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We study the decoupling transition of flux lattices in layered superconductors at which the Josephson
coupling J is renormalized to zero. We identify the order parameter and related correlations; the latter are
shown to decay as a power law in the decoupled phase. Within the second-order renormalization group we find
that the transition is always continuous, in contrast with results of the self-consistent harmonic approximation.
The critical temperature for weak J is �1/B, where B is the magnetic field, while for strong J it is �1/�B and
is strongly enhanced. We show that renormaliztion group can be used to evaluate the Josephson plasma
frequency and find that for weak J it is �1/BT2 in the decoupled phase.
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I. INTRODUCTION

In many aspects the behavior of the high-temperature su-
perconductors in the mixed state differs from that of conven-
tional superconductors. A combination of elevated critical
temperatures, high anisotropy, and short superconducting co-
herence lengths considerably enhance the role of fluctuations
on the vortex interaction, which result in a noticeable change
in the nature of the mixed state.

The phase diagram of these layered superconductors in a
magnetic field B perpendicular to the layers has been studied
in considerable detail.1 A first-order transition in YBa2Cu3O7
�YBCO� and in Bi2Sr2CaCu2O8 �BSCCO� has been inter-
preted as a flux lattice melting. The data suggests that the
first order line terminates at a multicritical point, which for
BSCCO is at B0�300−103 G and at temperatures, T0�40
−50 K2,3 while for YBCO �Ref. 4� it is at B0�2−10 T and
T0�60−80 K, depending on disorder and oxygen concentra-
tion. At low temperatures as B is increased a ”second peak”
transition is manifested as a sharp increase in magnetization.
The second peak transition is at B�B0 starting from the
critical point; it is weakly temperature dependent and shifts
to lower fields with increasing disorder.2 More recent data on
BSCCO �data� show,5 however, that the second peak line
connects smoothly with the first order line; the presence of a
multicritical point depends then on the possibility that an
additional line joins in the high field regime. Josephson
plasma resonance studies6,7 have shown a significant reduc-
tion of the Josephson coupling at the second peak transition.
The combination of reduced Josephson coupling and en-
hanced pinning indicates an unusual phase transition.

The flux lattice can undergo a transition which is unique
to a layered superconductor, i.e., a decoupling transition.8–11

In this transition the Josephson coupling between layers van-
ishes while the lattice is maintained by the magnetic cou-
pling. The theory of Daemen et al.10 employed the method of
self-consistent harmonic approximation �SCHA� to find the
decoupling temperature Td�B�. The SCHA leads to a concep-
tual difficulty since it predicts that the average �cos ��,
where � is the Josephson phase, vanishes at T�Td. Ko-
shelev has shown12 that �cos �� is finite at all temperatures

and in fact accounts for the experimentally observed Joseph-
son plasma resonance at high temperatures. Thus the decou-
pling transition, as found by SCHA, needs to be reinter-
preted. The correct order parameter is in fact a nonlocal one
�Eq. �28� below	 and corresponds to the helicity modulus13

or to the critical current.12

In the present work we expand our earlier presentation14

and study the decoupling transition by second-order renor-
malization group �RG�. Section II defines the model and its
effective Hamiltonian. In Sec. III we identify the order pa-
rameter and related correlations and show that the latter de-
cay either exponentially in the coupled phase or as a power
law in the decoupled phase. We also show that RG can be
used to evaluate �cos �� and hence the Josephson plasma
frequency and predict its behavior in the decoupled phase
�Sec. V�.

Our RG analysis �Sec. IV� shows that the decoupling tran-
sition is continuous in the whole parameter range , in con-
trast with the SCHA result that it is first order above some
critical value of the Josephson coupling.10 We trace the latter
result to a deficiency of the SCHA which does not allow for
a scale dependent effective mass �Sec. VI�.

Our analysis assumes that point defects like vacancies and
interstitials �V-I� of the flux lattice are not present. In gen-
eral, however, V-I defects are a relevant perturbation at
decoupling.15,16 The effect is rather weak for actual system
parameters, as discussed in Sec. VII.

The role of point disorder on the decoupling has been
studied separately14,17 and in more detail in a companion
article.18 This study shows that disorder induced decoupling
leads to an apparent discontinuity in the tilt modulus which
then leads to an enhanced critical current and reduced do-
main size. These results are in accord with the Josephson
plasma resonance6,7 and other data on the second peak tran-
sition. Of further interest is the effect of columnar defects on
the decoupling transition,19 an effect which can further iden-
tify this transition.

II. THE MODEL

Consider a layered superconductor with a magnetic field
perpendicular to the layers. The flux lattice can be considered
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as point vortices in each superconducting layer which are
stacked one on top of the other. Each point vortex, or a
pancake vortex, represents a singularity of the superconduct-
ing order parameter, i.e., the order parameter’s phase in a
given layer changes by 2� around the pancake vortex. These
pancake vortices are coupled by their magnetic field as well
as by the Josephson coupling between nearest layers.

The basic model for studying layered superconductors is
the Lawrence-Doniach20 Hamiltonian in terms of supercon-
ducting phases �n�r� on the nth layer and the vector potential
A�r ,z� ,Az�r ,z� �vectors such as A and r are two-
dimensional parallel to the layers�:

HLD =
1

8�

 d2rdz��� � A�r,z�	2

+
d

�ab
2 �

n
�0

2�
� �n�r� − A�r,z��2

	�z − nd��
− J̃/
2�

n

 d2r cos��n�r� − �n−1�r�

−
2�

�0



�n−1�d

nd

Az�r,z�dz� , �1�

where �ab and 
 are the penetration length and coherence
length parallel to the layers, respectively, d is the spacing
between layers and �0=hc /2e is the flux quantum. The first
term in Eq. �1� is the magnetic energy, the second is the
supercurrent energy, while the last one is the Josephson cou-

pling where J̃ is the Josephson coupling energy per area 
2

between neighboring layers. The model Eq. �1� qualifies as
the standard model for layered superconductors.

In this section we outline the derivation of an effective
Hamiltonian, which is the basis for RG analysis in the next
section. The partition sum for Eq. �1� involves integrating
over both �n�r� and A�r ,z�, subject to a gauge condition.
Since A�r ,z� is a Gaussian field �choosing the axial gauge
Az�r ,z�=0	 we can shift A→A+	A where A�r ,z� now sat-
isfies the saddle point equations for its x ,y components

� � � � A�r,z� =
d

�ab
2 �

n
��0

2�
� �n�r� − A�r,z��	�z − nd�

�2�

and then fluctuations in 	A decouple from those of �n�r�.
The partition sum at temperature T involves therefore inte-
gration only on the �n�r� variables

Z =
 D�n�r�exp�− HLD/T	 �3�

with A�r ,z� in Eq. �1� given by the solution of Eq. �2� for
each configuration of �n�r� . Note that since Eq. �2� is gauge
invariant under A→A− ��0 /2�����r ,nd� and �n�r�
→�n�r�−��r ,nd� one can, in fact, choose any gauge.

