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This paper is a summary of my talk at SPIE2013. The organizers were kind enough to invite me
to talk about anything I wanted, and I chose to bring up the notion of higher order complementarity
and the fact that it may not be monotonic. I enter this discussion, which is rather speculative at
this stage, by calculating a specific example. This is to be regarded as work in progress.

We analyze a two-particle state and show that when mismatching the detector frequency response
and the field frequency spectrum, several anomalous features become apparent. In particular, while
we find several well known features, such as g(2)(τ = 0) = 1/2 for completely indistinguishable

particles, we also find that as the photons are slightly separated and may be distinguished, g(2)

may oscillate as a function of the detector bandwidth. Beyond the latter interesting observation for
which we cannot find a simple physical origin, we also suggest, an interpretation with regard to an
oscillating g(2) complementarity.

PACS numbers: 37.10.Gh, 32.70.Cs, 05.40.-a, 67.85.-d

Intensity correlations known as the second-order co-
herence function g(2), stand as one of the most mea-
sured observables in quantum optics, and have given
rise to numerous fundamental insights. The g(2) ob-
servable received its fame mostly in the spatial domain,
through work on the Hanbury Brown and Twiss effect
[1–4] and the 2-photon Hong-Ou-Mandel effect [5–9] (for
an overview see the book of Scully and Zubairy [10];
see also our work on an anomalous transmission for 2-
photon states through a 3-port junction [11]). In the
time domain, on which we focus here, it seems the 2-
photon state has received less attention, though consid-
erable work has been done [12–14]. A typical text book
plot of the g(2)(τ) function exhibits three lines represent-
ing a thermal or chaotic source (g(2)(0) = 2), a coherent
or laser source (g(2)(0) = 1) and a single particle source,
e.g. a single atom (g(2)(0) = 0). All three lines converge
to g(2)(τ ≫ 0) = 1. Recently, renewed experimental and
theoretical attention has been given to the interesting
statistical properties of the g(2)(τ) function for a two-
particle state, e.g. recent work by Rosencher, Fabre and
colleagues [15, 16], and by Elena del Valle and colleagues
[17–19]. Here we present several anomalous features of
second-order coherence. For example, we show for the
first time that it may oscillate as a function of the detec-
tor bandwidth. Furthermore, we suggest that one may
connect this rather strange result to the realm of com-
plementarity.

Our observable hence forth will be the g(2)(τ) temporal
second-order coherence function, which may be measured
by a single detector observing a channel of incoming par-
ticles. Let us describe the experimental procedure. A
source gives rise to a photon pair where the two photons
are labeled i and j. The source may be made of a down
converter (e.g. [20]) or of two adjacent atoms which are
excited by a brief laser pulse (e.g. [21]). Different sources
obviously give rise to different levels of indistinguishabil-

ity, a feature which we will later quantify by a parameter
J . We denote the incoming state as |11〉 rather than |2〉
to emphasize the possible distinguishability.

Before embarking on our specific calculation, let us re-
mind ourselves that for two identical particles g(2)(τ =
0) = 1/2. This is indeed simple to calculate. Us-
ing |11〉 = 1√

2!
(Â†)2|0〉 (|0〉 is the vacuum state) and

the commutation relation [Â, Â†] = 1, and noting that
〈11|Â†Â|11〉 = 2, the value of this correlation function is:

〈11|Â†Â†ÂÂ|11〉
〈11|Â†Â|11〉2

=
1/2〈0|(Â)2Â†Â†ÂÂ(Â†)2|0〉

22
= 1/2.(1)

It is worthwhile noting that introducing a 50/50 beam-
splitter (BS) and a second detector, as is done in many
experiments due to detector limitation, gives the same
result. In the following we will therefore use a the single
mode calculation (Â†

1).

