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An automatic procedure for generating colored two-dimensional symmetrical images based on
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derivation of symmetrical images from DCD mathematical models was formulated and solved
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1. Introduction

Developments in the last decades in the area of fractals, L-systems, and cellular automata
have led to the emergence of a new field of computer science, 'mathematical imaging'. Computer
generated images are finding applications in the modeling and investigation of complex natural
objects, natural processes, and their evolution [Mandelbrot, 1977; Peitgen et al., 2004;
Prusinkiewicz & Hanan, 1989; Wolfram, 2002; Ilachinski, 2001]. The best known and most
widespread examples of computer generated images are fractals. Fractals are complex self-
similar patterns with non-integer dimensions that can be generated by simple geometrical
reduplication, as well as using different sets of difference equations.

Another engine for image generation, L-systems, was introduced by Lindenmayer
[Prusinkiewicz & Hanan, 1989]. An L-system is a formal grammar for generating strings, i.e. it
is a collection of rules. By recursively applying the rules of the L-system to an initial string, a
string with fractal structure can be created. Interpreting this string as a set of graphical
commands allows the fractal to be displayed. L-systems are very useful for generating realistic
plant structures.

The cellular automata approach is also used for artificial image creation. Cellular automata
(CA) are a class of deterministic computer models characterized by a discrete lattice of
homogeneous cells with a finite number of possible discrete states and rules governing
interactions between the cells. Such a system evolves by an iterative process for updating the
cells using logical transition rules that take into account neighborhood impact. Visualization of
CA can provide a variety of types of visual patterns. In [Nowak & May, 1993; Nowak et al.,
1994, Wiederien & Udwadia, 2004], deterministic rules for CA are derived from evolutionary
game theory (Prisoner's Dilemma), and various 2D images are presented.

In spite of the fact that images generated by the methods described above sometimes
resemble naturally observed or created patterns, the purely mathematical character of these
models (they are not related to physical first principles or to fundamental laws of nature) makes
it difficult to establish relations between the model's parameters and physical characteristics of
real experiments.

In this paper we introduce an automatic system for determining the parameters of the model
and generating images resulting from the basic equations of discrete chaotic dynamics (DCD),
formulated in accordance with fundamental physicochemical principles and laws of nature
[Gontar 1981, Gontar & Il'in, 1991; Gontar, 1997].

The problem of computer imaging that we examine below is known as the inverse problem.

This could be formulated for our case as identification of the specific type of DCD difference



equations and parameter values that correspond to the desired image(s). Among the heuristic
optimization and search methods available, the genetic algorithm (GA) is often the tool of choice
in the difficult field of discrete inverse problems. For example, in [Shonkwiler ef al., 1991] a
genetic algorithm was used to solve the "1-D fractal inverse problem". The attractor was viewed
by Shonkwiler et al. as a fractal set, and the inverse problem consisted in finding the specific set
of difference equations whose attractor was given. The GA proposed by Shonkwiler ef al. was
tested on 2- and 3-map attractors, and the inverse problem was successfully solved.

In [Vences & Rudomin, 1994] the use of GA was extended to the 2D fractal inverse problem
for the purpose of compressing a single image and image sequences. GA-based searching for a
particular map for image encoding was introduced, tested, and shown to be robust.

Mitchell et al. [1994] applied a GA for evolving CA to perform a particular computational
task (one-dimensional density classification). There the inverse problem consisted of finding CA
rules capable of generating a specific class of images. Based on this task, the behavior of the GA
was analyzed in depth, and the GA was recommended for use for the given class of problems.

The application of GAs to solve an inverse problem in the field of finite automata similar to
L-systems was considered by Leblanc et al. [1998]. The inverse problem was to find the type of
automaton (rules) by which a given string was generated. The performance of the GA was tested
on two target words prefixed at fixed points on two different automata using six symbols, with
the maximal length of words limited to six. The rules were found within a reasonable time
interval.

An example of application of the GA to search for a rewriting expression describing leaf
shapes or L-systems is discussed by Rodkaew ef al. [2002]. An L-system was used to construct
the shape of a given rewriting expression, and a GA to search for the rewriting expression's
fitting parameters. The authors reported that after 200 GA generations, the resulting shape is
better than that produced by manual adjustment of the parameters.