We now decompose �n�r� to

�n�r� = �n
0�r� + �

r�

sn�r����r − r�� , �4�

n�r� = �n
0�r� − �n−1

0 �r� , �5�

where �n
0�r� is the nonsingular part of �n�r� ,��r�

=arctan�r2 /r1� is the angle at r= �r1 ,r2� ,sn�r�=1 at pancake
vortex sites, and sn�r�=0 otherwise. The sum in Eq. �4� is
then a sum on r� being the possible vortex positions on the
nth layer, e.g., a grid with spacing 
.

Solving Eq. �2� for A in terms of n�r� and sn, substituting
in Eq. �1� yields after a straightforward analysis the equiva-
lent Hamiltonian22

H�1� = Hv + HJ + H f , �6�

where Hv is the vortex-vortex interaction via the 3D mag-
netic field, HJ is interlayer Josephson coupling, and H f is an
energy due to fluctuations of the nonsingular phase

Hv =
1

2�
r,n

�
r�,n�

sn�r�Gv�r − r�;n − n��sn��r�� , �7�

HJ = −
J̃


2�
n

 d2r

�cos�n�r� + �
r�

�sn�r�� − sn−1�r��	��r − r��� − 1� ,

�8�

H f =
1

2

 d2qdk

�2��3 Gf
−1�q,k���q,k��2. �9�

Here �q ,k� is a 3D wave vector which is the Fourier trans-
form to r ,z with �q��1/
 and �k��� /d, and

Gv�q,k� =
�0

2d2

4��ab
2

1

q2

1

1 + f�q,k�
, �10�

f�q,k� =
d

4�ab
2 q

sinh qd

sinh2qd

2
+ sin2kd

2

, �11�

Gf�q,k� =
16�3d2

�0
2q2 1 +

4�ab
2

d2 sin2kd

2
� . �12�

Consider now a flux lattice with equilibrium positions Rl
�e.g., a hexagonal lattice� where l labels the flux lines. The
actual positions of the pancake vortices deviate from the per-
fect lattice positions by ul

n on the nth layer. The function
sn�r� is then

sn�r� = �1 if r = Rl + ul
n,

0 otherwise.
�

The Fourier transform

u�q,k� = �
n,l

ul
nexp�iq . Rl + iknd�

identifies longitudinal ul�q ,k�=q ·u�q ,k� /q and transverse
utr�q ,k�= �q� ẑ	 ·u�q ,k� /q components of u�q ,k�
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u�q,k� = ul�q,k�q/q + utr�q,k��q � ẑ	/q ,

where ẑ is a unit vector in the z direction. The inverse trans-
form is

ul
n = a2d


q,k
u�q,k�e−iq·Rl−iknd, �13�

where �q,k=�BZd2qdk / �2��3 ,�BZ,is the q integration over the
Brillouin zone �of area 4�2 /a2� while �k��� /d, and a2 is the
area of the flux lattice’s unit cell. Note that �q ,k� involves
much higher q components, up to the cutoff 1 /
.

The next step is to consider small displacements in Fv,
Eq. �7�; this is equivalent to assuming that the temperature is
well below the melting temperature Tm. This expansion iden-
tifies the magnetic contribution to the elastic constants, lead-
ing to a Hamiltonian of the form

H�2� =
1

2
�da2�2


q,k
�q2c66

0 + kz
2c44

0 �k�	�utr�q,k��2 + Hel�ul�q,k��

+
1

2

1/
 d2qdk

�2��3 Gf
−1�q,k���q,k��2

− �J̃/
2��
n

 d2rcosn�r� + �

l

���r − Rl − ul
n�

− ��r − Rl − ul
n+1�	� , �14�

where Hel�ul�q ,k�� involves elastic constants of the longitu-
dinal modes and kz

2= �4/d2�sin2�kd /2�. The elastic constants
for the transverse modes, excluding Josephson coupling
terms, are given by9,23

c44
0 �k� =

�

8da2�ab
2

1

kz
2 ln

1 + kz
2/Q0

2

1 + 
2kz
2 , �15�

c66
0 =

�

16da2 , �16�

where Q0
2=4�B /�0=4� /a2, i.e., �Q0

2 is the area of a Bril-
louin zone, and

� =
�0

2d

4�2�ab
2 . �17�

If the Josephson term is expanded it would add more terms
to the elastic constants, however, near decoupling the non-
linearity of the term is essential.

We can estimate the condition T�Tm by evaluating the
melting temperature via the Lindeman criterion ��ul

n�2�0

�cL
2a2 where cL is a Lindeman number of order 0.15 and the

average is with respect to the elastic terms. The average is
dominated by the softer transverse modes yielding
Tmln�2�2�ab

2 /a2��cL
2�, i.e., � is the temperature scale for

melting. Melting in the absence of Josephson coupling was
in fact studied21, showing that Tm is between � /8 and the
two-dimensional melting temperature �0.004�, approaching
the latter at high fields a��ab. The condition Td�Tm is in
fact satisfied only at a��ab �Eqs. �50�, �65�, and �66� be-

low	, hence we limit our solutions to Td�0.01�.
The next simplification, in accord with the condition of

small displacements �ul
n��a is an expansion of the relative

phase in the Josephson term:

�
l

���r − Rl − ul
n� − ��r − Rl − ul

n+1�	

� �
l

�ul
n+1 − ul

n� · � ��r − Rl
n�

� b̃n�r� . �18�

Since b̃n�r� contains all q in its Fourier transform it is useful
to separate from it the components within the first Brillouin
zone

b̃n�r� = bn�r� + Bn�r�bn�r�

= 2�id

BZ

d2qdk

�2��3 e−iq·r−iknd�eikd − 1�
utr�q,k�

q
Bn�r�

= 2�id �
Q�0



BZ

d2qdk

�2��3 e−i�q+Q�·r−iknd�eikd − 1�

�
u�q,k� · �ẑ � �q + Q�	

�q + Q�2 . �19�

The last term displays the Fourier transform of ���r�, which
for Q=0 projects the transverse displacement.

