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5XQQLQJ�+HDG��QRQOLQHDU�PHFKDQLFDO�PRGHO�DQG�UDSLG�PRYHPHQWV

.H\ZRUGV��QRQOLQHDU�PXVFOH�PRGHO��QRQOLQHDU�YLVFRVLW\��UHDFKLQJ�PRYHPHQWV�

VDFFDGLF�H\H�PRYHPHQWV��EDOOLVWLF�PRYHPHQWV�

$EVWUDFW

5DSLG�KXPDQ�PRYHPHQWV�H[KLELW�D�TXDVLOLQHDU�UHODWLRQVKLS�EHWZHHQ

WKHLU� DPSOLWXGH� DQG�PD[LPXP� YHORFLW\�� DQG� D� ORJ�OLNH� UHODWLRQVKLS

EHWZHHQ� WKHLU� DPSOLWXGH� DQG� GXUDWLRQ�� �:H� GHPRQVWUDWH� WKDW� WKHVH

ZHOO�REVHUYHG� UHODWLRQV� FRXOG� EH� REWDLQHG� ZLWK� D� VLPSOH� QRQOLQHDU

PXVFOH� PRGHO� DQG� D� SXOVH�VWHS� FRQWURO� VFKHPH�� � 7KLV� UHVXOW

HQFRXUDJHV�WKH�XVH�RI�QRQOLQHDU�PXVFXORVNHOHWDO�PRGHOV�ZLWK�VLPSOH

FRQWURO�VFKHPHV�IRU�PRGHOLQJ�KXPDQ�EDOOLVWLF�PRYHPHQWV�
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���,QWURGXFWLRQ