Based on these reports regarding the use of different modifications of the GA for similar
inverse problems, we chose to use a real coded genetic algorithm (RCGA) [Eshelman &
Schaffler, 1993; Deb & Agrawal, 1995] to search for DCD difference equations parameters

corresponding to particular type of images (for example, symmetrical).

2. Background and Mathematical Model

According to DCD theory, the initial hypothesis about the mechanism of transformation of the

constituents (agents) X, is given by the matrices Hay.H and ”Vh.” and allows for a mechanism of



"information exchange" between the agents [Gontar, 1997]. For our purposes, we will consider

agent transformations at a discrete timez,_, spatially distributed on the discrete 2D square lattice.
Each cell of the lattice has coordinates x and y which are specified by the integers (R, R, ),
R,R =12,..,R.

In discussing the agents' transformations, designated by (=), we use blue arrows to denote
the local influence ("information exchange" within each cell of the lattice ) of the corresponding

agents X; whose concentrations were defined at the previous moment of discrete time 7, on the

characteristics (for example, the rate constants) of the process of transformation at the discrete

time 7, . Red arrows denote "information exchange" emanating from the concentrations of cells

adjacent to the cell under consideration. Here we will consider one of the possible mechanisms

of transformation of the agents:
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where i=1,2,3,j=1,[/=12.

According to DCD, for our mechanism of transformations (1) we will have the following

system of equations:
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X [.tq (R,,R))is the concentration of the i" agent calculated in each cell of the lattice with
coordinates (R,,R ) and characterizing the system's particular state at the discrete time 7,
(¢=12,...,0).
For any givenX,, at iteration g¢g-1 and for any set of parameters
b,kl,aﬁ,ﬁ[ (b,k,>0,r=1,2,...,9), system (3-5) becomes a system of non-linear algebraic
equations and has a unique positive solution (X, >0).

Local "information exchange" (inside the cells) is characterized by the parameters ¢, while
"information exchange" emanating from cells adjacent to X ;" (R,,R,)is characterized by the

parameters ,@f . In this work we will consider only “information exchange” emanating from the

closest neighboring cells, including self-influence within the cell (Fig. 1).

Obviously, Egs. (3-5) could be written as
X/ (R.R)=F(X"(R,.R,).0), (7
where the function F is defined by Egs. (3-6) and 6(b,k,,c,;, ,Blf) is a vector of the system’s

parameters. In order to calculate X:" (R.,R)) (¢=12,...,0), we need to solve the system of
non-linear algebraic equations (Egs. (3-5)) by one of the numerical methods for any given
6(b,k,,a,, ,b’llr ) starting from the initial and boundary conditions.
The initial conditions are:
X"(R,R)=b,X(R,R)=0,X"(R,R)=0, R,R =12, ,R. (8)
The boundary conditions are:

1, . . .
X' (R,R), 1<R,R <R (inside the lattice)
0, R,R, <l; R,R, >R (outside the lattice)

X(R,R) ={ 9)

We define our direct task as that of finding the solution (X l."] (R.,R))) of Eq. (7) for the

given parameters 6(b,k,, o, ﬁ[ ), with presentation of the solutions obtained as a 2D image for



each X7 (R.,R,),R R, =12,...,R. The solutions X, K (R,,R,), calculated at the discrete time 7,

(g=1,2,...,0) and distributed on a discrete square lattice of size Rx R, will be visualized in the

form of sequences of 2D images (the total number of images in a sequence is equal to Q). Each

sequence of images will correspond to the calculated concentrations of one of the

agents X{" (Rx,Ry),Xé" (R.,R)) ong‘f (R.,R,). The wvalues of the concentration, for
exampleO<Xll" (R.,R,)<b, will be encoded by a colored palette consisting of N different

colors taken in an arbitrarily chosen order and therefore providing a resolution of b N in each

cell of the lattice. Each cell within the lattice presented on a computer screen will be filled with
M pixels (1, 4 or 9).