The lowest order effect of thermal fluctuations is obtained
as an average with respect to the elastic terms, i.e.,

�cos�n�r� + b̃n�r�	�0 = exp�−
1

2
�n

2�r��0 −
1

2
�b̃n

2�r��0� .

�20�

The only singular term in this average is due to bn�r� from
Eq. �19� which in fact drives the decoupling transition, i.e.
even if the fluctuations in ul

n are small, their effect on the
Josephson phase can be divergent. The average �Bn

2�r��0 is
readily shown to yield �T /�, up to logarithmic terms, and
since T�� below melting its effect in Eq.�20� is negligible.

We wish to integrate out also the high q modes of �q ,k�,
i.e., momenta in the range Q0�q�1/
. The effect from Eq.
�20� is a factor

D = e�−1/2��1/a
1/
d2qdkGf�q,k�/�2��3

= e−�T/��ln�a/
�

which can also be neglected.
The effective Hamiltonian is now defined with a momen-

tum cutoff q�Q0 and the corresponding smallest length
scale is a. The Josephson term involves J�r→ �J /a2��d2r so
that J is now the Josephson coupling energy per area a2, i.e.,

J= J̃�a /
�2. Since bn�r� depends only on the transverse
modes all longitudinal terms are decoupled and we can con-
sider an effective Hamiltonian for the transverse modes
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H�3� =
1

2�
q,k

�Gf
−1�q,k���q,k��2 + Gb

−1�q,k��b�q,k��2	

− �J/a2��
n

 d2r cos�n�r� + bn�r�	 �21�

where

Gb
−1�q,k� = q2 a4

�2�d�2 �c44
0 + q2c66

0 /kz
2	 . �22�

Finally we shift

�n�r� = bn�r� + n�r�

so that �q ,k� can be integrated out leading to a Gaussian
term 1

2�q,k�Gb�q ,k�+Gf�q ,k�	−1���q ,k��2. It is readily shown
that Gf�q ,k� /Gb�q ,k��1 for all q ,k, except when both k
�1/�ab and q�k�ab /a which has negligible effect since
large k dominates the following integrals. Therefore we ne-
glect Gf�q ,k� and our final Hamiltonian is

H =
1

2�
q,k

Gb
−1�q,k����q,k��2 − �J/a2��

n

 d2r cos �n�r� ,

�23�

Our task is then to evaluate the partition sum

Z =
 D�e−H���/T. �24�

III. GENERAL PROPERTIES

In this section we identify the order parameter of the de-
coupling transition and related correlation functions. Also a
scheme for evaluating the frequency of the Josephson plasma
resonance is given.

In the RG procedure, as detailed in Sec. IV, a phase tran-
sition is found at a temperature Td such that at T�TdJ is
irrelevant �scales to zero under RG� while at T�Td it is
relevant �scales to strong coupling�. To identify the order
parameter of this transition we consider first the Hamiltonian
Eq. �23� in presence of an external vector potential in the z
direction An�r� which is z independent between layers. The
relative superconducting phase on neighboring layers �n�r�
is then shifted by �2�d /�0�An�r� and the Hamiltonian be-
comes

HA =
1

2�
q,k

Gb
−1�q,k����q,k��2

− �J/a2��
n

 d2r cos��n�r� −

2�d

�0
An�r�� . �25�

The Josephson current is a derivative of the free energy F
=−T ln Z

jz�r,n� = −
c

d

�F
�An�r�

=
2�c

�0

J

a2�sin��n�r� −
2�d

�0
An�r���

A
.

�26�

The linear response to An�r� has a �cos �n�r� term as well
as a nonlocal term from the expansion of HA in
exp�−HA /T�,

jz�r,n� = − 2�

�0
�2Jdc

a2 ��cos �n�r��An�r�

−
J

Ta2�
n�

 d2r��sin �n�r�sin �n��r���An��r��� ,

�27�

where averages �¯� are in the A=0 system. The supercon-
ducting response is identified by a uniform An�r�=A so that
the superconducting phase �n�r� acquires a uniform twist
�n�r�− �2� /�0�An. Note that the partition sum excludes
�n�r� with a global twist, hence the A term cannot be trans-
formed away. The superconducting response Q is defined by
jn�r�=QA, i.e.,

Q = 2�

�0
�2Jdc

a2

���cos �� −
J

Ta2�
n

 d2r�sin �0�0�sin �n�r��� ,

�28�

where �cos �n�r�� is n and r independent is written for short
as �cos ��. This order parameter was identified by Li and
Teitel13 as a helicity modulus and by Koshelev12 as the su-
perconducting response �i.e., the zero frequency limit of his
Eq. �3�	. This order parameter signifies breaking of gauge
symmetry: at T�Td the irrelevancy of J implies diverging
fluctuations in �n�r�, hence An�r� has no effect on Z and Q
=0. At T�TdJ flows to strong coupling so that �n�r� has
finite fluctuations near the energy minimum where �n�r�=0;
this implies that a gauge transformation of An�r� must be
combined with a change in �n�r�. The manifestation of this
broken gauge symmetry is Q�0 or a finite Josephson cur-
rent.

The Josephson plasma resonance frequency �pl is a sig-
nificant probe6,7 of a possible decoupling transition. As
shown by Koshelev12 the superconducting response at �pl is
dominated by the 1st term of Eq. �28�, so that �pl��cos ��.
We reconsider this relation in Sec. V while here we present a
scheme for evaluating �cos ��. We note first that a derivative
of the free energy yields

�cos �� =
a2

NL2

�

�J
F�J� , �29�

where L2 is a layer area and N is the number of layers. While
the details of the RG procedure are not needed in this sec-
tion, some general properties can be derived from the
asymptotic RG transformation. A general RG changes the
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original lattice unit a to a renormalized one aR while J�a�
→J�aR�=JR; additional parameters in F�J� �not displayed
here� may also be renormalized while F itself changes by

dF = − NL2f�a�da , �30�

In first-order RG f�a�=0 �Sec. IV A� but becomes finite in
second order �section IV B� so that f�a��J2�a�. Hence inte-
grating Eq. �30� yields a J dependent term for either a rel-
evant or irrelevant y, hence �cos �� is finite in either the
coupled or the decoupled phases. We consider in particular
the decoupled phase T�Td and a system size L�a. At the
final stage of RG when aR→L the renormalized JR becomes
extremely small and one can safely use 1st order RG which
has the form �Sec. IV A�

dJ/J = 2�1 − Z�da/a , �31�

where Z=Z�J ,T� contains renormalizations due to higher or-
der RG terms at shorter scales; note that Z=1 at T=Td since
for Z�1 Eq. �31� shows that JR�L2�1−Z�→0 at L→�. E.g.
if 1st order RG is used all the way from the initial values
then Z=T /Td

0 where Td
0 is Eq. �44� below. Integrating Eq.

