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Abstract

The construction of a feed-forward controller frequently requiresthe estimation
of an inverse function. Two possible methodsto achievethisare: (i) Learning
thebest estimated inverse(BEI), amethod that issometimesreferred toasdir ect
inverselearning, (ii) Learning theinverse of the best estimator (I1BE), amethod
that is sometimesreferred to asindirect inverse learning. We analyze a general
control problem, in the presence of noise, and show analytically that these two
methods are asymptotically significantly different, even for simplelinear nor+
redundant systems. Wefurther demonstrate that the | BE method istypically
superior for control purposes.
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1. INTRODUCTION

In many control gpplications, there is a need to edimate an inverse modd of the
controlled sysem. The nation of feedforward adaptive control was suggested as a
modd for biologicd motor control in the seveties and is frequently used in
contemporary modds (Albus 1975, Inbar & Yafe 1976, Wolpert DM & Ghahramani
2000). A method to identify the inverse of linear systems was presented by Widrow
et d. (1979). For nonlinear systems, the inverse modd can be learned by an atificid
neurd network (ANN). There are numerous papers on usng ANN for control, see
eg., Naendra & Pathasarathy, (1990) Barto (1990) Kawato (1990) Bullock et 4.
(1993) Jordan (1996) Karnid & Inbar (2000), and many references therein. Figure 1
describes the control problem  which is to find the control signd X, such that F(X) will
be dose to a given desred god, Yd F(X) characterizes the controlled sysem. The
input and output spaces can be scdas, vectors, continuous or discrete signds, or
Laplace or Z transform domain functions

Yq X Y
— ? FX) —

A 4

Figure 1. Feed-forward control and the inverse controller problem.

There are severd different methods for learning the inverse modd of a sysem from
input/output samples.  The Implest method to condruct such an edimated inverse is
by feeding the ANN learning dgorithm with the input-output samples in the reverse
order: outputs as inputs and inputs as dedred outputs. This method minimizes the
eror in the input domain of the sysem, and is sometimes referred to in the iterature
as direct inverse learning. We cdl the modd thet is learned by this method the best
edimated inverse (BEI) modd. See Fgure 2a  Another method conggts of indirect
learning. Firdt, the forward modd is estimated, see Figure 2b, and then he inverse of
the estimated modd is condructed. This method minimizes the eror in the output
domain, finds the bet modd, and then inverts this modd. We cdl the modd that is
learned by this method the inverse of the best estimator (IBE) modd.

Narendra mentioned the superiority of the indirect learning scheme (here IBE), since
it minimizes the output eror; see, eg., Narendra & Parthasarathy (1990). Jordan
(1996) clealy demondraes the erroneous results that might occur usng the direct
inverse learning (BEI) for redundant sysems. However, the direct inverse learning
goproach  4ill appears in numerous papers and software toolboxes without clear
meanifestation of its drawbacks, even for the smplest non-redundant control systems.

In this paper we show andyticdly that these two methods are not equivadent, and that
the ssoond method, the IBE, is generdly superior for control gpplicaions in the
presence of noise. In section 2 we formulate and prove the dam by an example of a
datic system, and show the difference between the BEI and IBE in that case. Then, in
section 3 we andyze and amulae the difference between the methods for a dynamic
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sysem. In section 4 we extend our discusson to other methods of learning inverse
control, the feedback error learning of Kawato (1990), the digtd teacher of Jordan &
Rumelhart (1992), and the DIRECT modd of Bullock et d. (1993).

Figure 2. Thetwo learning methods: (a) The direct inverse model learning scheme that producesthe
best estimated inverse (BEI). (b) The forward model learning scheme. Inverting the forward mode
produces the inverse of the best estimator (IBE).
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2. THECLAIM

Let us phrase the clam in Smple words.

Claim: The BEI can be asymptoticaly sgnificantly different from the IBE.

We actudly show tha in the presence of noise, with nonzero variance, the two
methods differ asymptoticdly, and the ggp increases with the variance of the noise
In the remainder of this section, we phrase the clam formaly and prove it by a smple
counter-example.