Let us now introduce realistic photons by specifying
a frequency spectrum for the incoming state, where we
shall utilize Loudon’s formalism [22]. We define the cre-
ation operators of the two photons as

Â†
1i =

∫

dωα∗
i (ω)â

†
1(ω) Â†

1j =

∫

dωα∗
j (ω)â

†
1(ω), (2)

where αi(ω) and αj(ω) are the normalized spectral am-
plitudes for the two photons. The overlap integral of
these functions is

J =

∫

dωαi(ω)α
∗
j (ω). (3)

The operator â†1(ω) creates a photon and satisfies the

commutation relation [â1(ω), â
†
1(ω

′)] = δ(ω − ω′). The
field operators defined in Eq. (2) have commutation

relations [Â1i, Â
†
1i] = [Â1j , Â

†
1j ] = 1 and [Â1i, Â

†
1j ] =
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[Â1j , Â
†
1i]

∗ = J , with the origin of the latter being

[Â1i, Â
†
1j ] =

∫

dω

∫

dω′|αi(ω)||α∗
j (ω

′)|[â1(ω), â†1(ω′)]

e−i(ω0−ω)tiei(ω0−ω′)tj =
∫

dω

∫

dω′|αi(ω)||α∗
j (ω

′)|δ(ω − ω′)

e−i(ω0−ω)tiei(ω0−ω′)tj =
∫

dω|α(ω)|2ei(ω0−ω)τ = J(τ), (4)

where τ = tj − ti and where we have taken the spectral
amplitude of both photons to be

αi,j(ω) = |α(ω)|exp[−i(ω0 − ω)ti,j ], (5)

where ω0 is the photon center frequency. A typical pho-
ton spectral amplitude is (e.g. [23])

αi,j(ω) = (2π∆2)−
1

4 exp[−i(ω0 − ω)ti,j −
(ω0 − ω)2

4∆2
] =

|α(ω)|exp[−i(ω0 − ω)ti,j ],(6)

where ∆ is the frequency spectrum width.
As 〈0|Â1jÂ1iÂ

†
1iÂ

†
1j |0〉 = 1 + |J |2 we may write the

normalized input state as

|11〉 = (1 + |J |2)−1/2Â†
1iÂ

†
1j |0〉. (7)

If we introduce varying levels of distinguishability be-
tween the photons, we find for the numerator in Eq. (1):

〈11|Â†
1jÂ

†
1iÂ1iÂ1j |11〉 =

(1 + |J |2)−1〈0|Â1jÂ1iÂ
†
1jÂ

†
1iÂ1iÂ1jÂ

†
1iÂ

†
1j |0〉 =

1 + 2|J |2 + |J |4
(1 + |J |2) = (1 + |J |2). (8)

Similarly, the denominator is:

〈11|Â†
1iÂ1i|11〉〈11|Â†

1jÂ1j |11〉 =
(1 + |J |2)−2〈0|Â1jÂ1iÂ

†
1iÂ1iÂ

†
1iÂ

†
1j |0〉 ×

〈0|Â1jÂ1iÂ
†
1jÂ1jÂ

†
1iÂ

†
1j |0〉 =

(1 + |J |2)−2(1 + 3|J |2)2. (9)

Hence, we now find the second order correlation to be

g(2) = (1 + |J |2)/(1 + |J |2)−2(1 + 3|J |2)2 =

(1 + |J |2)3/(1 + 3|J |2)2, (10)

giving g(2)(J = 0) = 1, g(2)(J = 1/2) ≈ 0.6 and g(2)(J =
1) = 1/2, and zero derivatives at J = 0 and J = 1. In
Fig. 1(a) we plot g(2)(τ) based on J(τ) from Eq. (4),
and we find that our model retrieves the expected form
for g(2)(τ).
In the above calculations the same operators are as-

sumed for the field and the detection, while the frequency

spectrum of the former and the frequency response func-
tion (bandwidth) of the latter, may be quite different.
Furthermore, the time separation between the prepared
photons and between the detection events may also be
different. Let us therefore define the annihilation opera-
tor for the corresponding two detections m = 1, 2 as

