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Introduction

Interaction of light with alkali metal vapor has an important role both in
the study of fundamental physics and in many technological applications.
Macroscopic entanglement was demonstrated using cesium vapor cells [1];
pulses of light, as well as images, were stored in rubidium vapor [2, 3];
rubidium vapor cells serve as a basis for chip-scale atomic clocks [4]; and
alkali vapor cells are used for high sensitivity optical magnetometry [5, 6].
More applications can be found in [7–10].

The density matrix representing the state of an alkali vapor in a specific
hyperfine state |F 〉 can be expanded in terms of polarization moments (PM).
A PM ρ(κ) is an irreducible spherical tensor of rank κ (0 ≤ κ ≤ 2F + 1) whose
components are given by [10]

ρκq =
∑
m1,m2

(−1)F−m1〈F,m2, F,−m1|κ, q〉ρm1,m2 , (1)

where q = −κ...κ, m1 and m2 are the magnetic quantum numbers, ρm1,m2 are
the density matrix elements and 〈F,m2, F,−m1|κ, q〉 are the Clebsch-Gordan
coefficients (CGC). The PMs of ranks κ = 0, 1 and 2 are proportional to
the population, the dipole moment (or orientation), and the quadrupole
moment (or alignment) of the relevant |F 〉 state, respectively [10–13]. For
a full mapping of the density matrix it is essential to measure the hyperfine
population ρ(0). While unpolarized light from lamps [14–16] was previously
used to optically pump atomic vapor and monitor its relaxation process, these
measurements had limited accuracy in estimating the hyperfine population.

In this thesis we demonstrate the existence of a magic frequency for which
the light absorption of linearly polarized laser radiation is independent of
the population distribution among the Zeeman sub-levels and of the angles
between the light and the magnetic field. At the magic frequency, the
absorption is proportional only to ρ(0) and can therefore serve as an accurate
and robust measure of the hyperfine population.

This work has been published in Ref. [17]: M. Givon, Y. Margalit, A.
Waxman, T. David, D. Groswasser, Y. Japha, and R. Folman, “Magic fre-
quencies in atom-light interaction for precision probing of the density ma-
trix,” Physical Review Letters 111, 053004 (2013). (See also Synopsis at
http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.111.053004).

http://prl.aps.org/abstract/PRL/v111/i5/e053004
http://prl.aps.org/abstract/PRL/v111/i5/e053004
http://prl.aps.org/abstract/PRL/v111/i5/e053004
http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.111.053004
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Chapter 1

Theoretical Background

1.1 Quantum Manipulations of Two-Level Sys-

tems

The two-level quantum-mechanical system has long served as an important
model for light-matter interaction. A realization of such a system can be a
spin-1/2 particle when only its spin degree of freedom is considered, or in our
specific case two Zeeman sublevels of a hyperfine level which are individually
addressed. The two-level system plays a fundamental role in many devices,
such as atomic clocks and magnetometers, and also in quantum computing
(where it serves as a qubit). The following theoretical description concerning
manipulation of such systems mainly follows sources [18–21].

1.1.1 Dynamics of a Two-Level System

Let us consider a two-level quantum-mechanical system described by the two
orthonormal eigenstates |ψ0〉 = |0〉 and |ψ1〉 = |1〉 such that

〈ψn|ψm〉 = δn,m, n,m = 0, 1 (1.1)

and
H0|ψn〉 = En|ψn〉, (1.2)

where H0 is the system’s unperturbed Hamiltonian. Any state |Ψ〉 of the
system can be expanded using the eigenstates according to

|Ψ〉 = C0|0〉+ C1|1〉, (1.3)

where C0 and C1 are complex numbers representing probability amplitudes,
meaning the probability of finding the particle in state |ψn〉 is given by

Pn(t) = |Cn|2 = |〈ψn|Ψ〉|2. (1.4)

1
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Since the probabilities should sum to 1, the coefficients follow the condition∑
n

|Cn|2 = |C0|2 + |C1|2 = 1. (1.5)

If we want to know the state’s evolution in time, using unitary time evolution
according to Schrödinger equation we get

|ψ(t)〉 = e−iHt/~(C0(0)|0〉+ C1(0)|1〉) = C0(t)|0〉+ C1(t)|1〉. (1.6)

We now introduce a perturbation V (t) so the new Hamiltonian is of the form

H(t) = H0 + V (t). (1.7)

The matrix elements of the perturbation are given by

Vnm(t) = 〈ψn|V (t)|ψm〉. (1.8)

Since V (t) must be hermitian, we have the relation Vnm = V ∗mn. Now we would
like to find how a general wavefunction ψ(t) evolves over time. Expanding
ψ(t) in the energy basis and inserting it into the Schrödinger equation we get
the following differential equation for the expansion coefficients:

i~
d

dt

(
C0(t)
C1(t)

)
=

(
E0 + V00(t) V01(t)
V10(t) E1 + V11(t)

)(
C0(t)
C1(t).

)
(1.9)

For a given V (t) and initial conditions of the system, solving the above equa-
tion provides the time evolution of the two-level system under perturbation.

1.1.2 Periodic Perturbation Case

Let us examine the case of a periodic perturbation of the form

V00(t) = V11(t) = 0,

V01(t) = V ∗10(t) =
1

2
~ΩRe

−i(ωt+φ).
(1.10)

This kind of perturbation can be created for example with electromagnetic
radiation, e.g. laser light or an RF field. Here ω is the frequency of the
perturbation and ~ΩR characterizes the strength of the coupling, where ΩR

represents the Rabi frequency which is defined according to the context:
in the case of electric dipole transitions the Rabi frequency is defined as
ΩR = d · E0/~, where E0 is the electric field amplitude and d is the electric
dipole operator matrix element. In the case of an oscillating magnetic field
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B0 interacting with a spin-1/2 system it is defined as ΩR = gµBB0/~, where
g is the Landé factor and µB is the Bohr magneton.

Inserting this perturbation into the Schrödinger equation, transforming to
the rotating wave picture (reference frame that rotates at ω) and manipulating
we get the following equations for the probability amplitudes:

i~
d

dt

(
C0(t)
C1(t)

)
=

1

2
~
(
−(ω0 − ω) ΩR

ΩR (ω0 + ω)

)(
C0(t)
C1(t)

)
, (1.11)

where ~ω0 is the energy difference between the two states. Solving this
equation with the initial condition C0(0) = 1 and calculating the probability
of finding the particle in the excited state |1〉 at time t, we get

P1(t) =
1

2

Ω2
R

Ω2
R + δ2

[1− cos(
√

Ω2
R + δ2t)], (1.12)

where δ = ω0−ω is the detuning of the laser light from the resonance with the
atomic transition. It is customary to define the generalized Rabi frequency as

Ω̃R =
√

Ω2
R + (ω0 − ω)2 =

√
Ω2
R + δ2. (1.13)

We see that a periodic perturbation causes periodic oscillations in the proba-
bility of each state. The frequency of the oscillations is the RMS value of the
Rabi frequency and the detuning, and the amplitude is a Lorentzian centered
at δ = 0 with width ΩR (see Fig. 1.1).

1.1.3 The Bloch Sphere and Rabi Pulses

A convenient and useful representation of the two-state atomic system is
the Bloch sphere (Fig. 1.2). In this representation, the north and the south
poles of a unit sphere represent the two pure states |0〉 and |1〉 respectively,
corresponding to the ground and the excited states of the two-level atom.
Any other point on the sphere represents a superposition state according to

|Ψ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉, (1.14)

where we neglect the global phase, and θ and φ are the spherical coordinates.
In this picture the Bloch vector ν̂B is the unit vector whose components are
given by: ν̂B = (νx, νy, νz) = (sin θ cosφ, sin θ sinφ, cos θ).

We now seek to describe the effect of short Rabi oscillations on the Bloch
vector. Focusing on the resonant case (δ = 0), we can describe the effect
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Figure 1.1: Left: Rabi oscillations for different values of detuning, display-
ing the probability of the particle to be in state |1〉 as a function of time
in dimensionless units (describing pulse area). At δ = 0 the oscillation’s
amplitude reaches the maximum value of 1, meaning each atom (and equally
the entire population) moves periodically between the two states. We can see
that the oscillation frequency increases as we move away from resonance, but
the amplitude decreases. Right: Spectral characteristics of Rabi oscillations.
Blue curve shows the transition probability as a function of detuning, for any
pulse area [plotted is the Lorentzian shaped prefactor in Eq. (1.12)]. Red
curve shows the transition probability for pulse area of ΩRt = π, as a function
of detuning.

on the Bloch vector due to an interaction applied for a time t using a 3× 3
matrix [22]

ν̂B(t) = Θθ(t) · ν̂B(0) =

 1 0 0
0 cos θ(t) sin θ(t)
0 sin θ(t) cos θ(t)

 · ν̂B(0), (1.15)

where θ(t) =
∫

0

t′
ΩR(t′)dt′. In other words, the ”Rabi pulse” rotates the vector

around the x-axis. For θ = π and θ = π/2 we get, respectively,

Θπ =

 1 0 0
0 −1 0
0 0 −1

 ,Θπ/2 =

 1 0 0
0 0 1
0 −1 0

 . (1.16)

If the Bloch vector initially lies on the sphere’s surface and points up at the
z-axis direction, corresponding to a full concentration of the population in
the ground state, a π pulse will transform it to a vector pointing down along
the z-axis direction, corresponding to a full inversion to the excited state (Fig.
1.3b). A π/2 pulse will take the vector halfway, to a point in the y-direction
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Figure 1.2: The Bloch sphere

(Fig. 1.3c). The system will then be in an equal superposition of the energy
states. A second π/2 pulse, applied at this point immediately, will complete
the population inversion to the excited state (Fig. 1.3d).

The matrix representation for the free precession (in the absence of the
driving field) is

ΘFree(t) =

 cosφ(t) sinφ(t) 0
− sinφ(t) cosφ(t) 0

0 0 1

 , (1.17)

where φ(t) =
∫

0

t′
δ(t′)dt′. The free-precession angular frequency of the Bloch

vector will be δ = ω − ω0, as the dynamics during the interaction time were
calculated in a rotating wave frame which rotates at the laser frequency ω.
The vector’s precession represents the accumulated phase between the two
states (Fig. 1.3e). In Fig. 1.3f the effect of that phase is shown: Initially
indicating the ground state, the vector will not attain the excited state after
two π/2 pulses, as it was allowed to precess in between so that the second
π/2 rotation axis is the vector itself and consequently the vector is rotated
back upon itself.

1.2 The Rubidium Atom

1.2.1 The 87Rb Ground State Manifold

Rubidium (marked Rb) is an alkali metal of atomic number 37, with only one
electron in the outer shell, making it a hydrogen-like atom with a relatively
simple energy scheme. It has one stable isotope 85Rb which is 72.168%
naturally abundant, and another nearly stable isotope (half life time '
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Figure 1.3: Examples of different Rabi pulses on the Bloch sphere. The
dashed (solid) line is the Bloch vector before (after) the driving field pulse
(e-d), a precession time (e) and any rotation around the vector itself (f).