2.1 Formal description of the claim
Congder a system f with input X and output y, and consder a modd of the system,

y=f(x), where f1 F, a parametric family of models Suppose that we are given a
st of m input/output samples from the system, {xi : yi}i”;l. The x; are assumed to be

independently identically distributed (i.i.d.) according with some given digtribution P.
The empiricd mean square eror between the modd and the samples is

D, (f)=(ymAa

minimizes the emp|r|cal mean squae eror, and finds the optima modd,

~

H We will condder a learning dgorithm tha

f, =argmn [Dm(f)]. This type of leaming is cdled a sample error minimization
f
(SEM) dgorithm (see eg., Anthony & Bartlett 1999). It is dso ussful to condder the

2 AY
x)| & according with the given distribution P.

average square error, D(f)=Eg|y- f( " i
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We assume that when the number of samples grows to infinity, the empiricd error
aoproximates the average error, that is " ,Dm(f )® D(f ) in some well-defined

m® ¥
probabiligic sense (eg., in probability). With this assumption, known to hold under a
wide range of conditions (see eg, Anthony & Bartlett 1999), we can use expectation
intead of empiricd mean for the cdculaion of the best edimator, f;. The star

superscript stands for best and the infinity symbol subscript stands for the asymptotic
caxe, i.e, the number of samples grows to infinity. The basc question a& hand is

U

whether the BEI equal the IBE, i.e, does (), = (£, ]2
We will show that the answer to this question is negative.

2.2 Proof (by a counter example)

A popular noise modd in control problems is an additive noise a the output of the
system. Let us examine the sysem y=ax+e. Suppose that we have a series of

input/output samples wherex;, ae independently identicaly digtributed (i.i.d.) random

varidbles, and y, =ax, + €, where e, arei.i.d. with zero mean and positive (nonzero)

u ~
variance.  The forward model is f (x)= ax, while the inverse modd is [f*](y) =By .

The inverse of the forward modd is: [f ]'l(y):y/é. The question of whether
BEI=IBE, is equivaent to: does b, =1/4, ?
Let us examine the forward mode learning error.  Since the input samples and the
noise ae independent, and snce the aror has zero mean, one can write
D(f )= E[ly- )] = Ellax+e- a)?]= El(a- a)?x?]+ E[e?]. Minimizng this vauve
produces &, =a, therefore the IBE is 1/a independent of the noise. In the same ven,
let us examine the estimation of the inverse:
Dgfql],‘%z Eg(By- x)zgz Eg(ﬁa- 1)2x28+ Egﬁe)zg

~ aE[xZ]

S = =

Therefore |6¥| < |]/ a, | if E[ez] >0. Note tha the difference between the BEI and

the IBE is grester when the noise variance is larger, thus, the BEI can be
asymptoticaly sgnificantly different from the IBE. QED

2.3 Comments
(1) The cese of addtive naise in the input, ie, y, =a(x +e), is equivdent to a

change in the noise vaiance by a factor of a?, therefore the result will be
quaitatively similar. (2) For multiplicative noise, i.e, y=(a+e)x, one can show, in
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the same fashion, that the BE! and the IBE in this case are a/(a” + E|e?|) and 1/a,
respectively, therefore again they are different.

2.4 Smulation of the counter example

In order to demondrate the sgnificant difference between the BEI and the IBE, and
the proof above, we present asmulation of asmple one-dimensiond system.

We have drawn 200 samples of X uniformly digributed in the range [0,1], followed

by a draw of the noise signd e from a normd digribution with zero mean and unit

vaiance. The output samples were y, =ax; + ¢, where the system parameter was
chosen to be a=2. The esimation was peformed and the results for one sample
path were &' =1.933, b’ =0.208. One can see that b’ <1/&" . The resuits of this

gmulation are plotted in Figure 3a  One can eedly naotice the Sgnificant difference
between the BEI (dotted) and the IBE (dashed). The inverse of the IBE is much closer
to the origind system (solid).

(a) (b)
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-2 : -2
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Figure 3. ThelBE moddl (dashed) versusthe BEI mode (dotted) calculated from noisy data (dots) of a
linear system (s0lid, thin). (a) Additive noise, (b) multiplicative noise. The IBE and BEI differ in both
cases, and the |BE provides a better estimate in both cases.

The same gmulaion was repested for multiplicative noise and the result is
quditatively the same (see Figure 3b). For one sample path, the estimated parameters
were A =1.965 b =0409. For control purposss the aim is usudly to follow a
desred output, i.e, to minimize the eror in the y-axis of Fgure 3, therefore in the
design of a feed forward inverse controller of a datic system it is clear that the IBE is
superior.
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3. A SMPLE DYNAMICAL SYSTEM CONTROL

In this section we andyze and demondrate the BEI and the IBE for a smple first
order dynamic sysem (this sysem gppears in Jordan 1996). Condder the following
plart,

x(n+1)=c: x(nj+d:u(n)

y(nfx(n)+ e(n)

where u(n) is the contral input, y(n) is the output, x(n) is a date variable and e(n) is
an additive output noise. Consder a controller that uses the desired output and an
estimator of the State in order to choose the control sgndl:

u(n) = w,X(n) +w, y, (n+1).

