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1 Introduction

A seller wishing to sell an object through an auction can choose from various auction
mechanisms (first-price, second-price, English, etc.). A key criterion in the selection of
an auction mechanism is the expected revenue for the seller (i.e., its revenue ranking).
Myerson (1981) and Riley and Samuelson (1981) showed that all standard® symmetric
private-value auctions with risk-neutral bidders in which bidders’ values are independently
distributed are revenue equivalent. Bulow and Klemperer (1996) generalized this result
to the case of symmetric auctions with interdependent values, in which bidders signals
are independently distributed.? It is well known, however, that in most cases standard
auctions are not revenue equivalent when bidders are asymmetric (see, Krishna (2002)).3
Such an asymmetry can arise in auctions with interdependent values, either when bidders
have asymmetric distributions of signals or when bidders have asymmetric utility functions
of the signals. Since in many real-life auctions bidders are asymmetric, considerable

research effort has been devoted to revenue ranking of asymmetric auctions (see, Krishna

'We say that an auction is standard if the rules of the auction dictate that the bidder with the highest

bid wins the auction.

2Standard symmetric auctions with interdependent values are in general not revenue equivalent when
bidders’ signals are affiliated. For example, the second-price auction generates more revenue than the

first-price auction (Milgrom and Weber, 1982).

3Myerson (1981) showed that the revenue equivalence also holds for asymmetric auctions, provided
that at any realization of the players’ values/signals the probability of a player to win the object is
independent of the auction mechanism. It can be easily verified, however, that Myerson’s condition

usually does not hold.



(2002)). Nevertheless, since analysis of asymmetric auctions is hard, relatively little is
known about them at present.

Recently, Fibich, Gavious and Sela (2004a) used an applied mathematics technique,
known as perturbation analysis, to show that private-value auctions with bidders hav-
ing weakly asymmetric distributions of (independent) values are asymptotically revenue
equivalent. A natural question, is therefore, whether this result holds only for the special
case of private value auctions, or also in more general setups. In this paper we show that
asymmetric auctions with interdependent values, in which bidders signals are indepen-
dently distributed, are also asymptotically revenue equivalent for the following two cases of
asymmetry: 1) when bidders have asymmetric utility functions, and 2) when bidders have
asymmetric distribution functions for their signals. In both cases we prove an asymptotic
revenue equivalence result of the following type: Let € be the asymmetry parameter and let
R(¢) be the seller’s expected revenue in equilibrium. Then, R(e) = R(0) +eR'(0) + O(€?),
where both R(0), the seller’s expected revenue in the symmetric setup and eR'(0), the
leading-order effect of the asymmetry, are independent of the auction mechanism. Our
results demonstrate that no matter which kind of asymmetry exists among the bidders,
a weak asymmetry does not have a significant effect on revenue ranking in standard auc-
tions. Furthermore, from the expression for R'(0) it follows that the seller’s revenue in
weakly asymmetric auctions with interdependent values can be approximated, with O(¢?)
accuracy, with the revenue in the case of symmetric auctions in which the utility func-
tion (or distribution function) of the bidders is the arithmetic average of the original

asymmetric utility functions (or distribution functions).



The paper is organized as follows: In Section 2 we prove that auctions with interde-
pendent values and asymmetric utility functions are asymptotically revenue equivalent.
In Section 3 we prove that auctions with interdependent values and asymmetric distri-
bution functions are also asymptotically revenue equivalent. Concluding remarks are in

Section 4. The Appendix contains most of the proofs.

2 Asymmetric Utility Functions

Consider n risk-neutral bidders bidding for an indivisible object in a standard auction
in which the highest bidder wins the object. Bidder ¢, : = 1,...,n receives a signal x;
which is independently drawn from the interval [0, 1] according to a common continuously-
differentiable distribution function F'(x;), with a corresponding density function f = F”.
The signal z; is private information to ¢. We denote by x_; the n —1 signals other than x;.
Bidder’s i utility function (value) for the object, V;, is a function of all the bidders’ signals
and is given by*

Vi(wix_;) = V(w;x_;) + eUj(z;,x ;). (1)

Thus, € = 0 is the case of a symmetric utility function V', and the parameter € is the mea-
sure of the asymmetry among players’ utility functions. In particular, ¢ < 1 corresponds
to the case of auctions with weakly asymmetric interdependent values.