D̂1m =

∫

dωâ1(ω)α
d
m(ω), (11)

where αd
m(ω) is the spectral response of the detector:

αd
m(ω) = (2πΓ2)−

1

4 exp[−i(ωd
0 − ω)tm − (ωd

0 − ω)2

4Γ2
] =

|αd
m(ω)|exp[−i(ωd

0 − ω)tm],(12)

where ωd
0 is the center frequency of the detector response

function and Γ is its bandwidth. We can safely assume
that |αd

m(ω)| is the same for any detection m. If we fur-
ther assume that there is no unknown temporal smearing
in the photoelectron ionization process, 1/Γ is the tempo-
ral resolution of the detector, while ωd

0 is the frequency in
which the probability of photo-ionization is highest (i.e.
the center frequency of the detector).
In simple terms, we are gating our detector so that we

allow two detection windows with width 1/Γ and with a
time separation of t1 − t2. Once we fix the initial time
difference between the photons and their spectral width,
and we also determine the above gating of our detectors
(time and spectral response), we have fixed our prepara-
tion and may then ask what is the g(2) value we should
expect.

FIG. 1: g(2)(τ ). (a) Eq. (10) with J(τ ) = e−(2π)2|τ |∆ (i.e.
Lorentzian spectral distribution), where ∆, the width of the
spectral distribution, is taken to be one. As expected, the
function has g(2)(0) = 1/2 and converges to g(2)(τ ) = 1 for
larger times. We show both sides of the time axis to show that
g(2)(τ ) is a symmetric function. This is not always necessarily
so. (b) Eq. (14) with ∆ = Γ = 1012. We see that when

τ > 1
∆

≈ 1
Γ

we have g(2)(τ ) = 1. This is as expected from
Eq. (14) as only J2 and J5 are non-zero in this regime. In the
other limit, all J parameters are one and as expected from
Eq. (14), g(2)(τ ) = 1/2.
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In the following we will use a frequency mismatch be-
tween the detector center frequency and that of the pho-
ton to create a de-facto vacuum, in which extremely small
detection probabilities create a negligible denominator in
Eq. (13), enabling very large g(2) values. As the photons
are created in pairs, the created state may be viewed as
a bunched or squeezed - vacuum, and indeed it is well
known that squeezed vacuum may give rise to very high
g(2) values [23].
Before continuing, some cautionary statements are

warranted. Under the extreme conditions described in
this paper, it may be that our simplified model for the
detector (and perhaps even the source) should in future
work be expanded with more detailed models in which
the detection dynamics play a role. These extreme con-
ditions include among other things, a “sensitivity chirp”
in which the large mismatch noted above, causes the pho-
ton to be detected on the far tail of the detector response
function, and consequently there is a much higher sen-
sitivity to one side of the photon frequency distribution
relative to the other. Having said that, let us continue
with our model and analyze the results.
For the single mode configuration (one detector and no

BS) we can now write,

g(2)(τ) =
〈D̂†

12D̂
†
11D̂11D̂12〉

〈D̂†
11D̂11〉〈D̂†

12D̂12〉
, (13)

where the brackets indicate the expectation value for the
input state as defined in Eq. (7). As this is exactly what
is written in Eqs. (8)-(9), the result of Eq. (10) still
holds.
Let us now differentiate between the frequency spec-

trum of the detector and that of the incoming pho-
tons (both in center frequency and width), and de-
fine six overlap parameters J that describe the com-
mutation relations between the photon operators and
themselves, between the photon and detector operators,
and between the detector operators and themselves such
that [Â1i, Â

†
1j ] = J1, [Â1i, D̂

†
11] = J2, [Â1i, D̂

†
12] = J3,

[Â1j , D̂
†
11] = J4, [Â1j , D̂

†
12] = J5 and [D̂11, D̂

†
12] = J6.

