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Abstract 
The construction of a feed-forward controller frequently requires the estimation 
of an inverse function.  Two possible methods to achieve this are: (i) Learning 
the best estimated inverse (BEI), a method that is sometimes referred to as direct 
inverse learning, (ii) Learning the inverse of the best estimator (IBE), a method 
that is sometimes referred to as indirect inverse learning.  We analyze a general 
control problem, in the presence of noise, and show analytically that these two 
methods are asymptotically significantly different, even for simple linear non-
redundant systems.  We further demonstrate that the IBE method is typically 
superior for control purposes. 
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1.  INTRODUCTION  

In many control applications, there is a need to estimate an inverse model of the 
controlled system.  The notion of feed-forward adaptive control was suggested as a 
model for biological motor control in the seventies and is frequently used in 
contemporary models (Albus 1975, Inbar & Yafe 1976, Wolpert DM & Ghahramani 
2000).  A method to identify the inverse of linear systems was presented by Widrow 
et al. (1979).  For nonlinear systems, the inverse model can be learned by an artificial 
neural network (ANN).  There are numerous papers on using ANN for control, see 
e.g., Narendra & Parthasarathy, (1990) Barto (1990) Kawato (1990) Bullock et al. 
(1993) Jordan (1996) Karniel & Inbar (2000), and many references therein.  Figure 1 
describes the control problem which is to find the control signal X, such that F(X) will 
be close to a given desired goal, Yd.  F(X) characterizes the controlled system.  The 
input and output spaces can be scalars, vectors, continuous or discrete signals, or 
Laplace or Z transform domain functions.   
 
 
 
 
 

Figure 1. Feed-forward control and the inverse controller problem. 

 
There are several different methods for learning the inverse model of a system from 
input/output samples.  The simplest method to construct such an estimated inverse is 
by feeding the ANN learning algorithm with the input-output samples in the reverse 
order: outputs as inputs and inputs as desired outputs.  This method minimizes the 
error in the input domain of the system, and is sometimes referred to in the literature 
as direct inverse learning.  We call the model that is learned by this method the best 
estimated inverse (BEI) model.  See Figure 2a.  Another method consists of indirect 
learning.  First, the forward model is estimated, see Figure 2b, and then the inverse of 
the estimated model is constructed.  This method minimizes the error in the output 
domain, finds the best model, and then inverts this model.  We call the model that is 
learned by this method the inverse of the best estimator (IBE) model.  
Narendra mentioned the superiority of the indirect learning scheme (here IBE), since 
it minimizes the output error; see, e.g., Narendra & Parthasarathy (1990).  Jordan 
(1996) clearly demonstrates the erroneous results that might occur using the direct 
inverse learning (BEI) for redundant systems.  However, the direct inverse learning 
approach still appears in numerous papers and software toolboxes without clear 
manifestation of its drawbacks, even for the simplest non-redundant control systems. 
In this paper we show analytically that these two methods are not equivalent, and that 
the second method, the IBE, is generally superior for control applications in the 
presence of noise.  In section 2 we formulate and prove the claim by an example of a 
static system, and show the difference between the BEI and IBE in that case.  Then, in 
section 3 we analyze and simulate the difference between the methods for a dynamic 
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system.  In section 4 we extend our discussion to other methods of learning inverse 
control, the feedback error learning of Kawato (1990), the distal teacher of Jordan & 
Rumelhart (1992), and the DIRECT model of Bullock et al. (1993). 
 
 
 
 
 
 
 
 
 

Figure 2.  The two learning methods:  (a) The direct inverse model learning scheme that produces the 
best estimated inverse (BEI).  (b) The forward model learning scheme.  Inverting the forward model 

produces the inverse of the best estimator (IBE). 
 
 

 

2.  THE CLAIM 

Let us phrase the claim in simple words: 
Claim:  The BEI can be asymptotically significantly different from the IBE. 
We actually show that in the presence of noise, with nonzero variance, the two 
methods differ asymptotically, and the gap increases with the variance of the noise.  
In the remainder of this section, we phrase the claim formally and prove it by a simple 
counter-example.   