We assume that V' and U; are continuous and monotonically increasing in all their

*Our results will remain unchanged if eq. (1) is replaced with V;(z; x—;) = V(2; x—;) + €U;(z;,x—;) +

O(€?).



variables, and satisfy the normalization condition V'(0,...,0) = U;(0,...,0) = 0. We
also assume that V and U; are symmetric in the n — 1 components of x_;, i.e., from a
bidder’s point of view the signals of his opponents can be interchanged without affecting
his value. We assume that the bidders’ equilibrium strategies are monotonically increasing
in each of the signals and are continuously differentiable with respect to €. In particular,
as € approaches zero, the equilibrium bids approach the symmetric equilibrium bid in the
symmetric case € = 0.5

The assumption that the utility functions are given by the forms (1) is not restrictive.
Indeed, consider the case of n bidders with utility functions {V;(x;,x_;)}" , each of which
is symmetric in the n — 1 components of x_;. Let us first define the average (symmetric)

utility function as
1
V(xi, X—i) = - Z Vk(l"i, X—i)- (2)

Let us also define

e = max max |V; — V]|, (3)
T Tl

and

Uilrsyxg) = VT %) = Vs x-) (4)

€

Then, the V;’s are given by the form (1), with V| €, and U; given by (2,3,4).

Example 1 To illustrate that any group of asymmetric utility functions can be presented

in the form (1), let us consider the case where the utility functions {V;}I, are weighted

>Thus, our results cannot be applied to the Wallet Game (see Klemperer 1998), since as € approaches
zero the equilibrium bids in the asymmetric wallet game do not approach the equilibrium bid in the

symmetric case.



averages of the signals, i.e.,

n n
‘/;(.’L‘i,X_i) = Q;T; + E ai,jxj, a; + E ai,j =1.

Jj=1 Jj=1

J# J#i

Since V; is symmetric in the last n — 1 signals, it follows that

1— a; “
V;(:L'Z',X,i) = a;T; + ] ;azj, 0<a; <1.

i

To bring the utility functions to the form (1), we first note that by (2), V is given by

o 1-a Z” _
V(xiyx_i) =ax; + m - Zj, a = — : a;.
]:
J#
In addition, by (3), € is equal to

¢ = max|a; — al,
J

and by (4), the functions {U;}_, are given by

a; —a 1 "
Ul(zix )= — 2% |, _ Y ).
i x ) max; |a; — al (xz n—1 xj)

2.1 Revenue equivalence

We recall that when e = 0, the case of a symmetric auction with utility function V/,
Bulow and Klemperer (1996) showed that regardless of the auction mechanism, the seller’s

expected revenue is given by

RywlV,F] = n(n—1) /;Of(x)(l — F(z)) x -
{ /:0 /g:‘:/o("lc1 = 2,7y = 2,33, @) f(w3) -+ f(20) ds - -da:n} dz.
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We now prove an asymptotic revenue equivalence among all asymmetric auctions with
interdependent values, under the same conditions used in Bulow and Klemperer (1996),

except that we allow for a weak asymmetry among bidders’ utility functions:

Theorem 1 Consider any auction mechanism with n bidders that satisfies the following

conditions:

1. All players are risk neutral.

2. The signal of player v is private information to ¢ and is drawn independently by a
continuously differentiable distribution function F(x) from a support [0, 1] which is

common to all players.
3. The object is allocated to the player with the highest bid.°®

4. In equilibrium, any player v with the minimal signal x; = 0 makes the same minimal

bid b and expects a zero surplus.

Let the utility function of player i be given by (1), and let Rsym[V, F| be defined by
eq. (5). Then, the seller’s expected revenue is R(e) = R(0) + eR'(0) + O(€?), where
R(0) = Ryym[V, F| and

R(0) = Ruym [Z=71U F] | (6)

n

Proof: See Appendix A.

In the symmetric case, condition 3 is equivalent to the condition that the object is allocated to the

player with the highest signal. This equivalence, however, does not hold for asymmetric auctions.



The revenue equivalence theorem for symmetric auctions with interdependent values
(Bulow and Klemperer, 1996) says that R(0) is independent of the auction mechanism.
The novelty in Theorem 1 is, thus, that eR'(0), the leading-order effect of asymmetry in
the utility functions, is also independent of the auction mechanism. Hence, for a weak
asymmetry the revenue difference among auctions with interdependent values is only
second-order in €. Indeed, in many cases these differences are only in the third or fourth
digit, in which case the problem of revenue ranking is more of academic interest than of
a practical value (see, e.g., Table 1).