�30� yields

F�JR� − F�J� = − NL2

a

aR

f�a��da�. �32�

At the scale aR=L the system has just one degree of freedom
so that the term �q2��q ,k� in Eq. �23� is absent, hence

F�JR� = − T ln�

0

2�

d�eJRcos �/T�N

= −
1

4
TN� JR

T
�2

+ O JR

T
�4� . �33�

Thus F�JR��L4�1−Z� at T�Td so that at L→�

�cos �� = a2 �

�J



a

�

f�a��da� + O�L2−4Z� . �34�

RG provides then an efficient method for evaluating �pl via
Eq. �34�.

We proceed now to study correlations. We note first the
correction in Eq. �34� �cos ��L− �cos ���L2−4Z �the upper
limit in �Lf�a��da� gives the same exponent as can be seen
from Sec. IV	. This correction determines the decay rate of
the correlation function, by considering the second derivative
�2F /�J2��� /�J��D� cos �0�0�e−H /Z. This involves a
cos �n�r� correlation as well as �cos ��2 from �Z /�J, hence

��cos ��
�J

=
1

Ta2�
n

 d2r�cos �0�0�cos �n�r��c, �35�

where �cos �0�0�cos �n�r��c= �cos �0�0�cos �n�r��− �cos ��2

vanishes at large r. To reproduce the finite size correction
L2−4Z at T�Td the correlation must decay as
�cos �0�0�cos �0�r��c�1/r4Z.

In the coupled phase a approaches the correlation length

d at which J /T�1 becomes a strong coupling. The Hamil-
tonian can then be expanded as H��

q
�q2+
d

−2����q ,k��2,

keeping just the q→0 form. Hence for r�
d the system
becomes Gaussian and the correlations decay exponentially.
We conclude that

�cos �0�0�cos �0�r��c � 1/r4Z, T � Td, � e−r/
d, T � Td.

�36�

This distinctive behavior of the correlations serves as an ad-
ditional identification of the phase transition.

We finally examine the validity of the high-temperature
expansion which provides an easy estimate of �cos ��. We
define �¯�0 as an average with respect to the J=0 system, so
that

���n�0� − �n�r�	2�0

= T
4�2d2

a4 
 dk

2�c44
0 �k� 
 d2q�1 − eiq·r�

4�2q2�1 + q2/qu
2�

, �37�

where the c66 term is absorbed into qu
2=4 ln�a /d��� /�ab

2 �at
the dominant k=� /d where c44

0 is significantly softer�. The k
integration yields the first-order Td

0 �Eq. �44� below	 so that

���n�0� − �n�r�	2�0 = 4t
 d2q

�q2�1 + q2/qu
2�

�1 − e−iq·r�

= 8t ln�rqu�, r � 1/qu,

= − 2t r2qu
2ln�rqu�, r � 1/qu, �38�

where t=T /Td
0. Using the Gaussian average

�cos �n�0�cos �n�r��0 = exp�− ���n�0� − �n�r�	2�0/2�
�39�

and expansion of Z to first order in J /T we obtain

�cos �� =
J

Ta2 
 d2r��cos �n�0�cos �n�r��0 �
�J

Ta2qu
2�2t − 1�

;

�40�

the contribution of r�1/qu which becomes comparable at
large t is omitted. To check the validity of Eq. �40� we note
that it can also be obtained from the exact relation �35� taken
as a perturbation in J, where �cos ���J2 is formally of
higher order. However, this term is actually �J2L2N, hence
the perturbation expansion formally fails at L ,N→�.

We note that within this naive perturbation expansion the
correlation decays �incorrectly� to zero,

�cos �n�r�cos �n�0�� � �rqu�−4t + O��J/T�2�rqu�2−4t	
�41�

with a finite contribution to �cos �� in Eq. �40�. We note also
that the next order terms in J, while decaying more slowly,
are still convergent in Eq. �40� for t�1. In fact the result
�40�, quite remarkably, reproduces the second-order RG re-
sult �up to a numerical prefactor� as found below. The reason
is that the decay of Eq. �41� is actually correct for
�cos �0�0�cos �n�r��c as in Eq. �36� �with Z= t in weak cou-
pling�, which when substituted in Eq. �35� reproduces the
form �40�.
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We summarize the salient features of the decoupling tran-
sition. �i� Relevancy of J corresponds to a broken gauge
symmetry in the coupled phase, �ii� an order parameter that
corresponds to �i� is Q of Eq. �28� or the Josephson current,
and �iii� decay of correlations, such as �cos �0�0�cos �n�r��c,
is either exponential in the coupled phase or a power law in
the decoupled phase.

IV. RG SOLUTION

The decoupling transition is driven by the singular re-
sponse of the Josephson phase bn�r� in Eq. �19�. The singu-
larity is due to the long-range effect of an individual shift ul

n

which decays as ���r−Rl
n���r−Rl

n	−1 �see Eq. �18�	. The
contributions of many such small displacements at a given
location r result in a divergent response at the decoupling
transition. The RG method is designed to handle such diver-
gences and avoid the pitfalls of naive perturbation expan-
sions.

A. First-order RG

The RG method proceeds by integrating out slices of high
momentum shells �−d��q��, and the momentum cutoff
� is successively reduced; initially �=Q0. The field ��q ,k�
is then decomposed as ��q ,k�=��q ,k�+��q ,k� where
��q ,k� carries momenta in the range �−d��q�� while
��q ,k� has momenta q��−d�. In this subsection we ana-
lyze the phase transition by using the first-order equation in
J. Expansion of Eq. �24� to first order in J and averaging on
the high momentum shell yields

�cos��n�r� + �n�r�	�� = cos �n�r�1 −
1

2
���n�r�	2�� .

�42�

Defining

Gb
−1�q,k� =

q2

8�d

T

g�q,k�

we obtain ���n�r�	2�=d��dk /2��g�� ,k�d� /�. Rescaling a
→a+da�da /a=d� /��� leads to 1st order RG, i.e., it identi-
fies the change in the coefficient y of the cos term, with the
initial value y0=J /T, as

dy

y
= �1 − d
 dk

2�
g���x�,k	�dx

x
, �43�

where x=Q0
2 /�2 is in the range 1�x��. For a continuous

transition the limiting g��→0,k� can be taken and the van-
ishing of the right-hand side in Eq. �43� identifies the decou-
pling transition temperature �which is independent of y0�

Td
0 =

4a4

d2 �
 dk

c44
0 �k��−1

. �44�

This defines the units of our temperature variable t,

t = T/Td
0 �45�

and Eq. �43� has then the form �31� with Z= t.

