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Kondo Model for the ‘‘0.7 Anomaly’’ in Transport through a Quantum Point Contact
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Experiments on quantum point contacts have highlighted an anomalous conductance plateau around
0:7�2e2=h�, with features suggestive of the Kondo effect. Here, an Anderson model for transport
through a point contact analyzed in the Kondo limit. Hybridization to the band increases abruptly with
energy but decreases with valence, so that the background conductance and the Kondo temperature TK
are dominated by different valence transitions. This accounts for the high residual conductance above
TK. The model explains the observed gate-voltage, temperature, magnetic field, and bias-voltage
dependences. A spin-polarized current is predicted even for low magnetic fields.
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can play the role of localized orbitals in an Anderson
model. Our SDFT results indicate that even an initially

conductance from the 1$ 2 valence fluctuations may be
small, until "F ’ "0 � U. However, the Kondo effect will
The conductance through quantum point contacts
(QPCs) is observed to be quantized in units of 2e2=h
[1,2]. In addition to these integer conductance steps, an
extra conductance plateau around 0:7�2e2=h� has at-
tracted considerable experimental effort [3–6] and drawn
attention to the effects of electron-electron interaction on
the transport properties of low-dimensional quantum
systems [7–10]. A recent experiment [11] has highlighted
features in QPC transport strongly suggestive of the
Kondo effect: a zero-bias peak in the differential con-
ductance which splits in a magnetic field, and a crossover
to perfect transmission below a characteristic ‘‘Kondo’’
temperature TK, consistent with the peak width. A puz-
zling observation was the large value of the residual
conductance, G > 0:5�2e2=h�, for T � TK.

Here we demonstrate the applicability of an Anderson
model to transport through a QPC by comparing the
results of perturbation theory in the Kondo limit to
experimental data. A novel feature in the model distin-
guishes transport through a QPC from transport through
other Kondo impurities, e.g., quantum dots [12], and
explains the large residual conductance: the hybridization
to the band is a strong function of energy and valence.
Predictions of the model include binding of an electron at
the QPC before the first conductance step, and a strongly
spin-polarized current at magnetic fields satisfying
g�
BB > kBTK; kBT.

Use of an Anderson model for a QPC is motivated
below by spin-density-functional-theory results indicat-
ing that a single electron can bind at the center of the
QPC. An intuitive picture is to consider transport across a
square barrier. For a wide and tall barrier, in addition to
the exponentially increasing transparency, there are nar-
row transmission resonances above the barrier. These
result from multiple reflections from the edges of the
barrier, and are associated with quasibound states, which
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smooth QPC potential can produce a narrow quasibound
state, resulting in a spin bound at the center of the QPC.
We thus model the QPC and its leads by an Anderson
Hamiltonian [13]
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where cyk��ck�� creates (destroys) an electron with mo-
mentum k and spin � in lead L or R, dy

��d�� creates
(destroys) a spin-� electron on ‘‘the site,’’ i.e., the quasi-
bound state at the center of the QPC, and n� � dy

�d�. The
hybridization matrix elements, V�1�

k� for transitions be-
tween 0 and 1 electrons on the site and V�2�

k� for transitions
between 1 and 2 electrons, are taken to be steplike func-
tions of energy, mimicking the exponentially increasing
transparency (the position of the step defines our zero of
energy). Physically, we expect V�2�

k� < V�1�
k� , as the Coulomb

potential of an electron already occupying the QPC will
reduce the tunneling rate of a second electron through the
bound state. In the absence of magnetic field the two spin
directions are degenerate, "# � "" � "0.

For a noninteracting system, the conductance G will be
a (temperature broadened) resonance of Lorentzian form,
with a width proportional to V2. If V rises abruptly to a
large value, such that the width becomes larger than "F �
"0, where "F is the Fermi energy, G saturates to a value of
2e2=h. For the interacting system, we similarly expect the
high-temperature contribution from the 0$ 1 valence
fluctuations to G to saturate at 0:5�2e2=h� for "F > 0 >
"0, because the probability of an opposite spin electron
occupying the site in this regime is � 0:5. Since V�2�

k� may
be significantly smaller than V�1�

k� , the contribution to the
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enhance this contribution with decreasing temperature,
until at zero temperature the conductance will be equal to
2e2=h, due to the Friedel sum rule [14].

To obtain a quantitative estimate of the conductance we
note that the relevant gate-voltage range corresponds to
196802-2
the Kondo regime (singly occupied site), a fact further
supported by the observation of a zero-bias peak where
the conductance first becomes measurable [11], so the
Kondo limit of the Anderson Hamiltonian should be
applicable.We therefore perform a Schrieffer-Wolff trans-
formation [15] to obtain the Kondo Hamiltonian [16,17]
H �
X

�;k2L;R

"k�c
y
k�ck� �

X
�;�0;k;k02L;R

�J�1�
kk0�� � J�2�

kk0�� c
y
k�ck0� � 2

X
�;�0;�;�0;k;k02L;R

�J�1�
kk0� ��� � J�2�

kk0� ����c
y
k� ~����0ck0�0  � ~SS;

J�i�
kk0��0 �

���i�1

4

�
V�i�

k�V��i�
k0�0

"k� � "�i�
�

�
V�i�

k�V��i�
k0�0

"k0�0 � "�i�
�0

�
; (2)

where "�1�
� � "� and "�2�

� � "� � U. The Pauli spin matrices are indicated by ~��, and the local spin due to the bound state
is ~SS � 1

2d
y
� ~����0d�0 .