The result of Theorem 1 can be rewritten as

n n

N N
R(e) = Rsym|V,F|+ €Rsym [L,F] +O(e2) = Reym V—FEE;I,F +O(e2)
n

n

= Rym [Linl VF] + O(€%).

Therefore, an immediate consequence of Theorem 1 is that the seller’s expected revenue in
asymmetric auctions with n bidders can be well-approximated with the seller’s expected
revenue in the symmetric case with n bidders whose utility function is the arithmetic

average of the n asymmetric utility functions:

Theorem 2 Consider any auction mechanism that satisfies conditions 1-4 of Theorem 1,
with n bidders having weakly-asymmetric interdependent values {V;}_,. Then, the seller’s

expected revenue is

n

R[VL .. 7Vn] - Rsym {y,F] +O(€2),

where € = max; maxy, ., |V; — (i, Vi)/n|.
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Proof. Apply Theorem 1 with V, ¢, and U; given by (2,3,4). Since >, U; = 0, the

result follows.

There is a delicate point which is probably worth clarifying. In Theorem 1 the ex-
pression for R'(0) in (6) refers to a direct substitution of V' = Z?:TIU in (5). This is

For example, if

n
. v oU;
not necessarily the same as the expected revenue when V = %

ELTIU < 0 then players would simply choose not to bid, so that the the expected revenue

would be zero, but the value of direct substitution in (5) would be negative. Of course,

this distinction is not important in Theorem 2.

2.2 Example

Consider an auction with weakly asymmetric interdependent values and two bidders whose
signals are independently uniformly distributed in [0, 1], and whose utility functions are
given by

Vi(zy, o) = 1, Vo(zo, 1) = X9 + €x129. (7)
In the following, we compare the seller’s expected revenue in second-price auction, in
first-price auction, and our explicit approximation Rgym [%, F ]

For the second-price auction, an explicit calculation of the (exact) expected revenue

for the seller (see Appendix B) gives




Taylor expansion of (8) gives

1 1 1
Ran:_ 2 9
3T 0 " 9)

By (2) and (7), the average utility function is’

1
5[‘/1(3317 To) + Va(xy, 22)] = 21 + 0.5ez1 25.
In the case of two players, the symmetric revenue (5) is equal to

Rom[V, F] = 2/0 Vi, 2)(1 — F(2)) f(z) de.

Substituting the average utility function in Ry, [V, F/| gives the symmetric approximation
of the revenue

1 1
Rs}’m {@} =3 -6

3 12
which, as expected, agrees with (9) up to O(e?). Finally, we note that while the expected
revenue in the first-price auction cannot be calculated analytically, it can be calculated
numerically (for details, see Appendix C).
As Table 1 shows, the differences among the seller’s expected revenue in the first-price

auction, the seller’s expected revenue in the second price auction, and the symmetric

Vi+Ve
2

approximation Rgym [ ] are only in the third or fourth digit. Indeed, even when the
asymmetry level is € = 20%, the revenue difference is less than 0.5%. Moreover, it is easy

to see that, as predicted, the revenue differences scale like € (i.e., doubling the value of €

leads to a four-fold increase in the revenue difference).

"Note that Vo (21, 72) = 71 + €x221 # Va(T2,21) = 2o + €217
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1st Vi+Ve
e | R | Rma | Ry, [V | mEom g0 | BT R TR oo
0.05 | 0.33749 | 0.33738 |  0.33750 0.03% 0.003%
0.1 | 0.34161 | 0.34120 |  0.34166 0.12% 0.015%
0.2 | 0.34979 | 0.34823 |  0.35000 0.46% 0.06%

Table 1: Seller’s expected revenue (example in Section 2.2).

Of course, one can ask whether one numerical example that shows that the predictions
of the perturbation analysis are valid for € which is only moderately small is typical, or a
coincidence. To answer this question we tested several other examples (data not shown),
and in all cases we observed that the predictions of Theorems 1 and 2 remain valid
even when € was only moderately small. This should not come as a surprise for people
familiar wit perturbation analysis. Indeed, more than two hundred years of applications
of perturbation analysis have shown that its predictions are usually valid not only for

infinitesimally small €, but also for moderately small €.