5DSLG�KXPDQ�PRYHPHQWV�KDYH�EHHQ�VWXGLHG�H[WHQVLYHO\�LQ�PDQ\�GLIIHUHQW�SDUDGLJPV

�)RU� VDFFDGLF� H\H�PRYHPHQWV�� VHH� 5RELQVRQ� ����� DQG�%DKLOO� HW� DO�� ������ IRU� KDQG

UHDFKLQJ� PRYHPHQWV�� VHH� .DUQLHO� DQG� ,QEDU� ����� DQG� UHIHUHQFHV� WKHUHLQ�� DQG� DOVR

3ODPRQGRQ� ����� DQG� UHIHUHQFHV� WKHUHLQ��� � 7KHVH�PRYHPHQWV� KDYH�PDQ\� VWHUHRW\SH

IHDWXUHV�VXFK�DV�D�URXJKO\�VWUDLJKW�OLQH�SDWK�DQG�D�EHOO�VKDSHG�VSHHG�SURILOH�� � ,Q� WKLV

SDSHU� ZH� H[DPLQH� WZR�ZHOO�REVHUYHG� IHDWXUHV� RI� UDSLG� PRYHPHQWV�� WKH� TXDVLOLQHDU

UHODWLRQVKLS�EHWZHHQ�DPSOLWXGH�DQG�PD[LPXP�YHORFLW\�� DQG� WKH� ORJ�OLNH� UHODWLRQVKLS

EHWZHHQ�DPSOLWXGH�DQG�GXUDWLRQ���7KHVH�WZR�IHDWXUHV�ZHUH�IRXQG�DOVR�LQ�IUDJPHQWV�RI

WUDFNLQJ�PRYHPHQWV��+DQQHWRQ�HW�DO��������VHH�)LJ����ZKLFK�VXJJHVWV� WKDW� WKH� UDSLG

PRYHPHQWV�PLJKW�DOVR�EH�WKH�EDVLV�RI�RWKHU�VORZHU�DQG�PRUH�FRPSOH[�PRYHPHQWV�

9DULRXV� UHDVRQV�� SXUSRVHV� DQG� RSWLPL]DWLRQ� VFKHPHV� PLJKW� DFFRXQW� IRU� WKH

VWHUHRW\SLFDO� IHDWXUHV� RI� WKH� UDSLG�PRYHPHQWV�� � )RU� H[DPSOH�� WKH� EHOO�VKDSHG� VSHHG

SURILOH�ZDV�VKRZQ�WR�EH�FRQVLVWHQW�ZLWK�WKH�PLQLPXP�MHUN�K\SRWKHVLV��VHH�)ODVK�DQG

+RJDQ���������:H�DVVHUW�WKDW�WKH�RULJLQ�RI�WKHVH�IHDWXUHV�FDQ�EH�WKH�HOHFWURPHFKDQLFDO

SURSHUWLHV� RI� WKH� PXVFXORVNHOHWDO� V\VWHP� UDWKHU� WKHQ� D� FRPSXWDWLRQ� SURFHVV� LQ� WKH

QHUYRXV�V\VWHP�� �7KH�UROH�RI� WKH�PXVFOH�SURSHUWLHV� LQ�FUHDWLQJ�D�VPRRWK�EHOO�VKDSHG

VSHHG� SURILOH� ZDV� GHPRQVWUDWHG� LQ� .DUQLHO� DQG� ,QEDU� ������ ZKHUH� D� QRQOLQHDU� +LOO

W\SH� PXVFOH� PRGHO� ZDV� XVHG�� � ,Q� WKLV� SDSHU� ZH� VKRZ� WKDW� D� VLPSOH� QRQOLQHDU

PXVFXORVNHOHWDO� PRGHO� ZLWK� D� VLPSOH� SXOVH�VWHS� FRQWURO� VFKHPH� FDQ� UHSURGXFH� WKH

REVHUYHG�UHODWLRQVKLS�EHWZHHQ�DPSOLWXGH��GXUDWLRQ�DQG�PD[LPXP�YHORFLW\�� �)LUVW� WKH

PRGHO�LV�GHVFULEHG��DQG�WKHQ�WKH�VLPXODWLRQV�DUH�VKRZQ�DQG�GLVFXVVHG�
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)LJ�����$Q�H[DPSOH�RI�WKH�UHODWLRQVKLSV�EHWZHHQ�WKH�PD[LPXP�YHORFLW\�DQG�WKH�PRYHPHQW

DPSOLWXGH��XSSHU�JUDSK���DQG�EHWZHHQ�WKH�PRYHPHQW�GXUDWLRQ�DQG�WKH�PRYHPHQW�DPSOLWXGH

�ORZHU�JUDSK����(DFK�GRW�LV�RQH�VKRUW�VWHUHRW\SHG�SHULRGV�RI�DUP�PRYHPHQW���7KH�OLQHV�DUH�OLQHDU

DQG�ORJDULWKPLF�ILW�WR�WKH�GDWD���)RU�IXUWKHU�GHWDLOV�RQ�WKLV�VSHFLILF�H[SHULPHQW�VHH�+DQQHWRQ�HW�DO

��������)RU�RWKHU�H[DPSOHV�RI�WKHVH�TXDVLOLQHDU�DQG�ORJ�OLNH�UHODWLRQVKLS�VHH�IRU�H[DPSOH�%DKLOO�HW

DO������DQG�5RELQVRQ���������7KLV�ILJXUH�LV�DGRSWHG�ZLWK�SHUPLVVLRQ�IURP�)LJXUH���RI�+DQQHWRQ

6��%HUWKR]�$��'URXOH]�-��DQG�6ORWLQH�--(���'RHV�WKH�EUDLQ�XVH�VOLGLQJ�YDULDEOHV�IRU�WKH�FRQWURO�RI

PRYHPHQWV"�%LRO��&\EHUQ�����������������6SULQJHU�9HUODJ�����

���7KH�PRGHO

7KHUH� DUH� PDQ\� PXVFOH� PRGHOV� RI� YDULRXV� W\SHV� DQG� FRPSOH[LWLHV� �VHH� +LOO� �����

:LQWHUV�DQG�6WDUN�������*LHOHQ�DQG�+RXN���������,Q�WKLV�ZRUN�ZH�FKRRVH�WKH�PRGHO

RI�:X�HW�DO�� �������ZKLFK� LV�D�VLPSOLILHG�DEVWUDFW�PRGHO� WKDW� LQFRUSRUDWHV�QRQOLQHDU

SURSHUWLHV� DQG� LV� DEOH� WR� SURGXFH� D� IDVW� DQG� GDPSHG� PRYHPHQW� ZLWK� D� VLPSOH

UHFWDQJXODU�QHXUDO�H[FLWDWLRQV�

�
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:X�HW�DO���������IRXQG�WKDW�KXPDQ�ZULVW�PRYHPHQW�FRXOG�EH�TXDOLWDWLYHO\�PRGHOHG�E\