2.1 Formal description of the claim 

Consider a system f with input x and output y , and consider a model of the system, 

( )xfy ˆ= , where Ff ∈ˆ , a parametric family of models.  Suppose that we are given a 

set of m input/output samples from the system, { }m
iii yx 1, = .  The ix  are assumed to be 

independently identically distributed (i.i.d.) according with some given distribution P.    
The empirical mean square error between the model and the samples is 

( ) ( ) ( )∑ =
−=

m

i iim xfymfD
1

2ˆ1ˆ .  We will consider a learning algorithm that 

minimizes the empirical mean square error, and finds the optimal model, 

( )[ ]fDf m
f

m
ˆminargˆ

ˆ
=∗ .  This type of learning is called a sample error minimization 

(SEM) algorithm (see e.g., Anthony & Bartlett 1999).  It is also useful to consider the 

average square error, ( ) ( ) 



 −=

2ˆˆ xfyEfD , according with the given distribution P.  
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We assume that when the number of samples grows to infinity, the empirical error 

approximates the average error, that is, ( ) ( )fDfDf
m

m
ˆˆ ,ˆ

∞→
→∀  in some well-defined 

probabilistic sense (e.g., in probability).  With this assumption, known to hold under a 
wide range of conditions (see e.g., Anthony & Bartlett 1999), we can use expectation 

instead of empirical mean for the calculation of the best estimator, ∗
∞f̂ .  The star 

superscript stands for best and the infinity symbol subscript stands for the asymptotic 
case, i.e., the number of samples grows to infinity.  The basic question at hand is 

whether the BEI equal the IBE, i.e., does ( ) ( ) 1
   
1 ˆ −∗

∞

∧
∗

∞
− = ff ?    

We will show that the answer to this question is negative. 

2.2 Proof (by a counter example) 

A popular noise model in control problems is an additive noise at the output of the 
system.  Let us examine the system eaxy += .  Suppose that we have a series of 

input/output samples where ix  are independently identically distributed (i.i.d.) random 

variables, and iii eaxy += , where ie  are i.i.d. with zero mean and positive (nonzero) 

variance.   The forward model is ( ) xaxf ˆˆ = , while the inverse model is [ ]( ) ybyf ˆ1 =
∧
− . 

The inverse of the forward model is: [ ] ( ) ayyf ˆˆ 1
=

−
.  The question of whether 

BEI=IBE, is equivalent to: does ∗
∞

∗
∞ = ab ˆ1ˆ  ?                   

Let us examine the forward model learning error.  Since the input samples and the 
noise are independent, and since the error has zero mean, one can write: 

( ) ( )[ ] ( )[ ] ( )[ ] [ ]22222 ˆˆˆˆ eExaaExaeaxExayEfD +−=−+=−= .  Minimizing this value 

produces aa =∗
∞ˆ , therefore the IBE is a1  independent of the noise.  In the same vein, 

let us examine the estimation of the inverse: 

[ ] ( ) ( ) ( ) 



+



 −=



 −=




 ∧
− 22221 ˆ1ˆˆ ebExabExybEfD  

[ ]
[ ] [ ]222

2

ˆ
minargˆ  

eExEa

xaE
Db

b +
==⇒ ∗

∞ . 

Therefore ∗
∞

∗
∞ < ab ˆ1ˆ , if [ ] 02 >eE .  Note that the difference between the BEI and 

the IBE is greater when the noise variance is larger, thus, the BEI can be 
asymptotically significantly different from the IBE.             QED 

2.3 Comments  

(1)  The case of additive noise in the input, i.e., ( )iii exay += , is equivalent to a 

change in the noise variance by a factor of 2a , therefore the result will be 
qualitatively similar.  (2)  For multiplicative noise, i.e., ( )xeay += , one can show, in 
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the same fashion, that the BEI and the IBE in this case are [ ]( )22 eEaa +  and  a1 , 

respectively, therefore again they are different. 