4.9× 1010 years) 87Rb which is 27.835% naturally abundant. The quantum
numbers used to describe Rubidium energy levels are

• n - principle quantum number of the outer electron.

• L - orbital angular momentum of outer electron.

• S - spin angular momentum of the outer electron.

• J = L+ S - total angular momentum of the outer electron, composed
by vector addition of the orbital and spin angular momenta. Its values
lie in the range |L− S| ≤ J ≤ L+ S.

• I - total spin angular momentum of the nucleus.

• F = I + J - total atomic angular momentum, composed by vector
addition of the nuclear spin and total electronic angular momenta. Its
values lie in the range |J − I| ≤ F ≤ J + I.

A general energy-level notation of the atom is n2S+1LJ , where 2S+1 represents
the multiplicity of an energy state. If we consider the coupling between L
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and S we get the fine structure of the energy levels, for which J is a good
quantum number. For the ground level of 87Rb, L = 0 and S = 1/2, meaning
J = 1/2. For the first excited state L = 1, meaning that possible values for J
are J = 1/2, 3/2. Because of these two different values, the L = 0→ L = 1
transition (D line) is split into two lines, the D1 line (52S1/2 → 52P1/2)
and the D2 line (52S1/2 → 52P3/2). When we further consider the smaller
interaction which is the coupling of J and I, we obtain the hyperfine structure
of the energy levels, in which the energy transitions are about three orders of
magnitude smaller than in the fine structure. In this case a good quantum
number to represent the energy levels is F . Since in 87Rb the nuclear spin is
I = 3/2, the possible F values in the ground state (in which J = 1/2) are
F = 1 or F = 2. For the 52P1/2 excited state, possible values are F = 1, 2,
and for the 52P3/2 excited state the possible values are F = 0, 1, 2, 3. The
hyperfine structure of the D1 and D2 lines is presented in Figs. (1.4, 1.5).

1.2.2 Level Structure in External Magnetic Fields

When considering the interaction of an atom with an external magnetic field,
one must take into account the magnetic dipole moment associated with the
electron spin angular momentum. In order to understand the origin of this
magnetic dipole moment, it is useful to consider the following classical picture
[10]. The magnetic moment of a current loop is known to be µ = |µ| = IA/c,
where I is the current, A is the area of the loop, and c is the speed of light.
For a classical orbit of radius r in which the electron is moving with speed
v = p/me the revolution rate is (2πrme/p)

−1, and I = ep/(2πrme), so that

µ =
e

2mec
L = −γL, (1.18)

where γ = e/(2mec) is the gyromagnetic ratio, expressing the ratio between the
magnetic moment and the orbital angular momentum of the electron. Because
in quantum mechanics the modulus of angular momentum is quantized, the
modulus of the magnetic moment must also be quantized according to

µL = − e~
2mec

√
l(l + 1) = −µB

√
l(l + 1), (1.19)

where µB = e~/(2mec) is the Bohr magneton which constitutes the quantum
unit of magnetic dipole moment, and often expressed as µB/h ' 1.4 MHz/G.
It turns out that the relation between this magnetic moment and the spin is
given by a relation similar to Eq. (1.19):

µS ' −2
e~

2mec

√
s(s+ 1) = −2µB

√
s(s+ 1), (1.20)
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where the approximate sign comes from approximating the electron spin
Landé g-factor: gS = 2 × 1.00115965218073 ' 2. In a similar manner we
may say that the g-factor for orbital angular momentum is gL = 1. This is
also only approximately true, but to account for the finite nuclear mass, the
quoted value is given by gL = 1−me/mnuc [23]. Similarly a g-factor exits for
the magnetic dipole moment of the nuclear spin: gI = −0.0009951414. This
value accounts for the entire complex structure of the nucleus, and so the
quoted value is an experimental measurement [24].

Each one of the hyperfine energy levels (F ) contains 2F +1 sub-levels each
with different value of mF , which is the quantum number of the projection
of F on the quantum axis. These levels are degenerate in the absence of
an external magnetic field, and introducing an external field breaks this
degeneracy. The Hamiltonian describing the atom’s interaction with the
magnetic field is [23]

HB = µB(gSS + gLL + gII) ·B = µB(gSSz + gLLz + gIIz)Bz, (1.21)

if we take the magnetic field parallel to the z-axis (the atomic quantization
axis).

Weak magnetic field

In the case of a weak magnetic field, the interaction Hamiltonian HB can be
treated as a perturbation on the zero-field eigenstates |F,mF 〉 of the hyperfine
structure Hamiltonian. If the energy shift due to the magnetic field is small
compared to the hyperfine splittings, F is a good quantum number. The
interaction Hamiltonian becomes

HB = µBgFFzBz, (1.22)

where the hyperfine Landé g-factor is given by

gF =gJ
F (F + 1)− I(I + 1) + J(J + 1)

2F (F + 1)
+ gI

F (F + 1) + I(I + 1)− J(J + 1)

2F (F + 1)
(1.23)

'gJ
F (F + 1)− I(I + 1) + J(J + 1)

2F (F + 1)
. (1.24)

In this case, to the lowest order the energy levels split linearly according to

∆E|F mF 〉 = µBgFmFBz. (1.25)

The energy shift in this regime is called the Zeeman effect.
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Strong magnetic field

In the case of a stronger magnetic field in which the energy shift due to
the magnetic field is small compared to the fine-structure splitting, J would
be a good quantum number. The interaction term dominates the hyperfine
energies, so that the hyperfine Hamiltonian can be treated as a perturbation
on the strong-field eigenstates |J mJ I mI〉, and the interaction Hamiltonian
can be written as

HB = µB(gJJz + gIIz)Bz. (1.26)

Here the Landé gJ factor is given by

gJ =gL
J(J + 1)− S(S + 1) + L(L+ 1)

2J(J + 1)
+ gS

J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
(1.27)

'1 +
J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
. (1.28)

In this case the energies are given to the lowest order by

E|J mJ I mI〉 = AhfsmJmI (1.29)

+Bhfs

3(mJmI)
2 + 3

2
mJmI − I(I + 1)J(J + 1)

2J(2J − 1)I(2I − 1)
+ µB(gJmJ + gImI)Bz,

(1.30)

where Ahfs is the magnetic dipole constant [23] and Bhfs is the electric
quadrupole constant. The energy shift in this regime is called the Paschen-
Back effect.

1.2.3 Breit-Rabi

For intermediate fields in which the interaction Hamiltonian and the hyperfine
Hamiltonian are of the same order of magnitude, the energy shift is more
difficult to calculate, and in general one must numerically diagonalize the
appropriate Hamiltonian. For the D transition of the ground state manifold
there is an exception of this rule and one can use the Breit-Rabi formula

E|J=1/2 mJ I mI〉 = − ∆Ehfs
2(2I + 1)

+ gIµBmB ±
∆Ehfs

2

(
1 +

4mx

2I + 1
+ x2

)1/2

,

(1.31)
where ∆Ehfs = Ahfs(I + 1/2) is the hyperfine splitting, m = mI ± mJ =
mI ± 1/2 (where the ± is according to the one in the formula), and

x =
(gJ − gI)µBB

∆Ehfs
. (1.32)
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1.3 The Density Matrix

If one were to try to measure Rabi oscillations on a single atom, each mea-
surement would give the result that the atom is in either the ground or the
excited state. This means that in order to actually observe these oscillations,
one must collect statistics of a single atom, or more easily use an ensemble
of atoms. The theoretical tool to describe such an ensemble is the density
matrix.

Let us assume that at time t=0 we can define an ensemble of two-state
atoms through a set of wave functions ψi(0), each representing a fraction pi
of the atoms in that ensemble. We can then define the density matrix or the
density operator as [25]

ρ̂(0) =
∑
i

pi|ψi(0)〉〈ψi(0)|, (1.33)

where normalization demands that
∑

i pi = 1. The time evolution of the
density matrix is described by the Liouville equation

i~
∂

∂t
ρ̂(t) = [H, ρ̂(t)], (1.34)

and the expectation value of any operator A is given by

〈Â〉 = Tr(ρ̂Â). (1.35)

Let us now look at the density matrix in the basis defined by the basis vectors
ψ0 and ψ1, corresponding to the ground and excited states of the unperturbed
Hamiltonian H0:

ρ̂ =

(
ρ00 ρ01

ρ10 ρ11

)
. (1.36)

The diagonal elements of that matrix are populations P0 = ρ00, P1 = ρ11;
therefore normalization demands Tr(ρ̂) = 1. The off-diagonal elements are
usually named coherences, and represent the phase relation between the basis
states. These elements fulfill ρ10 = ρ∗01.

Let us assume the system is initially in one of the basis states, say the
ground state. In the absence of interactions, the density matrix will take the
form

ρ̂ =

(
1 0
0 0

)
. (1.37)
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This matrix describes a pure state. More generally, a pure state will be some
coherent superposition of the basis states. For example, the matrix

ρ̂ =

(
1/2 i/2
−i/2 1/2

)
(1.38)

also represents a pure state. In general, if the density matrix describes a pure
state then ρ̂ρ̂ = ρ̂ holds. If not, ρ̂ describes a mixed state.

1.3.1 Polarization Moments

Instead of writing the density matrix in a basis of the Hamiltonian eigenstates,
it can also be written in a basis of polarization moments denoted ρκq , which are
useful in describing atomic polarization. If the density matrix of an ensemble
of atoms in a state with angular momentum F has (2F + 1) × (2F + 1)
components ρmm′ (where m is the magnetic quantum number), then the
polarization moments (PM) are found from the ρmm′ elements according to
[10]

ρκq =
∑
m1,m2

(−1)F−m1〈F,m2, F,−m1|κ, q〉ρm1,m2 , (1.39)

where 〈F,m2, F,−m1|κ, q〉 are the Clebsch-Gordan coefficients (CGC). The ρκq
elements having the same κ are typically marked ρ(κ), each ρ(κ) representing
a physical quantity of the atom. ρ(0), ρ(1) and ρ(2) are proportional to the
population, the dipole moment (or orientation), and the quadrupole moment
(or alignment), of the relevant |F 〉 state, respectively.

If the polarization moments ρκq are known, then the density matrix elements
can be reconstructed according to

ρmm′ =
2F∑
κ=0

κ∑
q=−κ

(−1)F−m〈Fm′F −m|κq〉ρκq . (1.40)

In this thesis we present a method for a precision measurement of ρ0, repre-
senting the total population of the relevant F state.
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Figure 1.4: Rubidium 87 D1 transition hyperfine structure, with frequency
splittings between the hyperfine energy levels [23].



1.3 The Density Matrix 13

Figure 1.5: Rubidium 87 D2 transition hyperfine structure, with frequency
splittings between the hyperfine energy levels [23].