At the discrete time?, , according to the initial conditions, the value in each cell of the lattice

ish. At 1, we calculate X' (R,,R,), changing the colors of the lattice accordingly. Calculation

always begins with the cell in the upper left corner of the lattice, X' (1,1), then proceeds along
the first row from left to right ( X' (1,2),..., X|' (I, R) ), continues along the second row from left to
right, and so on. For the first image (g =1), the "previous" concentrations X' (R,,R,) needed

for "information exchange" are chosen in accordance with the initial and boundary conditions

(Egs. (8,9)). In order to include the "information exchange" at the discrete time#,, concentrations
are taken from the previous image calculated at the discrete timez, . For example, for the cell

with coordinates (2,2) at the time ¢#,, we take the values of the concentrations X' (R,,R,)in the

nine cells closest to it (including the cell under consideration), calculated at the previous moment

of time #,: (1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3).



Fig. 1. Nine cells of the discrete square lattice (Rx,Ry =1,2,...,R). Blue arrows denote local

"information exchange" within the cell and red arrows denote "information exchange" with the
closest neighbors.

The DCD mathematical model (Egs. (3-5)) has 63 independent parameters and therefore
could generate numerous different solutions X ,."’ (R,,R,) which could be presented as different

types of 2D images [Gontar, 1997; Gontar, 2000]. Provided the parameters are known, the fact
that they are numerous does not pose a problem for the direct task. However, when solving the
inverse problem — estimation of the parameters corresponding to the desired images — a
multiplicity of parameters entails extremely complex computations.

Let us begin by investigating the use of GA search procedures to estimate the parameters of
our model for specific images with a reduced number of parameters. We will assume the

following:



a;=a,, l#Il'\ 1=1,2 1'=1,2

S, =8, =l =12 ['=12

By =By, £l 1=12 ['=12

Br=B1, rEr, r=123,...9 r'=1253,...9

Hence the number of parameters is reduced to nine: b, &, k,, o, a,, 5, B, B,, B; -

3. RCGA for Automatic Retrieval of Desired Images

Genetic algorithms are inspired by biological processes of inheritance, mutation and natural
selection, and the genetic crossover that occurs when parents mate to produce offspring
[Goldberg, 1989]. GAs are typically implemented as a computer simulation in which a
population of abstract representations of candidate solutions to an optimization or search
problem are stochastically selected, recombined, mutated, and then either eliminated or retained,
based on their relative fitnesses as given by a fitness function. The candidate solution is called a
chromosome and consists of genes, which are the parameters being sought. A fixed number of
chromosomes are joined into a population. Genetic operators are applied to the population in
order to produce the next generation of the population. The process repeat itself iteratively till the
stop criterion is reached.

Faced with a discrete system of non-linear difference equations (Egs. (3-5)) with a large
number of model parameters and the need to design an automatic search procedure that could
give us the parameters corresponding to the desired types of images (patterns) within a
reasonable computational time, we examined the possibility of using real coded genetic
algorithms — RCGAs. The main difference between the real coded GA method [Eshelman &
Schaffler, 1993] and the classical GA method is that in the former the search parameters are
encoded in chromosomes as floating point numbers. Real encoding of chromosomes is
recommended in cases of continuous parameters and when each of the parameters has an allowed
interval.

Let us consider the following type of encoding of our model's parameters (Egs. (3-5)) into
chromosomes. Chromosome P is a row vector of real numbers corresponding to the parameters
(genes), and the size of the vector is equal to the number of parameters (nine in our case:

b,k.k,,a,a,,a,, B, B, B;). Each parameter varies within the intervals, which in our case were
arbitrarily chosen under the physical constraints: b, k,,k, >0, and other parameters could be also

negative. Let us start with a population consisting of 20 chromosomes. We are supposing that we

have no initial information regarding the values of the searching parameters, and therefore that



each chromosome in the population is initialized by applying uniform random number
distribution for each parameter within its given interval.

The fitness function should reflect our main goal, which is to generate images of a specific
type. The fitness function fabj should evaluate the 2D images generated by the difference
equations (Egs. (3-5)) in order to direct automatic RCGA search to parameters that will
correspond to the desired images. Below we use RCGA to search for symmetrical images.

We propose the following fitness function, which is algorithmically defined by a four-step
procedure:

Step 1. Calculate Egs. (3-5) for the given size of lattice, Rx R, and for the given number of

iterationstq, g=L2,...,0. In the work presented here, we setR=40,0=100 (to reduce

computer time). At the last iteration (Q =100) we obtained the values of X 1’100 (R,,R,) on the

two diagonals inside the 40x40square lattice for purposes of further examination in Steps 2-4

(an example of lattice diagonals for R =40 is shown in Fig. 2).