Using these commutation relations we can now evaluate
Eq. (13) to give

g(2)(Ji) = (1 + |J1|2)×
|J2|2|J5|2 + |J3|2|J4|2 + 2Re [J∗

2 J3J4J
∗
5 ]

(|J2|2 + |J4|2 + 2Re [J∗
1J2J

∗
4 ])(|J3|2 + |J5|2 + 2Re [J∗

1J3J
∗
5 ])

,(14)

where we have verified that the same equation holds for
a balanced configuration (two detectors and a BS).
Let us now analyze this result. To begin with, we

assume as before that the frequency spectrum of the two
photons is identical, and that the frequency response in
the two detection events is also the same. For simplicity,
we first assume that the spectral widths of the photon
wavepackets ∆ and the detector response function Γ are

equal and constant, and that the center frequency of both
entities is equal i.e. ωd

0 = ω0. More over, we assume that
the time difference τ is always the same for the incoming
photons and the times of the measurements. Under these
conditions one finds that J2 = J5 = 1 and J1J3 = J1J4 =
|J1|2, and consequently, Eq. (14) [drawn in Fig. 1(b)]
reduces to Eq. (10), as it should.
Let us generalize the above result further by fixing the

time difference between the photons (i.e. fixed source
parameters) to be τp = tj − ti, while τ = t2 − t1 is
the time between detections. Without loss of generality,
let us define that the time of the first photon and the
first detection are the same, namely, t1 = ti = 0 (e.g.
τp − τ = tj − t2). We now find [25]

J1(τ
p) =

∫

dω|α(ω)|2e[−i(ω−ω0)τ
p],

J2 =

∫

dω|αi(ω)||αd∗
1 (ω)|,

J3(τ) =

∫

dω|αi(ω)||αd∗
2 (ω)|e[−i(ω−ωd

0
)τ ],

J4(τ
p) =

∫

dω|αj(ω)||αd∗
1 (ω)|e[i(ω−ω0)τ

p],

J5(τ, τ
p) =

∫

dω|αj(ω)||αd∗
2 (ω)|e[iτp(ω−ω0)−iτ(ω−ωd

0
)].(15)

The results are given in Figs. 2 and 3, where we plot
g(2) for ωd

0 = 4.5 × 1014 and ω0 = 5 × 1014 (namely
a detector-photon frequency mismatch of 0.5 × 1014 or
10%), and where we plot for five different photon source
pair separation: τp = 0, 1.5, 2.5, 5 and 10 [10−12 s].
Let us emphasize some of the observed features. As

expected, for τp = 0, g(2)(τ = 0) = 1/2. Furthermore,
in Fig. 2 we see that well separated states (namely,
τp > 1/∆ so that the two photons are prepared with
no overlap) give the same statistics as single atom emit-
ters [i.e. g(2)(τ → 0) = 0]. This is also to be expected.
Also not surprising is the fact that in Fig. 3 we see that
for τp = 5× 10−12 very slow detectors (small Γ) are not
able to turn well separated pairs into indistinguishable
pairs thereby erasing their orthogonal preparation. Fi-
nally, as expected theoretically for the case of squeezed
vacuum [23], and as observed in experiment [15, 16, 24],
we find bunching (namely g(2) > 1 in Fig. 2). The range
of values we find is extraordinarily high and may reach
g(2) = 10 − 104 for τp = 10−12 − 10−13. Similarly we
get extremely high values of g(2) as the detector-field fre-
quency mismatch grows. This is so as extremely small
detection probabilities create a negligible denominator
in Eq. (13), enabling the very large g(2) values. This is
qualitatively similar to the experimental observations in
Ref. [24].
More surprising is the fact that from both Fig. 2 and

Fig. 3 one finds that perfectly overlapped (indistinguish-
able) states (τp = 0) give g(2)(τ) = 1/2 for any set
of parameters, unlike the traditional sources which are
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typically discussed (thermal, coherent, and single atom)
which all have g(2)(τ → ∞) = 1, and unlike what is
observed in Fig. 1. Also different from typical sources
is the fact that when g(2)(τ) tends towards an asymp-
totic value, it is not always 1; one can clearly observe in
Fig. 2 that when the photons are partially overlapping,
g(2)(τ → ∞) 6= 1. This is again contrary to what has
been observed in Fig. 1.