Chapter 2

Calculation of Relative Atomic
Transition Rates

In the previous chapter, we discussed the two-level Rabi problem. In reality,
we work with multi-level atoms, for which the two-level description is not
necessarily adequate. In this chapter we present a general calculation for the
probability of an optical electromagnetic field to induce atomic transitions
in a multi-level atom, using first-order perturbation theory. We then apply
the Wigner-Eckart theorem to the result, and discuss its relevance to the
rubidium atom.

2.1 Probability Calculations of Electric-Dipole

Transitions using Quantized Light

The theoretical description in the following section mainly follows Ref. [10].
A more rigorous proof of the dipole approximations can be found in Ref. [26].
We consider the case of a single-electron atom interacting with a light field
characterized by the vector potential A(r, t). Neglecting the electron spin
(which interacts with the magnetic field of the light) the total Hamiltonian
can be written as

H =
1

2me

[
pc +

e

c
A(r, t)

]2

− Ze2

r
, (2.1)

where pc = −i~∇ is the canonical momentum of the electron, me is its mass,
and Ze is the charge of the nucleus. When working with relatively weak laser
intensities for which the optical field is much weaker than the characteristic
electric field in an atom, we can neglect the term proportional to A2(r, t). We

14
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can then write the Hamiltonian as the sum of the free (unperturbed) atom
term H0 and the perturbation term H1:

H0 +H1 =
p2
c

2me

− Ze2

r
+

e

2mec
(pc ·A + A · pc) , (2.2)

where H0 is the sum of the first two terms on the right-hand side. When
using the Coulomb gauge (∇ ·A = 0), A and pc are commutative [10], and
we get

H1 =
e

mec
pc ·A. (2.3)

We now use the quantized form of electromagnetic field. Considering light in
a single mode (representing purely monochromatic radiation) characterized
by (k, Ê) where k is the wave-number and Ê is the unit polarization vector,
the vector potential of the quantized electromagnetic field is

A =

√
2π~c2

V ω

[
aÊeik·r + a†Ê

∗
e−ik·r

]
, (2.4)

where V is the volume of the box in which normalization of A is performed, ω
is the frequency of the field and a, a† are the photon annihilation and creation
operators, respectively. Box normalization is a technique used in quantum
mechanics to deal with functions that can have infinite extent. We write the
combined atom-light state vector in the form

|ξJm〉|n〉, (2.5)

where |n〉 are the photon number states and ξ represents the atomic quan-
tum numbers other than J,m, which are the quantum numbers of angular
momentum of the atom. Since we are dealing with absorption, the number
of photons in the light field decreases by one, meaning that the initial state
|i〉 = |ξJm〉|n+ 1〉 goes to the final state |f〉 = |ξ′J ′m′〉|n〉. Consequently, we
need to calculate the following expression:

〈f |H1|i〉 = 〈n|〈ξ′J ′m′|H1|ξJm〉|n+ 1〉
∝ 〈n|〈ξ′J ′m′|apc · Êeik·r + a†pc · Ê

∗
e−ik·r|ξJm〉|n+ 1〉

=
√
n+ 1〈ξ′J ′m′|pc · Êeik·r|ξJm〉,

(2.6)

where we have used the known identities for the creation and annihilation
operators

a†|n〉 =
√
n+ 1|n+ 1〉; a|n〉 =

√
n|n− 1〉. (2.7)
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In our case the wavelength of the exciting radiation (λ = 780 nm) is much
larger than the size of the atom (∼ a0 ' 0.5 Å) meaning that |k · r| � 1, and
we can apply what is known as the dipole approximation

eik·r ' 1. (2.8)

Thus we are left with evaluating 〈ξ′J ′m′|pc · Ê|ξJm〉. We now use a result
derived by Cohen-Tannoudji et. al. [27]

〈ξ′J ′m′|pc · Ê|ξJm〉 =
ω

ω0

〈ξ′J ′m′|p · Ê|ξJm〉, (2.9)

where ω is the frequency of the radiation and ω0 = ∆E/~. Eq. (2.9) means
we can replace the canonical momentum pc with the mechanical momentum
p times ω/ω0. Then by using the Heisenberg equation for the momentum

p =
dr

dt
=
im

~
[H0, r] , (2.10)

we obtain

〈ξ′J ′m′|pc · Ê|ξJm〉 =
ω

ω0

〈ξ′J ′m′|p · Ê|ξJm〉

=
ω

ω0

im

~
〈ξ′J ′m′|(H0r− rH0) · Ê|ξJm〉

= ω
im

e
〈ξ′J ′m′|d · Ê|ξJm〉,

(2.11)

where d is the dipole operator defined as d = er, and where r is the position
operator of the electron relative to the nucleus. Summing up, we obtained:

〈f |H1|i〉 = 〈n|〈ξ′J ′m′|H1|ξJm〉|n+ 1〉 ∝ 〈ξ′J ′m′|d · Ê|ξJm〉. (2.12)

This result means that in the dipole approximation, the matrix element for
absorption is simply proportional to the matrix element of the electric dipole
operator. Performing a similar calculation for emission, one finds:

〈ξJm|d · Ê∗|ξ′J ′m′〉. (2.13)

This matrix element differs from (2.12) by the interchange of the initial and

final states and by the change of Ê to Ê
∗
.
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Conclusion

The derivation shown here has two important simplifying assumptions: We
considered light in a single mode (k, Ê), whereas in the lab our laser light
would have a nonzero bandwidth. Also, quantization of the vector potential
was considered inside a box, which is also different from our case. For these
reasons we cannot use the exact result obtained from this calculation. On the
other hand, this calculation is important in order to show that the matrix
element for absorption is proportional to the matrix element of the electric
dipole operator, even for a multi-level atom. This result coincides with
the usual semi-classical definition of the Rabi frequency for electric dipole
transitions, defined as ΩR = d · E0/~ (see Ch. 1).

In order to use these results and calculate atomic transition rates, we need
to calculate the matrix element of the electric dipole operator. A convenient
way to do so is to apply the Wigner-Eckart theorem, presented in the next
section.

2.2 The Wigner-Eckart Theorem

The Wigner-Eckart theorem states that the matrix elements of spherical
tensor operators with respect to angular-momentum eigenstates satisfy

〈α′, j′m′|T (k)
q |α, jm〉 = (−1)2k〈jk;mq|jk; j′m′〉〈α′j′||T (k)||αj〉, (2.14)

where T
(k)
q is a rank k spherical tensor with 2k + 1 components, q = −k, ..., k

is the index of a specific component, and the double-bar matrix element
is independent of m, m′ and q. A proof of this theorem can be found, for
example, in [25]. Different normalization conventions exist for the Wigner-
Eckart theorem. We use here the convention as used in [28].

The first factor is a Clebsch-Gordan coefficient (CGC) [25, 28] for adding
j and k to get j′. It depends only on the geometry, that is, the way the system
is oriented with respect to the z-axis. The second factor depends on the
dynamics of the specific system and its evaluation may involve, for example,
calculation of radial integrals. On the other hand, it is completely independent
of the magnetic quantum numbers m, m′, and q, which specify the orientation
of the physical system. The power of the Wigner-Eckart theorem is that by
decomposing the matrix element into these two factors, one can evaluate
the matrix elements 〈α′, j′m′|T (k)

q |α, jm〉 with different combinations of m,
m′, and q, simply by knowing one of the elements; all others are related
geometrically through the CGCs, which are known. In many ways, finding the
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magic frequency, which is the topic of this work, without using the Wigner-
Eckart theorem would have been a considerably more complicated task, and
possibly its existence could not be proven analytically without using the
theorem.

Simply by requiring that the CGC in Eq. (2.14) are non-vanishing (using
angular-momentum selection rules), one can immediately obtain two impor-
tant selection rules for the tensor operator matrix elements. First is the
m-selection rule:

〈α′, j′m′|T (k)
q |α, jm〉 = 0, unless m′ = q +m. (2.15)

Second is the triangular relation:

|j − k| ≤ j′ ≤ j + k. (2.16)

2.3 Decomposition of d · Ê to Spherical Com-

ponents

The Wigner-Eckart theorem demands that the operator in question be a
spherical tensor. In the case of a vector operator with k = 1 (e.g. the electric
dipole operator), its transformation to a spherical tensor is simple, and one
simply needs to write it in spherical coordinates.

The spherical basis is simply an alternative to the Cartesian vector basis,
and it is especially convenient when dealing with angular momentum. In
terms of the Cartesian basis vectors x̂, ŷ and ẑ, the spherical basis vectors
are defined as [28]

ê±1 ≡∓
1√
2

(x̂± iŷ) = −(ê∓1)∗,

ê0 ≡ẑ = (ê0)∗.

(2.17)

Similarly, for a vector A with the Cartesian components A = Axx̂+Ayŷ+Az ẑ
the spherical components of A are given by

A±1 = ∓ 1√
2

(Ax ± iAy),

A0 = Az,

(2.18)

where Aq ≡ êq ·A, and

A =
∑
q

(−1)qAqê−q =
∑
q

Aqê
∗
q. (2.19)
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Inverting Eqs. (2.18) gives

Ax = − 1√
2

(A1 − A−1),

Ay =
i√
2

(A1 + A−1),

Az = A0.

(2.20)

The dot product of two vectors in the spherical basis is given by

A ·B =
∑
q

(−1)qAqê−q ·B =
∑
q

(−1)qAqB−q =
∑
q

Aq(B
∗)∗q, (2.21)

so that

|A|2 =
∑
q

|Aq|2. (2.22)

Similarly to Eq. (2.21), we can write the dot product d · Ê in spherical
components:

d · Ê =
1∑

q=−1

(−1)qdqÊ−q. (2.23)

This results would enable us to apply the Wigner-Eckart theorem on Eq. (2.12).

2.4 Calculation of the Spherical Components

of the Electric Field in the Magnetic Frame

When we measure the electric field components of a polarized laser beam,
it is done in a frame of reference defined relative to the light wave vector
k. On the other hand, it is essential to analyze the light-matter interaction
in a frame of reference in which the quantization axis is along the external
magnetic field, i.e. |B| ‖ ẑ. The reason is that only in this frame of reference
are the |F,mF 〉 good quantum numbers, meaning that F and Fz commute
with the Hamiltonian (for small |B|). Consequently we need to relate the
spherical components of the electric field in the light frame of reference to
those in the magnetic frame of reference.