Step 2. Determine the differences between the three values of X, ltloo (R,,R,)closest to the
lattice corner along the main diagonal (cells with coordinates X, (1,1), X,(2,2), X,(3,3) in Fig. 2).
The pattern begins to emerge from the corners and frame of the lattice, because of the boundary
conditions: they are non-symmetrical as between the corners and the borders (frame). Hence the
appearance of differences in color in the corner indicates that the current parameters have a
greater chance of corresponding to the desired pattern. If there are no differences between these
values, the fitness function procedure is stopped at fobj =0 (the pattern obtained corresponds to a
lattice filled with just one color, as shown in Fig. 3(a)). If three different colors (X, values) are
revealed, we proceed to Step 3.

Step 3. Determine the symmetry of X floo (R,,R,) values taken on two diagonals in relation
to the center point of the lattice. For example, in Fig. 2 the same colors appear on the first
diagonal (X,(L1)=X,(40,40), X,(2,2)=X,(39,39),...,X,(20,20) = X,(21,21)) and on the
second diagonal (X,(1,40)=X,(40,1), X,(2,39)=X,(39,2),...,X,(20,21) = X,(21,20)). If
non-equal values are found on the two diagonals, the fitness check is stopped at the fitness value

Sy =1 (the image obtained is disordered, as shown in Fig. 3 (b)); if not, proceed to Step 4.

Step 4. Check three values of X lt“)o (R,,R,) around the center of the main diagonal (cells with

coordinates X, (20,20), X,(19,19), X,(18,18) in Fig. 2). If they are equal, then f, =2 and the



image obtained image will be symmetrical, with different colors appearing only along the frame,
while the center will be filled with one color (see Fig. 3 (c)); if not, then the pattern obtained may

be considered to be a symmetrical pattern (see Fig. 3 (d)) and f,,, =3.
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Fig. 2. Example of a 40x40square lattice with calculated diagonal values of X{loo (R.,R,)

(R.,R, =1,2,...,40) in colors (case of symmetry).
Thus in our case the fitness function can have four discrete integer values fo,y. ={0,1,2,3},

which should reflect the subtype of pattern that was generated by the concrete set of parameters

embedded into the chromosomes:

Jon; =0~ corresponds to a lattice filled with just one color;
Jon =1- corresponds to a disordered pattern;
Jon =2 - corresponds to a symmetrical pattern with different colors confined to the frame;

Jon =3 - corresponds to a symmetrical pattern.

a b C d
Fig. 3. Example of images (40 x 40 lattice) with: a) f,,. =0,b) 7, =1,¢) f,,, =2,d) f,, =3.
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The RCGA is considered to have converged if at least one chromosome with fitness value

Jor; =3 1s found, which is why the stopping criterion is f,,, =3.

As is well known, the main operators of GAs are selection, crossover, and mutation
[Goldberg, 1989]. Various types of GA operators have been described in the literature. For every
given type of optimization problem, we have to decide what particular types of genetic operators
to use. Selection, which determines which chromosomes belonging to the current population will
participate in the production of the next generation, is biased towards chromosomes exhibiting
better fitness. The fact that we are using a specific type of fitness function (defined
algorithmically) determines our choice of selection operator. Here we used binary tournament
selection adjusted to our case: chromosomes of the previous generation are divided into two

groups according to our fitness function values ( f,,, =1{0,1,2}). The first group will include
chromosomes with f,,. ={1,2}, because such chromosomes have a higher potential for

generating the desired image in the next generation. Therefore we want to ensure selection of at

least one of these chromosomes. The second group will include chromosomes with f,,. = {0} .

First and second parent chromosomes, P" and P*”, are selected randomly from the first and
second groups, respectively, with equal selection probability. If all the chromosomes of the
previous generation prove to belong exclusively to one group (the first or the second), then both
parent chromosomes P and P are selected randomly with equal selection probability from
the whole collection of chromosomes of the previous generation.

