large number of bidders are considerably simpler to analyze
than auctions with a small number of bidders, since the effects of various “complications”
such as asymmetry, and risk-aversion are negligible. 2) The revenue ranking of large
auctions is more of academic than of practical value. 3) Auctions with as few as six
bidders can be considered as large auctions.

The last point raises the important question of how large the number of bidders (n)
should be for our asymptotic results to be valid. Since our expansions have an O(1/n?)
accuracy, roughly speaking, they have a 1% accuracy for 10 bidders. As the numerical

examples in this study show, however, our asymptotic results are already quite accurate
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even for values as low as n = 6. The issue of how small can n be for our asymptotic results
to be valid can be resolved theoretically, in principle, by calculating explicitly the next
O(1/n?) term in the asymptotic expansion, but this is beyond the scope of the present

study.

A Auxiliary Lemmas

Lemma 2 Let n > 1, let b(v) = v + (1/n)B1(v) + (1/n?)Bs(v) + O(1/n3), and let

v(b) = b+ Lu1(b) + Hva(b) + O(1/n?) be the inverse function of b(v). Then,
Bi(v) = —ui(v),  Bs(v) = =Bi(v)vy(v) — va(v). (15)

Proof. We substitute the two expansions into the identity v = v(b(v)) and expand

in 1/n:

v = (b)) = o) + —0a(b(e)) + a(b(e)) + O /)
= v+ 2 BI(0)+ g Ba(0) + (v n %Bl(v)) + sun(v) +O(1/n?)

= v+ % [Bi(v) +vi(v)] + % [B2(v) + Bi(v)vy(v) + va(v)] + O (%) .

Balancing the O(1/n) and O(1/n?) terms proves (15). [

In the following we calculate an asymptotic expansion of the integral fov F'(x)dx
using integration by parts (for an introduction to asymptotic evaluation of integrals using

integration by parts, see, e.g., Murray (1984)):

17



Lemma 3 Let F(v) be a twice-continuously differentiable, function and let f = F' > 0.

Then, for a sufficiently large n,

/Ov F(z)de — %F;L:(;()“) {1 +0 (%)] | (16)

Proof. Using integration by parts,

1 (o) 1

_ 1 n+2 -f/() n2 f/ )
T n+1 f(v) +n—|—1n—|—2F+()f3() n—l—1n—|-2/0F+ (f3$)) e

Therefore, the result follows.

B Proof of Proposition 1

Since lim,,_, v(b) = b, we can look for a solution of (2) of the form

Substitution in (2) gives

o3
1 F(®) + (/0= 1))
=1 F0) + (/00— D) (D)

(n=?) U'(0) + (n/(n = D)U"(0) + O(n?)
(n=?)  U(0) + (vi/(n = 1)U'(0) + O(n=2)

+0
+0
Since U(0) = 0 and U’(0) > 0, the balance of the leading order terms gives

_ F)  U0)

~ ) wU(0)

Therefore, v1(b) = F(b)/f(b) and the inverse equilibrium bids are given by

e LF® (1
U(b)_b_l_n—lf(b)_l—O(n?)'

18




Inverting this relation (see Lemma 2) shows that the equilibrium bids are given by (3).
To calculate the expected revenue, we use (3) to obtain

R[F] = /Ob(v)dF"(v):b(l)—/O b (v)F™(v) dv

_ 1—%%%—0(1)—/01[1+O(1/n)]F"(v)dv.

Therefore, by (16), the result follows.

C Proof of Proposition 2

Since lim,, ., v(b) = b, we can look for a solution of the form

o(b)=b+ - ! SHORE (71_171)27;2(5) +0 (%) | (17)

Substituting (17) in (2) and using U(0) = 0 and 0 < U’(0) < oo gives

1, 1
1 + m’vl(b) + O (n—)

B 1 F)+;2f0)+
B +

n—1f(b)+ n“lf’(b)

O(n=?) U'(0) + @M@—DW%>+W 2)
O(n™2) U(0) + (25 + =22)U(0) + 55255:U"(0) + O(n~3)
2) U'(0) + :2:U"(0) + O(n™?)