We define the magnetic frame as the unprimed coordinate system, which
is oriented so that the z axis will be parallel to the DC magnetic field B, and
both B and k lie in the x-z plane; see Fig. 2.1. The polarization vector of



2.4 Magnetic Frame Spherical Components Calculation 20

the electric field in this system is given by E = (E+1, E0, E−1). We define the
light frame as the primed coordinate system, which is oriented so that its
z′ axis is parallel to the wave vector k, and again, both B and k lie in the
x′-z′ plane. The polarization vector of the electric field in this system is given
by E′ = (E ′+1, E

′
0, E

′
−1). In the light frame, we know the components E ′q by

measurement. In order to relate them to the Eq components, we need to rotate
E′ by an angle θ around the (common) y axis (according to the orientation we
defined). Since we are dealing with spherical vector components, we cannot
simply use a regular rotation matrix. We can generate the required rotation
matrix for spherical vector components by the following steps:

• Transform the spherical primed components E ′q to a Cartesian coordinate
system by applying a transformation matrix Dq→x.

• Applying a rotation matrix in Euclidean space R(θ).

• Transform from Cartesian components back to spherical components
by applying an inverse transformation matrix Dx→q.

Using the definition of the spherical coordinates [Eq. (2.17)] one can derive
the transformation matrices:

Dq→x =

− 1√
2

0 1√
2

i√
2

0 i√
2

0 1 0

 , Dx→q =

− 1√
2
− i√

2
0

0 0 1
1√
2
− i√

2
0

 . (2.24)

The rotation matrix in Euclidean space is given by

R(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

 . (2.25)

By multiplying we obtain the rotation matrix for spherical vector components:

E = Dx→qR(θ)Dq→xE′ =

cos2
(
θ
2

)
− sin(θ)√

2
sin2

(
θ
2

)
sin(θ)√

2
cos(θ) − sin(θ)√

2

sin2
(
θ
2

) sin(θ)√
2

cos2
(
θ
2

)

E ′+1

E ′0
E ′−1

 . (2.26)

After discussing the general transformation case, for the sake of the
theoretical discussion it would be simpler to use the electric field in Cartesian
coordinates. We can generate the required transformation matrix for this case
simply by using the previous transformation procedure, while omitting the
Dq→x matrix, thus receiving E = Dx→qR(θ)E′ (where here E′ is in Cartesian
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Figure 2.1: Definition of the magnetic frame and the light frame coordinate
systems.

coordinates). As we will see later, the magic frequencies occur only for
linearly polarized laser light. For this reason, we also define the angle φ as the
angle measured in the x′-y′ plane between the linear polarization vector of the
electric field and the positive x′ direction; see Fig. 2.1. The polarization vector
of a linearly polarized electric field can be written as E′ = E0(cos(φ), sin(φ), 0).
Applying the the transformation on this vector, we obtain a general expression
relating the Cartesian components to the required spherical components:

E = Dx→qR(θ)E′ = E0

−
cos(θ) cos(φ)√

2
− i sin(φ)√

2

− cos(φ) sin(θ)
cos(θ) cos(φ)√

2
− i sin(φ)√

2

 (2.27)

The resulting normalized intensities |Eq|2 are plotted vs θ in Fig. 2.2.

2.5 Application of the Wigner-Eckart Theo-

rem to an Alkali Atom

Substituting Eq. (2.23) into Eq. (2.12), replacing J,m with the relevant
quantum numbers for the rubidium atom F,mF , and omitting the ξ number,
we get

〈FmF |d · Ê|F ′m′F 〉 =
1∑

q=−1

(−1)qÊ−q〈FmF |erq|F ′m′F 〉, (2.28)

where we used d = er which is true for the case of rubidium. Here rq is the
position operator of the outer electron, written in the spherical basis [which
is the same as Eq. (2.17) in a different notation]. We note that this sum
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Figure 2.2: Normalized intensities |Eq|2 of spherical light components in the
magnetic frame, as a function of θ, the angle between B and k, for different
polarizations; the light frame components E′ are given in the spherical basis
[Eq. (2.26)]. Note that when the light in the light frame is linearly polarized
(left figure), in the magnetic frame we will always have |E+1| = |E−1|.

implies an important fact: decomposing an arbitrary electric field polarization
vector Ê in a specific magnetic frame of reference can yield non-zero transition
matrix elements to different excited state Zeeman sublevels m′F , according to
the m-selection rule m′F = mF + q [Eq. (2.15)]. Since the electric dipole is a
tensor operator with k = 1, we get q = 0,±1 meaning that the possible change
in the magnetic quantum number is ∆mF = 0,±1. The relative strengths of
these transitions are given by Eq. (2.26), and depend on the orientation of
the magnetic field relative to the electric polarization vector.

Applying the Wigner-Eckart theorem [Eq. (2.14)] on a single element of
the sum in Eq. (2.28), we get [23]

〈FmF |erq|F ′m′F 〉 = 〈F ||er||F ′〉〈FmF |F ′1m′F q〉, (2.29)

where the doubled bars indicate that the matrix element is reduced, and
the second term represents the CGCs. The reduced matrix element can be
further simplified by factoring out the F and F ′ dependence into a Wigner
6-j symbol, leaving a further reduced matrix element that depends only on
the L, S, and J quantum numbers:

〈F ||er||F ′〉 ≡ 〈JIF ||er||J ′I ′F ′〉

= 〈J ||er||J ′〉(−1)F
′+J+1+I

√
(2F ′ + 1)(2J + 1)

{
J J ′ 1
F ′ F I

}
.

(2.30)
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Substituting the result of Eq. (2.30) into Eq. (2.29), we obtain

〈FmF |erq|F ′m′F 〉 = 〈J ||er||J ′〉(−1)F
′+J+1+I

×
√

(2F ′ + 1)(2J + 1)

{
J J ′ 1
F ′ F I

}
〈FmF |F ′1m′F q〉.

(2.31)

The numerical value of the 〈J ||er||J ′〉 reduced matrix elements for both D
lines can be calculated from the lifetime using the expression [23]

1

τ
=

ω3
0

3πε0~c3

2J + 1

2J ′ + 1
|〈J ||er||J ′〉|2. (2.32)

We now have (almost) all the tools we need in order to calculate relative
atomic transition rates between two specific Zeeman sublevels of the rubidium
atom.



Chapter 3

Hyperfine Population
Measurement Using the Magic
Frequency

In this chapter we use the previously derived results in order to calculate the
(relative) total excitation rate from a particular ground state Zeeman sublevel
|F,mF 〉 undergoing laser excitation. We then use this result and check in
what conditions all Zeeman sublevels in a particular hyperfine ground state
level have the same excitation rate, yielding the magic frequency. We then
show an analytical proof for the existence of the magic frequency.

3.1 Atomic Excitation Rates

Before we can calculate the total excitation rate from a particular |F,mF 〉
state, we need to answer another preliminary question: For a two-level system
which is exposed to resonant light (i.e. δ = 0), what is the rate of excitation of
atoms from the lower state to the upper state? We assume that the system is
in the lower state at t = 0 when the light is applied, and that the upper state
decays at a rate Γ. We also assume that the light is weak, so that ΩR � Γ.
Considering a time interval ∆t = 1/Γ, the relaxation doesn’t matter much,
so we can write the amplitude for the upper state as ΩRt [Eq. (1.12)], and
the probability of finding the system in the upper state as (ΩRt)

2. Since we
are interested in the excitation rate (per unit time), we divide by the time
interval ∆t, and obtain the excitation rate as Ω2

R/Γ [10].
Using the definition of the Rabi frequency as given in Ch. 1 (ΩR = d·E0/~),

and also substituting Eq. (2.28) into the result above, we find that the
excitation rate from a ground state Zeeman sublevel |F,mF 〉 to all possible

24
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excited Zeeman sublevels in an excited hyperfine state |F ′〉 is given by

Γ|F,mF 〉→|F ′〉 = Ω2
R/Γ =

E2
0

~2Γ

∣∣∣〈F,mF

∣∣∣d · Ê∣∣∣F,′m′F〉∣∣∣2
=

E2
0

~2Γ

∑
q

|E−q|2|〈F,mF |dq|F ′,m′F 〉|2,
(3.1)

where we decomposed the electric field E into its polarization vector Ê and
its amplitude E0, according to E = E0Ê.

In order to generalize Eq. (3.1) to the near-resonant case, we need to take
into account the spectral line shape of our atoms. In the case of thermal atoms
moving inside a vapor cell, usually the dominant broadening mechanism is
the inhomogeneous Doppler broadening. This means that when we consider
the interaction of the atom with laser radiation, we can neglect the other
smaller relevant parameters: the natural linewidth, the laser linewidth and
the Zeeman spltting. As an example, for a thermal rubidium atom, the
full-width half maximum of the Doppler broadening is ∆fD ' 500 MHz,
while the natural linewidth is Γ ' 6 MHz, the laser in our experiment has
a linewidth of ' 1 MHz, and for moderately small magnetic fields (|B| . 1
G) the Zeeman splitting is ' 1 MHz. Thus, it is clear that the dominant
linewidth is the Doppler one.

In classical radiation theory, the line shape function g(f) is defined such
that g(f ′)df ′ is the relative strength of absorption of radiation in the frequency
interval f ′ to f ′ + df by an atom [29]. For the Doppler case, this function is
given by [30]

G(f, f0, σD) =
1

σD
√

2π
exp

(
(f − f0)2

2σ2
D

)
, (3.2)

where f0 = (E2 −E1)/2π~ is the transition frequency and σD is the standard
deviation of the Doppler broadening, given by [30]

σD = f0

√
kBT

mc2
; (3.3)

kB is the Boltzmann constant, T is the temperature, and c is the speed of light.
Generally, any inhomogeneous broadening mechanism would be characterized
by a Gaussian lineshape.

This definition of G(f) is dimensional (i.e. has physical units). Since we
are interested to represent the relative amount of atomic population that will
be able to interact with laser light, we define a new dimensionless function:

G(∆FF ′) = exp[−(∆FF ′/σD)2/2], (3.4)
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where ∆FF ′ = fFF ′−fL, with fFF ′ and fL representing the transition frequency
from the ground state level F to an excited state level F ′, and the laser
frequency, respectively.

In order to generalize our excitation rate we simply multiply Eq. (3.1) by
Eq. (3.4), yielding a frequency-dependent function. Other possibly significant
broadening mechanism can create a Lorentzian lineshape (e.g. pressure
broadening), in which case we would have to account for both broadening
mechanisms by using a Voigt profile as the lineshape function, see Appendix A.

3.2 Calculating the Magic Frequency

Returning to the original question, we would like to calculate the total
excitation rate of a thermal atom from a particular ground state Zeeman
sublevel |F,mF 〉 to all possible excited states, under laser excitation. In order
to find what transitions are possible under the electric dipole approximation,
we examine the selection rules obtained from the Wigner-Eckart theorem.
Since the electric dipole is a tensor operator with k = 1, Eq. (2.16) implies
that |F − 1| ≤ F ′ ≤ F + 1 (where F is the ground state level and F ′ is
the excited level). Moreover, as mentioned before, a k = 1 tensor has three
components, so the possible values for q are 0,±1. The sum over these
components is already inherent in Eq. (3.1) [coming from Eq. (2.23)].