After the selection has been made, the crossover (or recombination) operation is performed
upon the selected chromosomes. Following [Deb & Agrawal, 1995], we use a simulated binary

crossover (SBX) operator with crossover parametern = 5. The SBX algorithm for producing two
offspring from two parents for the k" gene (k=1,2,...,9) of chromosomes P"and P (the
current and the next generations are denoted respectively by gand g +1) is as follows:

1. Generate a random number u# between 0 and 1.

2. Calculate the spread factory, :

n
Qu)™! ifu<0.5
1 (10)

Vi = —

1 n+l

otherwise
[2(1-14))

3. Calculate the k” gene of offspring chromosomes:

11



PO =0.5[ (14 7)) +(1-7,) B> |

PR =0.5[ 1=y )R +(1+7,)P* | (1)

For example, let us consider two parent chromosomes consisting of 9 genes:
P"%) =(4.5,3,1,-4,-4,2,0.5,0.25,0.7)
pee — (1,2.8,2,3,-7,-6,8.8,-1.2,5.5)

"

Next, we generate the random number "u" (say, u#=0.3). According to Eg. (10),

1

7 =(2-0.3)51 =0.9184. Applying Eq.(11), we obtain the following values for the first

parameter (gene) for the two offspring chromosomes:

P = 0.5[(1+0.9184)-4.5+(1-0.9184)-1] = 4.3572,
P> =0.5[(1-0.9184)-4.5+ (1+0.9184)-1] =1.1428 .

Therefore the gene value 4.5 in P"# should be replaced by 4.3572 and the gene value 1 in

P*® by 1.1428. Egs. (10-11) are used 9 times to create offspring chromosomes.

The application of selection and crossover should be repeated ten times (half the population
size) to create the new generation of chromosomes. Thus, a single generation of the RCGA for a
population of twenty chromosomes will include twenty applications of the selection operator, ten
applications of the crossover operator, and twenty applications of the fitness function.

If for the first fifty generations the algorithm does not converge ( f,, =31is not found),

random mutation is applied for all chromosomes of the current population in order to move to a
different area of parametric space. This means that all the parameters in the population are
randomly renewed by uniform random number distribution (within the allowed interval for each
parameter). This mutation procedure is repeated every fifty generations until the algorithms
converge. The set of parameters corresponding to the desired image — in the form of a
symmetrical pattern for the 40x40 lattice — may then be used to generate a symmetrical image
on a lattice of any size.

4. Results and Discussion

Application of RCGA to the DCD inverse problem formulated above resulted in sets of
parameters corresponding to different patterns (images) with different evolutionary scenarios
when ¢=1,2,...,0.

Having obtained the parameters corresponding to the symmetrical images by RCGA for a

40x 40 lattice, we then can use these parameters to generate an image in any size of the lattice

12



(here we are presenting images in a 100x100 lattice). Each cell of the lattice was drawn on the

computer screen using 4 pixels and was assigned a color from a palette of 128 colors (Fig. 4)

corresponding to the value of X, 1"’ (R,,R,) calculated with Egs. (3-5).
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Fig. 4. Palette of 128 colors arrayed in arbitrary order.

As an example, twelve images taken from the sequence of @=100 images
(g =1,10,20,...,80,90,95,100) and corresponding to the set of parameters defined by RCGA are

shown in Fig. 5.
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Fig. 5. Twelve symmetrical images generated by Egs. (3-5) started from g =1 for the parameters
found with RCGA.
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It is interesting to look at the structure of the parameter search space and evaluate the regions
that contain symmetrical patterns. Accordingly, we present cross sections of our nine-

dimensional parameter space for the two parameters b,c, (Fig. 6) and for the three

parameters b, «r,, B, (Fig. 7) within the intervals (0, 1]. The coordinates of the blue points

correspond to the parameter values of symmetrical patterns (the remaining 7 and 6 parameters,
respectively, are fixed).
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Fig. 6. Examples of two parameter (b, ) cross sections of the searching space in the interval
(0, 1]. Blue points correspond to parl meters that engendered symmetrical images.
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al b

Fig. 7. Example of three parameter (b, ,, 5, ) cross section of the searching space in the interval
(0, 1]. Blue points correspond to parameters that engendered symmetrical images.

Based on the examples shown here, we can form an initial conception of the searching space.
The cross sections reveal that the areas of parameters corresponding to symmetrical images have
complex, non-homogeneous structures, as well as much larger areas of "empty space" (no
symmetrical patterns).