Finally, it seems clear from Fig. 3 that by changing
the bandwidth of the detector we are able to change the
value of g(2). One may say that we should not be sur-
prised, since for example, only fast electronics can see
the g(2) = 2 of a thermal source (otherwise its g(2) = 1).
But in this case the explanation is simple: in a thermal
source there are strong intensity fluctuations which cause
the emitted state to be highly bunched for short times
(e.g. [23]). Hence, only if you have fast electronics can
you see this bunching. Similarly, if you have a single
atom source which you continuously excite, only if you
have fast electronics can you notice that at short times
g(2) = 0. What would be the explanation in the case of a
2-photon source? We would expect that a higher tempo-
ral resolution (larger Γ) would lead for separated photons
(τp 6= 0) to g(2) = 0, but in some cases it only leads to
g(2) = 1/2 (see τp = 5× 10−12, where the same behavior
is also seen for τ = 5× 10−12 and τp = 10× 10−12). This
is counter intuitive as g(2) = 1/2 is, as Eq. (1) shows

FIG. 2: g(2)(τ ). For τp = 0, one always finds g(2)(τ ) = 1/2.
For large τp we observe behavior characteristic of single pho-
ton sources, g(2)(τ = 0) = 0. We also observe that different
from sources such a chaotic, coherent or single photon emitter,
g(2)(τ → ∞) 6= 1. For Γ = 0.77 × 1012, we observe g(2) > 1,
namely bunching. Changing to Γ = 1× 1012 bunching disap-
pears exhibiting the fact that it is sensitive to detector band-
width. For τp = 10−12(10−13) we observe g(2) in the order
of 10(104), depending on Γ. Similarly we get extremely high

values of g(2) as the detector-field frequency mismatch grows.
This is so as extremely small detection probabilities create a
negligible denominator in Eq. (13), enabling the very large

g(2) values. This is qualitatively similar to the experimental
observations in Ref. [24].

us, the hall mark of indistinguishability, and if anything,
higher temporal resolution should lead to distinguisha-
bility. Even more puzzling, we find an oscillatory depen-
dence of g(2) on the bandwidth Γ. Oscillations have been
previously observed as a function of time [13] but not as
a function of Γ. While there may be some connection
between the two, it is not straightforward, and thus a
simple physical origin of the oscillations observed here
remains outside our reach at present.
Let us now go a step further and use a more complex

form of the operators [26]. In the above calculations, the
photon spectral and temporal amplitudes had a Gaussian
form and thus had an infinite extent in time. A simi-
lar distribution was used for the detector response. One
may claim that for a physical picture, one should ensure
causality [27]. We now move to reproduce our calcula-
tions with all the operators having the causal form. In
the following, we shall use the form appearing in Ref.
[17] (see further derivation in the Appendices).
We shall now re-do the relevant equations. Let us first

plot Fig. 1a. Eqs. (2) and (6) now take the form

Â†
1i =

∫

dωα∗
i (ω)â

†
1(ω) Â†

1j =

∫

dωα∗
j (ω)â

†
1(ω), (16)

where we take the spectral amplitude of both photons to
be (appendix I)

αi,j(ω) = i

√

∆

2π
exp[−iωti,j]×

1

ω − ω0 + i∆/2
, (17)

and where ω0 is, as before, the photon center frequency,
and ∆ is its frequency spectrum width.