Multiplying the total excitation rate [Eq. (3.1)] by the unitless Doppler
broadening term [Eq. (3.4)], summing over all possible transitions to excited
F ′ levels, and substituting the explicit expression for the matrix element
[Eq. (2.31)] inside Eq. (3.1), we define the total excitation rate for a particular
|F,mF 〉 ground state as

ΓF,mF =
F ′=F+1∑
F ′=F−1

e−(1/2)(∆FF ′/σD)2 E2
0

~2Γ

q=1∑
q=−1

|E−q|2|〈F,mF |erq|F ′,m′F 〉|2

=
E2

0

~2Γ

F ′=F+1∑
F ′=F−1

e−(1/2)(∆FF ′/σD)2
q=1∑
q=−1

|E−q|2〈J ||er||J ′〉2(2F ′ + 1)(2J + 1)

×
{
J J ′ 1
F ′ F I

}2

〈F,mF |F ′, 1,m′F , q〉2,

(3.5)

where we took out the modulus as the CGC we are dealing with are real
numbers. In order to calculate the magic frequency we need only to compare
excitation rates, i.e. to calculate not an absolute rate in units of Hz but a
relative excitation rate depicting the behavior of the different sublevels inside
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a certain hyperfine ground state level F . This means we can ignore all factors
that are independent of mF , m′F and F ′, and also ignore the amplitude of
the electric field. Rearranging the sums (and also omitting the F index of
ΓF,mF to be concise) we define the relative light excitation rate for a particular
|F,mF 〉 state as

ΓrelmF =
F ′=F+1∑
F ′=F−1

e−(1/2)(∆FF ′/σD)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

×
q=1∑
q=−1

|E−q|2〈F,mF |F ′, 1,m′F , q〉2.

(3.6)

We now use Eq. (3.6) to characterize the excitation rates of different
sublevels for the D line transitions of different alkalies. Let us define the light
frequency fL by its detuning ∆L from the frequency fFF ′ : ∆L = fFF ′ − fL;
here fFF ′ corresponds to the energy difference between a hyperfine ground
state |F 〉 and the lowest |F ′〉 state in the relevant excited hyperfine manifold
(in contrast to the definition of ∆FF ′). Fig. 3.1 shows a plot of Eq. (3.6) for
all ground state Zeeman sublevels in a specific hyperfine level, for different
transitions of various alkali atoms. In this plot, one clearly sees one point
(or more) where the lines of all sublevels meet, meaning that at these points
Γrelm1

= Γrelm2
for all sublevels, i.e. the absorption rates for all sublevels are

equal.
The direct consequence of this fact is that the light-matter interaction at

a magic frequency is independent of the distribution of population among the
sublevels, allowing precision population probing at the magic frequency.

Going further, we would also like to characterize the dependence of the
magic frequency on the angles θ and φ. To this end it would be convenient to
plot 3D graphs of a single valued function, which characterizes the difference
between the absorption rates of light by atoms in each of the sublevels of a
given |F 〉 state. Thus we define

∆ΓF =
[
max(ΓrelmF )−min(ΓrelmF )

]
/SMF , (3.7)

where the max/min scan the mF space, and where

SMF = max(SF ), with SF ≡
1

2F + 1

F∑
mF=−F

ΓrelmF , (3.8)

where the max scans the frequency space.
∆ΓF is a function of ∆L, θ, φ and the temperature. The quantity SF ,

defined to represent absorption when all the Zeeman sublevels are equally
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Figure 3.1: Relative absorption profiles [normalized ΓrelmF , Eq. (3.6)] for
Zeeman sublevels of various alkali-metal atoms. At least one point where
all the ΓrelmF are equal (i.e. ∆ΓF = 0) always exists. These points define
the magic frequencies. ∆L is the detuning of the light from the frequency
difference between the ground state |F 〉 and the lowest |F ′〉 hyperfine state.
Transition frequencies to all F ′ levels are indicated by arrows. All absorption
plots are given for linearly polarized light with φ = 0 [Eq. (2.27)], and vapor
temperature T = 295 K. The quantum numbers for sodium are n = 3,
I = 3/2, and for cesium are n = 6, I = 7/2. One can see that around some
F ′ there is low absorption. This may be caused by two different factors:
First, the transition to specific excited levels is forbidden by selection rules
[∆F = 0,±1, originating from Eq. (2.16)], e.g. for the transition 133Cs D2

line, F = 3 → F ′ = 5 we get ∆F = 2 thus it is forbidden. Consequently,
the absorption at these frequencies is small and originates only from the
tails of the other allowed Doppler broadened transitions. Second, some of
the allowed transitions are relatively weak, e.g. the transition 87Rb D2 line,
F = 2 → F ′ = 1. In this example the low absorption is caused by the fact
that there are only three sublevels in F ′ = 1 to which the atom can be excited,
and also dipole matrix elements for this transition are also relatively weak (a
table of the dipole matrix elements of 87Rb can be found in Ref. [23]).
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populated, serves as a measure of the total atom-light interaction strength. It
is a function of ∆L, but is independent of both θ and φ by definition, since in
Eq. (3.8) all sublevels are equally populated so there is no preferred direction.
As, at the magic frequencies, all Zeeman sublevels contribute equally to the
absorption rate, and as their sum SF is independent of θ and φ, the interaction
with each sublevel must be independent of these angles as well. Thus, from a
fundamental point of view, the magic frequency represents a unique cancella-
tion effect in which light-matter interaction becomes rotationally invariant
although the atomic sample as well as the light beam and its polarization all
have a well defined direction. As ρ(0) is the only PM that is a scalar, this
means that the contributions of all other PMs cancel out.

According to its definition, when ∆ΓF = 0 then max(ΓrelmF ) = min(ΓrelmF ),
and the absorption rates for all sublevels are equal. Examining the plot of
∆ΓF (Fig. 3.2) for the |F = 2〉 D2 transitions of 87Rb, we see four such lines.
The two lines along which θ = 0.615 and θ = π − 0.615 are points [in θ space,
see Eq. (2.27)] at which the intensities of all components of light are equal
(see Fig. 2.2). These lines reflect an inherent symmetry of the dipole operator
[23]:

“The interpretation of this symmetry is that for an isotropic pump
field (i.e., a pumping field with equal components in all three
possible polarizations), the coupling to the atom is independent
of how the population is distributed among the sublevels.”

This statement matches what our theory shows. Moreover, our theory dis-
cusses a more general case in which this claim is valid, where all polarization
components are equal for polarized light.

The two other lines occur at ∆Magic
L = 385 and −318 MHz. For the lower

frequency SF [Eq. (3.8)] is very small, indicating a negligible interaction with
laser light for such detuning. We also find that the value of this frequency
is very sensitive to the temperature and to the type of broadening (Doppler
or Voigt). Thus, it is of little practical value. On the other hand, the higher
magic frequency, ∆Magic

L = 385 MHz, is located near the maximum value
of SF , is only very weakly dependent on the temperature (∆Magic

L changes
by < 50 kHz/K around room temperature, see Fig. 3.3), and for a range
of about ±10 MHz around ∆Magic

L we find ∆ΓF < 0.01, indicating a nearly
equal absorption rate from all the Zeeman sublevels. We conclude that the
absorption of a laser beam tuned to this magic frequency is insensitive to θ,
φ and mF , so that it can be used for an accurate measurement of ρ(0).
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Figure 3.2: Plotted is a ∆ΓF surface [Eq. (3.7)], proportional to the differences
of the absorption rates of light (D2 line) by 87Rb atoms (T = 295K) in different
Zeeman sublevels of the |F = 2〉 hyperfine state, for a small external DC
magnetic field |B| < 1 G. The magic frequency where ∆ΓF = 0, is found
at ∆Magic

L = −318, 385 MHz, where ∆L is the light frequency detuning from
the |F = 2〉 to |F ′ = 0〉 energy difference. The lower magic frequency is
invisible here due to the normalization. The light, propagating in direction k,
is linearly polarized with an angle φ = 0 (i.e. polarized in the B− k plane).
The plot also shows that the magic frequency is independent of θ, the angle
between B and k. The overall transition strength SF [Eq. (3.8)] is shown in
the background.

3.3 Analytic Proof of the Magic Frequency

Let us take two arbitrary Zeeman sublevels of the same hyperfine ground-state
|F,m1〉 and |F,m2〉 (where we shall omit the F subscript), and look for a
frequency fL of the light beam so that the absorption rate by atoms in these
two Zeeman sublevel will be the same. Mathematically, we ask for what
frequency (or frequencies) the equality Γrelm1

(fL)− Γrelm2
(fL) = 0 holds for any
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Figure 3.3: Temperature dependence of the stable magic frequency of
87Rb D2 line, |F = 2〉 hyperfine state. At room temperature (indicated
by dashed line) this frequency is found at ∆Magic

L = 385 MHz, and the slope
is ∂ΓrelmF /∂T |T=295 K ' 30 kHz/K.

mF . Explicitly we can write this equality as

F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2 q=1∑
q=−1

|E−q|2〈F,m1|F ′, 1,m′1, q〉2

=
F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2 q=1∑
q=−1

|E−q|2〈F,m2|F ′, 1,m′2, q〉2.

(3.9)

Proving the existence of the magic frequency is equivalent to showing that
the solution(s) fL (where as noted before ∆FF ′ = fFF ′ − fL) of Eq. (3.9) are
independent of m1, m2 and |Eq|2 (q = 0,±1).

Equation (3.9) can be simplified by pulling common terms outside of the
sums:

F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

×
q=1∑
q=−1

[
|E−q|2〈F,m1|F ′, 1,m′1F , q〉2 − |E−q|2〈F,m2|F ′, 1,m′2F , q〉2

]
= 0.

(3.10)

As our light is linearly polarized and normalized, we know that |E+1|2 = |E−1|2
and |E0|2 = 1− 2|E+1|2. This enables us to write the sum over q in Eq. (3.10)
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as

F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

×
[(

1− 2|E+1|2
)(
〈F,m1|F ′, 1,m1, 0〉2 − 〈F,m2|F ′, 1,m2, 0〉2

)
+ |E+1|2

(
〈F,m1|F ′, 1,m1 + 1,−1〉2 − 〈F,m2|F ′, 1,m2 + 1,−1〉2

+ 〈F,m1|F ′, 1,m1 − 1, 1〉2 − 〈F,m2|F ′, 1,m2 − 1, 1〉2
)]

= 0. (3.11)

Let us examine the factor that multiplies (1− 2|E+1|2) in Eq. (3.11). Using
the explicit expression for the Clebsch-Gordan coefficients and the Wolfram
Mathematica computer software, we can show that it equals (m2

1−m2
2)G(F, F ′),

where G(F, F ′) is given by

G(F, F ′) =


1/(F − 2F 2), F ′ = F − 1

1/(F + F 2), F ′ = F

−1/(3 + 5F + 2F 2), F ′ = F + 1

(3.12)

In addition, we can also show that the factor that multiplies |E+1|2 in Eq. (3.11)
equals (m2

1 −m2
2)(−G(F, F ′)). Using these results we can re-write Eq. (3.11)

as

(m2
1 −m2

2)
F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

×
[
(1− 2|E+1|2)G(F, F ′)− |E+1|2G(F, F ′)

]
= 0, (3.13)

which can be further simplified to

(1− 3|E+1|2)(m2
1 −m2

2)
F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2

×(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

G(F, F ′) = 0.