WKH�IROORZLQJ�GLIIHUHQWLDO�HTXDWLRQ�WKDW�LV�UHIHUUHG�WR�DV�WKH�RQH�ILIWK�SRZHU�ODZ
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,Q� WKLV� HTXDWLRQ��[� LV� WKH� SRVLWLRQ� �LQ�PHWHUV�� RI� WKH� FRQWUROOHG� REMHFW� DQG� [HT� LV� WKH

UHVWLQJ�� RU� HTXLOLEULXP� SRVLWLRQ�� � 7KH� PDVV� RI� WKH� REMHFW� LV� P� �NJ��� WKH� VWLIIQHVV

FRHIILFLHQW�LV�N��1�P��DQG�WKH�GDPSLQJ�FRHIILFLHQW�LV�E��1�P
�V�P��������7KH�YDOXHV�RI

WKH� SDUDPHWHUV� IRU� WKH� VLPXODWLRQV�ZHUH� FKRVHQ� WR� EH�P ���E ��� N ����ZKLFK�ZHUH

IRXQG� WR�SURGXFH�TXDOLWDWLYHO\� VLPLODU� WUDMHFWRULHV� WR� WKRVH�REVHUYHG� LQ�KXPDQ�ZULVW

PRYHPHQWV��:X�HW�DO�������

7KH� FRQWURO� VLJQDO� [HT�� ZKLFK� UHSUHVHQWV� WKH� QHXUDO� FRPPDQG�� ZDV� FKRVHQ� WR� EH� D

SXOVH�VWHS�FRQWURO�VLJQDO�DV�PRGHOHG�E\�%DUWR�HW�DO��������VHH�)LJ����DQG�D�IXOO�SDSHU

RI�%DUWR�HW�DO��������

)LJ�����7KH�SXOVH�VWHS�FRQWURO�VLJQDO�DQG�WKH�SDUDPHWHUV�WKDW�GHILQH�LW�

7KLV�FRPPDQG�SURGXFHV�D� IDVW�PRYHPHQW��ZKLFK� LV� VRPHWLPHV� FDOOHG� VWHS�DQG�KROG

PRYHPHQW�� � 7KHUH� DUH� WKUHH� SDUDPHWHUV� WKDW� GHILQH� WKH� FRQWURO� FRPPDQG�� WKH� SXOVH

DPSOLWXGH�;S��WKH�SXOVH�GXUDWLRQ�G��DQG�WKH�VWHS�DPSOLWXGH�;V���$W�WKH�HQG�RI�WKH�UDSLG

PRYHPHQW��WKH�SRVLWLRQ�RI�WKH�REMHFW�LV�QRW�QHFHVVDULO\�;V��EHFDXVH�WKH�V\VWHP�WHQGV�WR

�VWLFN�� DW� QRQ�HTXLOLEULXP� SRVLWLRQ� DQG� WKHQ� WR� GULIW� YHU\� VORZO\� WR� WKH� HTXLOLEULXP
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SRVLWLRQ���)ROORZLQJ�%DUWR�HW�DO�������ZH�GHILQH�WKH�WHUPLQDWLRQ�RI�WKH�PRYHPHQW��WKH