T D)+ 2O 00 (o + 200 ) 3l U(0) + O(n-2)

= (i +amr o) (1 2y <00 >
1

2(n 1

Fb) + 725 7(0) + O(n”

1 1 U"(0) Vs v U"(0) 2
(E+n—uwm+0“ )(“Xn—>a‘2m—nvu»+m”))
FO)1 1 [ FOFG) . FG) U0)  Fb)v

- ﬂma+n—1ﬁ 7200) *w@ﬂwm‘f@5ﬂ+0m_>

Balancing the O(1) terms gives, as before,



Balancing the O(-17) terms gives

Substituting vy (b) = F'(b)/f(b) and v} (b) =1 — F(;’g{;)(b) gives

Using Lemma 2 and (18,19) to invert the expansion (17) gives

b('U) =v+ n 1 131('[1) + ﬁBQ(U) + O (%) s
where
F(v) FW)_FO)f) P U
Blor==5 BU=50 " 7w 2w tlo)

This completes the proof of (5).

To calculate the expected revenue, we first use (5) to obtain

R[F] = /Ob(v)dF"(v):b(l)—/O V' (v)F™(v) dv
11 1 { 1) 1 U”(O)]
f

~ T e [ T RO T 20 T

L ) oo ()

Integration by integration by parts (as in Lemma 3) gives,

v 11 11 f(1 1
/OF (”)d“_n+1f(1)+n+1n+2f3(1)+0(_)’

and

(19)



Therefore,

_11 12 20
- onf() 2 fQQ)

Substitution in the expression for R[F] proves (6).

D Proof of Lemma 1

In the case of CRRA risk-aversion, equation (2) can be solved explicitly, yielding

o) = o — do £ = ()5

F~ (v)

Asymptotic expansion similar to the one in Lemma 3 gives

A Pt (0) 1 1
[ e =g f(v)*O(ﬁ)‘

Therefore, equation (7) follows. The proof of (8) is similar to the proof of (4) in Proposi-

tion 1.

E Proof of Proposition 3

The case k = 1 was proved in Proposition 1. When k£ = 2 the result follows immediately,

since b(v) = v. Therefore, we only need to prove for k£ > 3. In that case, the equilibrium

strategies in k-price auctions are the solutions of (see Monderer and Tennenholtz (2000))

/Ov U = b)) " (t)(F(v) = F ()" f(t) dt = 0.
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Defining m = n — k and t = v — s, we can rewrite equation (20) as

0 = [ U= b PR - Fe) ) d
= [ e Ou - b)) - PO ) d

(21)

= minF) / e~mn F@)=InF@=9)l17(yy — h(v — 5))(F(v) — F(v — $))* 3 f(v — 5) ds.
0

Since the maximum of In(F(v — s)) is attained at s = 0, we can calculate an asymptotic

approximation of this integral using Laplace method (see, e.g., Murray (1984)).

To do

that, we make the change of variables z(s) = [In F'(v) — In F/(v — s)] and expand all the

terms in the last integral in a Taylor series in s near s = 0.

Expansion of z(s) near s = 0 gives x = sf(v)/F(v) + O(s?). Therefore,

d
ds

f(v)/F(v)+ O(s), s::vl;((:)) + O(s%), ds = %

Let us expand the solution b(v) in a power series in m, i.e.,

b(v) = bo(v) + %bl(v) +0 (i) |

m?2

Therefore, near s = 0,

bo — 5) = bo(v) — sth(v) + by (v) - %sb’l(v) +O(2) 4+ 0 (#) |
In addition,

(F(v) = F(v =)= (sf(v) + O(s*)* = s fF3 ()1 + O(s)],

and
flv—=s)=f(v)+0O(s).