(3.14)

This equation can be also be expressed in a simpler from without using the
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G(F, F ′) function as

(1− 3|E+1|2)(m2
1 −m2

2)
F ′=F+1∑
F ′=F−1

e
− 1

2

(
∆FF ′
σD

)2
{
J J ′ 1
F ′ F I

}2

×(3δFF ′ − 1)(2F ′ + 1) + F − F ′

2F ′(F ′ + 1)
= 0, (3.15)

where δF,F ′ is the Kronecker delta, and where for F ′ = 0 the fraction in the
sum equals −1. Let us emphasize that it is the inherent properties of the
CGCs which enable us to factor out the (m2

1 − m2
2) and the (1 − 3|E+1|2)

components when moving from Eqs. (3.6) and (3.9) to Eq. (3.15).
Eq. (3.15) has two trivial solutions corresponding to the first two factors:

1. When m2 = −m1, implying that always ΓrelmF = Γrel−mF . This can be seen
in Fig. 3.1, where in every pair of mF and −mF the line is exactly the
same.

2. When the three polarization components have equal intensity (|E+1|2 =
1/3, or cos2 θ = 2/3 when φ = 0), the latter being responsible for the
two ∆ΓF = 0 lines at constant θ clearly visible in Fig. 3.2 (θ = 0.615 and
θ = π − 0.615). This condition is automatically valid for unpolarized
light, and indeed it is well known that when all light components have
equal intensity, the absorption is independent of mF [23].

The third factor in Eq. (3.15), which sums three terms, is the subject of
this work. At specific frequencies where this sum is zero, the absorption
rate becomes independent of mF regardless of the direction of polarization.
Magic frequencies always exist for every F state, as the sum must have zero
values for specific laser frequencies fL. To show this, we note that while the
exponent and the squared 6J symbol are always positive, only the F ′ = F
term is positive. The three terms are weighted by the Doppler distributions.
If fL is at resonance with F ′ = F then this term dominates and makes the
sum positive, while if fL is resonant with one of the F ′ = F ± 1 states, the
sum is negative. This is ensured by the fact that the sum vanishes if the
weights on all F ′ terms are equal, namely, in a situation where the Doppler
distribution is much broader than the hyperfine splitting of the J ′ level. As
the sum is a continuous function of fL, it follows that it must vanish at least
at one magic frequency between two resonances with F ′ states.



Chapter 4

Experimental Setup

The experimental setup used for this thesis is also described in Refs. [20, 21].

4.1 General Structure of the System

A schematic plot of the experimental setup is shown in Fig. 4.1. Pictures
of the setup overlaid with optical paths of the laser beams are shown in
Figs. 4.2 and 4.3. Our setup is controlled using a National Instruments PCI-
6733 card which can generate experimental sequences with 1 µs resolution.
These sequences are constructed by an experimental control computer using a
dedicated program we wrote in a National Instruments Labview environment.
The software is used to control two laser shutters, an RF generator and a
scope trigger. The setup consists of three lasers: two pump lasers are used
to prepare the atom’s state through optical pumping, and a probe laser is
used to measure their state after manipulation or relaxation. The intensity
of the probe beam after it passes through the vapor cell is measured with a
fast photodiode (PD) and recorded on a data acquisition (DAQ) scope. The
data are then transferred to the computer software for analysis, and the final
output is a graph of the population in the F = 2 hyperfine level versus the
selected control parameter, which for example can be thermal relaxation time
or Rabi time.

Vapor Cell Environment

The vapor cell is located inside a solenoid (see Fig. 4.3) which can generate a
homogeneous magnetic field of up to 30 G on its axis. This field lies along the
direction of propagation of light (and is used during the optical pumping and
the Rabi oscillation stages). Positioned around the solenoid are three pairs of
Helmholtz coils, which can generate a magnetic field of up to ±2 G on each

34
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Figure 4.1: Schematic diagram of the experimental setup. AOM - acousto-
optic modulator, BS - beam sampler, DAQ - data acquisition scope, M -
mirror, ND - neutral density filter, PBS - polarizing beam splitter, PD -
photodiode.

axis, thus defining a quantization axis in any direction in space. Additionally
there is a single wire RF antenna positioned inside the solenoid around the
cell, used to induce RF transitions between sublevels (for Rabi oscillations).

4.2 Lasers and Laser Locking

All lasers in the experiment are in-house fabricated external cavity diode lasers
[20, 31] in a Littrow configuration, which gives a tunable narrow (. 1 MHz)
linewidth output. The laser output frequency is tuned by controlling the diode
current, diode temperature, the external cavity length and the diffraction
grating angle. The cavity length and grating angle are both controlled by
changing the voltage on a piezoelectric crystal. The D1 laser uses a QPhotonics
QLD-795-150S laser diode, and the D2 lasers use commercial Sharp or Sony
laser diodes (usually used in CD-ROMs). Lasers are temperature-stabilized
using a Peltier module, and their frequency is scanned by changing the
voltage on the piezoelectric crystal. To avoid frequency drifts, each laser is
independently frequency-locked on the desired transition using a signal from
Doppler-free polarization spectroscopy [32] of a Rb vapor cell which is fed
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Figure 4.2: Probe and pump laser setups, with optical path of the lasers
plotted as arrows and their optical components marked in text. Top: the
probe laser (red) and its spectroscopy setup are located inside the box. After
exiting the box, the probe laser is passed twice through an AOM (used
for shutting), united with the two pump beams (orange arrows), and then
expanded before the vapor cell. Bottom: the D2 pump laser (yellow) and its
spectroscopy setup are located at the top. The D1 pump laser (pink arrows)
and its spectroscopy setup are located at the bottom. After the beams are
united, they are passed twice through an AOM.
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Figure 4.3: Vapor cell environment, with optical path of the lasers (plotted
as arrows, where dashed arrows signify obscured parts of the beams). Shown
are the double AOM passes of the probe laser (red arrows) and the pump
lasers (orange arrows). After the AOMs, beams are united (orange arrows),
expanded through the two telescope lenses, passed through the vapor cell,
and then impinge on the signal photodiode, which records the beam intensity.
Also shown are the Helmholtz coils used to generate the weak DC magnetic
field (for any direction is space), and the solenoid used to generate the strong
DC in the direction of the beam.

into a PID controller. The correction signal from the PID is fed back into
the piezoelectric crystal, closing a feedback loop. Each laser is passed twice
through an acousto-optical modulator (AOM) acting as a fast and accurate
light shutter (shutting time < 1µs). The ‘double-pass’ through the AOM
gives a good on-off extinction ratio (∼ 107), and also doubles the frequency
shift induced by the AOM, thus allowing greater frequency tunability (of a
few hundreds of MHz, depending the type of the AOM) around the lock-point
when the laser is locked.

The laser beam paths are depicted in Figs. 4.2 and 4.3. Before the pump
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beam and the probe beam are united, each one passes through a λ/2 or λ/4
wave plate, allowing separate control of their polarizations. The beams are
then merged through a 50/50 (non-polarizing) cube, after which they are
expanded using a two-lens telescope and are directed through the vapor cell.

4.3 Population Measurement Technique

Our population measurement technique is a variation on Franzen’s technique
of relaxation in the dark [33]. As an example, we discuss measuring the
total population of the F = 2 ground state hyperfine level of 87Rb using the
52S1/2, F = 2→ 52P3/2 transition, but this technique can be easily generalized
to the ground state of any alkali atom.

4.3.1 Population Measurement Sequence

We tune the probe laser to the magic frequency of the 52S1/2, F = 2→ 52P3/2

transition. At the moment in which we want to measure the population,
defined as t0, the laser is turned on (i.e. the laser shutter is opened) and
simultaneously a trigger is sent to the DAQ scope to begin recording the
laser intensity transmitted through the vapor cell.1 As discussed above, at
the magic frequency the absorption of the laser light in the atomic ensemble
depends only on the hyperfine population in level F = 2.

The laser quickly empties the ‘bright’ F = 2 level by optically pumping
the atoms through the excited 52P3/2 state to the ‘dark’ level F = 1, which
does not interact with it (because of the large detuning). We denote the
characteristic pumping time2 (or the inverse pumping rate) as τ . After a long
enough time tf (such that tf − t0 � τ), the transmitted laser intensity reaches
an asymptotic value. A scope trace of the transmitted laser intensity during
such a process is shown in Fig. 4.4. From each such scope trace we extract
the transmitted intensity at t0 (laser-light-on time), and its asymptotic value
at tf . We use these values (along with a calibration run) to calculate the
atomic population in F = 2, as explained below.

1Actually, we record the voltage, which is proportional to the laser intensity, on the
signal PD. This proportionality introduces a constant factor linking the voltage to the
intensity, depending on various technical parameters. But this factor eventually cancels in
the ratio of the initial and final intensities in Eq. (4.4).

2The characteristic pumping time τ , and also the residual population in the bright state,
both depend on the laser intensity, frequency, beam width, and the buffer gas pressure (if
any).
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Figure 4.4: A scope trace of the transmitted laser intensity through a 87Rb
vapor cell containing 7.5 Torr of neon buffer gas, and a fit to the data. The
probe laser is turned on at t0 = 3.72 µs, and the transmission of the cell
starts to increase due to optical pumping of the atoms from F = 2 to F = 1,
until after about 100 µs the transmission approaches its asymptotic value.
The inset shows a magnification of the first few µs after the laser was turned
on, in which one can see the PD rise time between the two dashed lines (the
time it takes the PD to respond to the signal). The fit is used to extract both
the initial and final light intensities: the initial intensity I(t0 = 3.72 µs) is
calculated by extrapolation, using the fitting function’s value at the point
where the light was turned on (intercept of left dashed line and red line). The
final steady-state intensity I(tf ) is given by the fit parameter y0.