Τ=2.5´10-12; D=1012

Ω0
d
=4.5´1014; Ω0=5´1014

Τ
p
=0

Τ
p
=1.5´10-12

Τ
p
=2.5´10-12

Τ
p
=5´10-12

Τ
p
=10´10-12

0 2´ 1011 4´ 1011 6´ 1011 8´ 1011 1´ 1012
G@HzD

0.5

1.0

1.5

2.0

2.5

3.0

gH2LHGL

FIG. 3: g(2)(Γ). We observe oscillations in g(2)(Γ), where
these oscillations with varying periods in Γ, persist for 0 <
ωd
0 < ω0 (the oscillation frequency increases with the fre-

quency mismatch ωd
0 − ω0). For ωd

0 = 4.875 × 1014 one oscil-
lation may be observed, determining the smallest mismatch
required for the observation of this phenomenon. The oscilla-
tions may be observed up to Γ = 5× 1012 so that the Heisen-
berg temporal uncertainty of the detector is smaller than all
other time scales in the system. See text for additional fea-
tures.



5

The commutation relation of Eq. (4) now becomes

[Â1i, Â
†
1j ] =

∆

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ω0 + i∆/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtieiω
′tj =

∫

dω
1

(ω − ω0)2 +∆2/4
eiωτ =

e−iω0τe−|∆τ |/2 = J(τ),(18)

where τ = tj − ti.

We now have, as before, [Â1i, Â
†
1i] = [Â1j , Â

†
1j ] = 1

and [Â1i, Â
†
1j ] = [Â1j , Â

†
1i]

∗ = J , and using the second
order correlation of Eq. (10) we plot the result in Fig. 4.
In Figs. 5-7 we now redo Figs. 2 and 3. Based on

the new J values (appendix II) we rewrite Eq. (15) and
recalculate Eq. (14). We again find that bunching occurs
in some region of the parameter space, and similarly we
again find that the second order coherence function may
oscillate as a function of the detector bandwidth.
Finally, let us attempt to interpret the observed oscilla-

tions in the realm of complementarity. Complementarity,
meaning that “coherence” is dependent on measurement
[28], typically presents itself through a monotonic rela-
tion V 2+D2 ≤ 1 (where V is the visibility of the fringes,
or g(1) value, and D the distinguishability), in which, as
distinguishability goes up, the value of g(1) goes down
[29, 30]. One has to be cautious in utilizing the language
of complementarity, but if one takes the temporal reso-
lution of our detector as the distinguishability offered by
our “which path” measurement, as at high resolution it
can tell which particle came first, we find that in contrast
to the g(1) complementarity, the g(2) complementarity
may oscillate.
Most of the experimental work done on this issue fol-

lowed the original ”Welcher Weg” (WW) notion of the

0 2.´ 10-12 4.´ 10-12 6.´ 10-12 8.´ 10-12 1.´ 10-11
Τ@secD

0.2

0.4

0.6

0.8

1.0

gH2LHΤL

FIG. 4: g(2)(τ ) according to Eq. (10) with J(τ ) taken from
Eq. (18). Fig. 1 is qualitatively reproduced.

effect of making a measurement in the spatial (position)
basis. These interferometer (first-order coherence, g(1))
single particle experiments (e.g. [34–37]) clearly showed
that making a WW measurement on a spatial superposi-
tion (wave-like) state, “collapses” the state into a local-
ized (particle-like) state. In fact, the WW measurement
does not have to be done prior to the final measurement
of an interference pattern. In a double slit experiment,
if the detector on which the interference pattern is to
be recorded, has sufficient angular resolution so that it
can tell from which direction or slit the particle came, no
interference pattern will be recorded.

By utilizing a two particle state and measuring its in-
tensity correlation we in fact have made an analogy to
the above experiment. Similar to the latter g(1) exper-
iment, our present scheme requires one detector which
will acquire both the final value of the coherence func-
tion and the additional WW knowledge (in our case,
which particle arrived first), where we control the level of
acquired additional knowledge by changing the detector
bandwidth.