The asymptotic solution of Eq. �43� is y�x�=y0x1−t. For
t�1 the asymptotic y�x� vanishes on long scales x→�,
hence the meaning of decoupling is that the Josephson cou-
pling vanishes on long scales. For t�1 the coupling y�x�
increases, RG stops then when x reaches xd= �
d /a�2 where
strong coupling y�x��1 is achieved; this identifies a corre-
lation length


d � a�y0�1/�2�t−1�	. �46�

An explicit form for Td
0 can be derived by noting the sig-

nificant softening of c44
0 �k� at k�1/a which implies that the

k integration in g�� ,k� is dominated by k�� /d. Hence we
replace in Eq. �15� ln��1+kz

2 /Q0
2� / �1+
2kz

2�	→2 ln�a /d���,
resulting in

Gb�q�x�,k� = da24xt sin2�kd/2�
T�1 + 1

4gx�
, �47�

g�q�x�,k� =
2t sin2�kd/2�

1 + 1
4gx

�48�

so that

d
 dk

2�
g���x�,k	 =

t

1 + 1/�4gx�
. �49�

Td
0 and the parameter15 g are

g =
a2

4��ab
2 ln

a

d��
,

Td
0 = g� =

�a2ln�a/d���
4��ab

2 . �50�

Note that 1 /4gx=q2 /qu
2 where qu is defined below Eq. �37�.

A continuous transition is determined by the x→� behavior,
hence Eq. �49� →t and the critical point is at t=1. We will
examine below the possibility of a first-order transition,
hence in general we keep �1/x terms. The solution for Eq.
�43� is then

y�x� = y0x 1 + 4g

1 + 4gx
�t

�51�

and the phase transition is indeed at t=1.

B. Second-order RG

We proceed to study second-order RG. Our main objec-
tive in this subsection is to see if RG can reproduce a first-
order transition as proposed within the SCHA method.10

The RG procedure for a Hamiltonian of the type �23� has
been derived in Appendix A of Ref. 22 up to second order in
J. In this process new terms in the effective Hamiltonian are
generated so that the partition sum has the form
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Z =
 D� exp�−
1

2

 d2qdk

�2��3 GR
−1�q,k����q,k��2

+
 d2r

a2 �y cos��n�r�	 + v cos��n�r� + �n+1�r�	�� ,

�52�

where we define

GR
−1�q,k� =

q2

8�d
 1

g�q,k�
+ h0 + h1cos kd� . �53�

The new variables generated by RG, v�x� ,h0�x� ,h1�x�, are
cutoff dependent with initial values of v0�1�=h0�1�=h1�1�
=0. Note that the renormalization of h0 and h1 is equivalent
to renormalization of c44

0 . The recursion relations to second
order in y are22

dy = �y�1 − X0� + yv�X0 + X1�	dx/x ,

dh0 = �y2X0 + 4v2�X0 + X1�	dx/x ,

dv = �v�1 − 2X0 − 2X1� −
1

4
y2X1�dx/x ,

dh1 = �4v2�X0 + X1�	dx/x , �54�

where Xn ,n=0,1 are h0 ,h1 and x dependent,

Xn = d
 dk

2�

cos�nkd�
1/g�x,k� + h0 + h1cos kd

. �55�

We have absorbed factors � ,�� of order 1 in the definitions
of y ,v which depend on the cutoff smoothing procedure;22

the initial value of y is then y�1�=��y. Equations �54� are to
be integrated from their initial values. To first order in y we
rederive Eq. �43� above,

d ln y = �1 − X0�x,h0 = h1 = 0�	dx/x . �56�

Before presenting numerical solutions for Eqs. �54�, it is
instructive to consider a simple situation where v and h1 are
neglected. This is a reasonable approximation since we even-
tually find that v�y and h1�h0. The RG equations are then

dy = y�1 − X0�x�	dx/x ,

dh0 = y2X0�x�dx/x , �57�

where �using the approximate form for the ln, as above Eq.
�47�	

X0�x� = d
 dk

2�

1
1+1/�4gx�

2t sin2�kd/2� + h0�x�
. �58�

We consider first the asymptotic solution at x→� in the
regime where y is relevant, i.e., the coupled phase. Integrat-
ing the first equation of Eq. �57� we obtain

ln
y

y0
= ln x − 


1

x

X0�x��
dx�

x�
. �59�

We claim that the second term converges, hence the param-
eter s

s = 

1

�

dx
X0�x�

x
= d
 dk

2�



1

�

dx
1

x + 1/4g

2t sin2�kd/2�
+ xh0�x�

�60�

defines the asymptotic form of y,

y = y0xe−s. �61�

The RG equations are valid only up to y�1, i.e., for a small
y0 up to a large xd= �
d /a�2, but not infinite. Equation �60�
therefore assumes that by formally extending Eq. �57� to x
→� the integration range between 
d and � is negligible.

We note that the h0�x� term represents an additional mass
term in the propagator GR�q ,k�, Eq. �53� if h0�x��x. The
xh0�x� term in Eq. �60� is then �x2 and the integral is con-
vergent. In the SCHA method such a mass term serves as a
variational parameter and an analogous equation to Eq. �60�
is derived in the next section. The essential point here is that
xh0�x� is �x2 only asymptotically while its scale dependence
at finite x can be different, resulting in a different critical
behavior. The scale dependence of the “mass” h0�x� /x is a
feature which is beyond either first order RG or SCHA.

To complete the argument we need to show that h0�x�
increases with x justifying the convergence of Eq. �60�. As-
suming that h0�x� increases with x, we can use X0�1/h0 to
yield from Eqs. �57� and �61� that indeed h0�y�x. �For x
�xd more terms in the the denominator of Eq. �58� need to
be kept, modifying the way h0 increases with x.	

We proceed now to solve the RG equations �57� in gen-
eral form. Integrating Eq. �58� we obtain an explicit form

X0 =
t

1 + th0 +
1

4gx

f�h0,x,t� , �62�

where

f�h0,x,t� =
1

b
1 −�1 − b

1 + b
�

and b= th0 / �1+1/ �4gx�+h0t	. The function f�h0 ,x , t� varies
slowly between 0.84� f�h0 ,x , t��1.