SRVLWLRQ�ZKHUH�WKH�REMHFW�VWLFNV��DV�WKH�SRVLWLRQ�DW�ZKLFK�LWV�DEVROXWH�YHORFLW\�IDOOV�DQG

UHPDLQV�EHORZ�������>P�V@��:H�GHQRWH�E\�;W��WKH�YDOXH�RI�[�DW�WKH�WHUPLQDWLRQ�RI�WKH

PRYHPHQW��DQG�E\�7W�� WKH� WHUPLQDWLRQ�WLPH�RI� WKH�PRYHPHQW�� �:H�DOVR�REVHUYHG�WKH

PD[LPXP�YHORFLW\�GXULQJ�WKH�PRYHPHQW�DQG�GHQRWH�LW�E\�9P�

7KH�VLPSOH�PRGHO�DQG�WKH�VLPSOH�FRQWURO�VWUDWHJ\�GHVFULEHG�DERYH�DUH�XVHG�LQ�WKH�QH[W

VHFWLRQ� LQ� RUGHU� WR� VLPXODWH� UDSLG� KXPDQ�PRYHPHQWV� DQG� H[DPLQH� WKH� UHODWLRQVKLS

EHWZHHQ�WKHLU�SDUDPHWHUV�

���6LPXODWLRQV

:H�EHJLQ�WKLV�VHFWLRQ�ZLWK�D�VLPXODWLRQ�RI�D�W\SLFDO�UDSLG�PRYHPHQW��VHH�)LJ����DQG

GLVFXVVLRQ�RI�LWV�SURSHUWLHV�� �:H�WKHQ�FKDUW� WKH� UHODWLRQVKLSV�EHWZHHQ�WKH�SDUDPHWHUV

RI�VXFK�PRYHPHQWV�

)LJ�����$�W\SLFDO�VLPXODWHG�UDSLG�PRYHPHQW���3RVLWLRQ��VROLG�OLQH���VSHHG��GDVKHG�OLQH��

7KH�QRQOLQHDU�YLVFRVLW\�LQ�WKH�PRGHO�IDFLOLWDWHV�WKH�H[HFXWLRQ�RI�UDSLG�PRYHPHQW�WKDW

VWRSV�ZLWKRXW�RVFLOODWLRQV���7KH�VDPH�SKHQRPHQRQ�DSSHDUV�LQ�RWKHU�QRQOLQHDU�PXVFOH

PRGHOV��VXFK�DV�WKH�+LOO�PRGHO�ZKHUH�WKH�GDPSLQJ�FRHIILFLHQW�EHFRPHV�ODUJHU�DW�VPDOO

YHORFLWLHV��DQG�DOVR�LQ�PRGHOV�ZLWK�QRQOLQHDU�VWLIIQHVV�� �$�+LOO�W\SH�PRGHO�LV�XVHG�LQ
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.DUQLHO�DQG�,QEDU��������ZKHUH�WKH�UROH�RI�WKH�QRQOLQHDU�SURSHUWLHV�RI�WKH�PXVFOHV�LV

GHPRQVWUDWHG�� VHH� DOVR� .DUQLHO� DQG� ,QEDU� �������� � $� QRQOLQHDU� PXVFOH� PRGHO� LV

HVVHQWLDO�WR�SURGXFH�UDSLG�PRYHPHQW�ZLWK�D�VPRRWK�VWRS�LQ�UHVSRQVH�WR�VLPSOH�SXOVHV

RU�LQ�UHVSRQVH�WR�D�SXOVH�VWHS�H[FLWDWLRQ�UHJLPH���7KH�PRGHO�XVHG�LQ�.DUQLHO�DQG�,QEDU

������� FRQWDLQV� PRUH� HOHPHQWV� DQG� WKHUHIRUH� SURGXFHV� VPRRWKHU� PRYHPHQWV�� � 7KH

RQH�ILIWK�SRZHU�ODZ�ZDV�FKRVHQ�IRU�WKLV�ZRUN�GXH�WR�LWV�VLPSOLFLW\�

7KH�RQH�ILIWK�SRZHU�ODZ�����ZDV�IRUPXODWHG�IRU�SRVLWLYH�YHORFLWLHV�� �+RZHYHU��DW�WKH

HQG�RI� WKH�PRYHPHQW� VPDOO� QHJDWLYH�YHORFLWLHV�PLJKW� RFFXU�� � 7KHUHIRUH� D� UHIOHFWLRQ

DERXW�WKH�RULJLQ�LV�DVVXPHG���7KDW�LV��WKH�IROORZLQJ�GLIIHUHQWLDO�HTXDWLRQ�LV�VROYHG�
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7KH�VLPXODWLRQ�ZDV�UHSHDWHG�IRU�YDULRXV�YDOXHV�RI� WKH�FRPPDQG�SDUDPHWHUV�;V�G�;S�

DQG� WKH� YDOXHV� RI� WKH� PRYHPHQWV� SDUDPHWHUV� 9P�;W�7W�� ZHUH� H[DPLQHG�� � $� VDOLHQW

WHQGHQF\� WRZDUGV� WKH� VWHUHRW\SH� UHODWLRQVKLSV�ZDV�REVHUYHG�RYHU� D� ODUJH�SDUW� RI� WKH

FRPPDQG� SDUDPHWHU� VSDFH�� � $Q� H[DPSOH� LV� LOOXVWUDWHG� EHORZ� IRU� D� YDULRXV� SXOVH

DPSOLWXGH�YDOXHV��VHH�)LJ���DQG�)LJ���

)LJ�����0D[LPXP�YHORFLW\�DJDLQVW�PRYHPHQW�DPSOLWXGH�RI����VLPXODWHG�PRYHPHQWV�ZLWK�GLIIHUHQW

SXOVH�DPSOLWXGHV���7KH�VROLG�OLQH�LV�D�OLQHDU�ILW�WR�WKH�GDWD�
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)LJ����0RYHPHQW�GXUDWLRQ�DJDLQVW�PRYHPHQW�DPSOLWXGH�RI����VLPXODWHG�PRYHPHQWV�ZLWK

GLIIHUHQW�SXOVH�DPSOLWXGHV���7KH�VROLG�OLQH�LV�D�ORJDULWKPLF�ILW�WR�WKH�GDWD�

7KLV� VLPSOH� FRQWURO� VFKHPH� RI� FKDQJLQJ� WKH� SXOVH� DPSOLWXGH� ZDV� GHVFULEHG� DQG

VWXGLHG� H[WHQVLYHO\� E\� *RWWOLHE� HW� DO�� ������ ZKR� FDOOHG� WKLV� PRGH� RI� FRQWURO

µVSHHG�VHQVLWLYH¶���:H�FRQFOXGH�WKDW�ZLWK�D�SK\VLRORJLFDOO\�SODXVLEOH�FRQWURO�VWUDWHJ\

DQG� QRQOLQHDU� PXVFOH� PRGHO� RQH� FDQ� UHSURGXFH� WKH� ZHOO�REVHUYHG� UHODWLRQVKLSV

EHWZHHQ�DPSOLWXGH�GXUDWLRQ�DQG�PD[LPXP�YHORFLW\�

���'LVFXVVLRQ

0DQ\� ZRUNV� GHVFULEH� WKH� IHDWXUHV� DQG� LQYDULDQFH� RI� UDSLG� PRYHPHQWV� �VHH� IRU

H[DPSOH� *RWWOLHE� HW� DO�� ������� � $� UHFHQW� ZRUN� E\� 3ODPRQGRQ� ������� VXJJHVWV� D

NLQHPDWLF� WKHRU\� RI� UDSLG� KXPDQ� PRYHPHQW�� ZKLFK� DVVHUWV� D� OLQHDU� V\VWHP� DQG

GHVFULEHV� WKH�PRYHPHQWV�YLD� VHYHQ�SDUDPHWHUV�RI� WKHLU�∆Λ� ODZ�� �:H� VXJJHVW� WKDW� D

SK\VLRORJLFDOO\�SODXVLEOH�QRQOLQHDU�PRGHO�FDQ�SURGXFH�VLPLODU� UHVXOWV�ZLWK� WKH� VDPH

RUGHU� RI� WKH� QXPEHU� RI� SDUDPHWHUV� DQG� ZLWK� WKH� JUHDW� DGYDQWDJH� RI� EHLQJ� FORVHO\

UHODWHG� WR�SK\VLRORJLFDO� DQG�QHXURORJLFDO�PHDVXUHPHQWV�� �7KH� SDUDPHWHUV�RI� WKH�∆Λ

ODZ� KDYH� QR� SK\VLRORJLFDO�PHDQLQJ� ZKLOH� WKH� SDUDPHWHUV� RI� WKH� SXOVHV� LQ� D� SURSHU

PXVFOH�PRGHO�FDQ�EH�UHODWHG�WR�WKH�LQWHJUDWHG�PXVFOH�HOHFWULFDO�DFWLYLW\�
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/DWDVK� DQG�=DWVLRUVN\� �������ZURWH� DERXW� WKH� H[WHQVLYH� DEXVH� RI� WKH� WHUP� VWLIIQHVV