For this sysem one can estimate the state as being the output and for a feed-forward
controller, one can use the desired output:

U(n) =WiYq (n)+W2 Yd (n +1) :

The overdl system without the noise, i.e,, for e(n)° 0 is

y(n+LEexy(nprd ow,y, (n) +w, y, (n+1]

For a perfect inverse controller, we demand y(n): Y4 (n) and cdculate the perfect
control parameters: [c+dw, Jy(n)+[dw, - ]ly(h+1)=0 P w, =- ¢/d,w, =%/d

In practice ¢ and d are unknown and e(n)l 0. In this satup, let us compare the IBE
and the BEl methods to edimate the control parameters. The BElI  method

findsi, ™, W5, that minimizes Dgfu'l]d: E[(u(n)— l](n))z]; see Figure 42 The IBE

method finds ¢,d thet minimizes D(f )= E[(y(n)- §(n))?] (see Figure 40) and then
caculates W™ =- &¢/d, W =1/d .

uin) — y(n) u(n Plant y(n)
x(n )’i(n)
) £ D (a)

- é' X 9 & (b)
- M odel Forwarc -,()
error M odel -

\, erro

Figure 4. Inverse modd learning (&) and forward modd learning (b).
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Proposition:

For the system described above, let u(n) and eln) be iid. random varigbles
independent of exch other, with zero meen and vaiance E[u? ad E[e?]
respectively. The estimated parameters of the BEI and IBEwhen N ® ¥ are:

EE = ¢ >d xE|u?|

R (2 1)><E[e2]- d? ><E[u2]

o d
RS = cxd® ><(E[u2])2
C(er- 1)(E[e2])2 - 2d2E[e2]E[u2]- d“(E[uz])2
e = d ><E[u2]{(1- CZ)E[82]+ dZE[uz]}
(t- c2)Ele? ]’ +2d2E[e? [Eu?]+d* ([E[u?]f
Pr oof

The proof follows the same principles describes in section 2 for this two-dimensond
optimization problem. The details are deferred to the gppendix.

Note that without noise i.e, E[ez] =0, both methods converge to the “perfect

inverse’. One can adso see ha in terms of the parameter vaues, the IBE is closer to
the perfect parameters then the BEI. If we had a perfect knowledge of the state during
the estimation process (see Figure 4) the IBE would have converged to the vaues of
the perfect inverse. However this case isn't redidtic, therefore we andyzed the case
with noise in the date esimation. Stll, the IBE is usudly superior to the BEI, as we
show in the following smulations that demondrate the consequences of the difference
between the methods.

We used a batch of 500 input/output time deps teken from the system described
above, where the inputs u(i) are i.i.d, normaly disributed with variance 05 and zero

mean, and e(n) are i.i.d, normaly digributed with a variance of 0.1 and zero mean.

We cdculate the perfect controller as well as the BEI and the IBE controllers for a
sable system (c=-05d=04). The parameters of the various controllers, caculated
and smulated for asingle run are presented in Table 1.

These three controllers were fed by a desred output condging of a few steps and
ramps and ther peformance gppears in Fgure 5. The dotted line in Figure 5
represents the perfect controller’s performance. It is close but not equd to the solid
line since there is noise in the sysem. One can see that typicdly the IBE (dashed) is
superior to the BE! (dot-dashed).
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Perfect BEI BEI IBE IBE
Controller | Caculated | Smulated Cdculated | Smulated
W, -1.25 -0.808 -0.821 -1.053 -111
W, 25 1.919 1933 2500 2514

Table 1. The controller parameters w, and w, for the system described in

the text, calculated and simulated by the BEI and the IBE methods. The
calculated data uses the results of the proposition with the noise and input
parameters from the simulations. One can see that the parameters produced
by the IBE method are closer to the calculated perfect controller.

output

Desired Vs. actual trajectories

15 [ T T T T " T T ]
T y —— Desired
Perfect-Inv
10+ --=. |IBE
- BEI
5 -
0 -
5
-10 -
-15 4
I I I I I I
0 5 10 15 20 25 30 35

time steps

Figurre5. A first order system control. The IBE controller performance (dashed) versusthe BEI
controller performance (dot-dashed). Thethin solid lineisthe desired trgjectory and the dotted lineis
the performance of the perfect inversecontroller.
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4, OTHER METHODS
In this section, we briefly examine three more sophidticated learning agorithms.  The
feedback error learning of Kawato (1990), the distd teacher of Jordan & Rumehart
(1992), and the DIRECT modd of Bullock et d. (1993). For the firgt two, we show
that in the case of a datic linear system with some assumptions, the preferred inverse
(i.e, the IBE) can be estimaed. For the third modd the BEI is used and the possible
advantaged for redundant system control are discussed.