The RG Eqs. �57� for y and h0 become

dy = y�1 − t
f�h0,x,t�

1 + th0 +
1

4gx
��dx

x
,

dh0 = t
y2f�h0,x,t�

1 + th0 + 1
4gx

dx

x
. �63�

If the 1/ �4gx� term in Eq. �63� is neglected and
f�h0 ,x , t�=1 is taken, Eq. �63� is equivalent to the Kosterlitz-
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Thouless equations22 which show that the critical tempera-
ture is enhanced by a factor 1+y0 and that y�x when y is
relevant. The presence of the 1/4gx term leads, however, to
a more significant enhancement which is measured by a pa-
rameter p,

p =� Ty0

2�g2 =� ty0

2g
�64�

measuring the ratio of two small parameters y0 and g. It is
also useful to express p in terms of the Josephson length
�J=�0a�d / �4�ab

�J�3�, i.e., p= �8��−1/2a / �g�J�.
In the Appendix we derive a form for the critical tempera-

ture which yields a proper p dependence for both small and
large p,

Td = �1 + 2p2�g�, p � 1, �65�

Td =
3

2
g�p, p � 1. �66�

We have solved Eq. �63� numerically and the results for
Td are shown in Fig. 1. The p dependence is indeed signifi-
cant, becoming linear at high p; in the range 1� p�1000 we
find td=0.95p . Thus Td�1/B �Eq. �50�	 at p�1 while Td

��a /�J���1/�B at p�1. We note also the significant en-
hancement in the value of Td in the latter case, i.e., Td�Td

0.
We note that the RG expansion is valid for y0�1, which
limits Eq. �66� �by inserting it in Eq. �64�	 to 1� p�1/g.

At T�Td we find that the variable y first increases, then
decreases, corresponding to weakening of the 1/4gx term,
and finally increases up to y�1 at the scale x=xd= �
d /a�2

where we should stop the renormalization process. The tem-
perature dependence of xd is shown on Fig 2. We see that the
correlation length 
d→� as T→Td which shows that the
phase transition is a continuous one. We note that the early
estimate of Glazman and Koshelev9 of the decoupling tem-
perature gives a result similar to Eq. �66�. They derive a

condition for large fluctuations ��2� which by itself does not
prove a phase transition; furthermore the estimated critical
temperature vanishes with p, i.e., it is incorrect at p�1. The
large fluctuation condition is close in spirit to the SCHA
method and is further discussed in Sec. V.

We present now numerical solutions of the full RG equa-
tions �54� with X0 and X1 given by Eq. �55� in Figs. 3 and 4,
for the same initial conditions as in Fig. 2 �y0=0.01,h0�x
=1�=0	 and v0=0 ,h1�x=1�=0. We choose 4g=0.0001 and
these initial conditions since in this case the SCHA method
�see Sec. IV� yields a first-order transition.

Figures 3 and 4 show the projected solution on the y
−h0 and y−v planes, respectively. We find that td=825.7; for
t� td both the y and v variables vanish asymptotically, while
at t� td both y and v are relevant. The resulting correlation

FIG. 1. �Color online� The decoupling temperature td�p�
=Td�p� /Td

0 derived from the numerical solution of Eq. �63� with
4g=0.0001.

FIG. 2. �Color online� The temperature dependence of the cor-
relation length 
d in terms of C= �1+2 ln�
d /a�	−1 near the decou-
pling transition temperature td=Td /Td

0=752.839. The numerical so-
lution of Eq. �63� uses 4g=0.0001 and initial conditions y0

=0.01,h0=0, .

FIG. 3. �Color online� The numerical solution of the RG Eqs.
�54� with 4g=0.0001 and initial conditions y0=0.01 and h0=h1=0,
projected on the y -h0 plane for different temperatures near the tem-
perature of the decoupling transition td=Td /Td

0=825.7. A higher
curve corresponds to a higher t, i.e., the two lower curves have t
� td while the others have t� td.
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length diverges at td, similar to Fig. 2, i.e., the transition is
continuous. We have examined the transition also by varying
the initial y0 ,v0; the correlation length was always found to
diverge at T→Td defining a continuous type phase transition.

Another scenario for a 1st order transition is via changing
the initial value of v0. Assuming a flow into strong renormal-
ized yr ,vr the free energy is dominated by

Fr = �
n

�− yrcos��n� − vrcos��n + �n+1�	 . �67�

The minimum at =n=n+1 changes from =0 to cos =
−yr /4vr at large a negative vr ,vr�−yr /4. This hints at a
first-order transition at some initial negative v; this is not the
decoupling transition, but rather a transition within the
coupled phase .

To emphasize the asymptotic forms we have integrated
the RG equations up to �y2+v2=103 and show in Fig. 5 the

corresponding correlation length. For these parameters, the
asymptotic v becomes negative above pv=�t�v0� /2g
=0.5385 �with v0�0�. The curve in Fig. 5 is continuous at
this pv since xd is dominated by y�v in the asymptotic re-
gime. One needs to further increase �v0� until the asymptotic
v and y values become comparable. In fact at pv=0.65 we
observe a marked change in slope for xd�pv� in Fig. 5. The
asymptotic form y�x� is found with � decreasing from 1 as
pv increases, saturating at �=1/2 when pv�0.65. Therefore,
a first-order transition is possible within the coupled phase,
associated with the relative strength of the renormalized y
and v variables. The transition occurs when the initial v0 is
sufficiently negative.

V. PLASMA RESONANCE

We show here the relation �pl��cos �� and then apply
Eq. �34� to evaluate �cos ��. In presence of a weak time
dependent electric field E�t� in the direction perpendicular to
the layers the Josephson relation imposes a time dependent
addition 	�n�t� to the Josephson phase. The kinetic energy
has the form

EK = �0
 E2

8�
d3r =

�0q2

32�e2d
�

n

 d2rd	�n�t�

dt
�2

, �68�

where �0 is a dielectric constant. Expanding the Josephson
coupling −�J /a2��n�d2r cos��n�r�+	�n�t�	 yields to second
order 1

2 �J /a2��cos ���	�n�t�	2 �the 1st order term has
�sin ��=0�. This form neglects the possible time dependence
of the Josephson term, e.g., dynamics of pancake vortices
which are assumed to be slow on the scale of �pl. In particu-
lar the “phase slip” frequency was shown12 to be much
smaller than �pl. The plasma frequency is then

�pl
2 =

16�e2dJ

�0q2a2 �cos �� . �69�

We proceed to evaluate �cos �� from Eq. �34�. Within
second-order RG the contribution to the free energy22 has the
form of Eq. �30�, i.e., dF=−NL2f�x�dx with

f�x� = ��T�y2�x�X0�x� + 2v2�x��X0�x� + X1�x�	�/x2. �70�

We are mainly interested in T�Td where v�y �see Fig. 4�
so that we can use the truncated Eqs. �57�. We use here the
solution �A1� for either p�1 or p�1, written as

y�x� = y0x 1 + 4gt/Z

1 + 4gtx/Z
�Z

, �71�

where Z= t / �1+ th0
�� and in general Z=Z�t ,J�. The

asymptotic form is �x1−Z so that Z�t= td�=1 identifies the
transition temperature, e.g., in first-order RG Z= t and �71�
reduces to Eq. �51�. Using X0�x�=4gtx / �1+4gtx /Z� and
�71�, Eq. �34� finally yields

�cos �� = ��
�

�J

J2�

2T2

Z

2Z − 1
, �72�

where tg=T /��1 is assumed, corresponding to our require-
ment that T is well below melting. In particular for the case

FIG. 4. �Color online� Same as Fig. 3 projected on the y and v
plane.