22
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Substitution all the above in (21) gives

0 = [Hemv]o- (o= + M- o) o ()]

m m

58115 (0) [+ O] (o) + O] } s
N /OOO {e—m U {v _ (bo(v) _ a:l;((:))bg(v) + %bl(v) - %1;((:))5;(@) +0@EY) 40 (i))] «

P IFR(0) [L+ O(@)] [ (0) + O(a) % 1+ 0()] }

= F"2(v) /Ooo {e_m {U(v —bg(v)) + U' (v — by(v)) (a:l;((:))bg(v) — 5177(;1) - %];((:)) b’l(v))

+O(?) + 0 (#)} #7314+ 0(2)] } da. (22)

We recall that for p integer, fooo e~™gP dx = p! /mPTL. Therefore, balancing the leading

O(m~*=2) terms gives
U(v — bo(v))F*2(v) / e R 3 dr = 0.
0

Since U(z) = 0 only at z = 0, this implies that by(v) = v. Using this and U’(0) = 0,

equation (22) reduces to

0= /0 h {e—m (a:l;((:)) _ %bl(v) + %1; ((;’)) b’l(v)) 253 4 O(z4)] } iz

Therefore, balance of the next-order O(m~(*~1) terms gives

F) [* e gea 1 v Ooe—mggk‘s T =
f(v)/o e mb1()/0 =0
F)(k=2! (k=3), . _
flv) mh+1 1 hw) =0
Therefore,
0 o F)
bi(v) = (k = 257



Hence, we proved (9).

The seller’s expected revenue in a k-price auction is given by

Ry = /0 1 b(v)dFy(v),

where b(v) is the equilibrium bid in the k price auction and Fj(v) is the distribution
of the k-th valuation in order (i.e., k-order statistic of the bidders private valuations).

Substituting the asymptotic expansion for the equilibrium bids gives

Ry = /01 [U+E:Z?((:))] dFy(v) +0(%>.

Since the asymptotic expansion for the equilibrium bid is independent of the utility func-
tion U until order O(n%), the revenue in the risk-averse case is the same as in the risk-

neutral case, with O(n%) accuracy. By the revenue equivalence theorem, the latter is given

by (4).

F Proof of Proposition 4

From (11) it follows that

R™[Fy, .. =1 / v) dv — Z / ﬁFj(v) dv.  (23)

Repeating the proof of Lemma 3 with F' = F gives

/ dv—/ong(v)dv:

1 1 1 (L)/
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Since 1/fa(1), (1/fc)'|v=1 and fol F2(v) (#(v) (#(v)) ) dv are uniformly bounded

in n, see Lemma 4,

/OlﬁF()dv_ifgl(l)+O(%)' (24)

i=1

In order to continue to evaluate the remaining terms in (23), we first use two integra-

tions by parts

1 F n
o I
0 e

1 F"+1()1 E)|'
n+1l fe(v) Fiv)

oL R 1—Fi(v)/
0 n+1ln+2 fo(v) (fG(U) Fi(v) )

i Jlr In Jlr 2 /olngH(v) (fcl(?f) (fGl(?f) : ;ﬂgv))/?//dv
- i 70 (5w G r ) o ()

’ /
Arguments similar to the ones in Lemma 4 show that F2(v) ( fcl(v) ( fcl(v) lgfzv()” )) ) is

uniformly bounded. Therefore,

/01 70 (5 (7w ;fg))) w

where is the last stage we used (24). Since, in addition, f(1) =1 3 fi(1),

n Zfz()
> [ S = 550 () = im0 (%)

J=1

<c [ Fwan=oa/m.

Substituting the last relation and (24) in (23) concludes the proof.

Lemma 4 There exists a positive number C', independent of n, such that

/o1 ) (fcl(?f) (fcl(?f) )/)/ w
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Proof: From Assumptions (10) it follows that mv < Fj(v) < Mwv. Therefore,

Fe(v) < Mwv, and

ESFG(U)S%’ 0<wv<l
M = Fj(v) = m
Since
~ fi(v) _1~Fa(v)
fa(v) = —Fa(v) = - fi(v),
o) =GP L ) T 2 R
equation (25) implies that
m? M? m 1 M
< < — < < —.
M ~ folv) < m’ M? = fa(v) = m?