4.1 Feedback error learning

In the feedback error learning scheme, there is a $mple feedback controller (such as a
PID controller) and an ANN that learns the inverse modd of the plant by minimizing
the motor error. For further details, see Kaweto (1990).

Let us andyze the smplest stuation where the plant is just a linear amplifier, a, the
feedback is proportiona feedback k, and the ANN congists of a single parameter w.
x=k(yy - y)+wxy,

y=ax+e

Denate the discrepancy measure to be minimized by J, and the motor error by P:

J =|P|2 =|k(yd - ylz P:k(yd - [e+a(P+nyd)])

P=(kxy,(1- aw)- kg/(l+ka) EA*® mn P w =1a

That is, theinverse modd will tend to convergeto the IBE.

4.2 Supervised learning with distal teacher

In the case of supervised learning with a disd teecher, there is a forward modd thet
is learned by the prediction eror, and an inverse modd that is used as the controller
and is learned by the peformance error tha is backpropogated through the forward
mode. For further details of this method, see Jordan & Rumelhart (1992) .

Let us andyze the smplest Stuation where the plant is just a linear amplifier a, the
forward linear mode is w;. , and theinverselinear modd is w, , i.e,

X=W, Xy,

y=ax+e’

J(Performance) =]y, - " =y, - (e+axw, xy,)* =|{L- axw, )xy, - §°

EJ® mn b w =1/a

Here again the inverse controller tends to converge to the IBE.

In this architecture, in order to minimize the performance error, we assume a perfect
forward modd, i.e w. =a. This assumption is consstent, since we have proved that

it holds asymptaticaly for the linear case.
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4.3 The DIRECT model

The DIRECT modd (stands for Direction-to-Rotation Effector Control Transform)
edimates the transformation between spatia velocities and effector veocities.  For
further details, see Bullock et d. (1993).

In robotic control the relaion between the spatid velocities X and the joint veodties
S is presented as X:J(s )s , Where J(s) is the Jacobian matrix. For redundant
systems, a unique inverse for J(s) does not exigs One approach could be to

condruct the complete IBE, i.e, represent dl the possble solutions (see Karnid et 4d.
2001). A common gpproach in robotics is to cdculate one solution (one of the
possble IBE), usudly the Moore-Penrose Pseudoinverse.  However, these controllers
may <uffer from large commaend sSgnds inconvenient postions, or nonintegrable
solutions (see Mussalvddi and Hogan 1991; Guenther and Micc Bareca 1997.)
The DIRECT modd essentidly uses the BElI method for learning. However,
combined with the integration and feedback dements it can leed to a controller that is
much more well-behaved near sngularities (see Guenther and Micc Barreca 1997).
The DIRECT method was dso shown to be able to ded with redundancy (Bullock et
a. 1993), which is a wel-documented drawback of the BEI (see Jordan 1996 where
the term “direct inverse modeling” is used for a system that finds the BEI).

5. DISCUSSION

The essence of the difference between the BElI and the IBE lies in an old linear
regresson problem of the difference between inverse and direct regresson. However,
this problem, even in its Smplest formulation as a linear regresson problem, seems to
be a source of everlaging confuson. We traced this debate between methods of
learning inverse regresson back to December 29, 1938 when Dr. C. Eisenhart
presented it before the American Statisticdl Associdion in Defroit (see Eisenhart
1939). He saysthere, "It does not seemto be generally realized that the fitting should
be done in term of the deviations which actually represent ‘error’”, and then he
presents some problems in linear regresson, and in paticular the difference between
direct and inverse fitting. However, Krutchkoff (1967,1969) presented some
numerical examples for the opposte case.  This debate continues with the work of
Haperin (1970). We do not wish to go into the details of these papers, however it is
clear that the proper method depends on the exact definition of the am of the fitting.
Ancther related discusson gppears in the Econometrics literature (see Conway &
Roberts 1983; Goldberger 1984; Greene 1984) and a recent andlyss gppears in Chow
& Sheo (1990) with an example from the US pharmaceutica indudry that used an
improper method of estimation.