Let us look at the results of applying RCGA to a search for symmetrical images. The allowed

intervals for RCGA initialization were set as (0, 10] for the parameters b,k,,k, and [-10, 10] for
the parameters o,, a,,a;, B, B,, B; . In order to evaluate the average rate of RCGA convergence,

we performed 130 runs. RCGA demonstrated convergence to the desired symmetrical image in
all the cases. The number of generations produced by the RCGA procedure before convergence
varied, as shown in Fig. 8. The average time required by a PC computer (Intel Pentium 4, 2.4
GHz) to find an image by RCGA from a random initial set of parameters was about 60 min on

the average (~50 RCGA generations).
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Number of convergences

Number of generations

Fig. 8. Histogram of RCGA convergence to symmetrical images (130 runs).

The fact that the RCGA procedure we used always converged during our trials confirms its
robustness. Image sequences generated for five different sets of parameters found by RCGA and
demonstrating three types of image evolution are shown in Figs. 9-13. Each sequence consists of
twenty images. Figure 9 shows "convergence" of the sequence of different symmetrical images
to one ("steady state") image. Figures 10-12 show three image sequences corresponding to the
different sets of parameters, all of which remained symmetrical throughout their evolution

(Q=10000). Figure 13 shows the evolution of initially symmetrical images into disordered

patterns.
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Fig. 9. Evolution of image (convergence to the "steady state") corresponding to the parameters
found by RCGA.
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Fig. 10. Sequence of symmetrical images corresponding to the parameters found by RCGA.
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Fig. 11. Sequence of symmetrical images corresponding to the parameters found by RCGA.
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Fig. 12. Sequence of symmetrical images corresponding to the parameters found by RCGA.
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q:OO ] : EiL ! . q:50
Fig. 13. Evolution of image (convergence to disordered images) corresponding to the parameters
found by RCGA.
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5. Conclusions

As was pointed out in the introduction, computer generated images have found applications in
diverse areas of science and technology. In the present study we took a new type of mathematical
model called chemical reactions discrete chaotic dynamics and used it to generate colored
images of symmetrical forms. The concrete mathematical model presented here for illustration,
namely the system of Egs. (3-5), is just one possible initial hypothesis regarding mechanisms
governing the agents' interactions.

We focused here exclusively on searching for symmetrical images using an RCGA special
fitness function that we formulated. However, this fitness function could be adapted for an
RCGA automatic search for parameters of DCD mathematical models corresponding to different
types of patterns: rings, spirals and others (these patterns exist in DCD models [Gontar, 1997;
Gontar, 2004]).

The images generated here by DCD difference equations demonstrate their potential for
generating complex symmetrical patterns similar to ornaments and mandalas designed by human
beings [Jung, 1973].

The discrete chaotic dynamics of chemical reactions is proposed as a tool for exploring certain
mechanisms of chemical transformation that could be related to real biochemical reactions taking
place in the human brain. For example, ornaments or other artistic patterns may be presumed to
appear in the human brain in the form of spatially distributed chemicals involved in the
biochemical reactions before being "outputted" as concrete artistic patterns [Gontar, 2000].

What distinguishes the DCD mathematical model from other types of mathematical imaging
methods and CA in particular is that the rules of interaction between the cells are based on
concrete physicochemical laws and principles. In spite of the use by DCD of discrete space

(lattice) and "discrete time", the states of each cell of the lattice are represented by continuous
concentrations X ;" (R,,R,) and the corresponding parameters are given in terms of real numbers.
Therefore each cell has continuous states with the given accuracy, which may naturally be

represented by a colored palette of the corresponding resolution: % 28’ % 560

It should be emphasized that from the standpoint of DCD principles, obtaining a symmetrical
image does not presuppose symmetrical starting conditions: the symmetry results from the
internal mathematical properties of the DCD model and reflects the mechanism of transformation
and interaction of the agents, including "information exchange".

The proposed method will extend the current applications of mathematical imaging in the

fields of computer graphics and artistic pattern design, evolutionary computation and parallel
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cellular machine design, human/robot visual interfaces, biofeedback systems, and artificial
neural networks, as well as its application in the development of artificial brain systems [Gontar,

2003].
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