3 Asymmetric Distribution Functions

Consider n risk-neutral bidders bidding for an indivisible object in a standard auction
where the highest bidder wins the object. Bidder ¢, 7 = 1,...,n receives a signal x; which

is private information to ¢ and is independently drawn from the interval [0, 1] according

8In fact, in many cases the predictions of the perturbation analysis remain valid even outside the

domain where one expect them to be valid, i.e., for e = O(1).
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to a continuously-differentiable distribution function®

Fi(z) = F(x) + eH;(x) (10)

where F(0) = F;(0) =0, F(1) = F;(1) = 1, H;(0) = H;(1) = 0 and |H;| < 1 in [0, 1] for
all i. Denote h; = H! and f; = F. The utility function V(z; x_;) is the same for all the
bidders and is symmetric in the n — 1 components of x_;, monotonically increasing in all
its variables, and satisfies V'(0,...,0) = 0.

We recall that Fibich, Gavious and Sela (2004) showed that all private-value auctions
in which bidders’ values are distributed asymmetrically are asymptotically revenue equiv-

alent. We now generalize this result for asymmetric auctions with interdependent values:

Theorem 3 Consider any auction mechanism with n bidders that satisfies the following

conditions:

1. All players are risk neutral.

2. The signal x; of player i is private information to i and is drawn independently by
a continuously differentiable distribution function Fi(x) from a support [0, 1] which

15 common to all players.

3. The object is allocated to the player with the highest bid.

9The assumption that the distribution functions are of the form (10) is not restrictive. Similarly to
what we have done in Section 2, we can bring any family of distribution functions {F;}?, to this form

by defining F' = £ 3" | F;, € = max; max, |F; — F| and H; = (F; — F)/e.

12



4. In equilibrium, any player v with the minimal signal x; = 0 makes the same minimal

bid b and expects a zero surplus.

Let the distribution function of the signal x; of player i be given by (10), and let
Rsym|V, F| be defined by eq. (5). Then, the seller’s expected revenue is given by R(e) =
R(0) + €R'(0) + O(€?), where R(0) = Reym[V, F] and

d St H;
! _ =t
R(0) = —Reym [V, F o =il ]

=0

Proof: See Appendix D.

Remark. Theorem 3 generalizes the result of Fibich, Gavious and Sela (2004) for
asymmetric private value auctions. Indeed, it can be verified (see Appendix E) that in
the special case of private value V(z;,x_;) = x;, then R'(0) = —(n — 1) fol F"2(1 —
)y  Hda.

The revenue equivalence theorem for symmetric auctions with interdependent values
(Bulow and Klemperer, 1996) says that R(0) is independent of the auction mechanism.
The novelty in Theorem 3 is, thus, that eR'(0), the leading-order effect of asymmetry
in the signal distribution functions, is also independent of the auction mechanism. As a
result, the differences in revenues among the standard auctions are only of second order.
Hence, as in the case of asymmetric functions, Theorem 3 implies that the seller’s expected
revenue in auctions with n bidders and asymmetric distribution functions can be well-
approximated with the seller’s expected revenue in the symmetric case with n bidders
whose distribution function is the arithmetic average of the n asymmetric distribution
functions.

13



Theorem 4 Consider any auction mechanism that satisfies conditions 1-4 of Theorem 3
with distribution functions {F;}i—,. Let Fyg = % Yor F; and let € = max; max, |F; — Fyy,|

be small. Then, the seller’s expected revenue is
R[Fy, ..., F)] = Ryn|V, Fay) + O(€%).

Proof: Apply Theorem 3 with F; = F,,, +€H,. Since > | H;(x) =0, it immediately

follows that R'(0) = 0. [

4 Concluding Remarks

The results of this paper demonstrate that regardless of the kind of asymmetry among the
bidders, weak asymmetry does not have a significant effect on revenue ranking in standard
auctions. Since analysis of asymmetric auctions is usually hard, this conclusion suggests
that it is justified to neglect asymmetry when analyzing revenue ranking of auctions.

It is natural to ask, therefore, where this result can be generalized even further, so that
any “O(e) deviation” from the conditions of the classical revenue equivalence theorem
would only result in a O(€?) effect on revenue ranking. It turns out that this is not the
case. Indeed, Fibich, Gavious and Sela (2004b) show that an O(e) risk aversion generates
O(e) differences of revenues across standard auctions. Therefore, unlike asymmetry, risk
aversion cannot be neglected in the analysis of revenue ranking of standard auctions.