4.3.2 Calculating the Atomic Population from the Light
Intensity

Classically, the absorption of light in an atomic medium is described by the
Beer-Lambert law:

I = I0e
−OD = I0e

−σnl, (4.1)

where I [W/m2] is the light intensity after absorption, I0 is the intensity
before absorption, OD is the vapor optical density, σ [m2] is the absorption
cross section (generally frequency dependent), n [1/m3] is the atomic density
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and l [m] is the length of the medium. In order to account for the population
distribution among different hyperfine levels, we modify the atomic density
such that n → nP2, where P2 is a dimensionless number representing the
fractional population in F = 2 (0 ≤ P2 ≤ 1). Consequently, the intensity at
t0 is given by3

I(t0) = I0 exp [−σnlP2(t0)]. (4.2)

Assuming that the laser is strong enough to pump a large fraction of the
atoms to the dark state, we can assume that at steady state (i.e. at tf) all
the atoms are concentrated in F = 1, meaning that P2(tf) ' 0. Since the
atoms in F = 1 almost do not contribute to the absorption due to the large
detuning, we can write the asymptotic intensity as

I(tf ) = I0 exp [−σnlP2(tf )] ' I0. (4.3)

Since we are interested in the initial population P2(t0), we divide Eq. (4.2)
by Eq. (4.3), apply a logarithm and get

ln

(
I(t0)

I(tf )

)
' ln

(
I0 exp [−σnlP2(t0)]

I0

)
= −σnlP2(t0). (4.4)

Thus we obtain a result which is proportional to the initial population P2(t0).
Instead of calculating or measuring σ (which is frequency dependent), n
(which is temperature dependent) and l (and also instead of dealing with
converting voltage to intensity), we simply perform the following calibration
before each measurement set. We use the fact that at room temperature,
thermal equilibrium dictates that all sublevels of F = 1 and F = 2 are equally
populated.4 Consequently, the hyperfine levels are populated according to
the 2F + 1 degeneracy of each level, namely 3/8 of the population is in F = 1,
and 5/8 of the population is in F = 2, so that P th

2 = 5/8 = 0.625 (where
the th superscript stands for thermal equilibrium value). Accordingly, we
define the calibration constant k: by substituting the thermal equilibrium
population P th

2 into Eq. (4.4) and also dividing by P th
2 , we obtain the constants

in Eq. (4.4):

k ≡ 1

P th
2

ln

(
I(t0)

I(tf )

)∣∣∣∣
P2(t0)=P th2

=
1

P th
2

ln

(
I0 exp [−σnlP th

2 ]

I0

)
= −σnl.

(4.5)

3We ignore here the fact that there is also constant absorption due to the glass walls of
the vapor cell, such that I0 → I0Tglass, where Tglass is the transmission of the glass cell.
Since this factor is constant, it cancels in the ratio of the initial and final intensities in
Eq. (4.4).

4This can be shown using the Boltzmann distribution. It can also be shown that only
the ground state levels are populated, i.e. the excited level population is negligible.
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Then by dividing Eq. (4.4) by k, we obtain the population in F = 2.
To conclude, for each measurement set we take one calibration measure-

ment, in which the vapor is in thermal equilibrium. From this measurement
we calculate the calibration constant k, which is used to calibrate all mea-
surements in this set. Hence the formula for the population in F = 2, as a
function of the measured intensities, is given by

P2(t0) =
1

k
ln

(
I(t0)

I(tf )

)
= P th

2

[
ln

(
I th(t0)

I(tf )

)]−1

ln

(
I(t0)

I(tf )

)
,

(4.6)

where I th(t0) signifies the absorption at t0 for an atomic ensemble in thermal
equilibrium.

4.4 Example: Measuring Thermal Relaxation

As an example of our population measurement technique, we show thermal
relaxation measurements for two different vapor cells (Fig. 4.5). These
measurements are done using only the probe laser. The procedure is as
follows:

• We prepare all the atoms in the F = 1 state by turning on the probe
laser for sufficient time, which optically pumps all the atoms from F = 2
to F = 1.

• We turn off the probe laser, and let the atoms relax ‘in the dark’ for
time tdark.

• After tdark, we again turn on the probe laser, and apply our population
measurement technique as described in Sec. 4.3.

• The scope trace is sent to the computer for analysis, and P2 is calculated
for the moment the laser was turned on.

• The process is iterated for different values of tdark, and a graph of P2 vs
tdark is built. Since our measurement is destructive, we must prepare
the ensemble before each measurement.
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Figure 4.5: Thermal relaxation figures for a regular cell without buffer gas
(left figure), and a vapor cell with 7.5 Torr of neon buffer gas (right figure).
One can see that both cells decay exponentially to the thermal equilibrium
value of P th

2 = 0.625. But while for the regular cell the characteristic thermal
decay time is τth ' 50 µs, for the Ne cell it is τth ' 6 ms, because of the
buffer gas.



Chapter 5

Experimentally Testing the
Magic Frequency

Our theory predicts that when probing an atomic ensemble with laser light
tuned to the magic frequency, the absorption of light in the ensemble will be
independent of the population distribution in the relevant hyperfine state.
How can we experimentally test this prediction? The natural way would be
to prepare atomic ensembles having different population distributions within
the same hyperfine level, and probe them using laser light. We predict that
at the magic frequency, the absorption of the optical probe would become
insensitive to these changes in population distribution.

In order to be able to test the above prediction, we must first make sure
that the effect is not masked by relaxation processes. To this end, we use a
87Rb vapor cell with 7.5 Torr of neon buffer gas, which has a thermal relaxation
time of about 6 ms. However, the buffer gas causes the undesirable effect of
a pressure shift of the spectral lines. In order to independently measure the
pressure shift caused by the buffer gas, we fit the spectroscopy signal from this
cell to a Voigt profile (see Appendix A). Such fitting procedures are described
in Refs. [34–36]; we follow a procedure similar to the one described in Ref. [35].
The fit and its results are shown in Appendix B. The measured pressure shift
is −26± 10 MHz (similar to predictions from a neon buffer gas cell of 7.5
Torr; see [36]). These data lead to our prediction of the magic frequency in
this cell: ∆Magic

L = 385− 26 = 359± 10 MHz (where ∆Magic
L = 385 MHz is

our prediction for a cell without buffer gas, see Fig. 3.2).
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5.1 Experimental Procedure

We prepare the atomic ensemble in the |F = 2,mF = 2〉 sublevel using a
procedure similar to the one used by Bhaskar [37, 38]. The procedure is as
follows:

• A DC magnetic field of 26 G is applied to the 87Rb vapor. This field
causes a significant non-linear Zeeman effect, such that the energy
differences are ∆E|2,2〉↔|2,1〉/h ' 18.06 MHz, ∆E|2,1〉↔|2,0〉/h ' 18.16
MHz, and all other possible transitions within F = 2 require higher
energies. Since our transition width is narrower than 100 kHz, we can
effectively address the |2, 2〉 and |2, 1〉 sublevels as a two-level system.

• Pump lasers are turned on. The D2 pump laser is tuned to the
52S1/2, F = 1 → 52P3/2, F

′ = 2 transition and is π polarized; thus
it optically pumps all the atoms from F = 1 to F = 2. The D1 pump
laser is tuned to the 52S1/2, F = 2→ 52P1/2, F

′ = 2 transition and is σ+

polarized (i.e. it causes transitions with ∆mF = +1); thus it optically
pumps the atoms in F = 2 to the extreme mF = 2 state. The combined
effect of these two lasers causes almost all atoms to be concentrated in
the |2, 2〉 state after a short time (hundreds of µs).

• Pump lasers are turned off. Applying an 18 MHz RF field, we induce
Rabi oscillations between the |2, 2〉 and the |2, 1〉 sub-levels for a variable
Rabi time tR.

• The DC magnetic field is adiabatically reduced to 1 G (still enough to
define a quantization axis), and is set to a direction such that θ = π/2
and φ = 0. This is done for two reasons: first, we expect that the
magic frequency would disappear at high magnetic fields. Second, we
need to ensure that our light remains linearly polarized while advancing
through the vapor. Thus we set the values of θ and φ such that our
probe beam is π polarized (i.e. it causes transitions with ∆mF = 0);
see Appendix C for more details. Additionally, the adiabaticity ensures
that the population distribution produced by the Rabi oscillations is
maintained under the new quantization axis.

• The absorption due to the F = 2 level is measured: a strong π-polarized
probe beam (tunable over a range of ±200 MHz around the magic
frequency) is turned on and the optical density (OD) of the cell is
recorded, from the onset of the probe beam until the OD reaches an
asymptotic value. The probe beam is strong enough to pump all the
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87Rb population to the F = 1 hyperfine state within 250µs (short
relative to the 6 ms thermal relaxation time in the cell used here), thus
bringing the OD of the cell to an asymptotic value that corresponds to
zero population of the F = 2 hyperfine state. For each Rabi time tR we
calculate ∆OD—the difference between OD at the onset of the probe
beam and the asymptotic value of OD. We normalize ∆OD so that for
vapor in thermal equilibrium, ∆OD=5/8 (this number originates from
the hyperfine degeneracy, see Sec. 4.3.2).

5.2 Experimental Results
At the top of Fig. 5.1 we show three sample plots of ∆OD vs tR for different
frequency detunings ∆L of the probe beam. The data are fitted to the function
∆OD(tR) = a + btR + ce−tR/τ sin (2πftR + φ). Here a is the population in
F = 2 at the beginning of the Rabi oscillation, and b is the linear coefficient
accounting for the thermal decay of the population to F = 1 during tR. (For
longer times, this decay to thermal equilibrium is exponential rather than
linear.) c is the Rabi oscillation contrast, τ is the dephasing coefficient of the
oscillation, f is the oscillation frequency, and φ is the phase (which is almost
constant in all plots). When the probe frequency detuning ∆L is far from the
magic frequency, the Rabi oscillations are clearly visible. However, when it is
close to the magic frequency, the Rabi oscillations are not visible, although
they do exist.

This behavior can by understood by looking at Fig. 3.1, the 87Rb D2 line,
which is plotted for the same experimental parameters: when ∆L is below
the magic frequency, the absorption of |2, 2〉 is higher than the absorption
of |2, 1〉, thus a shift in population from |2, 2〉 to |2, 1〉 decreases the OD.
This can be seen in the experimental results in the upper left plot of Fig. 5.1
(∆L = 232 MHz) where we see a drop in the OD after tR = 0. Similarly, when
∆L is above the magic frequency, the absorption of |2, 2〉 is lower than the
absorption of |2, 1〉, thus a shift in population to |2, 1〉 increases the OD. The
behavior is also seen in the experimental results in the upper right plot of
Fig. 5.1 (∆L = 469 MHz), where we see an increase in the OD after tR = 0.
And finally when ∆L is tuned to the magic frequency, the absorptions of |2, 2〉
and |2, 1〉 are equal, and the oscillation becomes transparent to our probe
laser, as can be seen in the upper middle plot of Fig. 5.1 (∆L = 350 MHz).
Thus our results experimentally confirm our prediction for the |2, 2〉 and |2, 1〉
sublevels.