2.4 Simulation of the counter example 

In order to demonstrate the significant difference between the BEI and the IBE, and 
the proof above, we present a simulation of a simple one-dimensional system. 
We have drawn 200 samples of ix  uniformly distributed in the range [0,1], followed 

by a draw of the noise signal ie  from a normal distribution with zero mean and unit 

variance.  The output samples were iii eaxy += , where the system parameter was 

chosen to be 2=a .  The estimation was performed and the results for one sample 

path were 298.0ˆ   ,933.1ˆ ** == ba .  One can see that ** ˆ1ˆ ab < .  The results of this 

simulation are plotted in Figure 3a.  One can easily notice the significant difference 
between the BEI (dotted) and the IBE (dashed). The inverse of the IBE is much closer 
to the original system (solid). 
 

 
Figure 3.  The IBE model (dashed) versus the BEI model (dotted) calculated from noisy data (dots) of a 
linear system (solid, thin).  (a) Additive noise, (b) multiplicative noise.  The IBE and BEI differ in both 

cases, and the IBE provides a better estimate in both cases. 

 
 
The same simulation was repeated for multiplicative noise and the result is 
qualitatively the same (see Figure 3b).  For one sample path, the estimated parameters 

were 409.0ˆ   ,965.1ˆ ** == ba .  For control purposes the aim is usually to follow a 

desired output, i.e., to minimize the error in the y-axis of Figure 3, therefore in the 
design of a feed forward inverse controller of a static system it is clear that the IBE is 
superior.  
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3. A SIMPLE DYNAMICAL SYSTEM CONTROL 

In this section we analyze and demonstrate the BEI and the IBE for a simple first 
order dynamic system (this system appears in Jordan 1996).  Consider the following 
plant, 

( ) ( ) ( )
( ) ( ) ( )nen=xny

nu+dnx=cn+x
+

⋅⋅1

 
where ( )nu  is the control input, ( )ny  is the output, ( )nx  is a state variable and ( )ne  is 

an additive output noise.  Consider a controller that uses the desired output and an 
estimator of the state in order to choose the control signal:  

( ) ( ) ( )1ˆ 21 ++= nywnxwnu d .   

For this system one can estimate the state as being the output and for a feed-forward 
controller, one can use the desired output:   

( ) ( ) ( )121 ++= nywnywnu dd .   

The overall system without the noise, i.e., for ( ) 0≡ne  is   

( ) ( ) ( ) ( )[ ]11 21 ++⋅⋅ nywnyw+dny=cn+y dd  

For a perfect inverse controller, we demand ( ) ( )nyny d=  and calculate the perfect 

control parameters: [ ] ( ) [ ] ( ) dwdcwn+ydwnydwc 1 ,         011 2121 =−=⇒=−++  

In practice c and d are unknown and ( ) 0≠ne .  In this setup, let us compare the IBE 

and the BEI methods to estimate the control parameters. The BEI method 

finds BEIBEI ww 21 ˆ,ˆ , that minimizes [ ] ( ) ( )( )[ ]21 ˆ nunuEfD −=




 ∧
− ; see Figure 4a.  The IBE 

method finds dc ˆ,ˆ  that minimizes ( ) ( ) ( )( )[ ]2ˆˆ nynyEfD −=  (see Figure 4b) and then 

calculates dwdcw IBEIBE ˆ1ˆ ,ˆˆˆ 21 =−= . 

 
 
 
 
 
 
 
 
 
 

Figure 4. Inverse model learning (a) and forward model learning (b). 
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Proposition: 
For the system described above, let ( )nu  and ( )ne  be i.i.d. random variables, 

independent of each other, with zero mean and variance [ ]2uE  and [ ]2eE  

respectively.  The estimated parameters of the BEI and IBE when ∞→n  are: 

[ ]
( ) [ ] [ ]

d
w

uEdeEc
uEdcw

IBE

IBE

1ˆ

1
ˆ

2

2222

2

1

=

⋅−⋅−
⋅⋅=

 

[ ]( )
( ) [ ]( ) [ ] [ ] [ ]( )

[ ] ( ) [ ] [ ]{ }
( ) [ ]( ) [ ] [ ] [ ]( )224222222

22222

2

224222222

223

1

21

1ˆ

21
ˆ

uEduEeEdeEc

uEdeEcuEdw

uEduEeEdeEc

uEdcw

BEI

BEI

++−

+−⋅=

−−−

⋅⋅=

 

 
Proof 
The proof follows the same principles describes in section 2 for this two-dimensional 
optimization problem.  The details are deferred to the appendix.  
 