FIG. 5. �Color online� The correlation length in terms of C
= �1+2 ln�
d /a�	−1 for t=0.5 and p=1 as function of pv
=�t�v0� /2g with v0�0. The cutoff on the RG integration of Eq.
�54� is �y2+v2=103.
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p�1, which is relevant for BSSCO,6,7 we have Z= t and

�cos �� = ��
J

4gT

1

2t − 1
�73�

which can also be derived directly with Eq. �51�; at high
temperatures 2t�1 we obtain �cos ��=��J� /8T2. note that
Eq. �73� is reproduced by the high temperature expansion
Eq. �40� up to a prefactor 4��. While the latter expansion is
in general deficient, for evaluating �cos �� it is reasonable, as
discussed below Eq. �41�.

Our main result for the decoupled phase in p�1 systems
is Eq. �73�. In comparison, the melted phase where indi-
vidual pancakes are uncorrelated has a correlation length of
�a, so that �cos �0�0�cos �n�r��c�e−r/a is a plausible guess,
hence from Eq. �35� we have �cos ���J /2T; this form with
a prefactor of order 1 was confirmed by simulations.12 Hence
in the decoupled phase �cos �� is larger by a factor �� /T;
furthermore, since J�1/B �J /a2 is B independent� in the
melted phase �cos ���1/TB while in the decoupled phase it
is �cos ���1/ �BT�2t−1�	 or �1/BT2 not too close to de-
coupling. Thus the temperature dependence of �pl can dis-
tinguish between decoupled and liquid phases.

VI. THE SCHA METHOD

In this section we derive the decoupling transition within
the variational SCHA method, reproducing the results of Ref.
10. In particular, this method results in a first-order transition
at large p. We compare the method to that of second-order
RG and show where the deficiency of SCHA originates.

The SCHA proceeds by searching for the optimal Gauss-
ian Hamiltonian of the form

H0 =
1

2



q,k
�
i,j

Gs
−1�q,k���q,k��*�q,k� �74�

so that Gs�q ,k� is determined by minimization of the varia-
tional free energy

Fvar = F0 + �H − H0�0,

where the averaging as well as F0 correspond to H0. Fvar is
then

Fvar =
1

2



q,k
�− ln Gs�q,k� + �Gs

−1�q,k� − Gb
−1�q,k�	Gs�q,k��

−
J

a2e−�1/2��q,kGs�q,k�, �75�

where the ln Gs term corresponds to F0 and we have used
��*�q ,k���q ,k��0=TGs�q ,k�. The last term in Eq. �75� is the
Josephson term with

�cos ��r��0 = e−�1/2�T�q,kGs�q,k� = exp�− sv� . �76�

This defines a parameter sv; the renormalized Josephson cou-
pling is then Je−sv.

Minimizing Eq. �75� yields

Gs
−1 = Gb

−1 +
J

a2d
exp�− sv� . �77�

Using the form �47� and the variable x with d2q / �2��2=
−dx / �ax�2, Eqs. �76�, �77� reduce to a self consistent equa-
tion for sv

sv = d
 dk

2�



1

�

dx
1

x+1/4g
2t sin2�kd/2� +

2J

T
x2e−sv

. �78�

This equation has exactly the same structure as that of Eq.
�60� within second-order RG if the asymptotic form of RG
variable h0�x�→xy0e−s is used. However the detailed h0�x�
behavior is significant and can affect the critical properties;
in fact, y and h0�x� are nonmonotonic.

We can perform the k integration in Eq. �78�, neglecting
the f type function as in Eq. �62� �i.e., replacing 0.84� f
�1 by f =1� leading to

sv = 

1

�

dx
4gt

1 + 4gx + �4g�2p2x2e−sv

=�
8gt
�D

arctan� 2/x + 4g
�D

�
�

1

, if D � 0,

4gt
�− D

ln� 2/x + 4g − �− D

2/x + 4g + �− D
�

�

1

, if D � 0,� �79�

where D=16g2�4p2exp�−sv�−1	 and p is defined in Eq. �64�.
If the transition is continuous then sv diverges near Td so

that the effective Josephson coupling �e−sv→0; Eq. �79�
then yields td=1. The RG result shows instead a weak p
dependence even at small p as in Eq. �65� and Fig. 1.

At a first-order transition sv is finite; anticipating a large
p ,4p2exp�−sv��1 but D��8gp�2e−sv�1, Eq. �79� can be
written as

sve−sv/2 =
�t

2p
. �80�

The product sve−sv/2 is bounded by 2/e at sv=2, hence as
temperature approaches Td from below sv increases up to
sv=2 but then jumps to sv=� in the decoupled phase, i.e., a
first-order transition. The critical temperature is then

td =
4

�e
p, 1 � p � 1/g . �81�

This result is similar to that from RG, Eq. �66�, except that
the slope is somewhat different. The significant difference is
that RG yields a continuous transition even at large p.

At even larger p, where p�1/g ,D�1, Eq. �79� yields

sve−sv =
t

4gp2 . �82�

As above, sve−sv is bounded by 1/e at sv=1, hence a first-
order transition at

td =
4

e
gp2, p � 1/g . �83�
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The results td=1 for weak p and Eq. �83� for strong p are
the results given in Ref. 10. The intermediate range Eq. �81�
is not mentioned there, though the plotted decoupling fields
BD�T� in their Fig. 1 are consistent with BD�T��1/T2 as
from Eq. �81�. Furthermore, Eq. �83� yields Td= �4gp�2� /4e
�� which is incompatible with the requirement that Td is
well below Tm.