In contrast to many of the examples &ove, where the preferred method is not dways
clear, in control problems we usudly am to reduce the error in the output of the
system rather than in the control sgna and in this case it is dlear that the IBE method
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is superior to the BEI. The BEl appears frequently in many research works,
goplicions and software smulaion toolboxes, dating from the semind work of
Widrow (1979). The fidd of neurd computation introduces many new possible
methods for learning control with ANN. It is important to carefully check the
performance measure that is being minimized, and consder the difference between
the BEI and the IBE.

Acknowledgement
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this manuscript.
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APPENDIX:

Proof of the proposition of section 3
Let us gart with the IBE, which finds firg the best estimation of a forward modd (see
Figure 4b), i.e,findstheparanetersé; d” thet minimizes the following

D(f): E[(Y(n ] Ee( - &xy(n- 1)- dsu(n- 1))23:

. Eg(cxx(n- 1) +d>uln- 1) +eln)- exx(n- 1)- exeln-1)- dsuln- 1))23

Note that e(n),e(n- 1),u(n- 12),x(n- 1) are independent of each other, and since we
ae andyzing the case of an infinite number of examples we are actudly concerned
withthecase n ® ¥ . Therefore:

D(f)z (c- &) ><E[x2]+ (d - a)2 XE[u2]+(1+ éZ)XE[eZ]
Inthis case it is clear that d,, =d. Toobtain &, oneneedsto minimize theterm:
o= o- & el e ele]

i CXE[x
%D(f) ob ¢, ﬂ_hEX +Ele?

From the plant equations

ele= ot el atele]p ee]- C2E]

Therefore
od’Ep]
d2 xElu?]+(1- c?)xEle?]

¢, =

Findly, the IBE prametersare: W% = - ¢ /d, , W\ :J/a;
WIBE = cd X.E[uz] ..
te?- 1)xele?]- d? E|u?]
IBE —:I/d
As for the BEI, we wish to find the parameters W', W2 that minimize the following
exprc-' s30n (see Figure 4a):

Déff 2= El(u(n- 1)- a(n- D]

Using the controller and plant equations one can get.
u(n- 12)- an- 1) =u(n- 1)- W xy(n- 1)- W, xy(n) =
=u(n- 1)- Woexx(n- 2)- wodou(n- 2)- W oxe(n- 1)+
- W, xc? x(n- 2)- W, xexdu(n - 2)- W, >d xu(n- 1)- W, >e(n)
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Note aso that e(n) e(n- 1),u(n- L)u(n- 2),x(n- 2) are independent of esch other,
and snce we are andlyzing the case of infinite number of examples we are actudly
concerned with thecase N ® ¥ . Therefore:

Dggff ;-E[ u(n- 1)- a(n- 1)]=
=(1- W, xd E[u] + (W, >xd + Wi, xc xd) E[u] (\iv1><zc+\7v2 >c2)2E[x2]+(W12+W22)E[eZ]

In order to minimize this function we rearrange it to a dandard quadretic form as
follows

Dgff 9= Efue]+ (26w + 25 xd2E[u2 )Wy i, - 2 xE]u2] s, +

+(c? E[x ]+E[e2]+d2E[u2])\7v12 +(c*E[x?]+ Ele?]+ (2 +1)xaE[u )2 =
= Eju?]+ —WTQW a'W
where,
eW1u _ § 0 U _ é:hl q12U
VoG TSl T &, ol
Oy = 2><[c E[x2]+ E[e2]+d2E[u2]}
G, = Ay = 2{CEC ]+ oxaEfu]
0, = 24e*E [ |+ Ele?] + (07 + 1)t ?E]u?]
The minimum of this quadratic function is:

o Olxge 1 €d, -GpU€ 0 b_  2dxu}] &g,
R ML e S0 R = T memr e
. 2>d><E[u ] 2>{c E“ ]+c>d E[u ]} u
W G2 s - Oy >q12e2>{c E[x]+ Ele?]+ a2Elu? ]}ﬂ
Note that from the plant equetions
[ ] d® ><E[u ]
1- ¢?
Subdituting dl the aboveinto W™ we get:
WBE! = cd® X(E[uz])z
(e 1)(E[e2])2 - 2d2E[e2]E[u2]- d“(E[uz])2
RS = d ><E[u2]{(1- CZ)E[82]+ dZE[uz]}
BEI =

(t- c2)Ele? ]’ +2d2E[e? [Eu? |+ d* (E[u?]f
QED
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