Following Appelbaum [18], we treat the above Kondo Hamiltonian perturbatively in the couplings J�i�
kk0��0 . The

differential conductance to lowest order, J2, is given by
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where, for simplicity, J�i� are replaced by their
kk0��0

(magnetic-field independent) values at the Fermi energy

J�i�
l l0 � J�i�

kF2lkF2l0�� �
���i�1V2i
2�"F � "�i�

0 �
fFD��"F="�; (4)

where symmetric leads have been assumed, and the Vi and
" are constants. The J�i� increase in a step of the Fermi-
Dirac form fFD�x� � 1=�1� exp�x�. We define the com-
binations J���

l l0 � J�1�
l l0 � J�2�

l l0 for, respectively, the direct
and exchange couplings in Eq. (2). In (3), � � g�
BB is
the Zeeman splitting, hMi � ��1=2� tanh��=2kBT� is the
magnetization for the uncoupled site, and �L=R�"� �P

k2L=R "�" � "k�� is the single-spin electron density of
states in the leads. We assume � � �L�"� � �R�"�.

At low temperatures the Kondo effect leads to a loga-
rithmically diverging contribution G3 (cf. [23]) to the
differential conductance at order J3 [16], due to integrals
running from the Fermi energy to either band edge.
Because of the steplike increase of the J�i�, the band
integral for J�1� runs down from "F to the hybridization
step at zero, but runs up from "F to "0 � U for J�2�. Since
in the region of interest "0 � U � "F � "F, the logarith-
mic contribution from J�2� dominates G3.

Figure 1 depicts the linear-response conductance (G2 �
G3). Since G2 depends only on the values of J�i�

LR at "F, it is
dominated by J�1�, while the Kondo enhancement is do-
minated by J�2�. As argued above, the contribution due to
J�1� is set around 0:5�2e2=h� by construction, while the
contribution due to J�2�, resulting from the 1$ 2 valence
fluctuations is small at high temperature, but grows
with decreasing temperature in a form following the
Kondo scaling function, F�T=TK�, where TK ’
U exp��1=4�J�2�� � U exp��"F � "0 � U=2�V22 , in
agreement with the experimental observation of a
Kondo temperature increasing exponentially with gate
voltage �"F. Note that in perturbation theory the con-
ductance is not bound by its physical limit: 2e2=h.

The dependence of conductance on magnetic field is
shown in Fig. 1(b). The Kondo logarithms in G3 are
suppressed, leading to the evolution of the 0:7 plateau
towards and below 0:5. In agreement with experiment
[11], the conductance is no longer monotonically increas-
ing with Fermi energy "F: the energy denominator causes
the J�1� contribution to G2 to decrease, and this is no
longer compensated by an increase of G3. Because of
shortcomings of perturbation theory the conductance at
large magnetic field reduces to a value smaller than
0:5�2e2=h�:

Figure 2(a) shows the differential conductance as a
function of bias voltage, for several values of "F and
temperatures. Even at the lowest conductances (small
"F) there is a clear Kondo peak, as is seen in experiment
(inset). Because of the suppression of the Kondo effect by
voltage, the large voltage traces are independent of tem-
perature, again in agreement with experiment. Magnetic
field splits the Kondo peak as shown in Fig. 2(b).

An important prediction of the Kondo model is that the
current through a QPC will be spin polarized if the
Zeeman splitting is larger than both kBT and kBTK
[Fig. 2(c)]. The net spin conductance G�, is given, to
second order in J, by

G� �
16�e2

�h
�2hMi��J�1�

LR�
2 � �J�2�

LR�
2: (5)

Therefore, at low temperatures and in the vicinity of the
0:7�2e2=h� plateau where TK is small, a QPC can be an
effective spin filter.