Note that without noise, i.e., [ ] 02 =eE , both methods converge to the “perfect 

inverse”.  One can also see that in terms of the parameter values, the IBE is closer to 
the perfect parameters then the BEI.  If we had a perfect knowledge of the state during 
the estimation process (see Figure 4) the IBE would have converged to the values of 
the perfect inverse.  However this case isn’t realistic, therefore we analyzed the case 
with noise in the state estimation.  Still, the IBE is usually superior to the BEI, as we 
show in the following simulations that demonstrate the consequences of the difference 
between the methods.  
We used a batch of 500 input/output time steps taken from the system described 
above, where the inputs )(iu  are i.i.d., normally distributed with variance 0.5 and zero 

mean, and )(ne  are i.i.d., normally distributed with a variance of 0.1 and zero mean.  

We calculate the perfect controller as well as the BEI and the IBE controllers for a 
stable system (c=-0.5,d=0.4).  The parameters of the various controllers, calculated 
and simulated for a single run are presented in Table 1. 
These three controllers were fed by a desired output consisting of a few steps and 
ramps and their performance appears in Figure 5. The dotted line in Figure 5 
represents the perfect controller’s performance.  It is close but not equal to the solid 
line since there is noise in the system.  One can see that typically the IBE (dashed) is 
superior to the BEI (dot-dashed).  
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 Perfect 
Controller 

BEI 
Calculated 

BEI 
Simulated 

IBE 
Calculated 

IBE 
Simulated 

1w  -1.25 -0.808 -0.821 -1.053 -1.11 

2w  2.5 1.919 1.933 2.500 2.514 

 

Table 1.  The controller parameters 1w  and 2w  for the system described in 

the text, calculated and simulated by the BEI and the IBE methods.  The 
calculated data uses the results of the proposition with the noise and input 
parameters from the simulatio ns.  One can see that the parameters produced 
by the IBE method are closer to the calculated perfect controller. 
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Figure 5.  A first order system control.  The IBE controller performance (dashed) versus the BEI 
controller performance (dot-dashed).  The thin solid line is the desired trajectory and the dotted line is 

the performance of the perfect inverse controller. 
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4. OTHER METHODS 

In this section, we briefly examine three more sophisticated learning algorithms.  The 
feedback error learning of Kawato (1990), the distal teacher of Jordan & Rumelhart 
(1992), and the DIRECT model of Bullock et al. (1993).  For the first two, we show 
that in the case of a static linear system with some assumptions, the preferred inverse 
(i.e., the IBE) can be estimated.  For the third model the BEI is used and the possible 
advantaged for redundant system control are discussed.   

4.1 Feedback error learning 

In the feedback error learning scheme, there is a simple feedback controller (such as a 
PID controller) and an ANN that learns the inverse model of the plant by minimizing 
the motor error.  For further details, see Kawato (1990). 
Let us analyze the simplest situation where the plant is just a linear amplifier, a, the 
feedback is proportional feedback k , and the ANN consists of a single parameter w. 

( )
eaxy

ywyykx dd

+=

⋅+−=
 

Denote the discrepancy measure to be minimized by J, and the motor error by P: 

( ) ( )[ ]( )
( )( ) ( ) awPEkakeawykP

ywPaeykPyykPJ

d

ddd

1        min     11

   
2

22

=⇒→+−−⋅=

⋅++−=−==
∗

 

That is, the inverse model will tend to converge to the IBE. 

4.2  Supervised learning with distal teacher 

In the case of supervised learning with a distal teacher, there is a forward model that 
is learned by the prediction error, and an inverse model that is used as the controller 
and is learned by the performance error that is backpropogated through the forward 
model.  For further details of this method, see Jordan & Rumelhart (1992) . 
Let us analyze the simplest situation where the plant is just a linear amplifier a, the 
forward linear model is Fw , and the inverse linear model is Iw , i.e.,  

eaxy

ywx dI

+=

⋅=
.  