Acknowledgments We thank Eilon Solan for going over this manuscript.
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A  Proof of Theorem 1

Let us denote Bj;(z;€) = b, ' (b;(x; €); €), where b; is the equilibrium bid of bidder ¢ and b; *
is the inverse equilibrium bid. Clearly, B; ;(z;€) = = and B,;(z;¢ = 0) = . Let Ej(x;),
Pi(x;) and S;(x;) be the expected payment, probability of winning and the expected

surplus for bidder ¢ with signal z; at equilibrium. Then,°
Si(zq) = Py(z1)Ex_, [Vl(xl,x_l) ‘ 1 wins with signal xl] — Ei(xy), (11)
where Py(z1) =[] _, F(Bm(z1;€)), X_1 = (z2,...,,), and

Ex_, [Vl(xlax—l ‘ 1 wins with signal z;] = (12)

B21 5131, n,1 xl,
P1 .’Ifl /:D /;1;\71 ‘/1 T1,X_ l)f(xQ) f(xn) d.’lfg dl‘n

10To simplify the notations, we work with S; rather than S;.
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is the conditional expectation of the value for bidder 1, given that he wins with signal ;.
Applying a standard argument (see, e.g., Bulow and Klemperer (1996) and Klemperer

(1999)), for any 7 fFx,

Si(x1) > Si(a1) — Pu(a1) Ex , [Vi(#1,x_1) — Vi(#1,x_1) | 1 wins with signal z].
Therefore,

S1(21) — Si(z1) < Pi(21) Ex_, [Vi(@1,%x 1) — Vi(x1,%x 1) ‘ 1 wins with signal 27].

Substituting 7 = x; + dx with dx > 0, dividing both sides by dx and letting dv — 0

gives

Vi

Si(e0) < P Bx s |Gt

‘ 1 wins with signal xl] .

Repeating this procedure with dz < 0 gives

Si(x1) > Pi(x1)Ex_, {g—a‘i ‘ 1 wins with signal ajl] :
Hence,
Si(z1) = Pi(z1)Ex_, BVI ‘ 1 wins with signal xl]

Differentiating (11) with respect to x;, substituting (13) and using (12) gives
! d !
Ei(x1) = [Pl(xl)Ex . [Vi(z1,x_1) | 1wins with signal xl]] — Si(zy) =

Ba 1(x1;€) n,1(T13€)
dr [/ /xn Vi(wy,x 1) f(@2) -+ - f(an) doy - - - dfcn] —Si(z1) =

0B 1(xy;
S ulidp e, i1,y = Byaloi %1l inen) > 1 o) | £(Bya 0,
=2 1 m#l,

17



where x_q,_j is x_1 without the z; element, P, _;(x) = H%;Q F(Bp,1(z1;€)) is the prob-
m#j

ability that player 1 with signal x; has a higher bid than bidders 2,...,5—1,7+1,...,n,

and

N [vmxl,xj = Bya(i %) | i) > maxin)| =

By 1(x15€) i—1,1(215€) pBj41,1(215€) £ Bn,1(x15€) n
FERY / / / / Vi(zy, zj = Bja(zy; 6),x_1,_j)<Hf(xk) dl“k)
1,—j (1) Tj_1=0 Tj4+1=0 Trn=0

k=2
k]
is the conditional expectation of the value for bidder 1 when he has a higher bid than

bidders 2,...,7 — 1,7+ 1,...,n and when bidder j has signal x; = B;(z;;€). Similarly,

for player 1,

Ez,(xz) = (14)
- 8BZ Ty €
Z— J’a’(L‘ _)-F)i,_j(xi)EX_i,_j ‘/;(-'Ifi,.’lfj = Bj,i(l'i;ﬁ) X j,—j ‘ b :L‘z) > gl?g}gb (.’L‘m) f(Bj,i(xi;e)),
=1 ¢ >
i
where x_; _j is (@1, 2, ..., %,) without the z; and x; elements.

Let R;(€) be the expected payments of player i averaged across her signals. Then,

1

Rie) = /OEi(x)f(x)dx:Ei(x)F —/0 Fl(2)F(x) do (15)

We now show that

Indeed, from (11) we have that

Ei(z; =0) = Pi(0)Ex_, [Vi(z1 = 0,x_1) | 1 wins with signal 0] — S (z; = 0).

18



From Condition 4 it follows that for all 7 # j,
B;i(0;¢) = b;l(b(e); €) =0,

where b(e) is the minimal bid. Therefore, P;(0) = 0. In addition, from Condition 4 we
have that Si(x; = 0) = 0. Therefore, we proved (16).

Substitution of (14,16) in (15) gives

R() = [ B0 -F@)a a7

1 n .. .
-/ {E:—(?Bfgf’e)a,Ax)Exi,j[W(xizx,szBj,xx;e),xi,j>\bi<x>>maxbm<xm>1
0

, m#i,j
J=1
J#

f(Bj(w; €))(1 = F(x))} dz.