Recent works suggest that complementarity may per-
haps present itself in more complex forms than previously
thought [31–33]. In a broad sense, one may say that com-
plementarity is the effect of the measurement of one ob-
servable on the value of some other observable. In this
sense, we have shown that this broad complementarity
may oscillate.

This work focused on the theoretical description of a
new effect, and as such the experimental feasibility is be-
yond the scope of this paper and will be presented else-
where. Nevertheless, we note two important points: first,
the results remain the same if all frequencies are similarly
scaled down so that the experiment may be done, for ex-

0 2.´ 10-12 4.´ 10-12 6.´ 10-12 8.´ 10-12 1.´ 10-11 1.2´ 10-11
Τ@secD

0.2

0.4

0.6

0.8

1.0

gH2LHΤL

0.2 0.4 0.6 0.8 1. 1.2 1.4
Τ@10-14D

1.

1.5

gH2LHΤL

FIG. 5: g(2)(τ ). The color codes are as before, and so are
the values of other parameters. Different from the previous
model, here oscillations may be observed. It is not clear if
their origin is numeric. Inset: the τp = 1.5 × 10−12 plot has
a large oscillation amplitude and was thus separated. Here
τ = 0 means 2× 10−12 seconds.
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ample, also in the micro-wave regime [38]; second, for
a minimal field-detector mismatch enabling the observa-
tion of a single oscillation (Fig. 3), the probability of a
detection, which is nothing else but the expectation val-
ues appearing in the denominator of Eq. (13), is a few
percent. Hence, the experiment seems to be within reach.
To conclude, we have analyzed an n = 2 state, in the

situation of a field-detector frequency mismatch. We ob-
serve anomalous features of the g(2) function and expect
the experimental and theoretical investigation of these
features to yield new insight. In addition, we believe that
making an analogy between this experiment and WW ex-
periments, opens up new possibilities in exploring com-
plementarity. Let us note that we have used in this work
simplified models, which may and should be further im-
proved if one is to fully understand the region of validity
and the implications of the results.
I gratefully acknowledge discussions with Claude

Cohen-Tannoudji, Elena Del Valle, Carsten Henkel,
Andrej Singer and Ulf Lorenz. I am also thankful
to Yair Margalit, Daniel Rohrlich, Judy Kupferman
and Yonathan Japha of the atom chip group. This
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APPENDIX I

Elena del Valle et. al. [17] introduce the autocorrela-
tion function SΓ

ω(t) = 〈A†
ω(t)Aω(t)〉 of detection in both

time and frequency, where SΓ
ω(t) is interpreted as a spec-

tral density for detection at a given time and for a given
bandwidth of the detector (Γ). This is our starting point.
The operator Aω(t) is given in terms of the field operator
a(t) by a causal form

Aω0
(t) =

√

Γ

2π

∫ t

−∞
dt′e−iω0(t−t′)e−Γ(t−t′)/2a(t′) (19)

The field a(t′) can be expressed in terms of its Fourier
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FIG. 6: g(2)(Γ). The color codes are as before, and so are
the values of other parameters.

components as

a(t′) =

∫ ∞

−∞
dωa(ω)e−iωt′ . (20)

By substituting this in the definition of Aω0
(t) we obtain

Aω0
(t) =

√

Γ

2π

∫ ∞

−∞
dωe−iωt

∫ ∞

0

dτei(ω−ω0+iΓ/2)τa(ω) =

i

√

Γ

2π

∫ ∞

−∞
dωe−iωt 1

ω − ω0 + iΓ/2
a(ω)(21)

APPENDIX II

In the following we specifically calculate J1-J5, follow-
ing the derivation presented in appendix III.