( ) ( ) ( ) 222 1ePerformanc eywaywaeyyyJ dIdIdd −⋅⋅−=⋅⋅+−=−=  

awEJ I 1    min =⇒→ ∗   

Here again the inverse controller tends to converge to the IBE. 
In this architecture, in order to minimize the performance error, we assume a perfect 
forward model, i.e. awF = .  This assumption is consistent, since we have proved that 

it holds asymptotically for the linear case.  
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4.3  The DIRECT model 

The DIRECT model (stands for Direction-to-Rotation Effector Control Transform) 
estimates the transformation between spatial velocities and effector velocities.  For 
further details, see Bullock et al. (1993).  
In robotic control the relation between the spatial velocities x&  and the joint velocities 
σ&  is presented as ( )σσ && Jx = , where ( )σJ  is the Jacobian matrix.  For redundant 

systems, a unique inverse for ( )σJ  does not exists.  One approach could be to 

construct the complete IBE, i.e., represent all the possible solutions (see Karniel et al. 
2001).  A common approach in robotics is to calculate one solution (one of the 
possible IBE), usually the Moore-Penrose Pseudoinverse.  However, these controllers 
may suffer from large command signals, inconvenient positions, or nonintegrable 
solutions (see Mussa-Ivaldi and Hogan 1991; Guenther and Micci Barreca 1997.)    
The DIRECT model essentially uses the BEI method for learning. However, 
combined with the integration and feedback elements it can lead to a controller that is 
much more well-behaved near singularities (see Guenther and Micci Barreca 1997).  
The DIRECT method was also shown to be able to deal with redundancy (Bullock et 
al. 1993), which is a well-documented drawback of the BEI (see Jordan 1996 where 
the term “direct inverse modeling” is used for a system that finds the BEI).  
 

5. DISCUSSION 

The essence of the difference between the BEI and the IBE lies in an old linear 
regression problem of the difference between inverse and direct regression.  However, 
this problem, even in its simplest formulation as a linear regression problem, seems to 
be a source of everlasting confusion.  We traced this debate between methods of 
learning inverse regression back to December 29, 1938 when Dr. C. Eisenhart 
presented it before the American Statistical Association in Detroit (see Eisenhart 
1939).  He says there, "It does not seem to be generally realized that the fitting should 
be done in term of the deviations which actually represent ‘error’”, and then he 
presents some problems in linear regression, and in particular the difference between 
direct and inverse fitting.  However, Krutchkoff (1967,1969) presented some 
numerical examples for the opposite case.  This debate continues with the work of 
Halperin (1970).  We do not wish to go into the details of these papers, however it is 
clear that the proper method depends on the exact definition of the aim of the fitting.  
Another related discussion appears in the Econometrics literature (see Conway & 
Roberts 1983; Goldberger 1984; Greene 1984) and a recent analysis appears in Chow 
& Shao (1990) with an example from the US pharmaceutical industry that used an 
improper method of estimation.   
In contrast to many of the examples above, where the preferred method is not always 
clear, in control problems we usually aim to reduce the error in the output of the 
system rather than in the control signal and in this case it is clear that the IBE method 
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is superior to the BEI.  The BEI appears frequently in many research works, 
applications and software simulation toolboxes, starting from the seminal work of 
Widrow (1979).  The field of neural computation introduces many new possible 
methods for learning control with ANN.  It is important to carefully check the 
performance measure that is being minimized, and consider the difference between 
the BEI and the IBE.   
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APPENDIX: 

Proof of the proposition of section 3 

Let us start with the IBE, which finds first the best estimation of a forward model (see 

Figure 4b), i.e., finds the parameters ∗
∞

∗
∞ dc ˆ,ˆ , that minimizes the following  

( ) ( ) ( )( )[ ] ( ) ( ) ( ) ( )( ) =



 −⋅−−⋅−+=−=

22 1ˆ1ˆˆˆ nudnycnenxEnynyEfD  

( ) ( ) ( ) ( ) ( ) ( )( ) 