The seller’s expected revenue is given by R(e) = > 7" | R;(¢). In the symmetric case
e = 0 we have that B;;(z;0) = «, V; =V, that b; > b,, <= x; > x,, and that
P; _j(x;) = F"2(x;). Therefore, the expected revenue in the symmetric case is given by

R(0) = Ryym[V, F], where
R(0) = nRy(0)
= n/ol z”; <EX_1,_J. V(21,25 =21, x15) | 1 > max xm]>F"2(:r1)f(:r1)(1 — F(x1)) dxy
=
= n(n—1) 01 By, L[V(@1,00 =21,%x 1, 2) ‘ x> ﬂrlr;éaulx2 T ] F" 2 (21) f(21) (1 — F(21)) day,

and

#1,2

1 T1 T
= FT2($) /m.:.o. /xnzgajl, Ty = T1,X_1_2) < H f (k) dxk>

19
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is the conditional expectation of the value for bidder 1 given that his signal is equal to
that of bidder 2 and is higher than the other (n — 2) signals.
We now proceed to calculate R'(0) = Y " | Ri(0). Since B;; and V; =V + €U; depend

on ¢, differentiating (17) and setting € = 0 gives that R;(0) = I, + I; 2, where

8B i(; e)
Ly = — [/ J P _j(;)

J#z

By i {V(x =x,5; = Bj(r;€),x_;_;) | ©; > max Blm(:rm,e)}f(Bjyi(:r;e))(l — F(x))dz|

Ly, = /1 ZE,HH. [Ul(xZ =,r; =2,X_i_;) | & > max xm} F" 2(z)f(z)(1 — F(z)) dz.
0

m#i,j

The proof follows from the fact that

zn: I, =0. (18)
=1

Indeed, in that case

'(0) =) i = Ryn FZ? F} :
=1

—1

b
To prove (18), first note that —-

= (b,,},)', where by, () is the equilibrium bid

sym

e=0

in the symmetric case € = 0. Therefore,

aBjﬂ'
Oe

ob;
_ —1 77
- ( sym) 86

6b;1
+ Oe

e=0 e=0 e=0

Differentiating the identity = = b, ' (b;(x;€);€) with respect to e and substituting € = 0

gives
b.
0= (b 1 )Ia J

sym 86

8b;1
Oe

e=0 e=0
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Hence,
Oe

_ b
Oe

0b;
— b—l N )
) (5

)

[Bij + Bj)._, = 0. (19)

e=0 e=0

and

9
Oe

Since [;; can be written as

! - 8Bj,z~(x; 6) 0 _ 8Bj,z~ (iU; 6)
o= [ |o@ X P59 ramg > P

j=1 =0 j=1
J# J#i

] dx,
e=0

with the functions G(z) and Gs(z) being independent of index 7, application of (19)

proves (18).

B Derivation of eq. (8)

The equations for the bid functions are (see, Krishna, 2002)
Vi(@1(b1), 22(b1)) = 21 = by Va(2(be), 21(b2)) = @2 + €122 = by,

which gives the inverse equilibrium bids

by

=0, and 2o = . (20)
The distribution of the second highest bid b is
F?4(b) = Pr(min(b;,by) < b) = Pr({b; < b} U {by < b})
= Pr(by <b)+ Pr(by <b) — Pr(by < b,by <) (21)

= Pr(a; < b(b)) + Pr(wy < by1(b) — Pr(wy < byt(b), 2 < 0y1(D))
= F(@1(b)) + F(z2(0) — F(21(0) F(22(b))-
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Therefore, the seller’s expected revenue in the second-price auction is

b _ b b
R = / bdF2“d(b):bF2“d(b)\z— / F24(b)ydb = b — / F?4(b) db
0 0 0

_ 5o / [F(a1(b)) + F(s(b) — F (1 (b)) F (5(b))] db,

where b is the maximal price, or the second-highest bid, in equilibrium. Since b = 1 and

given the inverse bids (20) the exact expected revenue is

1 b b2
=1- b — db
R /0 ( +1+6b 1+eb> ’

which leads to eq. (8).

