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,QWHUQDWLRQDO�*URXS�IRU�&KDRV�6WXGLHV��'HSDUWPHQW�RI�,QGXVWULDO�(QJLQHHULQJ�DQG�0DQDJHPHQW��

%HQ�*XULRQ�8QLYHUVLW\�RI�WKH�1HJHY��3�2��%R[������%HHU�6KHYD��������,VUDHO�
H�PDLO��JDOLWD#EJXPDLO�EJX�DF�LO�

�
$Q�DXWRPDWLF�SURFHGXUH� IRU�JHQHUDWLQJ� FRORUHG� WZR�GLPHQVLRQDO� V\PPHWULFDO� LPDJHV�EDVHG�RQ�
WKH�GLVFUHWH�FKDRWLF�G\QDPLFV��'&'��RI�FKHPLFDO�UHDFWLRQV�LV�SURSRVHG��7KH�LQYHUVH�SUREOHP�RI�
GHULYDWLRQ�RI� V\PPHWULFDO� LPDJHV� IURP�'&'�PDWKHPDWLFDO�PRGHOV�ZDV� IRUPXODWHG�DQG� VROYHG�
XVLQJ� D� VSHFLDO� W\SH� RI� JHQHWLF� DOJRULWKP��'LIIHUHQW� V\PPHWULFDO� LPDJHV� FRUUHVSRQGLQJ� WR� WKH�
VROXWLRQV�RI�D�'&'�PDWKHPDWLFDO�PRGHO�IRU�ZKLFK�WKH�SDUDPHWHUV�ZHUH�REWDLQHG�DXWRPDWLFDOO\�
E\�WKH�SURSRVHG�PHWKRG�DUH�SUHVHQWHG���
�
.H\ZRUGV��'LVFUHWH�FKDRWLF�G\QDPLFV��V\PPHWULFDO�LPDJHV��JHQHWLF�DOJRULWKP��LQYHUVH�SUREOHP��
DUWLILFLDO�EUDLQ��
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���,QWURGXFWLRQ�
������'HYHORSPHQWV� LQ� WKH� ODVW� GHFDGHV� LQ� WKH� DUHD� RI� IUDFWDOV�� /�V\VWHPV�� DQG� FHOOXODU� DXWRPDWD�
KDYH�OHG�WR�WKH�HPHUJHQFH�RI�D�QHZ�ILHOG�RI�FRPSXWHU�VFLHQFH��
PDWKHPDWLFDO�LPDJLQJ
��&RPSXWHU�
JHQHUDWHG�LPDJHV�DUH�ILQGLQJ�DSSOLFDWLRQV�LQ�WKH�PRGHOLQJ�DQG�LQYHVWLJDWLRQ�RI�FRPSOH[�QDWXUDO�
REMHFWV�� QDWXUDO� SURFHVVHV�� DQG� WKHLU� HYROXWLRQ� >0DQGHOEURW�� ������ 3HLWJHQ� HW� DO��� ������
3UXVLQNLHZLF]� 	� +DQDQ�� ������ :ROIUDP�� ������ ,ODFKLQVNL�� ����@�� 7KH� EHVW� NQRZQ� DQG� PRVW�
ZLGHVSUHDG� H[DPSOHV� RI� FRPSXWHU� JHQHUDWHG� LPDJHV� DUH� IUDFWDOV�� )UDFWDOV� DUH� FRPSOH[� VHOI�
VLPLODU� SDWWHUQV� ZLWK� QRQ�LQWHJHU� GLPHQVLRQV� WKDW� FDQ� EH� JHQHUDWHG� E\� VLPSOH� JHRPHWULFDO�
UHGXSOLFDWLRQ��DV�ZHOO�DV�XVLQJ�GLIIHUHQW�VHWV�RI�GLIIHUHQFH�HTXDWLRQV���

$QRWKHU� HQJLQH� IRU� LPDJH� JHQHUDWLRQ�� /�V\VWHPV�� ZDV� LQWURGXFHG� E\� /LQGHQPD\HU�
>3UXVLQNLHZLF]�	�+DQDQ������@��$Q�/�V\VWHP�LV�D�IRUPDO�JUDPPDU�IRU�JHQHUDWLQJ�VWULQJV��L�H��LW�
LV�D�FROOHFWLRQ�RI�UXOHV��%\�UHFXUVLYHO\�DSSO\LQJ�WKH�UXOHV�RI� WKH�/�V\VWHP�WR�DQ� LQLWLDO�VWULQJ��D�
VWULQJ� ZLWK� IUDFWDO� VWUXFWXUH� FDQ� EH� FUHDWHG�� ,QWHUSUHWLQJ� WKLV� VWULQJ� DV� D� VHW� RI� JUDSKLFDO�
FRPPDQGV�DOORZV�WKH�IUDFWDO�WR�EH�GLVSOD\HG��/�V\VWHPV�DUH�YHU\�XVHIXO�IRU�JHQHUDWLQJ�UHDOLVWLF�
SODQW�VWUXFWXUHV��

7KH�FHOOXODU�DXWRPDWD�DSSURDFK�LV�DOVR�XVHG�IRU�DUWLILFLDO�LPDJH�FUHDWLRQ��&HOOXODU�DXWRPDWD�
�&$�� DUH� D� FODVV� RI� GHWHUPLQLVWLF� FRPSXWHU� PRGHOV� FKDUDFWHUL]HG� E\� D� GLVFUHWH� ODWWLFH� RI�
KRPRJHQHRXV� FHOOV� ZLWK� D� ILQLWH� QXPEHU� RI� SRVVLEOH� GLVFUHWH� VWDWHV� DQG� UXOHV� JRYHUQLQJ�
LQWHUDFWLRQV�EHWZHHQ� WKH� FHOOV�� 6XFK� D� V\VWHP� HYROYHV� E\� DQ� LWHUDWLYH� SURFHVV� IRU� XSGDWLQJ� WKH�
FHOOV�XVLQJ�ORJLFDO�WUDQVLWLRQ�UXOHV�WKDW�WDNH�LQWR�DFFRXQW�QHLJKERUKRRG�LPSDFW��9LVXDOL]DWLRQ�RI�
&$�FDQ�SURYLGH� D�YDULHW\�RI� W\SHV�RI�YLVXDO�SDWWHUQV�� ,Q� >1RZDN�	�0D\��������1RZDN�HW�DO���
������:LHGHULHQ�	�8GZDGLD�� ����@�� GHWHUPLQLVWLF� UXOHV� IRU�&$�DUH�GHULYHG� IURP�HYROXWLRQDU\�
JDPH�WKHRU\��3ULVRQHU
V�'LOHPPD���DQG�YDULRXV��'�LPDJHV�DUH�SUHVHQWHG���

,Q� VSLWH� RI� WKH� IDFW� WKDW� LPDJHV� JHQHUDWHG� E\� WKH� PHWKRGV� GHVFULEHG� DERYH� VRPHWLPHV�
UHVHPEOH� QDWXUDOO\� REVHUYHG� RU� FUHDWHG� SDWWHUQV�� WKH� SXUHO\� PDWKHPDWLFDO� FKDUDFWHU� RI� WKHVH�
PRGHOV��WKH\�DUH�QRW�UHODWHG�WR�SK\VLFDO�ILUVW�SULQFLSOHV�RU�WR�IXQGDPHQWDO�ODZV�RI�QDWXUH��PDNHV�
LW�GLIILFXOW� WR�HVWDEOLVK�UHODWLRQV�EHWZHHQ�WKH�PRGHO
V�SDUDPHWHUV�DQG�SK\VLFDO�FKDUDFWHULVWLFV�RI�
UHDO�H[SHULPHQWV���

,Q�WKLV�SDSHU�ZH�LQWURGXFH�DQ�DXWRPDWLF�V\VWHP�IRU�GHWHUPLQLQJ�WKH�SDUDPHWHUV�RI�WKH�PRGHO�
DQG�JHQHUDWLQJ� LPDJHV� UHVXOWLQJ� IURP�WKH�EDVLF�HTXDWLRQV�RI�GLVFUHWH�FKDRWLF�G\QDPLFV� �'&'���
IRUPXODWHG� LQ� DFFRUGDQFH� ZLWK� IXQGDPHQWDO� SK\VLFRFKHPLFDO� SULQFLSOHV� DQG� ODZV� RI� QDWXUH�
>*RQWDU�������*RQWDU�	�,O
LQ��������*RQWDU������@���

7KH�SUREOHP�RI�FRPSXWHU�LPDJLQJ�WKDW�ZH�H[DPLQH�EHORZ�LV�NQRZQ�DV�WKH�LQYHUVH�SUREOHP��
7KLV�FRXOG�EH� IRUPXODWHG� IRU�RXU�FDVH�DV� LGHQWLILFDWLRQ�RI� WKH� VSHFLILF� W\SH�RI�'&'�GLIIHUHQFH�
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HTXDWLRQV� DQG� SDUDPHWHU� YDOXHV� WKDW� FRUUHVSRQG� WR� WKH� GHVLUHG� LPDJH�V��� $PRQJ� WKH� KHXULVWLF�
RSWLPL]DWLRQ�DQG�VHDUFK�PHWKRGV�DYDLODEOH��WKH�JHQHWLF�DOJRULWKP��*$��LV�RIWHQ�WKH�WRRO�RI�FKRLFH�
LQ� WKH�GLIILFXOW� ILHOG� RI� GLVFUHWH� LQYHUVH�SUREOHPV��)RU� H[DPSOH�� LQ� >6KRQNZLOHU�HW� DO��� ����@� D�
JHQHWLF�DOJRULWKP�ZDV�XVHG�WR�VROYH�WKH����'�IUDFWDO�LQYHUVH�SUREOHP���7KH�DWWUDFWRU�ZDV�YLHZHG�
E\�6KRQNZLOHU�HW�DO��DV�D�IUDFWDO�VHW��DQG�WKH�LQYHUVH�SUREOHP�FRQVLVWHG�LQ�ILQGLQJ�WKH�VSHFLILF�VHW�
RI�GLIIHUHQFH�HTXDWLRQV�ZKRVH�DWWUDFWRU�ZDV�JLYHQ��7KH�*$�SURSRVHG�E\�6KRQNZLOHU�HW�DO��ZDV�
WHVWHG�RQ����DQG���PDS�DWWUDFWRUV��DQG�WKH�LQYHUVH�SUREOHP�ZDV�VXFFHVVIXOO\�VROYHG���

,Q�>9HQFHV�	�5XGRPLQ������@�WKH�XVH�RI�*$�ZDV�H[WHQGHG�WR�WKH��'�IUDFWDO�LQYHUVH�SUREOHP�
IRU�WKH�SXUSRVH�RI�FRPSUHVVLQJ�D�VLQJOH�LPDJH�DQG�LPDJH�VHTXHQFHV��*$�EDVHG�VHDUFKLQJ�IRU�D�
SDUWLFXODU�PDS�IRU�LPDJH�HQFRGLQJ�ZDV�LQWURGXFHG��WHVWHG��DQG�VKRZQ�WR�EH�UREXVW��

0LWFKHOO�HW�DO��>����@�DSSOLHG�D�*$�IRU�HYROYLQJ�&$�WR�SHUIRUP�D�SDUWLFXODU�FRPSXWDWLRQDO�
WDVN��RQH�GLPHQVLRQDO�GHQVLW\�FODVVLILFDWLRQ���7KHUH�WKH�LQYHUVH�SUREOHP�FRQVLVWHG�RI�ILQGLQJ�&$�
UXOHV�FDSDEOH�RI�JHQHUDWLQJ�D�VSHFLILF�FODVV�RI�LPDJHV��%DVHG�RQ�WKLV�WDVN��WKH�EHKDYLRU�RI�WKH�*$�
ZDV�DQDO\]HG�LQ�GHSWK��DQG�WKH�*$�ZDV�UHFRPPHQGHG�IRU�XVH�IRU�WKH�JLYHQ�FODVV�RI�SUREOHPV���

7KH�DSSOLFDWLRQ�RI�*$V�WR�VROYH�DQ�LQYHUVH�SUREOHP�LQ�WKH�ILHOG�RI�ILQLWH�DXWRPDWD�VLPLODU�WR�
/�V\VWHPV�ZDV�FRQVLGHUHG�E\�/HEODQF�HW�DO��>����@��7KH�LQYHUVH�SUREOHP�ZDV�WR�ILQG�WKH�W\SH�RI�
DXWRPDWRQ��UXOHV��E\�ZKLFK�D�JLYHQ�VWULQJ�ZDV�JHQHUDWHG��7KH�SHUIRUPDQFH�RI�WKH�*$�ZDV�WHVWHG�
RQ�WZR�WDUJHW�ZRUGV�SUHIL[HG�DW�IL[HG�SRLQWV�RQ�WZR�GLIIHUHQW�DXWRPDWD�XVLQJ�VL[�V\PEROV��ZLWK�
WKH� PD[LPDO� OHQJWK� RI� ZRUGV� OLPLWHG� WR� VL[�� 7KH� UXOHV� ZHUH� IRXQG� ZLWKLQ� D� UHDVRQDEOH� WLPH�
LQWHUYDO���

$Q� H[DPSOH� RI� DSSOLFDWLRQ� RI� WKH�*$� WR� VHDUFK� IRU� D� UHZULWLQJ� H[SUHVVLRQ� GHVFULELQJ� OHDI�
VKDSHV�RU�/�V\VWHPV�LV�GLVFXVVHG�E\�5RGNDHZ�HW�DO��>����@��$Q�/�V\VWHP�ZDV�XVHG�WR�FRQVWUXFW�
WKH� VKDSH� RI� D� JLYHQ� UHZULWLQJ� H[SUHVVLRQ�� DQG� D� *$� WR� VHDUFK� IRU� WKH� UHZULWLQJ� H[SUHVVLRQ
V�
ILWWLQJ� SDUDPHWHUV�� 7KH� DXWKRUV� UHSRUWHG� WKDW� DIWHU� ����*$� JHQHUDWLRQV�� WKH� UHVXOWLQJ� VKDSH� LV�
EHWWHU�WKDQ�WKDW�SURGXFHG�E\�PDQXDO�DGMXVWPHQW�RI�WKH�SDUDPHWHUV��

%DVHG� RQ� WKHVH� UHSRUWV� UHJDUGLQJ� WKH� XVH� RI� GLIIHUHQW�PRGLILFDWLRQV� RI� WKH�*$� IRU� VLPLODU�
LQYHUVH� SUREOHPV�� ZH� FKRVH� WR� XVH� D� UHDO� FRGHG� JHQHWLF� DOJRULWKP� �5&*$�� >(VKHOPDQ� 	�
6FKDIIOHU�� ������ 'HE� 	� $JUDZDO�� ����@� WR� VHDUFK� IRU� '&'� GLIIHUHQFH� HTXDWLRQV� SDUDPHWHUV�
FRUUHVSRQGLQJ�WR�SDUWLFXODU�W\SH�RI�LPDJHV��IRU�H[DPSOH��V\PPHWULFDO�����
�
���%DFNJURXQG�DQG�0DWKHPDWLFDO�0RGHO��
$FFRUGLQJ�WR�'&'�WKHRU\�� WKH�LQLWLDO�K\SRWKHVLV�DERXW� WKH�PHFKDQLVP�RI� WUDQVIRUPDWLRQ�RI� WKH�
FRQVWLWXHQWV��DJHQWV�� L; �LV�JLYHQ�E\�WKH�PDWULFHV� LMD �DQG� OLQ �DQG�DOORZV�IRU�D�PHFKDQLVP�RI�
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�LQIRUPDWLRQ�H[FKDQJH��EHWZHHQ�WKH�DJHQWV�>*RQWDU������@��)RU�RXU�SXUSRVHV��ZH�ZLOO�FRQVLGHU�
DJHQW�WUDQVIRUPDWLRQV�DW�D�GLVFUHWH�WLPH TW ��VSDWLDOO\�GLVWULEXWHG�RQ�WKH�GLVFUHWH��'�VTXDUH�ODWWLFH��
(DFK�FHOO�RI� WKH� ODWWLFH�KDV�FRRUGLQDWHV� [ � DQG� \ �ZKLFK�DUH�VSHFLILHG�E\� WKH� LQWHJHUV� � �[ \5 5 ���

� �� �� �[ \5 5 5 � ��
,Q�GLVFXVVLQJ�WKH�DJHQWV
�WUDQVIRUPDWLRQV��GHVLJQDWHG�E\���Æ���ZH�XVH�EOXH�DUURZV�WR�GHQRWH�

WKH�ORFDO�LQIOXHQFH���LQIRUPDWLRQ�H[FKDQJH��ZLWKLQ�HDFK�FHOO�RI�WKH�ODWWLFH���RI�WKH�FRUUHVSRQGLQJ�
DJHQWV L; �ZKRVH�FRQFHQWUDWLRQV�ZHUH�GHILQHG�DW�WKH�SUHYLRXV�PRPHQW�RI�GLVFUHWH�WLPH� �TW � �RQ�WKH�
FKDUDFWHULVWLFV� �IRU�H[DPSOH�� WKH�UDWH�FRQVWDQWV��RI� WKH�SURFHVV�RI� WUDQVIRUPDWLRQ�DW� WKH�GLVFUHWH�
WLPH� TW ��5HG�DUURZV�GHQRWH��LQIRUPDWLRQ�H[FKDQJH��HPDQDWLQJ�IURP�WKH�FRQFHQWUDWLRQV�RI�FHOOV�
DGMDFHQW�WR�WKH�FHOO�XQGHU�FRQVLGHUDWLRQ��+HUH�ZH�ZLOO�FRQVLGHU�RQH�RI�WKH�SRVVLEOH�PHFKDQLVPV�
RI�WUDQVIRUPDWLRQ�RI�WKH�DJHQWV��
�
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)RU� DQ\� JLYHQ L; �� DW� LWHUDWLRQ� ��T � DQG� IRU� DQ\� VHW� RI� SDUDPHWHUV�
� � �O OL OL
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QRQ�OLQHDU� DOJHEUDLF� HTXDWLRQV� �(TV�� ������� E\� RQH� RI� WKH� QXPHULFDO� PHWKRGV� IRU� DQ\� JLYHQ�
T � � � �O OL OL
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�T ����«�4��DQG�GLVWULEXWHG�RQ�D�GLVFUHWH�VTXDUH�ODWWLFH�RI�VL]H� 5 5u ��ZLOO�EH�YLVXDOL]HG�LQ�WKH�
IRUP�RI�VHTXHQFHV�RI��'�LPDJHV��WKH�WRWDO�QXPEHU�RI�LPDJHV�LQ�D�VHTXHQFH�LV�HTXDO�WR�4 ���(DFK�
VHTXHQFH� RI� LPDJHV� ZLOO� FRUUHVSRQG� WR� WKH� FDOFXODWHG� FRQFHQWUDWLRQV� RI� RQH� RI� WKH�
DJHQWV � � �� � �� � � ��RU� � � �W W W

[ \ [ \ [ \
T T T; 5 5 ; 5 5 ; 5 5 �� 7KH� YDOXHV� RI� WKH� FRQFHQWUDWLRQ�� IRU�
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TW; 5 5 E� � �� ZLOO� EH� HQFRGHG� E\� D� FRORUHG� SDOHWWH� FRQVLVWLQJ� RI� 1 GLIIHUHQW�

FRORUV� WDNHQ�LQ�DQ�DUELWUDULO\�FKRVHQ�RUGHU�DQG�WKHUHIRUH�SURYLGLQJ�D�UHVROXWLRQ�RI� E 1 � LQ�HDFK�
FHOO�RI�WKH�ODWWLFH��(DFK�FHOO�ZLWKLQ�WKH�ODWWLFH�SUHVHQWHG�RQ�D�FRPSXWHU�VFUHHQ�ZLOO�EH�ILOOHG�ZLWK�
0 SL[HOV�������RU�����

$W�WKH�GLVFUHWH�WLPH �W ��DFFRUGLQJ�WR�WKH�LQLWLDO�FRQGLWLRQV��WKH�YDOXH�LQ�HDFK�FHOO�RI�WKH�ODWWLFH�
LVE ��$W� �W �ZH�FDOFXODWH ����

� \[
W 55; ��FKDQJLQJ�WKH�FRORUV�RI�WKH�ODWWLFH�DFFRUGLQJO\��&DOFXODWLRQ�

DOZD\V�EHJLQV�ZLWK�WKH�FHOO� LQ� WKH�XSSHU�OHIW�FRUQHU�RI� WKH�ODWWLFH� �
� �����W; �� WKHQ�SURFHHGV�DORQJ�

WKH�ILUVW�URZ�IURP�OHIW�WR�ULJKW�� � �
� ����������� ��� �W W; ; 5 ���FRQWLQXHV�DORQJ�WKH�VHFRQG�URZ�IURP�OHIW�WR�

ULJKW��DQG�VR�RQ��)RU�WKH�ILUVW�LPDJH�� � T ���WKH��SUHYLRXV��FRQFHQWUDWLRQV� ����

\[
W
L 55; �QHHGHG�

IRU� �LQIRUPDWLRQ� H[FKDQJH�� DUH� FKRVHQ� LQ� DFFRUGDQFH�ZLWK� WKH� LQLWLDO� DQG�ERXQGDU\� FRQGLWLRQV�
�(TV����������,Q�RUGHU�WR�LQFOXGH�WKH��LQIRUPDWLRQ�H[FKDQJH��DW�WKH�GLVFUHWH�WLPH TW ��FRQFHQWUDWLRQV�
DUH�WDNHQ�IURP�WKH�SUHYLRXV�LPDJH�FDOFXODWHG�DW� WKH�GLVFUHWH�WLPH ��TW ��)RU�H[DPSOH��IRU� WKH�FHOO�
ZLWK�FRRUGLQDWHV�������DW�WKH�WLPH� �W ��ZH�WDNH�WKH�YDOXHV�RI�WKH�FRQFHQWUDWLRQV ����

\[
W
L 55; LQ�WKH�

QLQH�FHOOV�FORVHVW�WR�LW��LQFOXGLQJ�WKH�FHOO�XQGHU�FRQVLGHUDWLRQ���FDOFXODWHG�DW�WKH�SUHYLRXV�PRPHQW�
RI�WLPH� �W �����������������������������������������������������������������
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� �
)LJ�����1LQH�FHOOV�RI�WKH�GLVFUHWH�VTXDUH�ODWWLFH � � �� �� � �[ \5 5 5 � ��%OXH�DUURZV�GHQRWH�ORFDO��

�LQIRUPDWLRQ�H[FKDQJH��ZLWKLQ�WKH�FHOO�DQG�UHG�DUURZV�GHQRWH��LQIRUPDWLRQ�H[FKDQJH��ZLWK�WKH�
FORVHVW�QHLJKERUV��

7KH� '&'� PDWKHPDWLFDO� PRGHO� �(TV�� ������� KDV� ��� LQGHSHQGHQW� SDUDPHWHUV� DQG� WKHUHIRUH�
FRXOG�JHQHUDWH�QXPHURXV�GLIIHUHQW� VROXWLRQV� � � �W

L [ \
T; 5 5 ZKLFK�FRXOG�EH�SUHVHQWHG� DV�GLIIHUHQW�

W\SHV�RI��'�LPDJHV�>*RQWDU��������*RQWDU������@��3URYLGHG�WKH�SDUDPHWHUV�DUH�NQRZQ��WKH�IDFW�
WKDW�WKH\�DUH�QXPHURXV�GRHV�QRW�SRVH�D�SUREOHP�IRU�WKH�GLUHFW�WDVN��+RZHYHU��ZKHQ�VROYLQJ�WKH�
LQYHUVH� SUREOHP� ±� HVWLPDWLRQ� RI� WKH� SDUDPHWHUV� FRUUHVSRQGLQJ� WR� WKH� GHVLUHG� LPDJHV� ±� D�
PXOWLSOLFLW\�RI�SDUDPHWHUV�HQWDLOV�H[WUHPHO\�FRPSOH[�FRPSXWDWLRQV��

/HW�XV�EHJLQ�E\�LQYHVWLJDWLQJ�WKH�XVH�RI�*$�VHDUFK�SURFHGXUHV�WR�HVWLPDWH�WKH�SDUDPHWHUV�RI�
RXU� PRGHO� IRU� VSHFLILF� LPDJHV� ZLWK� D� UHGXFHG� QXPEHU� RI� SDUDPHWHUV�� :H� ZLOO� DVVXPH� WKH�
IROORZLQJ���
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+HQFH�WKH�QXPEHU�RI�SDUDPHWHUV�LV�UHGXFHG�WR�QLQH� � � � � � � � �� � � � � � � �E N N D D D E E E ���
���5&*$�IRU�$XWRPDWLF�5HWULHYDO�RI�'HVLUHG�,PDJHV�
*HQHWLF� DOJRULWKPV� DUH� LQVSLUHG� E\� ELRORJLFDO� SURFHVVHV� RI� LQKHULWDQFH�� PXWDWLRQ� DQG� QDWXUDO�
VHOHFWLRQ�� DQG� WKH� JHQHWLF� FURVVRYHU� WKDW� RFFXUV� ZKHQ� SDUHQWV� PDWH� WR� SURGXFH� RIIVSULQJ�
>*ROGEHUJ�� ����@�� *$V� DUH� W\SLFDOO\� LPSOHPHQWHG� DV� D� FRPSXWHU� VLPXODWLRQ� LQ� ZKLFK� D�
SRSXODWLRQ� RI� DEVWUDFW� UHSUHVHQWDWLRQV� RI� FDQGLGDWH� VROXWLRQV� WR� DQ� RSWLPL]DWLRQ� RU� VHDUFK�
SUREOHP�DUH�VWRFKDVWLFDOO\�VHOHFWHG��UHFRPELQHG��PXWDWHG��DQG�WKHQ�HLWKHU�HOLPLQDWHG�RU�UHWDLQHG��
EDVHG�RQ�WKHLU�UHODWLYH�ILWQHVVHV�DV�JLYHQ�E\�D�ILWQHVV�IXQFWLRQ��7KH�FDQGLGDWH�VROXWLRQ�LV�FDOOHG�D�
FKURPRVRPH�DQG�FRQVLVWV�RI�JHQHV��ZKLFK�DUH�WKH�SDUDPHWHUV�EHLQJ�VRXJKW��$�IL[HG�QXPEHU�RI�
FKURPRVRPHV� DUH� MRLQHG� LQWR� D� SRSXODWLRQ��*HQHWLF� RSHUDWRUV� DUH� DSSOLHG� WR� WKH� SRSXODWLRQ� LQ�
RUGHU�WR�SURGXFH�WKH�QH[W�JHQHUDWLRQ�RI�WKH�SRSXODWLRQ��7KH�SURFHVV�UHSHDW�LWVHOI�LWHUDWLYHO\�WLOO�WKH�
VWRS�FULWHULRQ�LV�UHDFKHG��

)DFHG� ZLWK� D� GLVFUHWH� V\VWHP� RI� QRQ�OLQHDU� GLIIHUHQFH� HTXDWLRQV� �(TV�� ������� ZLWK� D� ODUJH�
QXPEHU�RI�PRGHO�SDUDPHWHUV� DQG� WKH�QHHG� WR�GHVLJQ�DQ�DXWRPDWLF� VHDUFK�SURFHGXUH� WKDW� FRXOG�
JLYH� XV� WKH� SDUDPHWHUV� FRUUHVSRQGLQJ� WR� WKH� GHVLUHG� W\SHV� RI� LPDJHV� �SDWWHUQV�� ZLWKLQ� D�
UHDVRQDEOH� FRPSXWDWLRQDO� WLPH�� ZH� H[DPLQHG� WKH� SRVVLELOLW\� RI� XVLQJ� UHDO� FRGHG� JHQHWLF�
DOJRULWKPV� ±� 5&*$V�� 7KH�PDLQ� GLIIHUHQFH� EHWZHHQ� WKH� UHDO� FRGHG�*$�PHWKRG� >(VKHOPDQ�	�
6FKDIIOHU�� ����@� DQG� WKH� FODVVLFDO�*$�PHWKRG� LV� WKDW� LQ� WKH� IRUPHU� WKH� VHDUFK� SDUDPHWHUV� DUH�
HQFRGHG� LQ� FKURPRVRPHV� DV� IORDWLQJ� SRLQW� QXPEHUV�� 5HDO� HQFRGLQJ� RI� FKURPRVRPHV� LV�
UHFRPPHQGHG�LQ�FDVHV�RI�FRQWLQXRXV�SDUDPHWHUV�DQG�ZKHQ�HDFK�RI�WKH�SDUDPHWHUV�KDV�DQ�DOORZHG�
LQWHUYDO���

/HW�XV�FRQVLGHU� WKH�IROORZLQJ�W\SH�RI�HQFRGLQJ�RI�RXU�PRGHO
V�SDUDPHWHUV��(TV��������� LQWR�
FKURPRVRPHV��&KURPRVRPH� 3 �LV�D�URZ�YHFWRU�RI�UHDO�QXPEHUV�FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�
�JHQHV��� DQG� WKH� VL]H� RI� WKH� YHFWRU� LV� HTXDO� WR� WKH� QXPEHU� RI� SDUDPHWHUV� �QLQH� LQ� RXU� FDVH��

� � � � � � � �� � � � � � � �E N N D D D E E E ���(DFK�SDUDPHWHU�YDULHV�ZLWKLQ�WKH�LQWHUYDOV��ZKLFK�LQ�RXU�FDVH�ZHUH�
DUELWUDULO\�FKRVHQ�XQGHU�WKH�SK\VLFDO�FRQVWUDLQWV� � �� � �E N N ! ��DQG�RWKHU�SDUDPHWHUV�FRXOG�EH�DOVR�
QHJDWLYH��/HW�XV�VWDUW�ZLWK�D�SRSXODWLRQ�FRQVLVWLQJ�RI����FKURPRVRPHV��:H�DUH�VXSSRVLQJ�WKDW�ZH�
KDYH�QR�LQLWLDO� LQIRUPDWLRQ�UHJDUGLQJ�WKH�YDOXHV�RI�WKH�VHDUFKLQJ�SDUDPHWHUV��DQG�WKHUHIRUH�WKDW�



��

HDFK� FKURPRVRPH� LQ� WKH� SRSXODWLRQ� LV� LQLWLDOL]HG� E\� DSSO\LQJ� XQLIRUP� UDQGRP� QXPEHU�
GLVWULEXWLRQ�IRU�HDFK�SDUDPHWHU�ZLWKLQ�LWV�JLYHQ�LQWHUYDO���

7KH�ILWQHVV�IXQFWLRQ�VKRXOG�UHIOHFW�RXU�PDLQ�JRDO��ZKLFK�LV�WR�JHQHUDWH�LPDJHV�RI�D�VSHFLILF�
W\SH�� 7KH� ILWQHVV� IXQFWLRQ� REMI VKRXOG� HYDOXDWH� WKH� �'� LPDJHV� JHQHUDWHG� E\� WKH� GLIIHUHQFH�
HTXDWLRQV� �(TV�� ������� LQ� RUGHU� WR� GLUHFW� DXWRPDWLF� 5&*$� VHDUFK� WR� SDUDPHWHUV� WKDW� ZLOO�
FRUUHVSRQG�WR�WKH�GHVLUHG�LPDJHV��%HORZ�ZH�XVH�5&*$�WR�VHDUFK�IRU�V\PPHWULFDO�LPDJHV���

:H�SURSRVH� WKH�IROORZLQJ�ILWQHVV� IXQFWLRQ��ZKLFK� LV�DOJRULWKPLFDOO\�GHILQHG�E\�D� IRXU�VWHS�
SURFHGXUH��

6WHS����&DOFXODWH�(TV��������IRU�WKH�JLYHQ�VL]H�RI�ODWWLFH�5 5u ��DQG�IRU�WKH�JLYHQ�QXPEHU�RI�
LWHUDWLRQV � � �� �� �TW T 4 � �� ,Q� WKH� ZRUN� SUHVHQWHG� KHUH�� ZH� VHW ��� ���5 4  � �WR� UHGXFH�
FRPSXWHU� WLPH���$W� WKH� ODVW� LWHUDWLRQ�� ���4  ��ZH�REWDLQHG� WKH�YDOXHV�RI� ���� � � �[ \

W; 5 5 �RQ� WKH�
WZR�GLDJRQDOV� LQVLGH�WKH� �� ��u VTXDUH�ODWWLFH�IRU�SXUSRVHV�RI�IXUWKHU�H[DPLQDWLRQ�LQ�6WHSV�����
�DQ�H[DPSOH�RI�ODWWLFH�GLDJRQDOV�IRU� ��5  �LV�VKRZQ�LQ�)LJ������

6WHS� ���'HWHUPLQH� WKH� GLIIHUHQFHV� EHWZHHQ� WKH� WKUHH� YDOXHV� RI� ���� � � �[ \
W; 5 5 FORVHVW� WR� WKH�

ODWWLFH�FRUQHU�DORQJ�WKH�PDLQ�GLDJRQDO��FHOOV�ZLWK�FRRUGLQDWHV� � � ������� ��� ��� �����; ; ; LQ�)LJ������
7KH�SDWWHUQ�EHJLQV�WR�HPHUJH�IURP�WKH�FRUQHUV�DQG�IUDPH�RI�WKH�ODWWLFH��EHFDXVH�RI�WKH�ERXQGDU\�
FRQGLWLRQV��WKH\�DUH�QRQ�V\PPHWULFDO�DV�EHWZHHQ�WKH�FRUQHUV�DQG�WKH�ERUGHUV��IUDPH���+HQFH�WKH�
DSSHDUDQFH� RI� GLIIHUHQFHV� LQ� FRORU� LQ� WKH� FRUQHU� LQGLFDWHV� WKDW� WKH� FXUUHQW� SDUDPHWHUV� KDYH� D�
JUHDWHU�FKDQFH�RI�FRUUHVSRQGLQJ�WR�WKH�GHVLUHG�SDWWHUQ���,I�WKHUH�DUH�QR�GLIIHUHQFHV�EHWZHHQ�WKHVH�
YDOXHV��WKH�ILWQHVV�IXQFWLRQ�SURFHGXUH�LV�VWRSSHG�DW� �REMI  ��WKH�SDWWHUQ�REWDLQHG�FRUUHVSRQGV�WR�D�
ODWWLFH�ILOOHG�ZLWK�MXVW�RQH�FRORU��DV�VKRZQ�LQ�)LJ����D����,I�WKUHH�GLIIHUHQW�FRORUV�� �; �YDOXHV��DUH�
UHYHDOHG��ZH�SURFHHG�WR�6WHS�����

6WHS����'HWHUPLQH�WKH�V\PPHWU\�RI� ���� � � �[ \
W; 5 5 �YDOXHV�WDNHQ�RQ�WZR�GLDJRQDOV�LQ�UHODWLRQ�

WR� WKH� FHQWHU� SRLQW� RI� WKH� ODWWLFH�� )RU� H[DPSOH�� LQ� )LJ�� �� WKH� VDPH� FRORUV� DSSHDU� RQ� WKH� ILUVW�
GLDJRQDO� � � ������ �������; ; � � ������ �������; ; �� � � �������� �������; ; �� DQG� RQ� WKH�
VHFRQG� GLDJRQDO� � � ������� ������; ; �� � ������� ������; ; �� � � �������� �������; ; ��� ,I�
QRQ�HTXDO�YDOXHV�DUH�IRXQG�RQ�WKH�WZR�GLDJRQDOV��WKH�ILWQHVV�FKHFN�LV�VWRSSHG�DW�WKH�ILWQHVV�YDOXH�

�REMI  ��WKH�LPDJH�REWDLQHG�LV�GLVRUGHUHG��DV�VKRZQ�LQ�)LJ�����E����LI�QRW��SURFHHG�WR�6WHS�����
6WHS����&KHFN�WKUHH�YDOXHV�RI� ���� � � �[ \

W; 5 5 �DURXQG�WKH�FHQWHU�RI� WKH�PDLQ�GLDJRQDO��FHOOV�ZLWK�
FRRUGLQDWHV� � � ��������� �������� �������; ; ; LQ� )LJ�� ���� ,I� WKH\� DUH� HTXDO�� WKHQ� �REMI  � DQG� WKH�



���

LPDJH�REWDLQHG�LPDJH�ZLOO�EH�V\PPHWULFDO��ZLWK�GLIIHUHQW�FRORUV�DSSHDULQJ�RQO\�DORQJ�WKH�IUDPH��
ZKLOH�WKH�FHQWHU�ZLOO�EH�ILOOHG�ZLWK�RQH�FRORU��VHH�)LJ�����F����LI�QRW��WKHQ�WKH�SDWWHUQ�REWDLQHG�PD\�
EH�FRQVLGHUHG�WR�EH�D�V\PPHWULFDO�SDWWHUQ��VHH�)LJ�����G���DQG� �REMI  ���

�
)LJ�� ��� ([DPSOH� RI� D� �� ��u VTXDUH� ODWWLFH� ZLWK� FDOFXODWHG� GLDJRQDO� YDOXHV� RI� ���� � � �[ \

W; 5 5 �
� � ���� � ���[ \5 5  � �LQ�FRORUV��FDVH�RI�V\PPHWU\���

7KXV� LQ�RXU� FDVH� WKH� ILWQHVV� IXQFWLRQ� FDQ�KDYH� IRXU�GLVFUHWH� LQWHJHU�YDOXHV ^������ �̀REMI  ��
ZKLFK�VKRXOG�UHIOHFW�WKH�VXEW\SH�RI�SDWWHUQ�WKDW�ZDV�JHQHUDWHG�E\�WKH�FRQFUHWH�VHW�RI�SDUDPHWHUV�
HPEHGGHG�LQWR�WKH�FKURPRVRPHV��

�REMI  ��FRUUHVSRQGV�WR�D�ODWWLFH�ILOOHG�ZLWK�MXVW�RQH�FRORU��
�REMI  ��FRUUHVSRQGV�WR�D�GLVRUGHUHG�SDWWHUQ��
�REMI  ��FRUUHVSRQGV�WR�D�V\PPHWULFDO�SDWWHUQ�ZLWK�GLIIHUHQW�FRORUV�FRQILQHG�WR�WKH�IUDPH��
�REMI  ��FRUUHVSRQGV�WR�D�V\PPHWULFDO�SDWWHUQ��

�
D�

�
E�

�
F�

�
G�

)LJ������([DPSOH�RI�LPDJHV�����[����ODWWLFH��ZLWK��D� �REMI  ��E� �REMI  ��F� �REMI  ��G�� �REMI  ��



���

7KH�5&*$�LV�FRQVLGHUHG� WR�KDYH�FRQYHUJHG�LI�DW� OHDVW�RQH�FKURPRVRPH�ZLWK�ILWQHVV�YDOXH�
�REMI  LV�IRXQG��ZKLFK�LV�ZK\�WKH�VWRSSLQJ�FULWHULRQ�LV �REMI  ��

$V� LV� ZHOO� NQRZQ�� WKH� PDLQ� RSHUDWRUV� RI� *$V� DUH� VHOHFWLRQ�� FURVVRYHU�� DQG� PXWDWLRQ�
>*ROGEHUJ������@��9DULRXV�W\SHV�RI�*$�RSHUDWRUV�KDYH�EHHQ�GHVFULEHG�LQ�WKH�OLWHUDWXUH��)RU�HYHU\�
JLYHQ�W\SH�RI�RSWLPL]DWLRQ�SUREOHP��ZH�KDYH�WR�GHFLGH�ZKDW�SDUWLFXODU�W\SHV�RI�JHQHWLF�RSHUDWRUV�
WR�XVH��6HOHFWLRQ��ZKLFK�GHWHUPLQHV�ZKLFK�FKURPRVRPHV�EHORQJLQJ�WR�WKH�FXUUHQW�SRSXODWLRQ�ZLOO�
SDUWLFLSDWH� LQ� WKH�SURGXFWLRQ�RI� WKH�QH[W�JHQHUDWLRQ�� LV�ELDVHG� WRZDUGV�FKURPRVRPHV�H[KLELWLQJ�
EHWWHU� ILWQHVV�� 7KH� IDFW� WKDW� ZH� DUH� XVLQJ� D� VSHFLILF� W\SH� RI� ILWQHVV� IXQFWLRQ� �GHILQHG�
DOJRULWKPLFDOO\�� GHWHUPLQHV� RXU� FKRLFH� RI� VHOHFWLRQ� RSHUDWRU��+HUH�ZH� XVHG� ELQDU\� WRXUQDPHQW�
VHOHFWLRQ� DGMXVWHG� WR� RXU� FDVH�� FKURPRVRPHV� RI� WKH� SUHYLRXV� JHQHUDWLRQ� DUH� GLYLGHG� LQWR� WZR�
JURXSV� DFFRUGLQJ� WR� RXU� ILWQHVV� IXQFWLRQ� YDOXHV� � ^�����`REMI  ��� 7KH� ILUVW� JURXS� ZLOO� LQFOXGH�
FKURPRVRPHV� ZLWK� �̂� �`REMI  �� EHFDXVH� VXFK� FKURPRVRPHV� KDYH� D� KLJKHU� SRWHQWLDO� IRU�
JHQHUDWLQJ�WKH�GHVLUHG�LPDJH�LQ�WKH�QH[W�JHQHUDWLRQ��7KHUHIRUH�ZH�ZDQW�WR�HQVXUH�VHOHFWLRQ�RI�DW�
OHDVW� RQH� RI� WKHVH� FKURPRVRPHV�� 7KH� VHFRQG� JURXS�ZLOO� LQFOXGH� FKURPRVRPHV�ZLWK ^�`REMI  ��
)LUVW� DQG� VHFRQG� SDUHQW� FKURPRVRPHV�� ���3 DQG ���3 �� DUH� VHOHFWHG� UDQGRPO\� IURP� WKH� ILUVW� DQG�
VHFRQG� JURXSV�� UHVSHFWLYHO\�� ZLWK� HTXDO� VHOHFWLRQ� SUREDELOLW\�� ,I� DOO� WKH� FKURPRVRPHV� RI� WKH�
SUHYLRXV�JHQHUDWLRQ�SURYH�WR�EHORQJ�H[FOXVLYHO\�WR�RQH�JURXS��WKH�ILUVW�RU�WKH�VHFRQG���WKHQ�ERWK�
SDUHQW�FKURPRVRPHV� ���3 DQG� ���3 � DUH� VHOHFWHG� UDQGRPO\�ZLWK�HTXDO� VHOHFWLRQ�SUREDELOLW\� IURP�
WKH�ZKROH�FROOHFWLRQ�RI�FKURPRVRPHV�RI�WKH�SUHYLRXV�JHQHUDWLRQ��

$IWHU�WKH�VHOHFWLRQ�KDV�EHHQ�PDGH��WKH�FURVVRYHU��RU�UHFRPELQDWLRQ��RSHUDWLRQ�LV�SHUIRUPHG�
XSRQ�WKH�VHOHFWHG�FKURPRVRPHV��)ROORZLQJ�>'HE�	�$JUDZDO������@��ZH�XVH�D�VLPXODWHG�ELQDU\�
FURVVRYHU��6%;��RSHUDWRU�ZLWK�FURVVRYHU�SDUDPHWHU �K  ��7KH�6%;�DOJRULWKP�IRU�SURGXFLQJ�WZR�
RIIVSULQJ� IURP� WZR� SDUHQWV� IRU� WKH� WKN JHQH� � ���� ��N  � �� RI� FKURPRVRPHV� ���3 DQG� ���3 �WKH�
FXUUHQW�DQG�WKH�QH[W�JHQHUDWLRQV�DUH�GHQRWHG�UHVSHFWLYHO\�E\� J DQG �J � ��LV�DV�IROORZV��

���*HQHUDWH�D�UDQGRP�QXPEHU�X �EHWZHHQ���DQG����
���&DOFXODWH�WKH�VSUHDG�IDFWRU NJ ���
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���&DOFXODWH�WKH� WKN �JHQH�RI�RIIVSULQJ�FKURPRVRPHV��
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1H[W�� ZH� JHQHUDWH� WKH� UDQGRP� QXPEHU� �X �� �VD\�� ���X  ��� $FFRUGLQJ� WR� (J�� ������
�
� �

� �� ���� ������J � �  �� $SSO\LQJ� (T�������� ZH� REWDLQ� WKH� IROORZLQJ� YDOXHV� IRU� WKH� ILUVW�
SDUDPHWHU��JHQH��IRU�WKH�WZR�RIIVSULQJ�FKURPRVRPHV��

> @��� ��
� ��� �� ������� ��� �� ������� � ������J3 �  � � � � �  �����

> @��� ��
� ��� �� ������� ��� �� ������� � ������J3 �  � � � � �  ��

7KHUHIRUH� WKH� JHQH� YDOXH� ���� LQ� ��� �J3 VKRXOG� EH� UHSODFHG� E\� ������� DQG� WKH� JHQH� YDOXH� �� LQ�
��� �J3 E\���������(TV����������DUH�XVHG���WLPHV�WR�FUHDWH�RIIVSULQJ�FKURPRVRPHV��
7KH�DSSOLFDWLRQ�RI�VHOHFWLRQ�DQG�FURVVRYHU�VKRXOG�EH�UHSHDWHG�WHQ�WLPHV��KDOI�WKH�SRSXODWLRQ�

VL]H��WR�FUHDWH�WKH�QHZ�JHQHUDWLRQ�RI�FKURPRVRPHV��7KXV��D�VLQJOH�JHQHUDWLRQ�RI�WKH�5&*$�IRU�D�
SRSXODWLRQ�RI�WZHQW\�FKURPRVRPHV�ZLOO�LQFOXGH�WZHQW\�DSSOLFDWLRQV�RI�WKH�VHOHFWLRQ�RSHUDWRU��WHQ�
DSSOLFDWLRQV�RI�WKH�FURVVRYHU�RSHUDWRU��DQG�WZHQW\�DSSOLFDWLRQV�RI�WKH�ILWQHVV�IXQFWLRQ��

,I� IRU� WKH� ILUVW� ILIW\� JHQHUDWLRQV� WKH� DOJRULWKP� GRHV� QRW� FRQYHUJH� � �REMI  LV� QRW� IRXQG���
UDQGRP�PXWDWLRQ�LV�DSSOLHG�IRU�DOO�FKURPRVRPHV�RI�WKH�FXUUHQW�SRSXODWLRQ�LQ�RUGHU�WR�PRYH�WR�D�
GLIIHUHQW� DUHD� RI� SDUDPHWULF� VSDFH�� 7KLV� PHDQV� WKDW� DOO� WKH� SDUDPHWHUV� LQ� WKH� SRSXODWLRQ� DUH�
UDQGRPO\�UHQHZHG��E\�XQLIRUP�UDQGRP�QXPEHU�GLVWULEXWLRQ��ZLWKLQ�WKH�DOORZHG�LQWHUYDO�IRU�HDFK�
SDUDPHWHU��� 7KLV� PXWDWLRQ� SURFHGXUH� LV� UHSHDWHG� HYHU\� ILIW\� JHQHUDWLRQV� XQWLO� WKH� DOJRULWKPV�
FRQYHUJH�� 7KH� VHW� RI� SDUDPHWHUV� FRUUHVSRQGLQJ� WR� WKH� GHVLUHG� LPDJH� ±� LQ� WKH� IRUP� RI� D�
V\PPHWULFDO�SDWWHUQ�IRU�WKH� �� ��u �ODWWLFH�±�PD\�WKHQ�EH�XVHG�WR�JHQHUDWH�D�V\PPHWULFDO�LPDJH�
RQ�D�ODWWLFH�RI�DQ\�VL]H��
���5HVXOWV�DQG�'LVFXVVLRQ�
$SSOLFDWLRQ� RI� 5&*$� WR� WKH� '&'� LQYHUVH� SUREOHP� IRUPXODWHG� DERYH� UHVXOWHG� LQ� VHWV� RI�
SDUDPHWHUV� FRUUHVSRQGLQJ� WR� GLIIHUHQW� SDWWHUQV� �LPDJHV��ZLWK� � GLIIHUHQW� HYROXWLRQDU\� VFHQDULRV�
ZKHQ� ���� �T 4 � ����
+DYLQJ� REWDLQHG� WKH� SDUDPHWHUV� FRUUHVSRQGLQJ� WR� WKH� V\PPHWULFDO� LPDJHV� E\� 5&*$� IRU� D�
�� ��u �ODWWLFH��ZH�WKHQ�FDQ�XVH�WKHVH�SDUDPHWHUV�WR�JHQHUDWH�DQ�LPDJH�LQ�DQ\�VL]H�RI�WKH�ODWWLFH�
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�KHUH�ZH�DUH�SUHVHQWLQJ�LPDJHV�LQ�D���� ���u �ODWWLFH���(DFK�FHOO�RI�WKH�ODWWLFH�ZDV�GUDZQ�RQ�WKH�
FRPSXWHU� VFUHHQ�XVLQJ���SL[HOV�DQG�ZDV�DVVLJQHG�D�FRORU� IURP�D�SDOHWWH�RI�����FRORUV� �)LJ�����
FRUUHVSRQGLQJ�WR�WKH�YDOXH�RI� � � � �W

[ \
T; 5 5 FDOFXODWHG�ZLWK�(TV����������

�
)LJ�����3DOHWWH�RI�����FRORUV�DUUD\HG�LQ�DUELWUDU\�RUGHU��
$V� DQ� H[DPSOH�� WZHOYH� LPDJHV� WDNHQ� IURP� WKH� VHTXHQFH� RI� ���4  � LPDJHV�
� �������� �������������T  � ��DQG�FRUUHVSRQGLQJ�WR�WKH�VHW�RI�SDUDPHWHUV�GHILQHG�E\�5&*$�DUH�
VKRZQ�LQ�)LJ�����
�
�
�
�
�
�
�
�
�
�
�
�
�
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���T  �
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)LJ�����7ZHOYH�V\PPHWULFDO�LPDJHV�JHQHUDWHG�E\�(TV��������VWDUWHG�IURP� �T  �IRU�WKH�SDUDPHWHUV�
IRXQG�ZLWK�5&*$��
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,W�LV�LQWHUHVWLQJ�WR�ORRN�DW�WKH�VWUXFWXUH�RI�WKH�SDUDPHWHU�VHDUFK�VSDFH�DQG�HYDOXDWH�WKH�UHJLRQV�
WKDW� FRQWDLQ� V\PPHWULFDO� SDWWHUQV�� $FFRUGLQJO\�� ZH� SUHVHQW� FURVV� VHFWLRQV� RI� RXU� QLQH�
GLPHQVLRQDO� SDUDPHWHU� VSDFH� IRU� WKH� WZR� SDUDPHWHUV� ��E D � �)LJ�� ��� DQG� IRU� WKH� WKUHH�
SDUDPHWHUV � �� �E D E � �)LJ�� ��� ZLWKLQ� WKH� LQWHUYDOV� ���� �@�� 7KH� FRRUGLQDWHV� RI� WKH� EOXH� SRLQWV�
FRUUHVSRQG�WR�WKH�SDUDPHWHU�YDOXHV�RI�V\PPHWULFDO�SDWWHUQV��WKH�UHPDLQLQJ���DQG���SDUDPHWHUV��
UHVSHFWLYHO\��DUH�IL[HG����

� �
)LJ������([DPSOHV�RI�WZR�SDUDPHWHU�� ��E D ��FURVV�VHFWLRQV�RI�WKH�VHDUFKLQJ�VSDFH�LQ�WKH�LQWHUYDO�
�����@��%OXH�SRLQWV�FRUUHVSRQG�WR�SDU� PHWHUV�WKDW�HQJHQGHUHG�V\PPHWULFDO�LPDJHV���
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�
)LJ�����([DPSOH�RI�WKUHH�SDUDPHWHU�� � �� �E D E ��FURVV�VHFWLRQ�RI�WKH�VHDUFKLQJ�VSDFH�LQ�WKH�LQWHUYDO�
�����@��%OXH�SRLQWV�FRUUHVSRQG�WR�SDUDPHWHUV�WKDW�HQJHQGHUHG�V\PPHWULFDO�LPDJHV���
�
%DVHG�RQ� WKH�H[DPSOHV� VKRZQ�KHUH��ZH�FDQ� IRUP�DQ� LQLWLDO� FRQFHSWLRQ�RI� WKH� VHDUFKLQJ� VSDFH��
7KH�FURVV�VHFWLRQV�UHYHDO�WKDW�WKH�DUHDV�RI�SDUDPHWHUV�FRUUHVSRQGLQJ�WR�V\PPHWULFDO�LPDJHV�KDYH�
FRPSOH[�� QRQ�KRPRJHQHRXV� VWUXFWXUHV�� DV� ZHOO� DV� PXFK� ODUJHU� DUHDV� RI� �HPSW\� VSDFH�� �QR�
V\PPHWULFDO��SDWWHUQV���
/HW�XV� ORRN�DW� WKH�UHVXOWV�RI�DSSO\LQJ�5&*$�WR�D�VHDUFK� IRU�V\PPHWULFDO� LPDJHV��7KH�DOORZHG�
LQWHUYDOV�IRU�5&*$�LQLWLDOL]DWLRQ�ZHUH�VHW�DV�������@�IRU�WKH�SDUDPHWHUV� � �� �E N N �DQG�>�������@�IRU�
WKH�SDUDPHWHUV � � � � � �� � � � �D D D E E E ��,Q�RUGHU�WR�HYDOXDWH�WKH�DYHUDJH�UDWH�RI�5&*$�FRQYHUJHQFH��
ZH�SHUIRUPHG�����UXQV��5&*$�GHPRQVWUDWHG�FRQYHUJHQFH�WR�WKH�GHVLUHG�V\PPHWULFDO�LPDJH�LQ�
DOO�WKH�FDVHV��7KH�QXPEHU�RI�JHQHUDWLRQV�SURGXFHG�E\�WKH�5&*$�SURFHGXUH�EHIRUH�FRQYHUJHQFH�
YDULHG��DV�VKRZQ�LQ�)LJ�����7KH�DYHUDJH� WLPH�UHTXLUHG�E\�D�3&�FRPSXWHU� �,QWHO�3HQWLXP��������
*+]��WR�ILQG�DQ�LPDJH�E\�5&*$�IURP�D�UDQGRP�LQLWLDO�VHW�RI�SDUDPHWHUV�ZDV�DERXW����PLQ�RQ�
WKH�DYHUDJH��a���5&*$�JHQHUDWLRQV���
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�
)LJ�����+LVWRJUDP�RI�5&*$�FRQYHUJHQFH�WR�V\PPHWULFDO�LPDJHV������UXQV�����
�
��7KH� IDFW� WKDW� WKH� 5&*$� SURFHGXUH�ZH� XVHG� DOZD\V� FRQYHUJHG� GXULQJ� RXU� WULDOV� FRQILUPV� LWV�
UREXVWQHVV��,PDJH�VHTXHQFHV�JHQHUDWHG�IRU�ILYH�GLIIHUHQW�VHWV�RI�SDUDPHWHUV�IRXQG�E\�5&*$�DQG�
GHPRQVWUDWLQJ�WKUHH�W\SHV�RI�LPDJH�HYROXWLRQ�DUH�VKRZQ�LQ�)LJV��������(DFK�VHTXHQFH�FRQVLVWV�RI�
WZHQW\�LPDJHV��)LJXUH���VKRZV��FRQYHUJHQFH��RI�WKH�VHTXHQFH�RI�GLIIHUHQW�V\PPHWULFDO�LPDJHV�
WR�RQH� ��VWHDG\�VWDWH��� LPDJH��)LJXUHV�������VKRZ� WKUHH� LPDJH�VHTXHQFHV�FRUUHVSRQGLQJ� WR� WKH�
GLIIHUHQW� VHWV� RI� SDUDPHWHUV�� DOO� RI� ZKLFK� UHPDLQHG� V\PPHWULFDO� WKURXJKRXW� WKHLU� HYROXWLRQ�
� �����4  ��� )LJXUH� ��� VKRZV� WKH� HYROXWLRQ� RI� LQLWLDOO\� V\PPHWULFDO� LPDJHV� LQWR� GLVRUGHUHG�
SDWWHUQV��
�
�
�
�
�
�
�
��
�



���

����T  � ����T  � ����T  �
����T  �

����T  � ����T  � ����T  �
����T  �

����T  � ����T  � ����T  �
����T  �

����T  � ����T  � ����T  �
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�
)LJ�����(YROXWLRQ�RI�LPDJH��FRQYHUJHQFH�WR�WKH��VWHDG\�VWDWH���FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�
IRXQG�E\�5&*$��
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����T  � ����T  � ����T  � ����T  �

����T  � ����T  � ����T  � ������T  �
)LJ������6HTXHQFH�RI�V\PPHWULFDO�LPDJHV�FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�IRXQG�E\�5&*$��
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)LJ������6HTXHQFH�RI�V\PPHWULFDO�LPDJHV�FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�IRXQG�E\�5&*$��
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���T  � ���T  � ���T  � �����T  �
)LJ������6HTXHQFH�RI�V\PPHWULFDO�LPDJHV�FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�IRXQG�E\�5&*$��
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)LJ������(YROXWLRQ�RI�LPDJH��FRQYHUJHQFH�WR�GLVRUGHUHG�LPDJHV��FRUUHVSRQGLQJ�WR�WKH�SDUDPHWHUV�
IRXQG�E\�5&*$��
�
�
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���&RQFOXVLRQV�
$V�ZDV�SRLQWHG�RXW� LQ� WKH� LQWURGXFWLRQ��FRPSXWHU�JHQHUDWHG� LPDJHV�KDYH� IRXQG�DSSOLFDWLRQV� LQ�
GLYHUVH�DUHDV�RI�VFLHQFH�DQG�WHFKQRORJ\��,Q�WKH�SUHVHQW�VWXG\�ZH�WRRN�D�QHZ�W\SH�RI�PDWKHPDWLFDO�
PRGHO� FDOOHG� FKHPLFDO� UHDFWLRQV� GLVFUHWH� FKDRWLF� G\QDPLFV� DQG� XVHG� LW� WR� JHQHUDWH� FRORUHG�
LPDJHV�RI�V\PPHWULFDO�IRUPV��7KH�FRQFUHWH�PDWKHPDWLFDO�PRGHO�SUHVHQWHG�KHUH�IRU�LOOXVWUDWLRQ��
QDPHO\� WKH� V\VWHP� RI� (TV��������� LV� MXVW� RQH� SRVVLEOH� LQLWLDO� K\SRWKHVLV� UHJDUGLQJ�PHFKDQLVPV�
JRYHUQLQJ�WKH�DJHQWV
�LQWHUDFWLRQV���

:H�IRFXVHG�KHUH�H[FOXVLYHO\�RQ�VHDUFKLQJ�IRU�V\PPHWULFDO� LPDJHV�XVLQJ�DQ�5&*$�VSHFLDO�
ILWQHVV� IXQFWLRQ� WKDW� ZH� IRUPXODWHG�� +RZHYHU�� WKLV� ILWQHVV� IXQFWLRQ� FRXOG� EH� DGDSWHG� IRU� DQ�
5&*$�DXWRPDWLF�VHDUFK�IRU�SDUDPHWHUV�RI�'&'�PDWKHPDWLFDO�PRGHOV�FRUUHVSRQGLQJ�WR�GLIIHUHQW�
W\SHV�RI�SDWWHUQV�� ULQJV�� VSLUDOV�DQG�RWKHUV� �WKHVH�SDWWHUQV�H[LVW� LQ�'&'�PRGHOV� >*RQWDU��������
*RQWDU������@����

7KH� LPDJHV� JHQHUDWHG� KHUH� E\� '&'� GLIIHUHQFH� HTXDWLRQV� GHPRQVWUDWH� WKHLU� SRWHQWLDO� IRU�
JHQHUDWLQJ�FRPSOH[�V\PPHWULFDO�SDWWHUQV�VLPLODU�WR�RUQDPHQWV�DQG�PDQGDODV�GHVLJQHG�E\�KXPDQ�
EHLQJV�>-XQJ������@��

7KH�GLVFUHWH�FKDRWLF�G\QDPLFV�RI�FKHPLFDO�UHDFWLRQV�LV�SURSRVHG�DV�D�WRRO�IRU�H[SORULQJ�FHUWDLQ�
PHFKDQLVPV�RI�FKHPLFDO�WUDQVIRUPDWLRQ�WKDW�FRXOG�EH�UHODWHG�WR�UHDO�ELRFKHPLFDO�UHDFWLRQV�WDNLQJ�
SODFH� LQ� WKH�KXPDQ�EUDLQ��)RU�H[DPSOH��RUQDPHQWV�RU�RWKHU�DUWLVWLF�SDWWHUQV�PD\�EH�SUHVXPHG� WR�
DSSHDU� LQ� WKH� KXPDQ� EUDLQ� LQ� WKH� IRUP� RI� VSDWLDOO\� GLVWULEXWHG� FKHPLFDOV� LQYROYHG� LQ� WKH�
ELRFKHPLFDO�UHDFWLRQV�EHIRUH�EHLQJ��RXWSXWWHG��DV�FRQFUHWH�DUWLVWLF�SDWWHUQV�>*RQWDU������@����

:KDW�GLVWLQJXLVKHV�WKH�'&'�PDWKHPDWLFDO�PRGHO�IURP�RWKHU�W\SHV�RI�PDWKHPDWLFDO�LPDJLQJ�
PHWKRGV� DQG� &$� LQ� SDUWLFXODU� LV� WKDW� WKH� UXOHV� RI� LQWHUDFWLRQ� EHWZHHQ� WKH� FHOOV� DUH� EDVHG� RQ�
FRQFUHWH� SK\VLFRFKHPLFDO� ODZV� DQG� SULQFLSOHV�� ,Q� VSLWH� RI� WKH� XVH� E\� '&'� RI� GLVFUHWH� VSDFH�
�ODWWLFH��DQG��GLVFUHWH� WLPH��� WKH�VWDWHV�RI�HDFK�FHOO�RI� WKH� ODWWLFH�DUH�UHSUHVHQWHG�E\�FRQWLQXRXV�
FRQFHQWUDWLRQV� � � �W

L [ \
T; 5 5 DQG�WKH�FRUUHVSRQGLQJ�SDUDPHWHUV�DUH�JLYHQ�LQ�WHUPV�RI�UHDO�QXPEHUV��

7KHUHIRUH� HDFK� FHOO� KDV� FRQWLQXRXV� VWDWHV� ZLWK� WKH� JLYHQ� DFFXUDF\�� ZKLFK� PD\� QDWXUDOO\� EH�
UHSUHVHQWHG�E\�D�FRORUHG�SDOHWWH�RI�WKH�FRUUHVSRQGLQJ�UHVROXWLRQ�� � ������� ���E E ��

,W�VKRXOG�EH�HPSKDVL]HG�WKDW�IURP�WKH�VWDQGSRLQW�RI�'&'�SULQFLSOHV��REWDLQLQJ�D�V\PPHWULFDO�
LPDJH� GRHV� QRW� SUHVXSSRVH� V\PPHWULFDO� VWDUWLQJ� FRQGLWLRQV�� WKH� V\PPHWU\� UHVXOWV� IURP� WKH�
LQWHUQDO�PDWKHPDWLFDO�SURSHUWLHV�RI�WKH�'&'�PRGHO�DQG�UHIOHFWV�WKH�PHFKDQLVP�RI�WUDQVIRUPDWLRQ�
DQG�LQWHUDFWLRQ�RI�WKH�DJHQWV��LQFOXGLQJ��LQIRUPDWLRQ�H[FKDQJH����

7KH�SURSRVHG�PHWKRG�ZLOO� H[WHQG� WKH� FXUUHQW� DSSOLFDWLRQV�RI�PDWKHPDWLFDO� LPDJLQJ� LQ� WKH�
ILHOGV� RI� FRPSXWHU� JUDSKLFV� DQG� DUWLVWLF� SDWWHUQ� GHVLJQ�� HYROXWLRQDU\� FRPSXWDWLRQ� DQG� SDUDOOHO�
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FHOOXODU� PDFKLQH� GHVLJQ�� KXPDQ�URERW� YLVXDO� LQWHUIDFHV�� ELRIHHGEDFN� V\VWHPV�� DQG� DUWLILFLDO�
QHXUDO�QHWZRUNV��DV�ZHOO�DV�LWV�DSSOLFDWLRQ�LQ�WKH�GHYHORSPHQW�RI�DUWLILFLDO�EUDLQ�V\VWHPV�>*RQWDU��
����@���

�
5HIHUHQFHV�
'HE�� .��	�$JUDZDO�� 5�� %�� >����@� �6LPXODWHG� ELQDU\� FURVVRYHU� IRU� FRQWLQXRXV� VHDUFK� VSDFH���

&RPSOH[�6\VWHPV�����������������
(VKHOPDQ��/��-��	�6FKDIIOHU��-��'��>����@��5HDO�FRGHG�JHQHWLF�DOJRULWKPV�DQG�LQWHUYDO�VFKHPDWD���

)RXQGDWLRQV�RI�*HQHWLF�$OJRULWKPV�,,��:KLWOH\��'���(G����0RUJDQ�.DXIPDQQ���
������6DQ�0DWHR�����������
*ROGEHUJ�� '�� (�� >����@� *HQHWLF� DOJRULWKPV� LQ� VHDUFK�� RSWLPL]DWLRQ� DQG� PDFKLQH� OHDUQLQJ�

�$GGLVRQ�:HVOH\��5HDGLQJ��0$��������������������������������������������������������������������������������������������������
*RQWDU�� 9�� >����@� �1HZ� SULQFLSOH� DQG� PDWKHPDWLFDO� PRGHO� IRU� IRUPDO� FKHPLFDO� NLQHWLFV����

5XVVLDQ�-��3K\V��&KHP���������������������������������������������������������������������������������������������������������������
*RQWDU��9��>����@��7KHRUHWLFDO�IRXQGDWLRQ�IRU�WKH�GLVFUHWH�FKDRWLF�G\QDPLFV�RI�SK\VLFRFKHPLFDO�����������

V\VWHPV��FKDRV��VHOI�RUJDQL]DWLRQ�� WLPH�DQG�VSDFH� LQ�FRPSOH[�V\VWHPV���'LVFUHWH�'\QDPLFV�
LQ�1DWXUH�DQG�6RFLHW\�������������������������������������������������������������������������������������������������������������������

*RQWDU��9�� >����@� �7KHRUHWLFDO� IRXQGDWLRQ� RI� -XQJ¶V� ³0DQGDOD� 6\PEROLVP´� EDVHG� RQ� GLVFUHWH�
FKDRWLF�G\QDPLFV�RI�LQWHUDFWLQJ�QHXURQV���'LVFUHWH�G\QDPLFV�LQ�QDWXUH�DQG�VRFLHW\�����������
����

*RQWDU��9�� >����@� �$UWLILFLDO� EUDLQ� V\VWHPV� EDVHG� RQ� GLVFUHWH� FKDRWLF� G\QDPLFV� RI� LQWHUDFWLQJ�
LQWHOOHFWXDO� DJHQWV��� 3URF�� ,QW�� &RQIHUHQFH� RQ� &RPSXWHU� 6FLHQFH� DQG� LW¶V� $SSOLFDWLRQV��
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