 −⋅−−⋅−−⋅−+−⋅+−⋅=

2
1ˆ1ˆ1ˆ11 nudnecnxcnenudnxcE  

Note that ( ) ( ) ( ) ( )1,1,1, −−− nxnunene  are independent of each other, and since we 

are analyzing the case of an infinite number of examples we are actually concerned 
with the case ∞→n .  Therefore: 

( ) ( ) [ ] ( ) [ ] ( ) [ ]222222 ˆ1ˆˆˆ eEcuEddxEccfD ⋅++⋅−+⋅−=  

In this case it is clear that dd =∗
∞

ˆ .  To obtain ∗
∞ĉ  one needs to minimize the term: 

( ) ( ) [ ] ( ) [ ]2222 ˆ1ˆˆ eEcxEccfD ⋅++⋅−=  

( ) [ ]
[ ] [ ]22

2

ˆ0ˆ
ˆ eExE

xEccfD
c +

⋅=⇒=
∂
∂ ∗

∞  

From the plant equations  

[ ] [ ] [ ] [ ] [ ]
2

22
222222

1 c
uEdxEuEdxEcxE

−
⋅=⇒⋅+⋅=  

Therefore 

[ ]
[ ] ( ) [ ]2222

22

1
ˆ

eEcuEd
uEdcc

⋅−+⋅
⋅=∗

∞  

Finally, the IBE parameters are: 
∗

∞
∗
∞

∗
∞ =−= dwdcw IBEIBE ˆ1ˆ ,ˆˆˆ 21  

[ ]
( ) [ ] [ ]

dw

uEdeEc
uEdc

w

IBE

IBE

1ˆ

1
ˆ

2

2222

2

1

=

⋅−⋅−
⋅⋅

=
 

As for the BEI, we wish to find the parameters BEIBEI ww 21 ˆ,ˆ  that minimize the following 

expression (see Figure 4a): 

[ ] ( ) ( )( )[ ]21 1ˆ1 −−−=




 ∧
− nunuEfD  

Using the controller and plant equations one can get. 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )newnudwnudcwnxcw

newnudwnxcwnu

nywnywnununu

⋅−−⋅⋅−−⋅⋅⋅−−⋅⋅−

+−⋅−−⋅⋅−−⋅⋅−−=
=⋅−−⋅−−=−−−

222
2

2

111

21

ˆ1ˆ2ˆ2ˆ   

1ˆ2ˆ2ˆ1

ˆ1ˆ11ˆ1
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Note also that ( ) ( ) ( ) ( ) ( )2,2,1,1, −−−− nxnununene  are independent of each other, 

and since we are analyzing the case of infinite number of examples we are actually 
concerned with the case ∞→n .  Therefore: 

[ ] ( ) ( )( )[ ]
( ) [ ] ( ) [ ] ( ) [ ] ( ) [ ]22

2
2

1
222

21
22

21
22

2

21

ˆˆˆˆˆˆˆ1

1ˆ1

eEwwxEcwcwuEdcwdwuEdw

nunuEfD

++⋅+⋅+⋅⋅+⋅+⋅−=

=−−−=






 ∧
−

 
In order to minimize this function we rearrange it to a standard quadratic form as 
follows:  

[ ] [ ] [ ] [ ]( ) [ ]

[ ] [ ] [ ]( ) [ ] [ ] ( ) [ ]( )
[ ] WaQWWuE

wuEdceExEcwuEdeExEc

wuEdwwuEdcxEcuEfD

TT −+=

=⋅+++++++

+⋅⋅⋅−⋅⋅⋅+⋅+=






 ∧
−

2
1

ˆ1ˆ

ˆ2ˆˆ22

2

2
2

2222242
1

22222

2
2

21
222321

 

where, 

[ ]
[ ] [ ] [ ]{ }

[ ] [ ]{ }
[ ] [ ] ( ) [ ]{ }222224

22

2223
2112

22222
11
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The minimum of this quadratic function is: 
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Note that from the plant equations 
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Substituting all the above into ∗W  we get: 
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