It is interesting to note that the early estimate of Glazman
and Koshelev9 of the decoupling temperature gives a result
similar to Eq. �81� or �66�. Within this estimate the cos �
term in Eq. �23� is expanded and the condition of large fluc-
tuations ��2��1 with ��2�=T�q,k�Gb

−1�q ,k�+J /a2	−1 yields
Td. �This condition indicates decoupling, though by itself
does not prove a phase transition.� The result is then the
same as Eqs. �76�, �77� with sv�1, therefore it yields indeed
a result close to that of Eq. �81�.

Our main result in this section is to show the formal simi-
larity between SCHA and second-order RG as well as an
important difference, i.e., the mass term which is generated
by RG is scale dependent. Both methods show significant
enhancement of Td with increasing Josephson coupling, how-
ever the transition remains continuous in the RG solution.

VII. CONCLUSIONS

In recent experiments on BSCCO �Refs. 2 and 3� the
phase diagram has shown a number of low temperature
phases. Most of these transitions are disorder driven by either
bulk pinning or by surface barriers. In particular the possi-
bility that the second peak transition is a disorder driven
decoupling has been suggested.14,17 The significant reduction
of the Josephson plasma resonance at the second peak sup-
ports a decoupling scenario,6,7 however, a conclusive signa-
ture for decoupling has not been shown so far.

The signature of decoupling is that translational order is
maintained, though with softer tilt modulus, while supercon-
ducting order is lost, i.e., Q=0 �Eq. �28�	 and the critical
current in the c direction vanish at T�Td. An additional
signature is the power law decay of the Josephson correlation
at T�Td. We find that the decoupling transition temperature
is Td�1/B at low fields �Td

0 of Eq. �50�	 while it changes to
Td=0.95Td

0p�1/�B at higher fields �a�J��2� with signifi-
cantly enhanced temperatures Td�Td

0.
We have shown that RG can be used to evaluate �cos ��

and hence the Josephson plasma frequency. In particular for
weak coupling J, as in BSCCO, we find that �pl
�1/ �BT�2T /Td

0−1�	, in contrast to a �1/BT behavior in the
melted phase. This temperature dependence can serve to
identify a decoupled phase.

In the present work we assume that V-I defects are not
generated. Hence superconductivity is lost only in the c di-
rection �i.e., Ic=0� while two-dimensional superconductivity
is maintained parallel to the layers. Our neglect of V-I de-
fects is in fact not justified, since they are generated at a
lower temperature in the J=0 system,15,16 i.e., at Td

0 /8. The
true transition is a three-dimensional one in which both de-
coupling and the defect transition coalesce, similar to the B
=0 scenario.22 The actual transition temperature Tc is be-
tween Td and the defect transition. It can be estimated by the

temperature at which the correlation lengths of the defects

def and 
d become comparable. Thus, e.g., if 
def�
d, the
Josephson coupling is renormalized to strong coupling be-
fore the cos term feels the V-I defects. Since 
def
�a exp�Ec /T� �where Ec�0.2� is the pancake vortex core
energy; if local lattice relaxation is included24 then Ec
�0.04�� 
def is exponentially large, and Tc is close to Td
unless J is extremely small.

We expect for systems such as BSCCO or YBCO that
decoupling affects mostly superconductivity in the c direc-
tion. The current-voltage relation parallel to the layers is ex-
pected then to be nonlinear,14 except at very low currents
where the few V-I defects would eventually lead to a linear
Ohmic behavior. Similarly, the power law for the Josephson
correlation would eventually, beyond the V-I spacing 
def de-
cay exponentially.

In conclusion, we have studied the meaning and critical
properties of the decoupling transition. On the theory side, in
our view this is one of the few transitions of vortex matter
which is fully understood. It remains to be seen if experiment
can also provide clear realizations for this type of transition.
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APPENDIX: EXPANSIONS FOR Td

We present in this appendix an analytic expansion for the
decoupling temperature Td within the reduced set of Eq. �63�
with f�h0 ,x , t�=1. The results show a significant enhance-
ment when the parameter p in Eq. �64� is large.

We consider T�Td where y flows to zero and h0 reaches
a finite asymptotic value h0

�, since the integration of dh0 in
Eq. �63� is convergent. We assume that the integration of the
y equation is dominated by h�

0 and will examine below the
validity of this assumption.

Integrating y�x� in Eq. �63� with h0→h0
� yields

y = y0x 1 + 4g�1 + th0
��

1 + 4gx�1 + th0
��
�t/�1+th0

��

. �A1�

We now substitute this y�x� solution into the h0 equation �63�
and solve for h0,

h0�x� =
p4Z2

t4�Z − 1��2Z − 1� 1 −
Z�2Z − 1�

�1 + 4gtx/Z�2�Z−1�

+
4Z�Z − 1�

�1 + 4gtx/Z�2Z−1 −
�t/p − 1��2t/p − 1�

�1 + 4gtx�2t/p � , �A2�

where h0
� is also included in Z=1/ �1/ t+h0

�� and the impor-
tant parameter p is defined in Eq. �64�. Since y�x1−Z at large
x, Z=1 defines the transition point.

We can now examine the consistency of replacing h0�x�
by h0

� in the y equation. The condition that h0�x� approaches
h0

� relatively fast is that the x dependent terms in Eq. �A2�

DECOUPLING TRANSITION OF FLUX LATTICES IN… PHYSICAL REVIEW B 72, 024518 �2005�

024518-11



are small at x�1/4gt, i.e., Z is small �but Z�1�, hence p
and h�

0 are large. It seems plausible then that our approxima-
tion is valid at p�1. Alternatively, if h0�x��1 then it has
anyway a weak effect on the RG, i.e., the present derivation
is valid at p�1.

Equation �A2� shows that h0�x� converges to h�
0 if Z�1.

We now substitute x→� in Eq. �A2� and obtain a self-
consistent equation for h�

0 , which for the variable Z becomes
a cubic equation

Z3 −
2 + 3/t

�p/t�4 + 2/t
Z2 +

3 + 1/t

�p/t�4 + 2/t
Z −

1

�p/t�4 + 2/t
= Z3 + a2Z2

+ a1Z + a0 = 0. �A3�

This cubic equation has solutions Z�1 only if the condition
D�t��0 is satisfied, where

D�t� =
1

27
a1

3 −
1

6
a0a1a2 +

1

27
a0a2

3 −
1

4 Ã 27
a1

2a2
2 +

1

4
a0

2.

�A4�

Therefore, D�t�=0 corresponds to Z=1 and defines the tem-
perature of the phase transition Td as given in Eqs. �65�, �66�.
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