In particular, we see that 1/fs(1) is uniformly bounded.

Differentiating equation (26) gives

fo(0) = %FG@)( ]{f())) L35 O A

j=1 j=1

mu <

(25)

(26)

(28)

Therefore, from assumptions (10) it immediately follows that | f/,(1)] is uniformly bounded,

hence also |(1/fa)|v=1-

In order to bound the integral, we first note that since Fj2(v) < 1, it is enough to show

that

z(v)( ! ( ! )')':_Fé(v)fé(v) L FAlfe )

I Ty \Fal) By T )

is bounded (uniformly in v and in n). In light of (27), we only need to show that FZf&

and Fg f(, are bounded. Indeed, by (28),

Foo) () = <Z o fj(v)> #1328 (B - £().

j=1 j=1 " J
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Therefore, relations (10,27) show that |Fg(v) f5(v)| is uniformly bounded. Similar argu-

ments show that

Fy)falv) = i( F?’(”)fj@)) + 250 Feldilo) 5 Fgtv)

is uniformly bounded.

G Proof of Theorem 1

When all players with a zero valuation expect a zero surplus (Condition 4), then the

seller’s expected revenue is given by (Fibich, Gavious and Sela, 2003)

R= —;/:Pi(v)[v(l—Fi(v))]’dv, (29)

where P;(v) is the probability of winning for bidder ¢ with type v at equilibrium. Since
P =P (8(0) > maxty ) =TT £ B

we can rewrite (29) as

R=- ZI/O <]:11: Fj(bj_l(bi(v))> 1-— FZ(;-},Z)(U_) v fi(v) 0.

In order to approximate R for large n, we use an asymptotic method known as Laplace

method for integrals (see, e.g., Murray (1984)). We first define
n 1/n d
Gi(v) = <H Fj(bj_l(bi(?f))> ;o gilv) = %Gi(v)-
=1

27



Then, we have

R — _g/ol e nGi(v) | (1 —Fz’(;i)(v—) vfi(v)) dv

_ g/ol I Gil1s) | (1 - K- 2(—1 (_15_) s)fi(l — S)) ds, (30)

where the last equality is obtained by the change of variables s =1 — v.

The essence of Laplace method is the realization that as n increases, the contribution to
each integral comes essentially only from the neighborhood of the point where G; attains
its maximum, i.e., near v = 1 or s = 0. Hence, with exponential accuracy, one can
replace the integrand with its Taylor expansion near s = 0, and also extend the domain

of integration from [0, 1] to [0, 0o). To do that, let us first prove the following result:

Lemma 5 Let z;,(s) = —InG;(1 — s), and let 0 < s < 1. Then,

T; dz; g;(1) ) 2 }
s = 1+0(x;)), ds = {1%—:@-(@ —1]+4+0(z;)] .
s o) (D) 421 .t
Proof.  Taylor expansion in s gives®®

n= s+ Saee, e = 4 (2020

g ) 0<2(s) < s

Solving the quadratic equation for s (for the root that satisfies z(s = 0) = 0) gives

S_—mﬂ%+ g7 (1) + 21
/)7 b

Since x; < 1, and since |n(z(s))|,|1/g;(1)] < C, see Lemma 6, we can expand this

expression as

o —9D) + g/ 1+22m/g}(1) _ i O_ W7+”> 14+ 0().

n 9:(1)
13Here we used Condition 5 to deduce that G;(1) = 1.
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Similarly,

B Gl-9 1 @O -gm) £, & (G-
i = e C g o) = (

Since [§(w(s))| < C, see Lemma 6,

In addition,

1—-F(1—5)—(1—9)fi(1—25) ) / 2
Fi(1—s) = —fi(1) = s(fi (1) = fi(1) = 2fi(1)) + O(s7)