C Expected revenue in first-price auctions

In the case of a first-price auction, the expected utility of bidder 2 is

z1(b) z1(b)
Uy (22, b) = / (@ + ex12 — B] F(21)day = F(z1(5)) (w2 — b) + €xo / o1 fla)day,
0 0

where x;(b) is the inverse bid function of player i. Differentiating U, with respect to b and

substituting o = x2(b) gives

2 (b) = ) . (22)

z(b) = ) (23)

The ordinary-differential equations (22,23) for the inverse equilibrium bids, together with

the initial conditions z1(0) = x2(0) = 0 and the boundary condition x(b) = z5(b),

22



where b is the (unknown) maximal bid in equilibrium, are solved using a shooting method
(Marshall et al., 1994). Unlike Marshall et al., (1994), however, we do not calculate
the seller’s expected revenue using Monte-Carlo methods. Rather, following Fibich and

Gavious (2003), we first note that the distribution of the highest bid is
Fi5:(b) = Pr(max(by(z1), ba(x2)) < b) = Pr(by(z1) < b) Pr(be(xs)) < b) = F(x1(b))F(22(D)).

Therefore, the seller’s expected revenue is given by

RISt — / E bE!(b) db = bEyy (B[} — / E Frog(b)db = b — / " B (B) F(2y(5)) db.
Let us define the auxiliary equation
y'(b) = F(x1(b))F(22(b)), y(b) = b. (24)

Since R'!' = y(0), the expected revenue is easily calculated by integrating eq. (24) back-

wards, once equations (22,23) have been solved.

D Proof of Theorem 3

We use here the same notations and approach as in Appendix A. The expected surplus

for bidder 1 with signal x; at equilibrium is given by
Si(xq) = Py(21)Ex_, [V(ml,x,l) ‘ 1 wins with signal xl] — Ei(xy), (25)
where

Ex_, [V(xl, x_l)‘ 1 wins with signal xl] (26)

i B / T % )l )
= Viry,x 1) fo(zs) - - - fulz,) dzs - - - dxyy.
Pl(xl) z2=0 Tn=0
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Repeating the derivation of (13) in Appendix A (with V; replaced with V') gives that

Si(x1) = Pi(z1)Ex_, [S—V | 1 wins with signal xl] : (27)
X1

Differentiating (25) with respect to x;, substituting (27) and using (26) gives
Ei(z)) = . [Pl (#1)Ex_, [V(#1,%x 1) | 1 wins with signal z] ] — Si(xy) =

_j(@1) Bx_, [V(xb%‘ = Bj1(z1;€),%x_1,7) | bi(a1) > max bm(xm)] fi(Bji(z15€)).

Ei(z;) = (28)

Z 8B],Z(ZL'Z, G)P

o Lid (@) By {V(xi,xj = Bji(wi;€),x 4,5) | bi(x;) > max bm(xm)} fi(Bji(@i; €)).

m#i,j

Let R;(€) be the expected payments of player i averaged across her signals. Then,

1

Ri(e) = /OEZ(a:)fl(a:)dx:El(x)E —/0 El(z)F;(x) dx (29)

0

= E(1)- / E!(2)Fy(z) dz = F(0) + / E/(@)(1 - Fi(x)) da
- [ B0 Ew) i

where in the last equality we used the identity E;(0) = 0, the proof of which is identical

to that of (16). Substitution of (28) in (29) gives

m#i,j

1 n a
/0 (Z B [Bjyi(:r; e)] Pl-,_j(x)EX_i,_j {V(:):Z =ux,1; = Bj,(x;€),x_i_3) ‘ z; > max Bj (T, €)



The seller’s expected revenue is given by R(e) = > . | R;(¢). In the symmetric case e = 0
we have that B;;(z;0) =z, F; = F, f; = f, and that P, _;(z) = F™ ?(x). Therefore, the
expected revenue in the symmetric case is given by R(0) = nR;(0) = Ry [V, F].

We now proceed to calculate R'(0) = Y7 | R;(0). We have that Rj(0) = I;1 + 2,

where

d 1
Ly = —
5 de [/0

{ Z 0 Jéz(vl‘; 6) Pi,fj(x)Ex,iﬁj [V(l‘l =T,r; = BJ,Z(Q,', 6), X,i,,j) | T; > max Bi,m(xm; 6)]

- M#i,j
j=1
JFi

f(Bji(w; €))(1 = F(x))} dfv] :

e=0

1 n
Iy, = Exy . \Vi{zi=w,0;=x,%x_i_;) | & > max z,, | F" 2(z
o= [ e |V = = x| | )

J.: -
JF

(1)1 = F) = Fo) 1))