At the bottom of Fig. 5.1 we present the Rabi oscillation contrast c as a
function of the probe beam frequency detuning ∆L, for two sets of data: with
all the population pumped to |2, 2〉, or to |2,−2〉. In both cases the Rabi
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Figure 5.1: Experimental demonstration of the magic frequency. Top: an
example of three plots of ∆OD vs tR, showing the contrast of Rabi oscillations
for different frequency detunings ∆L of the probe beam. Note the π phase
difference between the two outer plots. It is exactly as expected from the
reversal of the relative absorption rates on the two sides of the magic frequency,
as may be observed in Fig. 3.1. Bottom: contrast of Rabi oscillations vs
detuning, showing that the contrast of the oscillations between Zeeman sub-
levels drops to zero as the detuning of the probe frequency approaches 339
MHz, in reasonable agreement with the magic frequency predicted by our
model (with the pressure shift). A negative Rabi contrast means that during
the fitting procedure (top graphs), the sine phase φ was kept constant, thus
its amplitude c acquired a negative value.

contrast goes to zero for a probe beam detuning of ∆L = 339±5 MHz, clearly
demonstrating the existence of the magic frequency. The observed value of
the magic frequency is in good agreement with our simple model. Note that
our measurements are sensitive enough to clearly observe Rabi contrast of
less than 1%.



Chapter 6

Conclusions

In this thesis, we present a simple model for the interaction of linearly polarized
light with alkali atoms. The model reveals a magic frequency for which light
is equally scattered by all the Zeeman sub-levels of the hyperfine ground
state. We show analytically that such a magic frequency always exists, as a
consequence of the Wigner-Eckart theorem and inherent properties of CGCs.
We explore numerically the properties of the model. We experimentally
demonstrate the magic frequency. We expect the magic frequency to be
useful in a wide range of applications, in addition to the robust measurement
of the hyperfine population ρ(0). From a fundamental point of view, the
magic frequency represents a unique cancelation effect in which light-matter
interaction becomes rotationally invariant although the atomic sample as well
as the light beam and its polarization all have a well defined direction. As
ρ(0) is the only PM which is a scalar, this means that the contributions of all
other PMs cancel out, a phenomenon which may shed interesting new light
in the realm of group theory.

This work has been published in Ref. [17]: M. Givon, Y. Margalit, A.
Waxman, T. David, D. Groswasser, Y. Japha, and R. Folman, “Magic Fre-
quencies in Atom-Light Interaction for Precision Probing of the Density
Matrix,” Physical Review Letters 111, 053004 (2013).
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Appendix A

The Voigt Profile

Besides Doppler broadening, another possibly significant broadening mech-
anism is pressure broadening. The line shape function in this case (and
generally also in the case of any homogeneous broadenings, e.g. natural
broadening) would take the form of a Loretzian function [30]:

L(f, f0, γ) =
γ

π [(f − f0)2 + γ2]
, (A.1)

where γ is the natural linewidth of the transition. In case pressure broadening
is also significant (e.g. in vapor cells containing buffer gas), we need to account
for this change in line shape, and replace the Gaussian with the convolution
of a Gaussian and a Lorentzian, known as a Voigt profile [29, 30, 39]. The
Voigt profile is given by

V (f, f0, γ, σ) =

∞∫
−∞

G(f ′, f0, σ)L(f ′, f0, γ)df ′ =
1

σ
√

2π
Re

[
w

(
f − f0 + iγ

σ
√

2

)]
,

(A.2)
where w(z) is a scaled complex complementary error function, known as the
Faddeeva function or Kramp function, defined by [39]

w(z) = e−z
2

erfc (−iz) = e−z
2

(
1 +

2i√
π

∫ z

0

et
2

dt

)
, (A.3)

where erfc(z) is the complementary error function.
Performing the calculation for the magic frequency using this function

and setting the Lorentzian width as the natural linewidth (γ → Γ) leads to
similar results for the stable magic frequency, but changes the behavior of
∆ΓF outside of this regime, near the unstable magic frequency.
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Appendix B

Neon Vapor Cell Pressure
Measurement

In our experiment we used a commercial neon 7.5 Torr cell supplied by Triad
Technologies. Since the pressure of the buffer gas affects the value of the
magic frequency (due to the pressure shift effect on the spectroscopy lines),
it is important to independently measure the pressure inside the cell. To
this end we followed a procedure similar to the one described by Andalkar
(Refs. [34, 35]), but in a reverse manner: while Andalkar was looking to
determine the pressure shift and broadening coefficients using a known buffer
gas pressure, we were interested in measuring the pressure inside our cell by
measuring the pressure shift and broadening. To do so we used the coefficients
for pressure shift and broadening of 87Rb spectral lines due to neon buffer
gas as given in Ref. [36], and made the following substitutions into the Voigt
function [Eq. (A.2)]:

Center frequency: f0 → −3.7 [MHz/Torr] · p [Torr]

Lorentzian width: γ → Γ + 9.4 [MHz/Torr] · p [Torr]

Gaussian width: σ → σD = f0

√
kBT/mc2 = 215 MHz

where p is the pressure in the cell, Γ is the natural linewidth of the 87Rb
D2 line (Γ = 6 Mhz [23]), and σD is calculated according to Eq. (3.3) for
room temperature. The fitting function is composed of a sum of three Voigt
functions, one for each possible transition, where each function is frequency
shifted according to the known energy difference [23] from the F = 2→ F ′ = 3
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transition, defined as the zero frequency point. The function is given by

c+ d · f
−a(7/10) V (f,−3.7p, 9.4p+ 6, 215)

−a(1/4) V (f,−3.7p− 266.65, 9.4p+ 6, 215)

−a(1/20) V (f,−3.7p− (266.65 + 156.947), 9.4p+ 6, 215)

(B.1)

where c is the constant laser background, d is the linear coefficient representing
the laser intensity change due to the frequency scan, a is the signal amplitude,
and all numerical values are in units of MHz. The resulting fit is shown in
Fig. B.1 along with the reference polarization spectroscopy signal and the
fit residuals. The coefficients obtained from the fit (with 95% confidence
bounds):

a = 0.5622 (0.56, 0.5644)

c = 0.6764 (0.676, 0.6769)

d = 1.565×10−5 (1.535×10−5, 1.596×10−5)

p = 6.905 (6.776, 7.033)

Thus we get that the pressure shift is

− 3.7 [MHz/Torr] · p = −3.7 [MHz/Torr] · 6.905 = 25.55± 0.48 MHz. (B.2)

The ±0.48 MHz only represents the error due to the fit itself. There are
additional errors that need to be accounted for: the error in determining the
location of the zero frequency point, and the error in the AOM frequency
shift (which affects the frequency offset of the signal and the reference, since
the signal laser goes through an AOM). Additionally, the buffer gas pressure
itself is instable due to temperature fluctuations of the cell. We estimate
these errors as ±10 MHz, yielding a pressure shift estimation of 26± 10 MHz.
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Figure B.1: Top: a spectroscopy signal for the D2 line, F = 2→ F ′ transition
of 87Rb from a vapor cell filled with 7.5 Torr of neon buffer gas (blue plus
signs), fitted to a sum of three Voigt functions (red curve), one for each
possible transition. Also shown is a polarization spectroscopy signal (black
curve) taken from a cell without buffer gas, which was used as a frequency
reference. The F = 2→ F ′ = 3 transition in the polarization spectroscopy
is set as the zero frequency point. Bottom: residuals of the fit (subtraction
of the data points from the fit), showing a reasonable deviation of the data
from theory of less than 10% of the signal. The deviation is partly due to
measurement noise.



Appendix C

The Magic Frequency in High
Optical Densities

As noted before, the magic frequency occurs only for linearly polarized
light. But as resonant linear laser light propagates through vapor with non-
negligible optical density (as we use in our experiment), its different electric
field polarization components (i.e. the different Eq) are absorbed at different
rates.1 Consequently, its polarization gradually changes (generally to elliptical
polarization), and the linear light condition becomes invalid.

How can we overcome this problem? It can be addressed in several ways.
The simplest solution would be to reduce the optical density by taking a
shorter cell (where the limit here is probing a single atom; but since we are
dealing with hot atoms, this limit is impractical). The drawback with this
solution is that by doing so we also reduce the signal, thus reducing the
signal-to-noise ratio.

Alternatively, we can check the absorption of each specific Eq component.
To this end we modify Eq. (3.6) by omitting the sum on q, yielding

Γ̃relmF (q) =
F ′=F+1∑
F ′=F−1

e−(1/2)(∆FF ′/σD)2

(2F ′ + 1)

 J J ′ 1

F ′ F I


2

×|E−q|2〈F,mF |F ′, 1,m′F , q〉2.

(C.1)

1The time and space evolution of the light’s electric field components is coupled to the
time and space evolution of the atoms. These both depend on many parameters: light
intensity, light polarization, beam profile, cell geometry, cell wall characteristics, vapor
temperature, buffer gas type and its pressure, external magnetic and electric fields, several
types of atom-atom interactions (Rb-Rb and also Rb-buffer gas), etc. Thus performing a
complete simulation of this process is a complex problem.
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The function Γ̃relmF depends on the index q, and shows the relative absorp-
tion rate of the polarization component Eq in the mF sublevel. By examining
the different plots of Γ̃relmF in Fig. C.1, we arrive at the conclusion that the
q = 0 polarization component independently holds the property of the magic
frequency, while the q = ±1 polarization components require each other in
order to create the magic frequency. This means that when probing vapor
with a high optical density, we can always separately measure the absorption
of the q = 0 component (in the magnetic frame), and use it to calculate the
population.

Generally, for linear light with arbitrary polarization angles θ and φ,
measuring the intensity of the polarization component in the magnetic frame
(Sec. 2.4) can be done by replacing the signal PD with an ellipsometer.2

Once the polarization components are measured, the absorption of the q = 0
component can be calculated by transforming the measured light frame
components to the magnetic frame using Eq. (2.26) or (2.27).

Alternatively, we can simply set θ = π/2 and φ = 0 (i.e. using a π
polarized beam as we did in our experiment, see Sec. 5.1), so that the only
polarization component which is non-zero in the magnetic frame is q = 0 (see
Fig. 2.2). This way, the atom only interacts with the q = 0 component, and
the linear light condition for the magic frequency is automatically assured.

2Since our measurement technique is based on measuring the absorption of light at the
moment when the laser light is turned on, we would require a rapid measurement of the
light polarization components (within a few µs); as common ellipsometers cannot perform
this, it would require constructing an appropriate ellipsometer using PDs and PBSs.
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Figure C.1: Normalized graphs of Γ̃relmF for the 87Rb, F = 2→ F ′ transition,
plotted for different values of q. For all plots θ = π/4 and φ = 0. Top part
shows the Γ̃relmF (q = −1) and Γ̃relmF (q = +1) cases, in which one can clearly
see that the magic frequency does not exist for each of these polarizations
separately. Middle graph is the sum of the of the two top graphs, and one
can see that in this case the magic frequency exists. Bottom graph shows
Γ̃relmF (q = 0), illustrating that the magic frequency exists separately for the
q = 0 polarization component. Summing the middle and the bottom graphs
would yield, by definition, ΓrelmF [see Eq. (3.6)].
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