J1(τ
p) = [Â1i, Â

†
1j ] =

∆

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ω0 + i∆/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtieiω
′tj =

∫

dω
1

(ω − ω0)2 +∆2/4
eiωτp

=

e−iω0τ
p

e−|∆τp|/2(22)

J2 = [Â1i, D̂
†
11] =√

∆Γ

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ωd
0 + iΓ/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtieiω
′t1 =

√
∆Γ

2π

∫

dω
1

ω − ω0 + i∆/2

[

1

ω − ωd
0 + iΓ/2

]∗
=

C × [2θ(0)](23)
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FIG. 7: g(2)(Γ). We see that for some parameters we
again find a non-monotonic behavior. As in Fig. 3, the non-

monotonic behavior is observed when g
(2)
max > 1.
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J3(τ) = [Â1i, D̂
†
12] =√

∆Γ

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ωd
0 + iΓ/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtieiω
′t2 =

√
∆Γ

2π

∫

dω
1

ω − ω0 + i∆/2

[

1

ω − ωd
0 + iΓ/2

]∗
eiωτ =

C × [eiω0τθ(−τ)e∆τ/2 +

eiω
d
0
τθ(τ)e−Γτ/2](24)

J4(τ
p) = [Â1j , D̂

†
11] =√

∆Γ

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ωd
0 + iΓ/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtjeiω
′t1 =

√
∆Γ

2π

∫

dω
1

ω − ω0 + i∆/2

[

1

ω − ωd
0 + iΓ/2

]∗
e−iωτp

=

C × [e−iω0τ
p

θ(τp)e−∆τp/2 +

e−iωd
0
τp

θ(−τp)eΓτ
p/2](25)

J5(τ, τ
p) = [Â1j , D̂

†
12] =√

∆Γ

2π

∫

dω

∫

dω′ i

ω − ω0 + i∆/2

[

i

ω′ − ωd
0 + iΓ/2

]∗
×

[

â1(ω), â
†
1(ω

′)
]

e−iωtjeiω
′t2 =

√
∆Γ

2π

∫

dω
1

ω − ω0 + i∆/2

[

1

ω − ωd
0 + iΓ/2

]∗
eiω(τ−τp) =

C × [e−iω0(τ
p−τ)θ(τp − τ)e−∆(τp−τ)/2 +

e−iωd
0
(τp−τ)θ(τ − τp)eΓ(τ

p−τ)/2](26)

where C =
√
∆Γ

(∆+Γ)/2+i(ωd
0
−ω0)

.

APPENDIX III

We start from the simple integral

∫ ∞

0

dteiωte−∆t/2 =
i

ω + i∆/2
(27)

This implies that the functions i/(ω + i∆/2) and
θ(t)e−∆t/2 are a Fourier transform pair, such that

I(∆, t) =

∫ ∞

−∞

dωe−iωt

ω + i∆/2
= −2πiθ(t)e−∆t/2

I(−∆, t) =

∫ ∞

−∞

dωe−iωt

ω − i∆/2
= 2πiθ(−t)e∆t/2 (28)

where θ(t) = 1 for t > 0 and zero elsewhere.
Consider the following integral

∫ ∞

−∞

dωe−iωt

ω − ω1 + i∆1/2

1

ω − ω2 − i∆2/2
=

1

(ω2 − ω1)− i(∆1 +∆2)/2
×

[

e−iω1tI(∆1, t)− e−iω2tI(−∆2, t)
]

=

2π

(∆1 +∆2)/2 + i(ω2 − ω1)
×

[

e−iω1tθ(t)e−∆1t/2 + θ(−t)e∆2t/2
]

(29)

The integral identity that follows is

J(ω1, ω2,∆1,∆2, τ) =√
∆1∆2

2π

∫ ∞

−∞

dωe−iωτ

(ω − ω1 + i∆1/2)(ω − ω2 − i∆2/2)
=

√
∆1∆2

(∆1 +∆2)/2 + i(ω2 − ω1)
×

[

e−iω1τθ(τ)e−∆1τ/2 + e−iω2τθ(−τ)e∆2τ/2
]

(30)

When ω1 = ω2 = ω0 and ∆1 = ∆2 = ∆ we obtain
J = e−iω0τe−∆|τ |/2 as in Eq. (18).
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