DQG� VXJJHVWHG� QHZ� WHUPV� VXFK� DV� DSSDUHQW� VWLIIQHVV� DQG� TXDVL� VWLIIQHVV�� � =DWVLRUVN\

������� ZURWH� D� VLPLODU� SDSHU� RQ� YLVFRVLW\�� � :H� DJUHH� ZLWK� WKHLU� REVHUYDWLRQ�

+RZHYHU��LQVWHDG�RI�LQWURGXFLQJ�QHZ�WHUPV�ZH�VXJJHVW�XVLQJ�WKH�QRWLRQ�RI�LPSHGDQFH

DQG�SK\VLRORJLFDO�QRQOLQHDU�PRGHOV�LQ�RUGHU�WR�GHVFULEH�WKH�V\VWHP�EHKDYLRU�

*RRGPDQ� DQG� *RWWOLHE� ������� ZURWH� WKDW� WKH� IDVW� UHDFKLQJ� PRYHPHQW� SOD\V� D� UROH

VLPLODU� WR� WKH� LPSXOVH� UHVSRQVH� LQ� OLQHDU� V\VWHPV� VWXGLHV�� � :H� DJUHH� ZLWK� WKH

LPSRUWDQFH�RI�WKH�UDSLG�KXPDQ�PRYHPHQW�DV�D�EXLOGLQJ�EORFN�RI�FRPSOH[�PRYHPHQWV�

+RZHYHU�� ZH� ZLVK� WR� VWUHVV� WKDW� WKH� PXVFXORVNHOHWDO� V\VWHP� LV� FOHDUO\� QRW� D

WLPH�LQYDULDQW� OLQHDU�V\VWHP�� �7KHUHIRU� WKH�VXSHUSRVLWLRQ�SURSHUW\�GRHV�QRW�KROG�DQG

WKH� QRQOLQHDU� SURSHUWLHV� RI� WKH� PXVFOHV� PXVW� EH� FRQVLGHUHG�� � ,Q� D� SUHYLRXV� DUWLFOH

�.DUQLHO� DQG� ,QEDU�������D�VL[�PXVFOH�+LOO�W\SH�PRGHO�ZDV�XVHG� WR�GHPRQVWUDWH� WKH

UROH� RI� QRQOLQHDU� PXVFOH� SURSHUWLHV� LQ� SURGXFLQJ� D� EHOO�VKDSHG� VSHHG� SURILOH� ZLWK

VLPSOH� FRQWURO� VLJQDOV�� � ,Q� WKLV� SDSHU�ZH� XVHG� D� VLPSOH� QRQOLQHDU�PXVFOH�PRGHO� WR

GHPRQVWUDWH� WZR�ZHOO�NQRZQ� UHODWLRQVKLSV� EHWZHHQ� SURSHUWLHV� RI� UDSLG�PRYHPHQWV�

DJDLQ�ZLWK�VLPSOH�FRQWURO�VLJQDOV�

5HIHUHQFHV

%DKLOO�$7��&ODUN�05��DQG�6WDUN�/� �������7KH�PDLQ�6HTXHQFH��$� WRRO� IRU�6WXG\LQJ

+XPDQ�(\H�0RYHPHQWV���0DWKHPDWLFDO�%LRVFLHQFHV������������

%DUWR�$*��%XFNLQJKDP� -7� DQG�+RXN� -&�� �������$� SUHGLFWLYH� 6ZLWFKLQJ�0RGHO� RI

&HUHEHOODU�0RYHPHQW�&RQWURO���1,36����0,7�SUHVV��SS����������

%DUWR�$*��)DJJ�$+��6LWNRII�1��DQG�+RXN�-&��������$�FHUHEHOODU�PRGHO�RI�WLPLQJ�DQG

SUHGLFWLRQ�LQ�WKH�FRQWURO�RI�UHDFKLQJ���1HXUDO�&RPSXWDWLRQ������������

)ODVK� 7�� +RJDQ� 1� ������� 7KH� FRRUGLQDWLRQ� RI� DUP� PRYHPHQWV�� DQ� H[SHULPHQWDOO\

FRQILUPHG�PDWKHPDWLFDO�PRGHO���-���1HXURVFL��9RO���1R�����SS�����������
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*LHOHQ�&&$0��+RXN�-&��������$�PRGHO�RI�WKH�PRWRU�VHUYR��,QFRUSRUDWLRQ�QRQOLQHDU

VSLQGOH�UHFHSWRU�DQG�PXVFOH�PHFKDQLFDO�SURSHUWLHV���%LRO��&\EHUQ�������������

*RRGPDQ� 65�� *RWWOLHE� *� ������� $QDO\VLV� RI� NLQHPDWLF� LQYDULDQFHV� RI� PXOWLMRLQW
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