Substituting the above in (30) gives that

_ / ” Z { (ﬁ-(l) + gjg;) (F2(1) — f1(1) - 2fz-<1>>) (1 + i (3(81)) - 1))”(933 )] gfffy

Since z; is a dummy variable, we can rename x; = x. Therefore,

o S (0 o) (v () o)

- Yo e (ﬁ-(l) +a {gjl) (200 = £10) 2500 + £ (G5 —1) | < 0 ) o
E
1

- s - s -2 + i) (S )] [ e 0w

_l_

; g:(1) Lgi(1)
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We thus see that

——Ejﬁ —Elﬁnkﬁm—ﬂm—%mw+ﬂnﬁn

Zfl +0(n (31)

In order to calculate the first term on the right-hand-side of (31), we first note that

d n 1/n
mozaxﬂﬂ@wwﬂ

J=1

Since all bidders have the same maximal bid, then b»‘l(bi(l)) = 1. Therefore,

Z (33)

le

JFrom this, it follows that
9i(1) = abi(1), (34)
where « is a constant which is independent of i, and hence that
1 fi(l
-> ) (35)
n <~ gi(1)
Differentiating (32) and using b»_l(b-( )) =1 gives

) 1 1 1, e
(1) = 5 <Z ;EB) n 1)2638

) T
Lo (B0 RO OB B
‘Wf*”%;(¢u>‘bxn"<%a»2)bﬂn
B ) ) BB B
:f“”+mmmm+ﬁmngx@afvmn‘<wnv)%aw@®
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Multiplying by f;(1) and using (34) gives

- / 2 af;(L)v!
fi(Dgi(1) = fi(1)g2 (1) + ot (1 )fi(1)+%fi(1)gi2(1)z(fé(l)_sz(l)_ fg<1>j<1>).

j=1

Dividing by ¢#(1) and summing gives

fi(1 fz (W) fi(1) (1~ fiD)
Z( ) Z o g(1) +<n;gi<l>>J

i=1 i=1

=n =1

Therefore,

g:(1) g:(1)

Substituting this and (35) in (31) gives

- (fi(l)gé(l) +f3(1)—f£(1)) .

ij )+ O(1/n). (38)

Substitution in (37) gives (14).

Lemma 6 Let s < 1. Then, there exist a positive constant C, independent of n, such

that

/g <C, In(z(s)) <C, [(w(s)] < C
Proof.  From (33) and Assumptions 77 it follows that

m+O(1/n) < [gi(1)] < M + O(1/n). (39)
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Since s < 1, it follows that z(s),w(s) < 1 and thus, it suffices to bound |n(t)| and |£(t)]

for t < 1. Now,

—gi(1 =t)Gi(1 —t) + g?(1 - 1)
n(t) = =1 ,

() = —g (1= t)gi(1 =) — g/ (1 = )g7(1 = )Gi(1 — ) + 2g:(1 — t) (g))* (1 = )Gi(1 — t)
gi(1—1) '

Therefore, we need to bound G;(1 —t), g;:(1 —t), gi(1 —¢), ¢//(1 —t), 1/G;(1 —t) and
1/¢;(1 —t). Since G;(1) = 1, and since g;(1) is bounded from above and away from zero
from below, see (39), it is enough to bound ¢/(1) and g/'(1), since by continuity, the bound
is still valid for t+ < 1. Using (36), and the conditions b;(1)/b;(1) = 1 + O(1/n) and
b/ (1)/b7(1) =1+ O(1/n), gives that
1 n
9i(1) = g; (1) + — > (F) = F) +00/n). (40)
j=1
Similarly, using also the condition that ;"(1)/b7'(1) = 1+ O(1/n) gives

G = @)+ 2a) Y (A - £O) +

J=1

% Z (ff(1) =2f,() f;(1) + (1) + 01 /n).

Therefore, Assumptions (10) imply that ¢/(1) and ¢/(1) are uniformly bounded.
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