Last, we present evidence from spin-density-functional
theory (SDFT) [19] for the formation of a local moment
(bound spin) at the center of a GaAs QPC, which supports
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FIG. 2. Differential conductance dI=dV for the Kondo model.
(a) dI=dV versus bias at Fermi energies "F � 0:1; 0:03; 0:01
from the top group to the bottom. For each chemical potential
curves are shown for temperatures T � 0:06; 0:1; 0:2; 0:4 from
top to bottom. All other parameters are the same as in Fig. 1.
Inset: experimental differential conductance [11]. (b) dI=dV in
magnetic fields with Zeeman splitting � � 0; 0:04; 0:07; 0:1 at
T � 0:06, and 
 � 0:04. Inset: experimental differential con-
ductance at different magnetic fields [11]. (c) Spin conductance
d�I# � I"�=dV as a function of magnetic fields, for several
values of "F.
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FIG. 1. Results of the Kondo model. (a) Conductance at
temperatures T � 0:05; 0:1; 0:2; 0:6 (solid curves, from high
to low) as a function of Fermi energy "F (all energies in units
of j"0j). The parameters are U � 1:45; �V21 � 0:12; �V22 �
0:015, and " � 0:02. Right inset: experimental conductance
of QPC at four different temperatures [11]. Center inset:
Schematic of the band structure for our Anderson model.
(b) Conductance in a magnetic field, for Zeeman splitting � �
0; 0:07; 0:12; 0:4 at T � 0:06 (solid curves from top to bottom).
Inset: experimental conductance of QPC at different magnetic
fields [11].
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our use of the Anderson model. SDFT is applied within
the local-density approximation [20,21]. The external
potential consists of a clean quantum wire with a para-
bolic confining potential of V0wire�y� � �1=2�m�!2

yy
2 and a

QPC potential

VQPC�x; y� � V�x�=2� m��V�x�= �h2y2=2; (6)

where V�x� � V0= cosh
2��x�, with � � !x

																	
m�=2V0

p
. A

contour plot of the QPC potential VQPC�x; y� is shown in
the left inset of Fig. 3(b).

We solve the Kohn-Sham equation [20] using the ma-
terial constants for GaAs, m� � 0:067m0 and ' � 13:1.
The external confinement in the y direction in the wire
is fixed by �h!y � 2:0 meV. The parameters for the
QPC potential are taken to be V0 � 3:0 meV and
�h!x � 1:5 meV.

Figure 3(a) shows the spin-dependent, self-consistent
QPC barriers at T � 0:1 K obtained from SDFT [22].
The local density of states (�)� at the center of the QPC
is shown for both spin-up and spin-down in the right
inset. Figure 3(b) shows the average 1D electron density
through the QPC and the net density of spin-up electrons.
The integrated spin-up density is 0.96 electrons. The data
from SDFT gives strong evidence for a quasibound state
centered at the QPC: there is a resonance in the local
density of states (�)� for spin-up, with a net of one spin
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bound in the vicinity of the QPC. The transmission co-
efficient T�)� for electrons in the lowest subband is shown
in the left inset to Fig. 3(a). Transmission for spin-up is
approximately one over a broad range of energies above
the spin-up resonance. This implies an onset of strong
hybridization at energies above the quasibound state. As
the external QPC barrier becomes flatter in the x direc-
tion, the width of the quasibound state, and consequently
the Kondo temperature, decrease [22], consistent with
experimental observations that the ‘‘0.7 plateau’’ de-
creases towards 0.5 with increasing QPC length.

We have presented a microscopic Anderson model,
supported by spin-density-functional theory, for trans-
port through a quantum point contact. The anomalous
0:7�2e2=h� plateau is attributed to a high background
conductance plus a Kondo enhancement. The temperature
scales for these two contributions are decoupled: 0$ 1
valence transitions account for the background conduc-
tance, while 1$ 2 valence transitions give the dominant
Kondo effect. Based on this model one can make specific
experimental predictions. A strongly spin-polarized cur-
rent is predicted when the Zeeman splitting exceeds both
kBT and kBTK. The predicted formation of a bound state
(local moment) can be directly tested by measuring
transport through two parallel point contacts, coupled
capacitively, with one of them tuned to G ’ e2=h, i.e., in
the region of maximal sensitivity to its environment.
When the gate voltage controlling the other point contact
196802-3



FIG. 3. Results of spin-density-functional theory. (a) Self-
consistent ‘‘barrier,’’ i.e., energy of the bottom of the lowest
1D subband at temperature T � 0:1 K as a function of position
x in the direction of current flow through the QPC. The
electrochemical potential 
 is indicated by an arrow on the
left. In this panel, solid curves are for spin-up electrons and
dashed curves are for spin-down electrons. Left inset: trans-
mission coefficient. Right inset: local density of states at center
of QPC. (b) 1D electron density in QPC. The solid curve gives
the net spin-up density, and the dashed curve gives the spin-
averaged density. Inset: contour plot of the QPC potential
VQPC�x; y�.
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is scanned through the electron binding event (predicted
to occur for G � e2=h), an abrupt decrease should be
seen in the conductance of the half-transparent point
contact. (A very similar arrangement was used recently
to probe the bound states of a quantum dot [23].) The
presence of bound spins in QPCs near pinchoff has po-
tentially profound effects on transport through quantum
dots with QPCs as leads. In particular, the leads may act
as magnetic impurities, and cause the apparent saturation
of the dephasing time in transport through open semi-
conductor quantum dots at low temperatures [24], and
may complicate attempts to measure the spin of dot
electrons [25].

The calculations presented in this paper were pertur-
bative and thus the comparison with experiment could be
only semiquantitative. The main failure of perturbation
theory is its inability to obtain the low-temperature uni-
tarity limit 2e2=h. We hope that our work will motivate
more accurate treatments of the Anderson and Kondo
models introduced here.
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