Therefore,
=3 L+ I (30)
=1 =1

To calculate >, I; 1, we first note that

d
7 [Pl,_g(:r)Exl’2 (V(xl =1,0y =T,X_1-2) | bi(z;) > max bm(:rm)>]
e=0
d Bs 1 (x;€) Bn,1(x;€)
= d_ / / V(x,%x—L—z)fa(xa) e fn(xn) dxs-- 'dxn]
Tn,=0 e=0

/ Ve, o,x 1, 2)hk(zk) H f(zp)dx 1, 2
3=0 Tn=0

m=3
m#£k

/ / V(xaxaxaxfl,72,73)f(x4)"'f(xn) d$4"'dl‘n,
Tn=0

8B
oy il
k=3
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where in the last equality we utilized the symmetry of V. Therefore,

dx

e=0

' — 0B;i(x;
L, = /&(@Z%

0 i=1
J# J#z

0 OB, i(x;¢)
d JEACS
_ "H/O Gl )8332 de

/ / Vi(x,x,x_i—3)hi(z) H fxm)dx_i— | f(z)(1 = F(zx))dz,
— x_3,-3=0 m=
J;ﬁi kkyézlj m;éz,jl,k

where G (z) and Gy(x) are independent of index 7. Since application of (19) gives

ZZaBﬂZ Z, 6

=1 j=1
JF

= 07
e=0

we get that

n

ZIM :/ ZZZ / Vi, z,x i —5)hi(zk) H f@m)dx_; 5 | f(z)(1-F(z)) dz.

i=1 j=1 k=1 x—i,—;=0 m=1
];él k#%] m;éz,],k;

(31)

To simplify (31), we first note that if k£ # ¢, j, then

/ Viz; =o,0; = x,x_5_5) hi (1) H flz,,)dx_;_;

~i,—5=0
x

:/ hi (k) / V(e =o,0; = 2,05, X_i_jx) H flz,,)dx_; 5 k| dxy
kaO X

—i,—j—k=0 m=1

- / " ()T (@, 1) dt,

where we changed the integration variable from z; to ¢ and where

T n
T(x,t) = / Viegi=o,0; =2, =8, X__j x) H flz,,)dx_;_; x

—i,—j—k=0 m=
m#i,J ,k

- / / V(xl:ZL’,.I‘Q:.I',xg:t,$4,...,l‘n)f(x4)---f(xn)dajzl---dxn;
x4=0 Tn=0
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is identical for all 7, j, k because of the symmetry of V. Therefore,

izn;]i’l B /ZZZ [/: “)dt] f@)(1 = F(z))da

=1 j=1 k=1
]#lk?élaj

:/01 / 133y

=
:(n—l)(n—2)/0/ thh ] J(1— F(z)) do.  (32)

To calculate ), I; 5, we first utilize the symmetry of V' in the last n — 1 signals to get

he(t)dt| f(z)(1 — F(x))dx

=1
k#i,j

that

M(z) = F"*(2)Ex , | [V(xZ =x,r; =x,X_i_;)| x; > max xm]

m#i,j

= 2() X-1, 2[V(x1_xa:2 T, X1, z)|x1>rr;éa>§xm]

= /fl? / V(ey =z, 29 =, 23, ..., 20) f(xs) ... fxg) dos ... dxy,.
T3 T, =0

Therefore,

n

S ha=(n=1) [ M@ Y (m(xm - Fl@)) - f(x)Hi(m) de. (33)

Combining (30,32,33) gives

n

/;T(x,t) th’(t) dt] f(x)(1 = F(z))dx

1=1

1 n

+n—1) [ M(x) (hi(x)(l — F(z)) - f(fﬂ)Hi(:r)> da. (34)

0 —1

To complete the proof, we note that if we expand R [V, F+ e% > Hi] in €, we get
that

1TL
R|V,F+e—Y H;| =R[V,F]+ €R'(0) + O(%),
Fre > [V F] +€R'(0) + O(e")

where R'(0) is given by (34).
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E Private-value auctions

In the special case of private value case V(z;,x ;) = x;, we have M (z) = zF"?(x) and

T(z,t) = xF" %(z). Substitution in (34) gives

R(O) = (n—1)(n—2) Z/O CF S (L — F)da + (n— 1) Z/O cF 21— F) — fH)]do

= (n—1) Z /01 zF"?hi(1 = F) — fH)]|+z(F" ) H;(1 — F)| dx
~ (1) Z/O CF2hy(1 — F) — fH))] — F2[a(H;f(1 — F)) + Hy(1 - F)]| de

= —(n—1) zn:/ol F"?H;(1— F)dux.
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